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ABSTRACT

In this paper, we examine the proper semi-slant pseudo-Riemannian submersions in para-Kaehler
geometry and prove some fundamental results on such submersions. In particular we obtain
curvature relations in para-Kaehler space forms. Moreover, we provide examples of proper semi-
slant pseudo-Riemannian submersions.
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1. Introduction

A (C°—submersion ¢ can be defined according to the following conditions. A pseudo-Riemannian
submersion ([4],[15],[21],[22],[34]), an almost Hermitian submersion ([37],[32],[10]), a slant submersion
([191,[91,[25],[31]), a para quaternionic submersion ([5],[16] ), a Clairaut Submersion ([12]), an anti-invariant
submersion ([11],[13],[30],[8]), anti-invariant Riemnnian submersion from cosymplectic manifolds ([30],[14]),
a quasi-bi-slant Submersion ([27]), a pointwise slant submersion([20],[28]), a hemi-slant submersion ([35],[29]),
a semi-invariant submersion ([23],[33]), a semi-slant £+~ Riemannian submersions ([1],[26]), etc. As we know,
Riemannian submersions were severally introduced by B. O’Neill ([22]) and A. Gray ([15]) in 1960s. In
particular, by using the concept of almost Hermitian submersions, B. Watson ([37]) gave some differential
geometric properties among fibers, base manifolds, and total manifolds. Some interesting results concerning
para-Kaehler-like statistical submersions were obtained by G.E. Vilcu ([36]).

In this paper, we examine some geometric properties of three types of proper semi-slant pseudo-Riemannian
submersions. Let’s list the section of our work. In section 2, we gather some concepts, which are needed in
the following parts. In section 3, we study some geometric properties of three types of proper semi-slant
pseudo-Riemannian submersions from almost para-Hermitian manifolds onto pseudo-Riemannian manifolds.

We present examples, study the geometry of leaves of distributions. We also obtain necessary and sufficient
conditions for a proper semi- slant pseudo-Riemannian submersions to be totally geodesic map. In section 4, we
research proper semi-slant pseudo-Riemannian submersions with umbilical fibers and obtain characterization
of such maps. In the final section, we obtain curvature properties of distribution for proper semi-slant pseudo-
Riemannian submersions from para-Kaehler space forms.
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2. Preliminaries

By a para-Hermitian manifold we mean a triple (B,P,gg),where B is a connected 2n- dimensional
differentiable manifold, P is a tensor field of type (1,1) and a pseudo-Riemannian metric gz on B, satisfying

PZU = U7 gB(PU7 PV) = _gB(Ua V) (21)

where U,V are vector fields on B. An almost para-Hermitian manifold B is said to be a para-Kaehler manifold
if
VP = 0; (2.2)

where V denotes the Riemannian connection on B ([18]).

Let (B, g5) and (B, g;) be two pseudo-Riemannian manifolds. A pseudo-Riemannian submersion is a smooth
map ¢ : B — B which is onto and provides some conditions such that
(i) the fibres ¢~'(q), g€ B, are r— dimensional pseudo-Riemannian submanifolds of B, where
r = dim(B) — dim(B).
(i) 7. preserves scalar products of vectors normal to fibres.
The vectors tangent to the fibres are called vertical and those normal to the fibres are called horizontal.
We indicate by V the vertical distribution, by % the horizontal distribution and by v and & the vertical and
horizontal projection. A horizontal vector field U on B is said to be fundamental if U is )—related to a vector

field U, on B.

Define O’Neill’s tensors 7 and A by:
TuW = hV ,yvW 4+ oV ,uhW (2.3)
and
AW = oVL,ohW + AV, poV (2.4)

for every U, W € x(B), on B where V is the Levi-Civita connection of gz.

It is easy to see that a semi-Riemannian submersion ¢ : B — B has totally geodesic fibers if and only if 7
vanishes identically. Also, if A vanishes then the horizontal distribution is integrable. (see [4],[7]). Using (2.3)
and (2.4), we get

VW = ToW + VyW; (2.5)
Vu¢ = Tu¢+ hVy(; (2.6)
VU = AU + 0V U; 2.7)
Ven = Aen+ hVen, (2.8)

for any ¢,n € T'((kery.)*), U, W € T'(keri.). Also, if ¢ is basic then hVy ¢ = hV U = A.U.

