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ABSTRACT

In this paper, we examine the proper semi-slant pseudo-Riemannian submersions in para-Kaehler
geometry and prove some fundamental results on such submersions. In particular we obtain
curvature relations in para-Kaehler space forms. Moreover, we provide examples of proper semi-
slant pseudo-Riemannian submersions.
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1. Introduction

A C∞−submersion ψ can be defined according to the following conditions. A pseudo-Riemannian
submersion ([4],[15],[21],[22],[34]), an almost Hermitian submersion ([37],[32],[10]), a slant submersion
([19],[9],[25],[31]), a para quaternionic submersion ([5],[16] ), a Clairaut Submersion ([12]), an anti-invariant
submersion ([11],[13],[30],[8]), anti-invariant Riemnnian submersion from cosymplectic manifolds ([30],[14]),
a quasi-bi-slant Submersion ([27]), a pointwise slant submersion([20],[28]), a hemi-slant submersion ([35],[29]),
a semi-invariant submersion ([23],[33]), a semi-slant ξ⊥- Riemannian submersions ([1],[26]), etc. As we know,
Riemannian submersions were severally introduced by B. O’Neill ([22]) and A. Gray ([15]) in 1960s. In
particular, by using the concept of almost Hermitian submersions, B. Watson ([37]) gave some differential
geometric properties among fibers, base manifolds, and total manifolds. Some interesting results concerning
para-Kaehler-like statistical submersions were obtained by G.E. Vı̂lcu ([36]).

In this paper, we examine some geometric properties of three types of proper semi-slant pseudo-Riemannian
submersions. Let’s list the section of our work. In section 2, we gather some concepts, which are needed in
the following parts. In section 3, we study some geometric properties of three types of proper semi-slant
pseudo-Riemannian submersions from almost para-Hermitian manifolds onto pseudo-Riemannian manifolds.

We present examples, study the geometry of leaves of distributions. We also obtain necessary and sufficient
conditions for a proper semi- slant pseudo-Riemannian submersions to be totally geodesic map. In section 4, we
research proper semi-slant pseudo-Riemannian submersions with umbilical fibers and obtain characterization
of such maps. In the final section, we obtain curvature properties of distribution for proper semi-slant pseudo-
Riemannian submersions from para-Kaehler space forms.
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2. Preliminaries

By a para-Hermitian manifold we mean a triple (B,P, gB),where B is a connected 2n- dimensional
differentiable manifold, P is a tensor field of type (1,1) and a pseudo-Riemannian metric gB on B, satisfying

P2U = U, gB(PU,PV ) = −gB(U, V ) (2.1)

where U, V are vector fields on B. An almost para-Hermitian manifold B is said to be a para-Kaehler manifold
if

∇P = 0; (2.2)

where ∇ denotes the Riemannian connection on B ([18]).

Let (B, gB) and (B̃, gB̃) be two pseudo-Riemannian manifolds. A pseudo-Riemannian submersion is a smooth
map ψ : B → B̃ which is onto and provides some conditions such that
(i) the fibres ψ−1(q), q ∈ B̃, are r− dimensional pseudo-Riemannian submanifolds of B, where
r = dim(B)− dim(B̃).
(ii) ψ∗ preserves scalar products of vectors normal to fibres.
The vectors tangent to the fibres are called vertical and those normal to the fibres are called horizontal.
We indicate by V the vertical distribution, by H the horizontal distribution and by v and h the vertical and
horizontal projection. A horizontal vector field U on B is said to be fundamental if U is ψ−related to a vector
field U∗ on B̃.

Define O’Neill’s tensors T and A by:

TUW = h∇vUvW + v∇vUhW (2.3)

and
AUW = v∇hUhW + h∇hUvW (2.4)

for every U,W ∈ χ(B), on B where ∇ is the Levi-Civita connection of gB.
It is easy to see that a semi-Riemannian submersion ψ : B → B̃ has totally geodesic fibers if and only if T
vanishes identically. Also, if A vanishes then the horizontal distribution is integrable. (see [4],[7]). Using (2.3)
and (2.4), we get

∇UW = TUW + ∇̂UW ; (2.5)

∇Uζ = TUζ + h∇Uζ; (2.6)

∇ζU = AζU + v∇ζU ; (2.7)

∇ζη = Aζη + h∇ζη, (2.8)

for any ζ, η ∈ Γ((kerψ∗)
⊥), U,W ∈ Γ(kerψ∗). Also, if ζ is basic then h∇Uζ = h∇ζU = AζU.

