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Abstract

We find Ricci curvature bounds for pointwise semi-slant warped products submanifolds in
non-Sasakian generalized Sasakian space forms in this work, and analyze the equality case
of the inequality. The derived inequality is also used to develop a number of applications.
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1. Introduction

Alegre et al.[1] proposed the concept of a generalized Sasakian space form as a general-
ization of Sasakian space form, Kenmotsu space form and cosymplectic space form. They
used geometric constructions such as Riemannian submersions, warped products, and D-
conformal deformations to produce several non-trivial examples of generalized Sasakian
space forms. Many fascinating outcomes have been demonstrated in these ambient areas
since then [2-7,15-18,20].

On the other hand, since J. F. Nash’s famous theory of isometric immersion of a Rie-
mannian manifold into a suitable Euclidean space provides a powerful motivation to view
each Riemannian manifold as a submanifold in a Euclidean space, one of the most fun-
damental problems in submanifold theory is to find simple basic relationships between
intrinsic and extrinsic invariants of a Riemannian submanifold. The major extrinsic in-
variant is the squared mean curvature, whereas the key intrinsic invariants are the Ricci
curvature and the scalar curvature.

The theory of product manifolds contains crucial physical and geometrical ramifications,
in addition to Hermitian geometry. In physics, Einstein’s general relativity spacetime can
be thought of as a product of three-dimensional space and one-dimensional time, both
of which have their own metrics, and hence its topology is determined by these metrics.
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Kaluza Klein theory, brane theory, and gauge theory all have interesting applications of
product manifolds. In 1969, R. L. Bishop et al. [8] introduced a generalized case of
Riemannian product manifolds to study manifolds of negative sectional curvature called
warped product manifold. They defined warped products as follows:

Let us consider a Riemannian manifolds Ny of dimension d; with Riemannian metric g1,
Ny of dimension dy with Riemannian metric go and o be positive differentiable functions
on Np. Consider the warped product Np x Ny with its projections ¢; : Ny x Ny — Nrp
and 1o : Np X N9 — Ny. Then, their warped product manifold M = Np X, Ny is the
product manifold equipped with the structure

9(X,Y) = g1(11:.X, 11.Y) + (00 01)%g2(12: X, 12, Y),

for any vector fields X,Y on M, where x denotes the symbol for tangent maps.

Due to its usefulness many research article has been published in this area [9-12,14,19,
21,22].

The major goal of this paper is to establish a relationship between Ricci curvature and
mean curvature vectors of warped product pointwise semi-slant submanifolods of non-
Sasakian generalized Sasakian space forms. Further, we derived some applications of the
result in physics.

2. Preliminaries

Let M be a (2p+1)-dimensional almost contact metric manifold with an almost contact
structure (¢,&,m,g9). The (1,1) tensor field ¢, the structure vector field &, the 1-form 7,
and the Riemannian metric g on M are all known to satisfy the relations

P*=-T+n®E ) =1,
9(dX,0Y) = g(X,Y) —n(X)n(Y).

The above condition also imply that

P =0, n¢X)=0, nX)=g(X¢),
9(dX,Y) +g(X,9Y) =0,

where X,Y € TM. Here, TM denotes the Lie algebra of vector fields on M.
Let (M, ¢,&,m, g) be an almost contact metric manifold whose curvature tensor satisfies

RX,Y)Z = fi{gY,2)X —g(X,2)Y}
+f2{9(X,02)9Y — g(Y,9Z)pX +29(X, ¢Y)pZ}
+{n(X)n(2)Y —n(Y)n(Z)X + g(X, Z)n(Y)E
—g(Y, Z)n(X)E}, (2.1)

for all vector fields X,Y,Z, where fi, f2, f3 are differentiable functions on M, then
M(f1, fa, f3) is said to be a generalized Sasakian space form.