It is easily seen that 7 is symmetric on the vertical distribution and A is alternating on the horizontal
distribution such that
TwU = ToW, W, U € T'(keri,); (2.9)

AV = —AvY = LoV V], Y,V € T((her,) "), (2.10)

Let (B,g5) and (B, g;) be pseudo-Riemannian manifolds and 7 : B — B is a differentiable map. Then the
second fundamental form of ¢ is given by

(Vi) (X, V) = VYV — . (Vx V) (2.11)

for X,V € I'(B), here we indicate conveniently by V the Riemannian connections of the metrics g5 and g;.
Recall that 1 is said to be harmonic if trace(Vi,) = 0 and ¢ is called a fotally geodesic map if (V.. )(X,V) = 0 for
X,V € I(TB) ([17]). Where V¥ is the pullback connection.

For every vertical vector fields U, W, X, Y we have

R(UW,X,Y)=RUW,X,Y)—g(TuX,TwY) + g(TwX,TuY) (2.12)
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where R and R is pseudo-Riemannian curvature tensor of B and v~ (g).
Moreover, if {U, W} is orthonormal basis of vertical 2-plane, then from (12) we obtain
K(U,W) = KUW) +|[ToW|[* = o(ToU, Tw W) (2.13)

where K and K are sectional curvature of B and ¢~ (q) ([4]).

3. Semi-slant submersions

Let ¢ : (B, g5, P) — (B, gz) be a pseudo-Riemannian submersion from an almost para-Hermitian manifold
(B, g5, P) onto a pseudo-Riemannian manifold (3, g;3).
For any non-null vector field W € (kery, ), we get

W = QW + FW, (3.1)
where QW € I'(D;) and FW € I'(D,) and put

PW = tW +nW, (3.2)

where tW and nW are vertical and horizontal parts of PV.
Also, for non-null vector field ¢ € (keri.,)*, we have

P(= B¢+ C¢, (3.3)

where B¢ € keri, and C( € (keri,)* .
In adittion, (keri.)*t is decomposed as
(ker, )t =nDy @ p (3.4)

where 1 is the orthogonal complementary distribution of nD,. We say that . is invariant distribution of
(keri,)* with respect to P.

Definition 3.1. ([12]) Let ¢ : (B, g5, P) — (l’;’ ,95) be a proper slant submersion from an almost para-Hermitian
manifold (B, gs, P) onto a pseudo-Riemannian manifold (B, gz). We have

type ~1if for every space-like (time-like) vector field W' € I'(keri.), tW is time-like (space-like), and ; L]

> 1,

type ~ 2 if for every space-like (time-like) vector field W' € I'(kery.), tW is time-like (space-like), and ;
type ~ 3 if for every space-like (time-like) vector field W € I'(keri),), tW is space-like (time-like).

Py <1

A differentiable distribution D on (keri,) is called a slant distribution if for all non-null X € D, the quotient
gB(tX,tX)/gs(PX,PX) is constant. A distribution is called invariant if it is a slant with slant angle zero, that
is if g(tX,tX)/gr(PX,PX) =1 for every non-null X € D. It is called anti-invariant if t¥ = 0forall ¥ € D.In
other cases, 1t is called a proper slant distribution.

Now, we can give our definition.

Definition 3.2. Let (B,gs,P) be an almost para-Hermitian manifold and (B, g;;) be a pseudo-Riemannian
manifold. A pseudo-Riemannian submersion v : (B, g5, P) — (B, g;) is said to be a semi-slant submersion if
there is a distribution D; € ker, such that

keri. = D; © Do, P(D;) = D; (3.5)

and the angle ¢ = ¢(W) between PW and space (D), is constant for non-null vector field W € (Dy), and
g € B, we can say that ¢ is a semi-slant angle of the submersion where D, is the orthogonal complement of
Dy in keri,.

Hence, using (3.2), (3.3) and (3.4), we have:
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Lemma 3.1. Let ¢ : (B,g5, P) — (B, gi) be a semi-slant submersion from an almost para-Hermitian manifold
(B, g5, P) onto a pseudo-Riemannian manifold (B, g3)- Then, we obtain the following equations.
(#41)tDg C Dy (iv) B((kerm.)t) = Ds.

Then, we can easily see that P? = I and from (3.2) and (3.3) we get:

Lemma 3.2. Let ¢ : (B, g5, P) — (B,gz) be a semi-slant submersion from an almost para-Hermitian manifold
(B, g5, P) onto a pseudo-Riemannian manifold (B, g;). Then, we obtain the following equations.

