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Abstract

In this paper, we showed that the set of displacements of generalized space is a group under the composite operation. We obtained this screw
axis of displacement in generalized space. Using this screw axis, we obtained the Rodrigues equation in terms of spatial displacement in this
space. Finally, the components of a dual generalized quaternion and the dual orthogonal matrix were obtained using Euler parameters in
generalized space.
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1. Introduction

Dual quaternions are useful tools for describing rigid body motions. Dual numbers were initially introduced by Clifford in 1873 [7]. Their
first applications to kinematics were held by Kotel’nikov in 1895, and Study in 1903 [14, 20]. Bottema and Roth used dual numbers in
theoretical kinematics [6]. Hiller and Woernle in 1984 used dual matrices and dual-vectors for the representation of spatial displacement
[11]. Agrawal in 1987 applied dual quaternions to spatial kinematics [1]. Herve in 2008 employed Lie’s theory of groups to describe
displacement sets of rigid bodies and their connections [10]. Kula and Yayl in 2019 obtained screw motion by means of Hamilton operators
in 3—dimensional Lorentzian space L3 [13] (see details [2, 6, 15, 16, 20]).

Vector spaces with a quadratic form generate an unital associative algebra called Clifford algebra. The quaternion algebra, subalgebra of
Clifford algebra, is isomorphic to the algebra in which the set of rotations under composite operation. ( see for details [1, 3, 6, 7, 15, 16, 19]).
The generalized quaternions E> (¢, B) are four-dimensional algebra which is associative but not commutative. The algebra of generalized
quaternion is a natural generalization of quaternion algebra H. Jafari and Yayli in 2011 described a rotational motion in generalized space
using quaternions and studied the algebraic properties of generalized quaternions [12]). Ata and Savci in 20210obtained that generalized
Cayley formula, Rodrigues equation and Eulerparameters of a rotation in space E3(a, ) [3]. ( see for details[4, 5, 9, 12]). Ozkald: and
Giindogan in 2011 introduce the screw axis of displacement and Rodrigues equation for a spatial displacement in 3-dimensional Lorentzian
space L3 [18].

In this study, we will obtain that the screw axis of displacement in E3(cat, 8) . Rodrigues equation for a spatial displacement will be obtained
by using the screw axis in E3 (e, 8). The components of a dual generalized quaternion, corresponding to a coordinate transformation, will be
found using the generalized dual Euler parameters. Finally, we will get that the generalized dual orthogonal matrix via those components
E3(a, B) which includes the Euclidean and Lorentzian spaces, for every possible value of o and  except o, = 0.

2. Introduction

Definition 2.1: Let r = (ry,r2,73), s = (s1,52,53) be two vectors in R? and o, B € R. The generalized scalar product is defined by
<rns>,=arys;+Brosy+ ofrasz.

The vector space R3 with the generalized scalar product defined over it is called 3—dimensional generalized space and is denoted by

E3(a,B) = (R}, <,>,). This space includes the Euclidean and semi-Euclidean spaces i.e;
If « = B =1, then E3(1,1) = E3 3-dimensional Euclidean space.
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Ifa=1and B =—1, then E3(1,—1) = E? 3-dimensional semi-Euclidean space. The generalized vectorial product is defined as follow;
rNgs=PB(ras3 —r3sy)i—a(ris3—s3ra)j+ (risy —rasik,

here iN, j=k, jA,k=Bi,and kA, i=—otj[12].

Remark : For the sake of the short in the next part of our article, we will use notation G- instead of generalized such as generalized
quaternions (G-quaternions).

Definition 2.2: Let g be a G-dual quaternion, then Hamilton operators

[ a0 —aqi —Ba —aBg; |
HY G = | & D —Bas B

a  ag; 490 —aq;
| 3 —¢ q1 70)
and
[0 —aq —Bqp —afgs ]
H™ (Zi) — 51\1 qOA ﬁ:{:ﬁ _B:ZZ
@ —agz Qo oq ’
q3 q2 —q1 q0

are defined. The product of two quaternions g and p can be done in two different ways by using these operators;

ap=H"(q)p=H (P)(q)

[4, 12].
0 PBs3 PBs a 0 O
Definition 2.3: Amatrix S= | oas3; 0 —os; | called a generalized skew-symmetric matrix if ST & = —£S, wheree=| 0 B 0
—sy 5 0 0 0 ap
and a, 8 € R—{0} [4, 12].
Definition  2.4: Matrix A called a  generalized orthogonal matrix if ATeA = |Ale  where
o 0 0
e=|0 B O and o, B € R—{0}. The set of all generalized orthogonal matrices with detA = 1 under the operation of ma-
0 0 ap

trix multiplication forms a group and denoted as SO(c, B)(3) called rotation group in E3(a, B) [4, 12].