Remark 2.1. It’s worth noting that the generalized Sasakian space forms encompass the
following well-known spaces:

(1) Sasakian space forms and in this case

_ (c+3) . (=1
h=—r"h=hk=——

(2) Kenmotsu space forms and in this case
(e=3) . . (c+1)
h=—"h=k=—"—
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(3) Cosymplectic space forms and in this case
c
fi=fo=f3=+

_Let M be an d-dimensional submanifold o~f a generalized Sasakian space form
M(f1, f2, f3) of dimension 2p + 1. Let V and V be the Levi-Civita connection on M
and M(f1, fa, f3) respectively. The Gauss and Weingarten equations are defined as

VxY = VxY +((X,Y),

Vxé=—AnX + V1Y,
for vector fields X, Y € TM and N € T+M, where ¢, Ay and V' are the second funda-
mental form, the shape operator and the normal connection respectively. The equation
g(((X,Y),N) = g(AxX,Y), X,YeTM, NeT'M
connects the second fundamental form with the shape operator. 3
Let R be the curvature tensor of M and let R be the curvature tensor of M(f1, f2, f3),
then the Gauss equation is given by
R(X.Y,Z,W) = R(X,Y,Z,W)+g(((X,Z),((Y,W))
for X, Y, Z, W € TM.

We can write

X = PX + FX, (2.3)
and
¢N =tN + fN, (2.4)

for any X € TM and N € T+M, where PX(resp.tN) is the tangential component
and FX (resp.fN) is normal component of ¢pX (resp.¢N). When F is identically zero, a
submanifold M is said to be invariant, and when P is identically zero, it is said to be
anti-invariant.

Let {e1,...,eq} and {eqq1,..., €241} be the tangent and normal orthonormal frames
on M, respectively. Then, the mean curvature vector field is given by

d
1
H = EZg(ei,e,-), d? |J'CH2 Zg C(eisei), Clej,ej)). (2.5)
i=1
Also, for Dy, - minimality, we have
2p+1
PNHP= D7 (Chyraer + -+ G (2.6)
y=d+1
Further, we set
7= 9(C(eireg),en), ISl = Z 9(C(eisej), (e €5))- (2.7)

i,j=1
The second fundamental form, ¢, has various geometric features as a result of which we
have the following submanifold classes.

Definition 2.2. A submanifold is said to be totally geodesic submanifold if the second
fundamental form ¢ vanishes identically, that is ( =0 .

Definition 2.3. A submanifold is said to be minimal submanifold if the mean curvature
vector J{ vanishes identically, that is I = 0.
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Let K (m) denotes the sectional curvature of a Riemannian manifold M of the plane section
m C T,M at a point z € M. If {e,...,eq} be the orthonormal basis of T, M and
{€d+1,.--,e2p41} be the orthonormal basis of T;-M at any x € M, then

T(z) = Z K(e;i Nej), (2.8)
1<i<j<d

where 7 is the scalar curvature.
Then, in view of gauss equation, we have

2p+1

K(ei A ej) 62 A 6] + Z (CZZC]] Czj)z)v (29)

y=d+1

where K (e;Ae;) and K (e;Ae;) denotes the sectional curvature of the plane section spanned
by e; and e; in the submanifold M and the ambient manifold M, respectively, at a point
x.

Further,

27(x) = 27 (T M) + d&||H||* — |I¢]?, (2.10)
where

%(TxM) = Z f((ei/\ej)
1<i<j<<d

is the scalar curvature of the d-plane section T, M in M, this is achieved by adding across
the orthonormal frame of M’s tangent space in the last equation.

Moreover, a k-Ricci curvature Riclly of a k-plane section I (2 < k < d) at e, is defined
by

Riclly, = Ka;, (2.11)
iF#a
for a fixed integer a € {1,...,k}, where K;; denotes the sectional curvature of the 2-

plane section spanned by e;,e; and e, is a unit vector field from the orthonormal basis
{e1,...,er} of the k-plane section ITj.

Definition 2.4. A submanifold M of an almost contact manifold M is said to be a
pointwise slant submanifold if for any * € M and a nonzero vector X € M,, the angle
6 = 0(X) between ¢pX and M, is constant, where M, := {X € T, M|g(X,&(x)) = 0}.

Definition 2.5. A submanifold M of be an almost contact metric manifold M is said to
be a pointwise semi-slant submanifold, if there exist two orthogonal distributions D; and
Dy such that

(i) TM:Dl@D2@€

(ii) Dy is invariant.

(iii) Dy is a pointwise slant with a slant function 6.

Finally, we conclude the section with the following relation by B. Y. Chen [?]. According
to him, we have

Y Y K(eine) = dgg = dy(A(ino) — ||Val?), (2.12)

1<i<dy d1+1<5<d

where A is the Laplacian operator.
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3. Ricci curvature on warped products Nr X, Ny

The proof of the major finding is the focus of this section.