(i)t2+Bn=1 (ii) C* +nB =1

(#91)tB + BC = {0}  (iv) nt + Cn = {0} .

The proof of the following Theorems is similar to the proof of ([21,[3]). Therefore we skip its proof.

Theorem 3.1. Let v : (B, g5, P) — (B,g3) be a pseudo-Riemannian submersion from an almost para-Hermitian
manifold (B, g5, P) onto a pseudo-Riemannian manifold (B, g;3). In this case, v is proper semi-slant submersion of type
~1 if and only if for any space-like(time-like) vector field W € T'(keri)..), tW time-like(space-like), there exist a constant
v € (1, 00) and a distribution of type ~1 D on keri, as follows

(i) D = {W € T'(kery, ) }|t2W = yW},

(ii) for all non-null vector field W € T'(keri..) orthogonal to D, we get tW = 0.

Also, v = cosh® o, with ¢ > 0.

From here, for any non-null vector field W € T'(D-), we obtain
t2W = cosh? . (3.6)
Moreover, for any non-null vector fields U,W € I'(Ds), from (2.1), (3.2) and (3.6), we have
gB(tU,tW) = — cosh® pgp(U, W). (3.7)
Besides, using (2.1), (3.1), (3.6) and Lemma 3.2 (i), we arrive at

g(nU,nW) = sinh® pgp(U, W). (3.8)

Theorem 3.2. Let ¢ : (B,gs,P) — (B,gz) be a pseudo-Riemannian submersion from an almost para-Hermitian
manifold (B, gg, P) onto a pseudo-Riemannian manifold (B, 93)- In this case, 1 is proper semi-slant submersion of type
~2 if and only if for any space-like(time-like) vector field W & T'(keri..), tW time-like(space-like), there exist a constant
v € (0,1) and a distribution of type ~2 D on keri, as follows

(i) D = {W € T'(kery,)}|t2W =W},

(ii) for all non-null vector field W € T'(kert,) orthogonal to D, we get tW = 0.

Also, v = cos? p, with 0 < ¢ < 2.

From here, for any non-null vector field V € T'(Dy), we obtain
t2W = cos? pW. (3.9)
Moreover, for every non-null vector fields U, W € T'(Ds), from (2.1), (3.1) and (3.9), we have
gs(tU, tW) = — cos® pgp(U, W). (3.10)
Besides, using (2.1), (3.2), (3.9) and Lemma 3.2 (i), we arrive at
g5(nU,nW) = —sin? pgp(U, W). (3.11)

Theorem 3.3. Let 1 : (B, g5, P) — (B, gg) be a pseudo-Riemannian submersion from an almost para-Hermitian
manifold (B, gg, P) onto a pseudo-Riemannian manifold (B, 93)- In this case, 1 is proper semi-slant submersion of type
~3 if and only if for any space-like(time-like) vector field W & T'(keri..), tW time-like(space-like), there exist a constant
v € (—00,0) and a distribution of type ~3 D on ker, as follows
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(i) D = {W € ['(ker,)}|t2W = yW},
(ii) for all non-null vector field W € T'(keri,) orthogonal to D, we get tW = 0.
Also, v = —sinh? ¢, with ¢ > 0.

From here, for any non-null vector field W € T'(D,), we obtain

2W = — sinh? oW, (3.12)
Moreover, for any non-null vector fields U, W € I'(D), from (2.1), (3.2) and (3.12), we have
g5 (tU,tW) = sinh? pgp(U, W). (3.13)
Besides, using (2.1), (3.1), (3.12) and Lemma 3.2 (i), we arrive at
g(nU,nW) = — cosh® pgi(U, W). (3.14)

Let’s consider para-Kaehler structure on R2" :

o, _ 9 9 _ 0 _ 12 2\2 32 212
P(ay%)—ay%_l»P(aym_l)—awi,g—(dy) (dy®)” + (dy”)” — ... = (dy™")

where i € {1,...,n}. Also, (y1,y2, ..., y2n) denotes the cartesian coordinates over R>".

We can easily present non-trivial examples of proper semi-slant pseudo-Riemannian submersions of type~1,
2 and 3.