It is easily seen that T is symmetric on the vertical distribution and A is alternating on the horizontal
distribution such that

TWU = TUW, W, U ∈ Γ(kerψ∗); (2.9)

AY V = −AV Y =
1

2
v[Y, V ], Y, V ∈ Γ((kerψ∗)

⊥). (2.10)

Let (B, gB) and (B̃, gB̃) be pseudo-Riemannian manifolds and π : B → B̃ is a differentiable map. Then the
second fundamental form of ψ is given by

(∇ψ∗)(X,V ) = ∇ψ
Xψ∗V − ψ∗(∇XV ) (2.11)

for X,V ∈ Γ(B), here we indicate conveniently by ∇ the Riemannian connections of the metrics gB and gB̃.
Recall that ψ is said to be harmonic if trace(∇ψ∗) = 0 and ψ is called a totally geodesic map if (∇ψ∗)(X,V ) = 0 for
X,V ∈ Γ(TB) ([17]). Where ∇ψ is the pullback connection.

For every vertical vector fields U,W,X ,Y we have

R(U,W,X ,Y) = R̃(U,W,X ,Y)− g(TUX , TWY) + g(TWX , TUY) (2.12)
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where R and R̃ is pseudo-Riemannian curvature tensor of B and ψ−1(q).

Moreover, if {U,W} is orthonormal basis of vertical 2-plane, then from (12) we obtain

K(U,W ) = K̃(U,W ) + ||TUW ||2 − g(TUU, TWW ) (2.13)

where K and K̃ are sectional curvature of B and ψ−1(q) ([4]).

3. Semi-slant submersions

Let ψ : (B, gB,P) → (B̃, gB̃) be a pseudo-Riemannian submersion from an almost para-Hermitian manifold
(B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃).

For any non-null vector field W ∈ (kerψ∗), we get

W = QW + FW, (3.1)

where QW ∈ Γ(D1) and FW ∈ Γ(D2) and put

PW = tW + nW, (3.2)

where tW and nW are vertical and horizontal parts of PV.
Also, for non-null vector field ζ ∈ (kerψ∗)

⊥, we have

Pζ = Bζ + Cζ, (3.3)

where Bζ ∈ kerψ∗ and Cζ ∈ (kerψ∗)
⊥ .

In adittion, (kerψ∗)
⊥ is decomposed as

(kerψ∗)
⊥ = nD2 ⊕ µ (3.4)

where µ is the orthogonal complementary distribution of nD2. We say that µ is invariant distribution of
(kerψ∗)

⊥ with respect to P .

Definition 3.1. ([12]) Let ψ : (B, gB,P) → (B̃, gB̃) be a proper slant submersion from an almost para-Hermitian
manifold (B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). We have
type ∼1 if for every space-like (time-like) vector fieldW ∈ Γ(kerψ∗), tW is time-like (space-like), and ∥tW∥

∥PW∥ > 1,

type ∼ 2 if for every space-like (time-like) vector fieldW ∈ Γ(kerψ∗), tW is time-like (space-like), and ∥tW∥
∥PW∥ < 1,

type ∼ 3 if for every space-like (time-like) vector field W ∈ Γ(kerψ∗), tW is space-like (time-like).

A differentiable distribution D on (kerψ∗) is called a slant distribution if for all non-null X ∈ D, the quotient
gB(tX , tX )/gB(PX ,PX ) is constant. A distribution is called invariant if it is a slant with slant angle zero, that
is if gB(tX , tX )/gB(PX ,PX ) = 1 for every non-null X ∈ D. It is called anti-invariant if tX = 0 for all X ∈ D. In
other cases, ıt is called a proper slant distribution.

Now, we can give our definition.