Theorem 3.1. Let M = Ny xo Ny — M(f1, f2, f3) be an isometric immersion of an
d-dimensional pointwise semi-slant warped products submanifold M in non-Sasakian gen-
eralized Sasakian space form M(fl, f2, f3). Then, the following inequalities exist for each
unit vector e, € T, M orthogonal to &:

(1) For each unit vector e, € T, M orthogonal to &, we have
(i) If eq is tangent to Np, then

1 ) Ao
ZdQH:}CHQ Z RZC(CG/) + d27
3
_fl(d+d1d2_1)_§f2+f3(d2+1)‘ (3.1)
(ii) If eq is tangent to Ny, then
1 ) Ao
JPNHIP > Ric(ea) + d2—
3
— fi(d+dydy — 1) — 5f2cos29 + f3(dy +1). (3.2)

where di and do are dimensions of Np and Ny, respectively.

(2) If H(z) = 0, then there is a unit tangent vector eo at each point = in M that
meets the equality condition in (1) then M is mized totally geodesic and e, is in
the relative null space N, at x and conversely.

(8) For the equality cases, we have
(a) the equality case of (3.1) holds identically for all unit tangent vectors to N at

each x € M then M is mized totally geodesic and D-totally geodesic pointwise
semi-slant warped product submanifold in M (f1, f, f3) and conversely,

(b) the equality case of (3.2) holds identically for all unit tangent vectors to Ny
at each x € M then M s mized totally geodesic and either Dg-totally geo-
desic pointwise semi-slant warped product or M is a Dg-totally umbilical in
M(f1, f2, f3) with dimNy = 2 and conversely,

(c) the equality case of (1) holds identically for all unit tangent vectors to M at
each x € M then M is mized totally geodesic submanifold, or M is a mized
totally geodesic, totally umbilical and D-totally geodesic submanifolds with
dimNg = 2 and conversely.

Proof. From (2.1) and (2.10), we derive

&||H|[? =27 + |[¢|]?
— [Ai(d(d = 1)) +3f>((dr — 1) + dacos®0) — 2f3(d — 1)). (3.3)
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If we use a unit vector field e, € {ey,...,eq} for a fixed index a € {1,...,d}, then (3.3)

implies

2p+1
PHIP=2r+ > [+ Ch+ o+ - +2 Y ()]
~y=d+1 1<i<j<d
2p+1

DI

y=d+11<i<j<d(i,j#a)

— [A1(d(d = 1)) +3f>((dr — 1) + dacos®0) — 2f3(d — 1)]

2p+1
=2 o D (Gt G (G (G == G+ ()]
y=d+1
2p+1 2p+1
23 > @r-z x> GG
y=d+11<i<j<d y=d+11<i<j<d(i,j+a)
— [A1(d(d = 1)) +3f2((dr — 1) + dacos®) — 2f3(d — 1)]. (3.4)
From here we got the two cases:
Case 1: If e, is tangent to Np,, then we require to fix a unit vector field from {ey,...,eq, }

to be e,, and consider e, = e1, hence from (2.9) and (2.11), we deduce that

2p+1 Ao
d?||H|)? > Ric(eq) + 5 > (Chaar o+ Ca) d27
y=d+1
2p+1 9
t3 > (2C171 — (Gl 1dysr T F ng))
y=d+1
2p+1 2p+1
+ > Y (s — )+ Y > (G — (Y
y=d+1 1<a<f<d1 y=d+1 d1+1<s<t<d
2p+1 2p+1
2
P Y @Sy g,
y=d+11<i<j<d N=d+12<i<j<d

fi(d(d—1)) + 3f2((d1 — 1) + dacos?0) — 2f3(d — 1)}

+
S~

+
S~

(1)) + 5 foldr — 1) — foldy — 1)

_|_

— — —— —
NI~ DN~
=

1(da(d2 — 1)) + gfzdgcos%}.