Example 3.1. Let’s determine map ¢ : R§ — R}

YY1, .. ys) = (ya, y2 sinh B + yz cosh 3, y7, ys),

here 3 # 0. So, 9 is a proper semi-slant pseudo-Riemannian submersion of type ~ 1. By direct calculations
D, =< 8%25, 8%6 >and Dy =< 8%1,coshﬂa%2 — sinhﬁa%g, >
with the semi-slant angle ¢ with cosh ¢ = coshf.

Let R be a pseud-Euclidean space of signature (-,+,-,+,-,+,-,+) with respect to the canonical basis (8%1, ey 8%)

and R} be a pseud-Euclidean space of signature (+,-,-,+) with respect to the canonical basis (8%1, s %).
Example 3.2. Let’s determine map ¢ : R§ — Rj

YY1, y8) = (Y1 8inw + yz cosw, y2 sin 6 + y4 cos 0, ys, ys)
here w # 6 # 0. So, 1 is a proper semi-slant pseudo-Riemannian submersion of type ~ 2. By direct calculations

Dy =< ay 7ay >and Dy =< coswé,i —smo.)ai —0059 —|—sm9

with the semi-slant angle ¢ with ¢ = (w — 0).

Let R be a pseud-Euclidean space of signature (+,-,+,-,+,-,+,-) with respect to the canonical basis (W oy 32—)
and R} be a pseud-Euclidean space of signature (+,-,+,-) with respect to the canonical basis (8‘31 - %)
Example 3.3. Let’s determine map ¢ : R§ — R}

YY1, ys) = (y2 cosh O + yssinh 0, ys, ys, ys),

for any 6 # 0. So, 1 is a proper semi-slant pseudo-Riemannian submersion of type ~ 3. By direct calculations

ol

D, <ay 7ay > and D, <sm9——cos€8y B >

with the semi-slant angle ¢ with 1> = — sinh? 41

Let R§ be a pseud-Euclidean space of signature (+,-,+,-,+,-,+,-) with respect to the canonical basis (%, o 3%8)
and R} be a pseud-Euclidean space of signature (--,+,-) with respect to the canonical basis (2- Boro %)
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Using equations (2.1), (2.5)~(2.8) and (3.2)~(3.3), we get:

Lemma 3.3. Let ¢ : (B, gs, P) — (B, gi) be a pseudo-Riemannian submersion of type ~1, 2, 3 from a para-Kaehler
manifold (B, g, P) onto a pseudo-Riemannian manifold (B, gg). So, we obtain the following equations.

VutW + TynW = tVyW + BTy W (3.15)
TotW + HVynW = nVyW + CTyW (3.16)
VY + AxCY = tAxY + BHV Y (3.17)
AxBY +HVxCY = nAxY + CHV Y (3.18)
VuBX + TyCX = tTy X + BHVy X (3.19)
TUBX + HVyCX = nTyX + CHV X, (3.20)

for any non-null vector fields U, W € T'(keri,) and X,Y € T'(kery,)*.

Now we can show

(Vut)W = VytW — tVyW (3.21)

and
(Vun)W = HVynW —nVyW, (3.22)

for any non-null vector fields U, W € keri,. Then from (3.15 ) and (3.16 ), we get
Vt=0 < TynW =BTyW (3.23)

and
Vn=0 < TytW =CTyW, (3.24)

for any non-null vector fields U, W € I'(keri.).

Theorem 3.4. Let ¢ : (B, g5, P) — (B, gg) be a proper semi-slant pseudo-Riemannian submersion of type ~1 or 2 from
an almost para-Hermitian manifold (B, g, P) onto a pseudo-Riemannian manifold (B, gg). The complex distribution Dy
is integrable if and only if

n(VuW = VwU) = C(TwU — TugW) (3.25)
for any non-null vector fields U,W € I'(D;).

Proof. For any non-null vector fields U, W € I'(D;) and X € T'((kery.))* since [U, W] € T'(keri,), we get:

gs(PUW], X) = gs(P(VyW —VwU),X)
= gs(tVuW +nVyW + BTgW + CTyW — tVwU — nVyU
— BTwU - CTwU, X)
= gg(nVuW 4+ CTuW —nViwU — CTwU, X) (3.26)

so, the proof is complete. Similarly, the following conclusion is obtained. O

Theorem 3.5. Let ¢ : (B, g5, P) — (B,gz) be a proper semi-slant pseudo-Riemannian submersion of type ~1 or 2
from an almost para-Hermitian manifold (B, gg, P) onto a pseudo-Riemannian manifold (B, gg). The proper semi- slant
distribution D, is integrable if and only if

QUt(VyW —VwU)) + B(TuW — TwlU) =0 (3.27)

for any non-null vector fields U, W € I'(Dsy).
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Lemma 3.4. Let ¢ : (B, g5, P) — (B, gg) be a proper semi-slant pseudo-Riemannian submersion of type ~1 or 2 from a
para-Kaehler manifold (B, g, P) onto a pseudo-Riemannian manifold (B, gg). The proper semi- slant distribution Dy is
integrable if and only if

P(VutW — VwtU + TynW — TyynlU) =0 (3.28)

for any non-null vector fields U, W € T'(D,).