Definition 3.2. Let (B, gB,P) be an almost para-Hermitian manifold and (B̃, gB̃) be a pseudo-Riemannian
manifold. A pseudo-Riemannian submersion ψ : (B, gB,P) → (B̃, gB̃) is said to be a semi-slant submersion if
there is a distribution D1 ∈ kerψ∗ such that

kerψ∗ = D1 ⊕D2 , P(D1 ) = D1 (3.5)

and the angle φ = φ(W ) between PW and space (D2 )q is constant for non-null vector field W ∈ (D2 )q and
q ∈ B , we can say that φ is a semi-slant angle of the submersion where D2 is the orthogonal complement of
D1 in kerψ∗.
Hence, using (3.2), (3.3) and (3.4), we have:
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Lemma 3.1. Let ψ : (B, gB,P) → (B̃, gB̃) be a semi-slant submersion from an almost para-Hermitian manifold
(B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). Then, we obtain the following equations.
(i) tD1 = D1 (ii)nD1 = 0
(iii) tD2 ⊂ D2 (iv)B((kerπ∗)

⊥) = D2 .

Then, we can easily see that P2 = I and from (3.2) and (3.3) we get:

Lemma 3.2. Let ψ : (B, gB,P) → (B̃, gB̃) be a semi-slant submersion from an almost para-Hermitian manifold
(B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). Then, we obtain the following equations.
(i) t2 + Bn = I (ii) C 2 + nB = I
(iii)tB + BC = {0} (iv) nt + Cn = {0} .

The proof of the following Theorems is similar to the proof of ([2],[3]). Therefore we skip its proof.

Theorem 3.1. Let ψ : (B, gB,P) → (B̃, gB̃) be a pseudo-Riemannian submersion from an almost para-Hermitian
manifold (B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). In this case, ψ is proper semi-slant submersion of type
∼1 if and only if for any space-like(time-like) vector field W ∈ Γ(kerψ∗), tW time-like(space-like), there exist a constant
γ ∈ (1,∞) and a distribution of type ∼1 D on kerψ∗ as follows
(i) D = {W ∈ Γ(kerψ∗)}|t2W = γW},
(ii) for all non-null vector field W ∈ Γ(kerψ∗) orthogonal to D , we get tW = 0.
Also, γ = cosh2 φ, with φ > 0.

From here, for any non-null vector field W ∈ Γ(D2), we obtain

t2W = cosh2 φW. (3.6)

Moreover, for any non-null vector fields U,W ∈ Γ(D2), from (2.1), (3.2) and (3.6), we have

gB(tU, tW ) = − cosh2 φgB(U,W ). (3.7)

Besides, using (2.1), (3.1), (3.6) and Lemma 3.2 (i), we arrive at

gB(nU, nW ) = sinh2 φgB(U,W ). (3.8)

Theorem 3.2. Let ψ : (B, gB,P) → (B̃, gB̃) be a pseudo-Riemannian submersion from an almost para-Hermitian
manifold (B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). In this case, ψ is proper semi-slant submersion of type
∼2 if and only if for any space-like(time-like) vector field W ∈ Γ(kerψ∗), tW time-like(space-like), there exist a constant
γ ∈ (0, 1) and a distribution of type ∼2 D on kerψ∗ as follows
(i) D = {W ∈ Γ(kerψ∗)}|t2W = γW},
(ii) for all non-null vector field W ∈ Γ(kerψ∗) orthogonal to D , we get tW = 0.
Also, γ = cos2 φ, with 0 < φ < 2π.

From here, for any non-null vector field V ∈ Γ(D2), we obtain

t2W = cos2 φW. (3.9)

Moreover, for every non-null vector fields U,W ∈ Γ(D2), from (2.1), (3.1) and (3.9), we have

gB(tU, tW ) = − cos2 φgB(U,W ). (3.10)

Besides, using (2.1), (3.2), (3.9) and Lemma 3.2 (i), we arrive at

gB(nU, nW ) = − sin2 φgB(U,W ). (3.11)

Theorem 3.3. Let ψ : (B, gB,P) → (B̃, gB̃) be a pseudo-Riemannian submersion from an almost para-Hermitian
manifold (B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). In this case, ψ is proper semi-slant submersion of type
∼3 if and only if for any space-like(time-like) vector field W ∈ Γ(kerψ∗), tW time-like(space-like), there exist a constant
γ ∈ (−∞, 0) and a distribution of type ∼3 D on kerψ∗ as follows
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(i) D = {W ∈ Γ(kerψ∗)}|t2W = γW},
(ii) for all non-null vector field W ∈ Γ(kerψ∗) orthogonal to D , we get tW = 0.
Also, γ = − sinh2 φ, with φ > 0.