1((d=1)(d-2)) + gfz((dl —2) + dacos?0) — f3(d — 2)}
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A straight forward computations, equation (3.5) yields

1 A
P|[HI[* > Ric(eq) + 5|3 + dzl
1 2p+1 2p+1 dy
3 > (2C¥1—(431+1d1+1+'“+@d) + Y. > Z
y=dt1 y=d+1i=1 j=d;+1
2p+1 dy 2p+1 dy
+ 2 2 - Z > Z
’y:d—‘,—lﬁ:Z =d+1i= 1] di1+1
3
—fild+didy = 1) = S fo+ fo(da + 1)}. (3.6)

Alternatively, it can be effortlessly seen that

2p+1 dy 2p+1
DD hG=— > (Ch)? (3.7)
y=d+1 p=2 y=d+1
and
2p+1 dy 2p+1
Z Z Z Z Z C11 JJ" (3'8)
y=d+1i=1 j=d1+1 ~=d+1 j=di+1

Using (3.7) and (3.8) in (3.6), we find

1 A
d®|||* = Ric(eq) + 5d%[3¢1* + dgl
2p+1
1 2
t3 2 (24?1 — g+ ng))
y=d+1
2p+1 dy 2p+1 2p+1
+ZZZ _ZC11+Z ZCH
y=d+1i=1 j=d;+1 y=d+1 y=d+1 j=d1+1
3
— filn+didy — 1) - §f2+f3(d2+1)] (3.9)

Simplifying the fifth term in the right hand side of (3.9) and using (2.6), we have

1 2p+1 9
9 Z (2@1 - (431+1d1+1+"'+cgd))
y=d+1
2p+1 1 2p+1
2 2
=2 Z (C?l) +§ Z (C31+1d1+1+”'+<3d)
y=d+1 y=d+1
2p+1
-2 Z (Ciyl(C;lYlJrllerl +o Tt ng)
y=d+1
2p+1 2p+1
=2 3> () + d2||ﬂf||2 2 ) Z ¢hés (3.10)

y=d+1 y=d+1 j=d1+1
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We derive from (3.9) and (3.10) that

2p+1 Ao
ol2|y:H|y2 > Ric(ed) + > ((11)? +d2—
y=d+1
1 2p+1
+ 5 Z (Cdysrdgr T F ()
y=d+1
2p+1 dy d 2p+1 d
+ D> > @ X X i
y=d+1i=1 j=di+1 y=d+1 j=di+1
3
—f1<d+d1d2—1) — §f2+f3(d2+1). (3.11)
On simplification of (3.11), one can get
2p+1 1
dQHfHHQ > Ric(eq) + Z C11 2(431+1d1+1 +- ng)>2
y=d+1
Ao
+ de — fi(d+dydy — 1) — *szOS 01 + f3(d2 +1)
A
= Ric(eq) + dg—g
3
—fl(d+d1d2—1) — §f2—|—f3(d2+1), (3.12)

which proves the required inequality (3.1).

Case 2: 1If e, is tangent to Np,, then we need to fix a unit vector field from

{edy+1,.--,€2¢ = eq}, we fix e, as unit vector field say e, = e4. Then from (3.4), we
get
) 2 ptl AO'
~ 2
d HJ{H Z RZC(ea) + 5 Z (C31+1d1+1 +-+ ng) + d27
y=d+1
1 2p+1 9
T3 > ((C31+1d1+1 + ) — 2%)
y=d+1
2p+1 2p+1
gl
2 D (Gl (G + Z >
y=d+11<a<B<d —d+11<i<j<d
2p+1 2p+1
+ Z Z ( Ctt st Z Z Z]]

=d+1d1+1<s<t<d =d+11<i<j<d—1

— | fi(d(d=1)) +3f2((dr — 1) + d200326) —2f3(d — 1)}

f((d=1)(d—-2))+ %fz((dl —1) + (dg — 1)cos?0) — f3(d — 2)]
f(da(ds = 1) + 5 foldr — 1)~ foldy — 1)
f

1(d2(d2 - 1)) + gf2d200829} . (3.13)
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Analogous to Case 1, we obtain

) 1 Ao
&*||H|[* > Ric(eq) + §Cl2||5f||2 +dp—
2p+1
1 2
* 5 Z ((<g1+1d1+1 toee ggd) o QC‘;Yd)
y=d+1
2p+1 dy 2p+1 —
+ZZZ OEIDY Z<dd<tt
y=d+1 i=1 j=d;+1 y=d+1 t=d1+1
2p+1 d1 —