The rotation is an important part of the rigid transformation. To determine the rigid transformation in E3 (a, B), we will give necessary
fundamental properties about the rotations.

i) Let & > 0 and B > 0. Let the unit vector s = (s1,52,53). The G-orthogonal matrix B can be written as following

A =1+ (sinB)S+ (1 —cosh)S>. Q2.1
ii) Let @ > 0 and B < 0. Let the vector a be a time-like vector. The G-orthogonal matrix B can be written as following
A =1+ (sinh6)S + (cosh® — 1)s? (2.2

[5].
There are two different cases for all possible non zero values of o and . First case: o, 8 > 0 and second case: @ > 0 and § < 0. We will
consider both cases separately in the end of the section 4.

3. Rigid Transformations in Generalized Space E> (o, )

3.1. Coordinate Transformations

Interconnections between the coordinate frames enable to determination of the position of one body in relation to another. Let the coordinates
of the moving body in frame M and fixed frame F be y = (y1,y2,y3) and x = (x1,x2,x3) , respectively. Then, D : F — M coordinate
transformation is as follows;

D(.X):y:AOX-‘rd

here A is an 3 x 3 matrix and d is an 3—dimensional vector. If A is an 3 x 3 G-orthogonal matrix, then the transformation D is a rigid
transformation. D = (A, d), whose componenets are matrix and vector, defines a displacement in 3—dimensional generalized space E 3 a, B).
Theorem: The set of displacements of E> (a, B) under the composite operation forms group.

Proof:

1. If Dy : F — M and D, : My — M, are displacements, then D = DD, : F — M, is also a displacements. Indeed, D = D1D, =
(A1,d1)(A2,dy) = (A1 - A2, Ay - da +dy).

2. I =(13,0) is the unit element.

3. Since AT €A = ¢ for a, B # 0, every D = (A,d) have an inverse such that D~! = (A=!, —~A~!._d). Consequently, this set in E3(a, ) is
a group and called as G-group.
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4. Spatial Displacement in Generalized Space E> (o, B)

4.1. Coordinate Transformations

y=A-,x+d represents the transformation of the relative position of rigid bodies that the coordinates y = (y;,y,y3) in M and x = (x,x2,x3)
in F. A is an 3 x 3 G-orthogonal matrix and d = (d|,d,,d3) is the translation vector. Since D = (A,d) does not change the distance between
any two points, this transformation is called a spatial transformationin £3(a, B).

4.2. Screw Axis of a Displacement

In this section, we investigate the points whose coordinates do not change after a spatial displacement in generalized space E3 (a,B). Let
these points & be, then they those points satisfy the equation

k=A- k+d
or
(I-A)- k=d.

The solution of this equation
k=—(A-D"",d

The (A —I') matrix is not regular because one of the eigenvalues of the G-orthogonal matrix is 1

As a result; a spatial displacement has not fixed point. But, it has a fixed-line, the points on the line moving only on this line under the
action of the displacement. This line called as screw axis in generalized space E> (o, B). The direction of this axis is determined by the
-G-Rodrigues- vector b, which is obtained from the rotation vector A. Assume d* be projection of the translation vector d onto the a plane
which perpendicular to vector b. Thus we can write follow equation;

(I—A)- k=d".

This equation describes points k that remain constant after rotation around the vector b and translation on a plane perpendicular to the vector
b. Therefore, position of this line can be determined as follows:

I =k+1b.

ds = d — d* is translation amount along the screw axis. This vector in direction of translation unit vector s = ﬁ.

4.3. Rodrigues Equation for Spatial Displacements

Let us obtain the the equivalent of the -G-Rodrigues equation- for spatial displacement using the screw axis / = k+ sb. Let k be on the screw
axis and take x — k instead of x and y — (dr + k) instead of y in G-Rodrigues equation. Thus, the equation

y—(ds+k)—(x—k)= bA,(y—(ds+k)+x—k),
y—x—ds= bA, (y+x—2ds—2k),
y—x= bA,(y+x—2k)+ds.

is obtained.
4.4. The Screw Matrix

In this section, let’s do the opposite of what we have done so far, that is, let’s determine the screw displacement D = (A, d) using given
displacement’ angle 6, distance d and screw axis /.

Let’s, the screw axis be [ = k+tb in F, s is a unit vector and let k such that < k,s >g= 0. From the known the rotation angle 6 we can
easy get -G-Rodrigues vector- as b = (tan %) . The components of the vector b gives G-skew symmetric matrix B and from the -G-Cayley
formula- we obtain G-rotation matrix A .