Proof. For any non-null vector fields U, W € I'(D,) and for every non-lightlike X € I'(D;) since [U,W] €
I(kery.), we get:

93(7) [U’ W] 7X) = gB(vUPW — VwPU, X)
= g5(VutW + TotW + TonW + HVynW — VytU
— TwtU — TwnU — HVwnU, X)
= g(VutW + TynW — VtU — TywnlU, X). (3.29)

So, the proof is complete.
Now, let’s investigate the cases where the vertical and horizontal distribution are totally geodesic.

Proposition 3.1. Let ¢ : (B, g5, P) — (B, ;) be a proper semi-slant pseudo-Riemannian submersion of type ~1 or 2
from a para-Kaehler manifold (B, gs, P) onto a pseudo-Riemannian manifold (B, g;3). In this case, the vertical distribution
describes a totally geodesic foliation on B if and only if

n(VutW + TynW) + C(TotW + HVynW) =0 (3.30)
for any non-null vector fields U, W € I'(kert.,).
Proof. For any non-null vector fields U, W € I'(keri.) we get:

VoW = PVyPW
P(VutW + TutW + TynW + HVynW)
(AVtW +nVytW + BTutW + CTutW + tTonW + nTgnW

+ BHVynW + CHVynW). (3.31)

Thus,
VoW e D(kery,) <= n(VytW + TynW) + C(TutW + HVynW) = 0. (3.32)
O

Similarly, the following conclusion is obtained.

Proposition 3.2. Let ¢ : (B,g5, P) — (B, gi) be a proper semi-slant pseudo-Riemannian submersion of type ~1 or
2 from a para-Kaehler manifold (B, gs, P) onto a pseudo-Riemannian manifold (B, gg). In this case, the horizontal
distribution describes a totally geodesic foliation on B if and only if

t(VVWuBW + AyCW) + B(AyBW + HVyCW) =0 (3.33)
for any non-null vector fields U, W € T'(keri.)*.

Proposition 3.3. Let ¢ : (B, g5, P) — (B, gz) be a proper semi-slant pseudo-Riemannian submersion of type ~1 or 2
from a para-Kaehler manifold (B, gs, P) onto a pseudo-Riemannian manifold (B, gg). In this case, the distribution D,
describes a totally geodesic foliation if and only if

VuW e (D)) <= F{tVytW + BTytW) =0
and

WVtW + CTHtW =0
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for any non-null vector fields U,W € T'(Dx).

Proof. For any non-null vector fields U, W € I'(D;) we get:

VoW = PVyPW
P(VutW + TutW)
(AVtW + nNytW + BTtW + CTytW)

Hence,
VyW e (D)) < F{tVytW + BTytW) =0
and

nVutW + CTHtW =0

Similarly, the following conclusions are obtained.

Proposition 3.4. Let ¢ : (B, g5, P) — (B, g3) be a proper semi-slant pseudo-Riemannian submersion of type ~1 or 2
from a para-Kaehler manifold (B, g, P) onto a pseudo-Riemannian manifold (B, g3). In this case, the distribution D,
describes a totally geodesic foliation if and only if

QU(VytW + TynW) + B(TutW + HVynW)) =0

n(VutW + TynW) + C(TutW + HVynW) =0
for any non-null vector fields U,W € I'(Dy).

Theorem 3.6. Let ¢ : (B, g5, P) — (B, g;) be a proper semi-slant pseudo-Riemannian submersion of type ~1 or 2 from
a para-Kaehler manifold (B, gs, P) onto a pseudo-Riemannian manifold (B, gg). In this case, 1 is a totally geodesic

n(VytW + TynW) + C(TutW + HVynW) =0

n(VuBX 4+ TyCX) + C(TuBX + HVyCX) = 0

for non-null vector fields U, W € T'(kery.) and X € T'((keri.)™b).