- > Z Gi¢jy — fild+didy — 1) — ffzcos 0+ f3(de+1). (3.14)

y=d+1i=1 j=d;+1
Also, it is easy to see that
2p+1 dy —
>y Z g, =0. (3.15)

y=d+1 i=1 j=d;+1

From equations (3.14) and (3.15), we get

) 1 Ao
d*||H||* > Ric(eq) + §d2\|i7f||2 +dp—
1 2p+1 9
* 5 Z <(C31+1d1+1 +oot glyd) o 2ng>
y=d+1
2p+1 di 2p+1  d—
+ZZZ DY chdctt
y=d+1 i=1 j=d;+1 y=d+1 t=d1+1
3
— fi(d+dydy — 1) — §f20052«9 + f3(da +1). (3.16)
Now consider
1 21 5 20+l d-1
3 Z ((431+1d1+1+'”+gd)_2@61) + Z Z CraCer
y=d+1 y=d+1t=d;+1
1 2p+1 ) 2p+1 2p+1
=5 Yo (g oGP +2 D (G)* = > Z CiaSjj
7—d+1 y=d+1 y=d+1 j=di1+1
2p+1 - 2p+1  d—
- Z Gl + > Z CaaStt
y=d+1 j=d;+1 y=d+1t=d1+1
| 2l 2p+1
2 2
D) Z (Cy 11 T+ Ca)” +2 Z (Ca)
y=d+1 y=d+1
2p+1 d 2p+1
Z Z ng;'yjf Z (ng)Q
y=d+1 j=d;+1 y=d+1
1 2p+1 2p+1 2p+1
2
= 5 Z (g(’iyl+1d1+1+'”+<z’iyd) + Z (C:iyd Z Z Cdd . (317)

y=d+1 y=d+1 y=d+1 j=d1+1
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Further, with the help of (3.16) and (3.17), we conclude

2p+1 2p+1
dQHHHQ > Ric(eq) + Z (SHEEEDD Z CddSss
=d+1 y=d+1 j=d;+1
2p+1
1 Ao
+§ Z (Ct’iy1+ld1+l+.‘.+<dd) +d27
y=d+1
2p=0) & d 2+l dy
2
DD D BRI DD Z
y=d+1i=1 j=d; +1 y=2(p—1)+1i=1 j=d1+1
3
— fl(d + dido — 1) — §f200829 + fg(dz + 1). (3.18)
Applying the same approach as in Case 1’s proof, equation (3.18) leads to
2p+1 1
d2||9{||2 > Ric(eq) + Z (Cda — (€31+1d1+1 toot ng))2
y=d+1
A 3
+dy ="~ fi(d+ didy — 1) = focos”0 + fy(dz + 1)
A
= Ric(eq) + dg—a
3
— fl(d + didy — 1) — §f200829 + f3(d2 + 1), (3.19)

which is the required inequality (3.2).

Now, we will verify the equality case of the inequalities. To begin, note that the relative
null space, N, of the submanifold M? in the complex space form M™ at a point z € M
was defined in [13] as:

Ny ={X €eTLM:((X,Y)=0 V Y eT,M} (3.20)

For o € {1,...,d}, a unit vector e, to M? ar x satisfies the equality sign of (3.1) identically
then the following three conditions hold

221:1 ZdA:d1+1(CgA)2 =0,

>i-1(¢2)? =0, (3.21)
o

QCJOZC('iyl—&-ldl—l-l_‘_'”—i_Cz’iyd? ’}/G{d+1,,2p+1}

and conversely. The first requirement in (3.21) leads to mixed totally geodesy, however
the last two conditions, as well as the pointwise semi-slant warped product submanifolds,
lead to the conclusion that e, is in the relative null space N,. This proves assertion since
the converse is trivial (2).

For all unit tangent vectors to Ny, at x for a pointwise semi-slant warped product
submanifold the equality sign of (3.1) holds then

Sl Yhea,+1((a)? =0,

(IR = )( ai)? =0, (3.22)
(j#a

2Cz,zya:giyl+1d1+1+"'+<3d, a < {1,...,d1}

and conversely.
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The final requirement of the above condition means that

7., =0, VYae{l,...,di} (3.23)
since M¢ is a warped product bi-slant submanifold.

Moreover, it is easy to verify that M? is D-totally geodesic pointwise semi-slant warped
product submanifold in M?T1(f1, fa, f3) using the second condition in (3.22), and (3.23),
while the mixed totally geodesy derives from the first condition in (3.22), proving (a) in
assertion (3).