From here, for any non-null vector field W ∈ Γ(D2), we obtain

t2W = − sinh2 φW. (3.12)

Moreover, for any non-null vector fields U,W ∈ Γ(D2), from (2.1), (3.2) and (3.12), we have

gB(tU, tW ) = sinh2 φgB(U,W ). (3.13)

Besides, using (2.1), (3.1), (3.12) and Lemma 3.2 (i), we arrive at

gB(nU, nW ) = − cosh2 φgB(U,W ). (3.14)

Let’s consider para-Kaehler structure on R2n
n :

P(
∂

∂y2i
) =

∂

∂y2i−1
, P(

∂

∂y2i−1
) =

∂

∂y2i
, g = (dy1)2 − (dy2)2 + (dy3)2 − ...− (dy2n)2

where i ∈ {1, ..., n}. Also, (y1, y2, ..., y2n) denotes the cartesian coordinates over R2n
n .

We can easily present non-trivial examples of proper semi-slant pseudo-Riemannian submersions of type∼1,
2 and 3.

Example 3.1. Let’s determine map ψ : R8
4 → R4

2

ψ(y1, ..., y8) = (y4, y2 sinhβ + y3 coshβ, y7, y8),

here β ̸= 0. So, ψ is a proper semi-slant pseudo-Riemannian submersion of type ∼ 1. By direct calculations

D1 =< ∂
∂y5

, ∂
∂y6

> and D2 =< ∂
∂y1

, coshβ ∂
∂y2

− sinhβ ∂
∂y3

, >

with the semi-slant angle φ with coshφ = coshβ.

LetR8
4 be a pseud-Euclidean space of signature (-,+,-,+,-,+,-,+) with respect to the canonical basis ( ∂

∂y1
, ..., ∂

∂y8
)

and R4
2 be a pseud-Euclidean space of signature (+,-,-,+) with respect to the canonical basis ( ∂

∂ȳ1
, ..., ∂

∂ȳ4
).

Example 3.2. Let’s determine map ψ : R8
4 → R4

2

ψ(y1, ..., y8) = (y1 sinω + y3 cosω, y2 sin θ + y4 cos θ, y5, y6)

here ω ̸= θ ̸= 0. So, ψ is a proper semi-slant pseudo-Riemannian submersion of type ∼ 2. By direct calculations

D1 =< ∂
∂y7

, ∂
∂y8

> and D2 =< cosω ∂
∂y1

− sinω ∂
∂y3

,− cos θ ∂
∂y2

+ sin θ ∂
∂y4

>

with the semi-slant angle φ with φ = (ω − θ).

LetR8
4 be a pseud-Euclidean space of signature (+,-,+,-,+,-,+,-) with respect to the canonical basis ( ∂

∂y1
, ..., ∂

∂y8
)

and R4
2 be a pseud-Euclidean space of signature (+,-,+,-) with respect to the canonical basis ( ∂

∂ȳ1
, ..., ∂

∂ȳ4
).

Example 3.3. Let’s determine map ψ : R8
4 → R4

3

ψ(y1, ..., y8) = (y2 cosh θ + y3 sinh θ, y4, y5, y6),

for any θ ̸= 0. So, ψ is a proper semi-slant pseudo-Riemannian submersion of type ∼ 3. By direct calculations

D1 =< ∂
∂y7

, ∂
∂y8

> and D2 =< sin θ ∂
∂y2

− cos θ ∂
∂y3

, ∂
∂y1

>

with the semi-slant angle φ with t2 = − sinh2 θI.

LetR8
4 be a pseud-Euclidean space of signature (+,-,+,-,+,-,+,-) with respect to the canonical basis ( ∂

∂y1
, ..., ∂

∂y8
)

and R4
3 be a pseud-Euclidean space of signature (-,-,+,-) with respect to the canonical basis ( ∂

∂ȳ1
, ..., ∂

∂ȳ4
).
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Using equations (2.1), (2.5)∼(2.8) and (3.2)∼(3.3), we get:

Lemma 3.3. Let ψ : (B, gB,P) → (B̃, gB̃) be a pseudo-Riemannian submersion of type ∼1, 2, 3 from a para-Kaehler
manifold (B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). So, we obtain the following equations.