4. Proper semi-slant pseudo-Riemannian submersions with Totally Umbilical Fibers

A pseudo-Riemannian submersion ¢ is said to be totally umbilical if
ToW =g(UW)H (4.1)
here H is the mean curvature vector field of the fibre in 5 for all non-null vector fields U, W € T'(kery.).

Then we obtain:

Lemma 4.1. Let ¢ : (B, g5, P) — (B, g3) be a proper semi-slant pseudo-Riemannian submersion with totally umbilical
fibers from a para-Kaehler manifold (B, gs, P) onto a pseudo-Riemannian manifold (B, gg). Then we obtain:

H eT'(nDs). (4.2)
Proof. For U,W € I'(D;) and X € I'(i) we obtain

ToPW + hNyPW =VyPW = PVyW
= t@UW + n@UW +BTyW +CTyW.
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So,
98(TuPW, X) = gs(CTuW, X). (4.3)
From (4.1 ), with a simple calculation we get
98(U, PW)gs(H,X) = g5(U,W)gs(H, PX)
Interchanging the role of U and W,we obtain:
95(W,PU)gs(H, X) = g5(W,U)gs(H, PX)
so that adding the above two equations, we obtain:
98U, W)gs(H,PX) =0 (4.4)

that means H € I'(nD,). O

5. Proper semi-slant pseudo-Riemannian submersions in para-Kaehler space forms

Let’s define a plane @ is invariant by P in T, B, ¢ € B. Moreover {U, PU} is an orthonormal plane basis of Q).
Indicate by K(Q), K.(Q) and K(Q) the para-sectional curvatures of the plane in B, B and the fiber 1)~ (1/(¢))

where K, (Q) indicate the para-sectional curvature of the plane Q. = (¥.U, 1. PU) in B. Using both Corollary 1
of [21, p.465] and (1.27) of [6, p.12] ,we have the following:
i) If Q C (D1)q,we get the following results with calculations.

K(Q) = K(Q) + evepu{—||TpuUl|* + || ToU||* + g5(P[PU,U], TuU)}

i)If Q C (u)q, then we get

K(Q) = K.(Q) + 3|l AuPU| %,

where ey = gg(U,U) € {1}, epy = gu(PU, PU) € {£1}.
For a para-Kaehler manifold (8, gz, P), (2.1) implies that
gg(PU, W) + gg(U, PW) =0,

for any non-null vector fields U, W € I'(7,8), g € B. Hence we have gz(PU,U) = 0.

If {U, PU} spans a non-degenerate plane section, the sectional curvature Hg(U) = Kg(U A PU) of span{U, PU}
is called a para-sectional curvature. A para-Kaehler space form, by definition, is a para-Kaehler manifold of
constant para-sectional curvature ([6]). The Riemannian-Christoffel curvature tensor of a para-Kaehler space
form B2"(v) of constant para-holomorphic sectional curvature v satisfies

Re(U,W,X,Y) = Z{gzsw, X)gs(W,Y) — gs(U, V)gs(W, X)
— 98U, PX)gs(W,PY) + g5(U,PY)gs(W,PX)
— 295U, PW)gs(X,PY)} (6.1)

for all non-null vector fields U, W, X', Y € T'(T B)([24]).

Theorem 5.1. Let v : (B(v),g5) — (B, gg) be a proper semi-slant pseudo-Riemannian submersion of type ~1 or 2 from
a para-Kaehler space form (B (v) , gg) onto a pseudo-Riemannian manifold (B, g;3). Then we get
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RUW.X.Y) = {as(U.X)gs(W.) = g5(U.Y)gs (W, X)
— 98U, PX)gs(W,PY) + g5(U, PY)gs(W,PX)
— 298(U,PW)gs(X,PY)}

+ 98(TuX, Twd) — 98(Tw X, TuY) (5.2)
and
% v 2 2 2 2
KUW) = Z{”U” [[WII* = g5(U, W) = 3g5(U, PW)}
+ g98(ToU, TwW) + || TuW||? (5.3)

for all non-null vector fields U, W, X', Y € T'(Dy).
Proof. For all non-null vector fields U, W, X, Y € I'(D;), by using (5.1) and (2.12 ) we obtain

RUW.X.Y) = ${os(U, X)gs(W.Y) — g5(U, ¥)gs(W, X)