If the origin of the fixed frame F is on /, then k = 0, ie the translation vector d = ds. We get the displacement as D' = (A, ds).

If the orijin of F fixed frame is not on [, k # 0. Let’s take a reference frame F' whose origin is at point k, the position of this frame relative to
the frame F i.e. T : F — F' can be determine by a simple translation R = (1, k). If we change the coordinates of D' = (A, ds) using R = (1, k);
suchas D =RD'R™!. Since R~! = (I, —k) , we get

D=RDR ' = (L,k)(A,ds)(I,—k) = (A, ds—A-, k+k).
The last equation gives the vector d as;
d=ds+(I—A); k.

The resulting (A,d) is a 4 x 4 matrix that defines a displacement in the generalized space and is called a G-skew matrix.
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4.5. Generalized Dual Quaternions

The transformation T = (A, d) determines the position of M with respect to F can also be represented by G-dual quaternions g = g + £¢*.
The -G-Euler parameters- of the rotation matrix A gives ¢ = qo + q1i + q2j + g3k, which is the real part of the G-dual quaternion g. We can
use the following formula to find the dual part ¢*;

1

)
=_D
q" = 5Dq,

here D = dyi+d, j + dsk is the G-quaternion obtained from the vector d = (dy,d»,d3).

d can be written as d = ds+c — A -, k according to the screw parameters of the displacement in £ 3 (a, B). If these vectors are written the
form of G-quaternions, then we get that

D =dS+K —qKq,

and
q' = %(dSJrK—qKﬁ)q
q* = 5(dSq+Kq—qK).

¢* can be written in matrix form as follows:

| R
q" =3 (H (4)¢(dS+K)g—H"(q) - K) @.1)
Now, there are two cases according to value of ¢ and 3.

casel: Let & > 0 and 3 > 0. Then equation (4.1) can be written;

cosg —asxsin% —ﬁsysin% —apfs; sing
_ _ Sy sin % cos % Bs; sin % —Bsysin g
H™(q); (dS+K) = Y iy 0 0 |G
sysing  —as;sin g cos 5 osysin 3
L s;sin g sysin % —sy sin % cos %

0
(adysx + Bdasy + afdss;)sc+ci
(adysx+ Bdrsy + afdssy)sy +co
| (adisc+ Bdosy +aBdss;)s; +c3

and
o] 0 i 0 0
cos LA fasxs(;nj fﬁsysmg faBsZsugj 0
H*(g)- K = sysin 5 cos 5 —Bs;sin 5 Bsysin 5 1
e sysing  as;sin g cos % —0sysin 5 “| e
szsing  —sysin g Sy sin % cos g c3
By using the equation d =< d,s > ;= oud, s, + Bdasy + offd3s,, we have that
-ots2d sin %-asxcl sin %-ﬁsgd sin %-ﬁsycq sin g-(xﬁsgd sin %-(xﬁszcg sin g
= | sxdcos%Jrcl cos%+[3szc2 sin% — Bsyc3 sin%
—aLs;cq sin g + syd cos g +cpcos g + atsyc3 sin g

$yC1 8in 5 — sxCp sin % + s;d cos % +c3cos g
in@ in @ in8
asycr sin 3 4 Bsycp sin 5 + offs;c38in 3
—cjcos % + Bs.casin @ — Bsyczsin 2
—Qszc18in 5 — €208 5 + OLsyc3 sin 5

sycy sin g — §¢Cp Sin % —c3c0s %

+
D=

if s* = (5%,53,57) =k Ay s, we obtain that

-6

sm% o

cosg+ﬁs; sing
-

yCOS 5 + oSy, SIn 7

cos%Jrs;f sin%,

Q

\
IR |
P2 2 ua

I

Therefore, it is obtained that

a5 = —ésin%
q] = %sxcos%—i—ﬁs; sin%
g5 = 55ycos % + oSy sin%

g5 = %szcos%Jrs’; sin%
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Let the G-axis is represented by G-dual vector 5 = s+ €s*, the rotation along 5 can be defined via the 6=0+ed;

qg= cos2+sx(sm2)z+sy(sm )]+S7(Sll’lg)k
+8[7 sin 5 +( sxcoserﬁs smg)
+(‘2js)cosz+(xs sin 5 )j+( szcosz—i-v smg)k]

Thus, we get that

~_ 0 _odgin8 c 00 od oo 0); i 0
qg= cosi—ejsmj+sx(s1n§+£§cos§)z+8ﬁsxsm§t

+sy(sin —l—edcosg)j—l—eas singj
+s7(sm +8 cos 5 )k+8s smek

Later, ¢ = g+ €g™ can be written as

~ ~ ~ ~

. e .. .06. ., .86
q:cosi—l—sx(smz)z—i—sy(smf

2 k.