∇̂U tW + TUnW = t∇̂UW + BT UW (3.15)

TU tW +H∇UnW = n∇̂UW + CT UW (3.16)

V∇XY +AXCY = tAXY + BH∇XY (3.17)

AXBY +H∇XCY = nAXY + CH∇XY (3.18)

∇̂UBX + TUCX = tTUX + BH∇UX (3.19)

TUBX +H∇UCX = nTUX + CH∇UX , (3.20)

for any non-null vector fields U,W ∈ Γ(kerψ∗) and X ,Y ∈ Γ(kerψ∗)
⊥.

Now we can show

(∇U t)W = ∇̂U tW − t∇̂UW (3.21)

and
(∇Un)W = H∇UnW − n∇̂UW, (3.22)

for any non-null vector fields U,W ∈ kerψ∗. Then from (3.15 ) and (3.16 ), we get

∇t ≡ 0 ⇐⇒ TUnW = BT UW (3.23)

and
∇n ≡ 0 ⇐⇒ TU tW = CT UW, (3.24)

for any non-null vector fields U,W ∈ Γ(kerψ∗).

Theorem 3.4. Let ψ : (B, gB,P) → (B̃, gB̃) be a proper semi-slant pseudo-Riemannian submersion of type ∼1 or 2 from
an almost para-Hermitian manifold (B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). The complex distribution D1

is integrable if and only if
n(∇̂UW − ∇̂WU) = C(TWU − TUW ) (3.25)

for any non-null vector fields U,W ∈ Γ(D1).

Proof. For any non-null vector fields U,W ∈ Γ(D1) and X ∈ Γ((kerψ∗))
⊥ since [U,W ] ∈ Γ(kerψ∗), we get:

gB(P [U,W ] ,X ) = gB(P(∇UW −∇WU),X )

= gB(t∇̂UW + n∇̂UW +BTUW + CTUW − t∇̂WU − n∇̂WU

− BTWU − CTWU,X )

= gB(n∇̂UW + CTUW − n∇̂WU − CTWU,X ) (3.26)

so, the proof is complete. Similarly, the following conclusion is obtained.

Theorem 3.5. Let ψ : (B, gB,P) → (B̃, gB̃) be a proper semi-slant pseudo-Riemannian submersion of type ∼1 or 2
from an almost para-Hermitian manifold (B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). The proper semi- slant
distribution D2 is integrable if and only if

Q(t(∇̂UW − ∇̂WU)) +B(TUW − TWU) = 0 (3.27)

for any non-null vector fields U,W ∈ Γ(D2).

dergipark.org.tr/en/pub/iejg 258

https://dergipark.org.tr/en/pub/iejg


E. B. Noyan & Y. Gündüzalp

Lemma 3.4. Let ψ : (B, gB,P) → (B̃, gB̃) be a proper semi-slant pseudo-Riemannian submersion of type ∼1 or 2 from a
para-Kaehler manifold (B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). The proper semi- slant distribution D2 is
integrable if and only if

P(∇̂U tW − ∇̂W tU + TUnW − TWnU) = 0 (3.28)

for any non-null vector fields U,W ∈ Γ(D2).

Proof. For any non-null vector fields U,W ∈ Γ(D2) and for every non-lightlike X ∈ Γ(D1) since [U,W ] ∈
Γ(kerψ∗), we get:

gB(P [U,W ] ,X ) = gB(∇UPW −∇WPU,X )

= gB(∇̂U tW + TU tW + TUnW +H∇UnW − ∇̂W tU

− TW tU − TWnU −H∇WnU,X )

= gB(∇̂U tW + TUnW − ∇̂W tU − TWnU,X ). (3.29)

So, the proof is complete.

Now, let’s investigate the cases where the vertical and horizontal distribution are totally geodesic.

Proposition 3.1. Let ψ : (B, gB,P) → (B̃, gB̃) be a proper semi-slant pseudo-Riemannian submersion of type ∼1 or 2
from a para-Kaehler manifold (B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). In this case, the vertical distribution
describes a totally geodesic foliation on B if and only if

n(∇̂U tW + TUnW ) + C(TU tW +H∇UnW ) = 0 (3.30)

for any non-null vector fields U,W ∈ Γ(kerψ∗).