— 98U, PX)gs(W,PY) + g(U,PY)gs(W, PX)

- QQB(U, PW)QB(X,P)))}

+ 98(Tu X, TwY) — g8(Tw X, TuY)
which gives (5.2). If ¥ = W and ) = U is taken in (5.2 ), we obtain (5.3). O
Theorem 5.2. Let ¢ : (B(v),g5) — (B, g;3) be a proper semi-slant pseudo-Riemannian submersion of type ~1 or 2 from
a para-Kaehler space form (B (v) , gs) onto a pseudo-Riemannian manifold (B, g;). If D, is totally geodesic, we get

~ 14
0D, = 71(1) + 2)]7

where 6 p, is the scaler curvature of fibres with dim(D;) = p.

Proof. Let’s remember that the trace of scalar curvature is Ricci curvature. Then, we get
p
Sp, (U, W) = > R(E;, U, W, E;)
i=1

for all non-null vector fields U, W € I'(D;) and {E, ...E,} is time-like(space-like) orthonormal basis on I'(D).
Then, if D is totally geodesic from (5.1), we obtain

Sp, (U, W) Z{ {98(U. W) — pgs(U, W) + 3g5(E;, PW)g5(PU, E;)}.

From above equation, we obtain
~ 14
S0, (U, W) = =2 (p + 2)pgs(U, W). G4

IfU =W =E;,i=1,...,pis accepted and taking into account (5.4 ), we obtain the proof.
From (5.4 ), we can obtain the following conclusion. O

Corollary 5.1. Let ¢ : (B(v),g5) — (B, g;5) be a proper semi-slant pseudo-Riemannian submersion of type ~1 and 2
from a para-Kaehler space form (B (v), gs) onto a pseudo-Riemannian manifold (B, gg) with a semi-slant angle . We
deduce that if D, is totally geodesic distribution, Dy is Einstein.

Theorem 5.3. Let ¢ : (B(v),g5) — (B, g3) be a proper semi-slant pseudo-Riemannian submersion of type ~1 from a
para-Kaehler space form (B (v) , gs) onto a pseudo-Riemannian manifold (B, g). Then , we get
RUW.X.Y) = {os(U, X)gs(W.) - 95(U.Y)gs(W, X)

— 98U, PX)gs(W,PY) + g5(U,PY)gs(W,PX)
— 295U, PW)gs(X,PY)}
+ 98(Tu X, TwY) — g8(Tw X, Tu ) (5.5)
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and
1%
KU W) = Z{HUIIQHVVH2 — 95U, W) = 3g5(U, PW)}
+ gs(TuU, TwW) + [|[TuW|? (5.6)
for all non-null vector fields U, W, X,y € I'(Ds).

Proof. For all non-null vector fields U, W, X,) € I'(D;), by using (5.1 ) we obtain (5.5 ). Then, here choosing
X =W and Y = U by direct calculations, we obtain (5.6). O

Theorem 5.4. Let ¢ : (B(v),g5) — (B, gz) be a proper semi-slant pseudo-Riemannian submersion of type ~1 from
a para-Kaehler space form (B(v), gs) onto a pseudo-Riemannian manifold (B, g;3) with a semi-slant angle . If Dy is
totally geodesic, then we obtain

v

op, = =(—1—2q+ 3tanh? psinh? ), (5.7)

[\)

where dim(Ds) = 2q.

Proof. Suppose that E1, Es, ..., E, are space-like and E, 1 = sechonE1, E yo = sechonEs, ..., Eay = sechonE,
are time-like orthonormal basis on I'(Ds). For any non-null vector fields U, W € I'(D,), we get

q 2q
Sp, (U, W) = Z R(E;,U, W, E;) + Z R(sechgnE;, U, W, sechonkE;).
i=1 j=q+1
Using (5.5), we have
Sp, (U, W) = %(—1 — 2¢ + 3tanh? ¢ sinh? ) gp(U, W). (5.8)
Ifwetake U =W = E;,i =1,2,...,2¢q in (58), we complete the proof. From (5.8), we obtain: O

Corollary 5.2. Let ¢ : (B(v),g5) — (B, g;) be a proper semi-slant pseudo-Riemannian submersion of type ~1 from a
para-Kaehler space form (B (v) , gs) onto a pseudo-Riemannian manifold (B, gg) with a semi-slant angle . We deduce
that if D, is totally geodesic distribution, Dy is Einstein.
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