. o~,. 0
]+sz(51n§)

which called as dual G-Euler parameters of the spatial displacement in E3(a, ).
The G-dual orthogonal matrix can be represented by means of the dual G-Euler parameters as follows;

X:I+(Sin§)§+(1 fcos§)§2

we get a dual version of the equation (2.1).
case 2: Let o > 0 and 3 < 0. We can write the equation (4.1) as follows, where s is a timelike vector

cosh %6 —asy siI:)h % —Bs, sinheg —afs; sinheg
_ sxsinh 5 cosh % Bs;sinh Z —Bsysinh Z
H(q)-, (dS+K) = 2 2 zsinh 5 ysinh 31
(9) 6 (dS+K) sysinh g —as; sinh % cosh g osy sinh % ¢
L sz sinh g sy sz)nh g —sysinh g cosh g

(awdy sy + Bdasy + aBdss;)sy +ci
(aedysx + Bdasy + afdss;)sy +co
| (otdysy+ Bdasy+ aBdss;)s; +c3

and
coshg — sy sinh% —Bs, sinhg —ofs; sinhg 0
H¥(g)- K = Sx sinh% cosh% —PBs; sinh% Bsy sinh% ) cl
¢ sysinh % as; sinh § cosh § —ascsinh§ | 1 e
szsinh3  —sysinh 5 sy sinh g cosh % €3

By letting d =< d,s >,= adj sy + Bdysy + oBd3s;, we have

2 7m0 ch 0 B2 0 P 2 gion 0 ]
-asydsinh 5-asycy sinh 5-Bsyd sinh 5-Bsyco sinh 3-afs;d sinh 5-afs;c3sinh 5
sxd cosh % + cj cosh g + Bszco sinhg — Bsyc3sinh g

L |
9 2 —as;cy sinh % + syd cosh % ~+ ¢ cosh % + asyc3 sinh %
sycy sinh g — sxCp sinh g + s.d cosh % + c¢3 cosh g
: 6 : [2] : [°)
asycy sinh 5 + Bsycy sinh 5 4 offs;c3sinh 5
4] —clcoshg+ﬁszc2 sinh% — Bsye3 sinhg
2

—as;cy sinh % —cpcosh % + ausyc3 sinh %
syc sinh % — $xCp sinh g — c3cosh g

if s* = (5%,5,57) = kA, 5, and vector s is timelike vector, then we get that

d 6

g sinh 3 ] .
. gsxcosh 5 + Bsysinh 3
%sy cosh § + oy sing %
55zcosh 5 +s7 sinh 7,
Thus, we have following equations:

* _d [2)

qp = 5 sinh 3

q; = %sx cosh % +Bsi sinh%
5= gsy cosh 2 + as sinh 5

3

g3 = 2szcosh 7 +s; smh 9

Let the G-axis is represented by G-dual vector 5 = s + €s*, the rotation along 5 can be defined via the 6=06+ed;

G= cosh? +sx(sinh ) '+sy(sinh )j—i—sz(sinh g)k
+£[ sinh & +( sycosh & A + Bstsinh & 5)i
+ (gs) cosh g+ asy sinh §)j+ (4s. cosh + % sinh §)k],
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and

cosh % + 8% sin g +sx(sinh% + 8% cosh %)i+ €Ps} sinh %i
+sy(sinh% +8%cosh%)j+sas;‘, sinh%j
+ s;(sinh g + &4 cosh %)k+ £s} sinh gk.

<)
Il

Therefore, § = g+ £¢* can be written as

~ e ... 6. . .06 . ., . 0
q:cosh§+sx(smhE)i—i-sy(smhE)j—i—sz(smhz)k

which called as dual G-Euler parameters of the spatial displacement in E3 (a,B).
The G-dual orthogonal matrix can be represented by means of the dual G-Euler parameters as follows;

A = I+ (sinh §)§+ (cosha— 1)8?

we get a dual version of the equation (2.2).

Conclusion: In this article, we obtained the screw axis of displacement and Rodrigues equation for a spatial displacement in generalized
space. Finally, we find that, the components of a dual generalized quaternion, and the generalized dual orthogonal matrix from those
components.

Consequently, we show that the coordinate transformation, which defines the position of a body relative to the fixed frame, can be expressed
by using generalized dual quaternions. This result shows that generalized dual quaternion algebra can be used to determine the representation
of the screw motion in generalized space.
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