Proof. For any non-null vector fields U,W ∈ Γ(kerψ∗) we get:

∇UW = P∇UPW
= P(∇̂U tW + TU tW + TUnW +H∇UnW )

= (t∇̂U tW + n∇̂U tW +BTU tW + CTU tW + tTUnW + nTUnW
+ BH∇UnW + CH∇UnW ). (3.31)

Thus,

∇UW ∈ Γ(kerψ∗) ⇐⇒ n(∇̂U tW + TUnW ) + C(TU tW +H∇UnW ) = 0. (3.32)

Similarly, the following conclusion is obtained.

Proposition 3.2. Let ψ : (B, gB,P) → (B̃, gB̃) be a proper semi-slant pseudo-Riemannian submersion of type ∼1 or
2 from a para-Kaehler manifold (B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). In this case, the horizontal
distribution describes a totally geodesic foliation on B if and only if

t(V∇UBW +AUCW ) +B(AUBW +H∇UCW ) = 0 (3.33)

for any non-null vector fields U,W ∈ Γ(kerψ∗)
⊥.

Proposition 3.3. Let ψ : (B, gB,P) → (B̃, gB̃) be a proper semi-slant pseudo-Riemannian submersion of type ∼1 or 2
from a para-Kaehler manifold (B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). In this case, the distribution D1

describes a totally geodesic foliation if and only if

∇UW ∈ Γ(D1) ⇐⇒ F (t∇̂U tW +BTU tW ) = 0

and

n∇̂U tW + CTU tW = 0
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for any non-null vector fields U,W ∈ Γ(D1).

Proof. For any non-null vector fields U,W ∈ Γ(D1) we get:

∇UW = P∇UPW
= P(∇̂U tW + TU tW )

= (t∇̂U tW + n∇̂U tW +BTU tW + CTU tW )

Hence,

∇UW ∈ Γ(D1) ⇐⇒ F (t∇̂U tW +BTU tW ) = 0

and

n∇̂U tW + CTU tW = 0

Similarly, the following conclusions are obtained.

Proposition 3.4. Let ψ : (B, gB,P) → (B̃, gB̃) be a proper semi-slant pseudo-Riemannian submersion of type ∼1 or 2
from a para-Kaehler manifold (B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). In this case, the distribution D2

describes a totally geodesic foliation if and only if

Q(t(∇̂U tW + TUnW ) +B(TU tW +H∇UnW )) = 0

n(∇̂U tW + TUnW ) + C(TU tW +H∇UnW ) = 0

for any non-null vector fields U,W ∈ Γ(D2).

Theorem 3.6. Let ψ : (B, gB,P) → (B̃, gB̃) be a proper semi-slant pseudo-Riemannian submersion of type ∼1 or 2 from
a para-Kaehler manifold (B, gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). In this case, ψ is a totally geodesic

n(∇̂U tW + TUnW ) + C(TU tW +H∇UnW ) = 0

n(∇̂UBX + TUCX ) + C(TUBX +H∇UCX ) = 0

for non-null vector fields U,W ∈ Γ(kerψ∗) and X ∈ Γ((kerψ∗)
⊥).

4. Proper semi-slant pseudo-Riemannian submersions with Totally Umbilical Fibers

A pseudo-Riemannian submersion ψ is said to be totally umbilical if

TUW = g(U,W )H (4.1)

here H is the mean curvature vector field of the fibre in B for all non-null vector fields U,W ∈ Γ(kerψ∗).

Then we obtain:

Lemma 4.1. Let ψ : (B, gB,P) → (B̃, gB̃) be a proper semi-slant pseudo-Riemannian submersion with totally umbilical
fibers from a para-Kaehler manifold (B , gB,P) onto a pseudo-Riemannian manifold (B̃, gB̃). Then we obtain:

H ∈ Γ(nD2). (4.2)

Proof. For U,W ∈ Γ(D1) and X ∈ Γ(µ) we obtain

TUPW + h∇UPW = ∇UPW = P∇UW

= t∇̂UW + n∇̂UW + BT UW + CT UW.
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So,

gB(TUPW,X ) = gB(CTUW,X ). (4.3)

From (4.1 ), with a simple calculation we get

gB(U,PW )gB(H,X ) = gB(U,W )gB(H,PX )

Interchanging the role of U and W ,we obtain:

gB(W,PU)gB(H,X ) = gB(W,U)gB(H,PX )

so that adding the above two equations, we obtain:

gB(U,W )gB(H,PX ) = 0 (4.4)

that means H ∈ Γ(nD2).

5. Proper semi-slant pseudo-Riemannian submersions in para-Kaehler space forms

Let’s define a plane Q is invariant by P in TqB, q ∈ B. Moreover {U,PU} is an orthonormal plane basis of Q.
Indicate by K(Q), K∗(Q) and K̂(Q) the para-sectional curvatures of the plane in B, B̃ and the fiber ψ−1(ψ(q))

where K∗(Q) indicate the para-sectional curvature of the plane Q∗ = ⟨ψ∗U,ψ∗PU⟩ in B̃. Using both Corollary 1
of [21, p.465] and (1.27) of [6, p.12] ,we have the following:
i) If Q ⊂ (D1)q,we get the following results with calculations.

K(Q) = K̂(Q) + ϵU ϵPU{−||TPUU ||2 + ||TUU ||2 + gB(P[PU,U ], TUU)}

ii)If Q ⊂ (µ)q, then we get

K(Q) = K∗(Q) + 3||AUPU ||2,

where ϵU = gB(U,U) ∈ {±1}, ϵPU = gB(PU,PU) ∈ {±1}.

For a para-Kaehler manifold (B, gB,P), (2.1) implies that

gB(PU,W ) + gB(U,PW ) = 0,

for any non-null vector fields U,W ∈ Γ(TqB), q ∈ B. Hence we have gB(PU,U) = 0.
If {U,PU} spans a non-degenerate plane section, the sectional curvature HB(U) = KB(U ∧ PU) of span{U,PU}
is called a para-sectional curvature. A para-Kaehler space form, by definition, is a para-Kaehler manifold of
constant para-sectional curvature ([6]). The Riemannian-Christoffel curvature tensor of a para-Kaehler space
form B2n

n (ν) of constant para-holomorphic sectional curvature ν satisfies

RB(U,W,X ,Y) =
ν

4
{gB(U,X )gB(W,Y)− gB(U,Y)gB(W,X )

− gB(U,PX )gB(W,PY) + gB(U,PY)gB(W,PX )

− 2gB(U,PW )gB(X ,PY)} (5.1)

for all non-null vector fields U,W,X ,Y ∈ Γ(T B)([24]).

Theorem 5.1. Let ψ : (B (ν) , gB) → (B̃, gB̃) be a proper semi-slant pseudo-Riemannian submersion of type ∼1 or 2 from
a para-Kaehler space form (B (ν) , gB) onto a pseudo-Riemannian manifold (B̃, gB̃). Then we get
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R̃(U,W,X ,Y) =
ν

4
{gB(U,X )gB(W,Y)− gB(U,Y)gB(W,X )

− gB(U,PX )gB(W,PY) + gB(U,PY)gB(W,PX )

− 2gB(U,PW )gB(X ,PY)}
+ gB(TUX , TWY)− gB(TWX , TUY) (5.2)

and

K̃(U,W ) =
ν

4
{||U ||2||W ||2 − g2B(U,W )− 3g2B(U,PW )}

+ gB(TUU, TWW ) + ||TUW ||2 (5.3)

for all non-null vector fields U,W,X ,Y ∈ Γ(D1).

Proof. For all non-null vector fields U,W,X ,Y ∈ Γ(D1), by using (5.1) and (2.12 ) we obtain

R̃(U,W,X ,Y) =
ν

4
{gB(U,X )gB(W,Y)− gB(U,Y)gB(W,X )

− gB(U,PX )gB(W,PY) + gB(U,PY)gB(W,PX )

− 2gB(U,PW )gB(X ,PY)}
+ gB(TUX , TWY)− gB(TWX , TUY)

which gives (5.2). If X =W and Y = U is taken in (5.2 ), we obtain (5.3).

Theorem 5.2. Let ψ : (B (ν) , gB) → (B̃, gB̃) be a proper semi-slant pseudo-Riemannian submersion of type ∼1 or 2 from
a para-Kaehler space form (B (ν) , gB) onto a pseudo-Riemannian manifold (B̃, gB̃). If D1 is totally geodesic, we get

σ̃D1
= −ν

4
(p+ 2)p

where σ̃D1
is the scaler curvature of fibres with dim(D1) = p.

Proof. Let’s remember that the trace of scalar curvature is Ricci curvature. Then, we get

S̃D1
(U,W ) =

p∑
i=1

R̃(Ei, U,W,Ei)

for all non-null vector fields U,W ∈ Γ(D1) and {E1, ...Ep} is time-like(space-like) orthonormal basis on Γ(D1).
Then, if D1 is totally geodesic from (5.1), we obtain

S̃D1
(U,W ) =

p∑
i=1

{ν
4
{gB(U,W )− pgB(U,W ) + 3gB(Ei,PW )gB(PU,Ei)}.

From above equation, we obtain

S̃D1(U,W ) = −ν
4
(p+ 2)pgB(U,W ). (5.4)

If U =W = Ei, i = 1, ..., p is accepted and taking into account (5.4 ), we obtain the proof.
From (5.4 ), we can obtain the following conclusion.

Corollary 5.1. Let ψ : (B (ν) , gB) → (B̃, gB̃) be a proper semi-slant pseudo-Riemannian submersion of type ∼1 and 2
from a para-Kaehler space form (B (ν) , gB) onto a pseudo-Riemannian manifold (B̃, gB̃) with a semi-slant angle φ. We
deduce that if D1 is totally geodesic distribution, D1 is Einstein.

Theorem 5.3. Let ψ : (B (ν) , gB) → (B̃, gB̃) be a proper semi-slant pseudo-Riemannian submersion of type ∼1 from a
para-Kaehler space form (B (ν) , gB) onto a pseudo-Riemannian manifold (B̃, gB̃). Then , we get

R̃(U,W,X ,Y) =
ν

4
{gB(U,X )gB(W,Y)− gB(U,Y)gB(W,X )

− gB(U,PX )gB(W,PY) + gB(U,PY)gB(W,PX )

− 2gB(U,PW )gB(X ,PY)}
+ gB(TUX , TWY)− gB(TWX , TUY) (5.5)
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and

K̃(U,W ) =
ν

4
{||U ||2||W ||2 − g2B(U,W )− 3g2B(U,PW )}

+ gB(TUU, TWW ) + ||TUW ||2 (5.6)

for all non-null vector fields U,W,X ,Y ∈ Γ(D2).

Proof. For all non-null vector fields U,W,X ,Y ∈ Γ(D2), by using (5.1 ) we obtain (5.5 ). Then, here choosing
X =W and Y = U by direct calculations, we obtain (5.6).

Theorem 5.4. Let ψ : (B (ν) , gB) → (B̃, gB̃) be a proper semi-slant pseudo-Riemannian submersion of type ∼1 from
a para-Kaehler space form (B (ν) , gB) onto a pseudo-Riemannian manifold (B̃, gB̃) with a semi-slant angle φ. If D2 is
totally geodesic, then we obtain

σ̃D2
=
ν

2
(−1− 2q + 3 tanh2 φ sinh2 φ), (5.7)

where dim(D2) = 2q.

Proof. Suppose that E1, E2, ..., Eq are space-like and Eq+1 = sechφnE1, Eq+2 = sechφnE2, ..., E2q = sechφnEq
are time-like orthonormal basis on Γ(D2). For any non-null vector fields U,W ∈ Γ(D2), we get

S̃D2
(U,W ) =

q∑
i=1

R̃(Ei, U,W,Ei) +

2q∑
j=q+1

R̃(sechφnEi, U,W, sechφnEi).

Using (5.5), we have

S̃D2
(U,W ) =

ν

4
(−1− 2q + 3 tanh2 φ sinh2 φ)gB(U,W ). (5.8)

If we take U =W = Ei, i = 1, 2, ..., 2q in (58), we complete the proof. From (5.8), we obtain:

Corollary 5.2. Let ψ : (B (ν) , gB) → (B̃, gB̃) be a proper semi-slant pseudo-Riemannian submersion of type ∼1 from a
para-Kaehler space form (B (ν) , gB) onto a pseudo-Riemannian manifold (B̃, gB̃) with a semi-slant angle φ. We deduce
that if D2 is totally geodesic distribution, D2 is Einstein.
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