The equality sign of (3.2) holds identically for all unit tangent vectors to Ny at = for a
pointwise semi-slant warped product submanifold then the following conditions are met

d
S g ()2 =0,

Y41 Shea 11(Ch) =0, (3.24)
(774)

and conversely.

M? is a mixed totally geodesic submanifold of M?P*1(f1, fa, f3), according to the first
condition in the preceding relation.

The third condition of the aforementioned relations offers two options:

Cha =0, (3.25)

or, dimNg = 2.

If (3.25) is true, M? is a Dg-totally geodesic warped product submanifold in
M?PHL(f1, fo, f3), based on the second condition in (3.24). This is the first situation
in part (b) of the theorem’s statement (3).

In the other case, consider that M¢% in MZ*TL(f,, fy, f3) is not Dy-totally geodesic
warped product submanifold and dimNy = 2.. As a result, we can conclude from the
second condition of (3.24) that M? is a Dg-totally umbilical warped product submanifold
in M?P*1(f1, fa, f3), it is the second scenario in this part. As a result, portion (b) of (3)
is fully demonstrated.

To demonstrate (c), we first combine (3.22) and (3.23). As a result, we can make use of
sections (a) and (b) of (3). Assume that dimNr # 2 in the first instance of this section.

Since (a) of statement (3) implies that M¢ is D-totally geodesic and (b) of statement
(3) implies that M¢ is Dg-totally geodesic submanifold in M?P*1(fy, fo, f3). As a result,
M is a totally geodesic submanifold in M2P41(f1, fa, f3).

In the other case, let the first situation is not true. As a consequence, parts (a) and (b)
immediately show that M9 is mixed totally geodesic and D-totally geodesic submanifold
in M2PY(f1, fa, f3) with dimNy = 2.

To demonstrate that M? is a totally umbilical submanifold in MZP*L(f1, fo, f3), it
is sufficient to know that M? is Dy-totally umbilical warped product submanifold in
M?PHL(f1, fo, f3) from (b) and D-totally geodesic from (a), which leads to the claim of
part (c). As a result, the theorem has been fully shown. O

4. Some applications of the result

In this section we discuss various applications of the main results.
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4.1. Results on warped products pointwise semi-slant submanifolds re-
lated with compact N

From theory of integration we recall that if M is an orientable compact invariant sub-
manifold, then for the volume element dV of M

/ AcdV =0, (4.1)
M

Using this fact we arrive to the following result.

Theorem 4.1. Let M = Ny x, Ny — M(f1, fo, f3) be an isometric immersion of an d-
dimensional pointwise semi-slant warped products submanifold M in non-Sasakian gener-
alized Sasakian space form M(fl, f2, f3) with compact Ny and ¢ € Ny. Then, the following
inequalities exist for each unit vector e, € T, M orthogonal to &:

(1) If e, is tangent to Np, then

1 .
/NTX{q} (gdzlﬂfu\? - RZC(ea)>d\7
> [t ) = 50 iy 1) = 3otV (12

(2) If eq is tangent to Ny, then

/ (32134112 - Ric(e,))dv
Nrx{q} 4
3
> [fa(ds+1) = fa(d + drdy — 1) - 2 facos6]vol(Nr). (4.3)
where vol(N) is the volume Nr.

Proof. For compact Np, from (3.1), we have

/ L 2av > / Ric(e,))dV
Nrx{q} 4 Nrx{q}

- e

Nrx{q} g
3

+ [fslda+1) = fi(d+ didy = 1) = Sfolvol(Np),  (4.4)

for each ¢ € Ny.
Using Hopf’s lemma and (2.12), we obtain

1
S 2K 2d\72/ Ric(e, dV—d/ A(Ino)||2dV
/NTx{q}4 I iy ))av gy 10

T [Falda 4 1) = fuln+ didy — 1) - ;fQ]voz(NT), (4.5)

which implies the required inequality (4.2). Similarly we find the inequality (4.3). O

4.2. Results on warped product poimtwise semi-slant submanifolds with
harmonic function

Theorem 4.2. Let M = Ny X, Ny — M(fl,fg,fg) be an isometric immersion of an
d-dimensional pointwise semi-slant warped products submanifold M in non-Sasakian gen-
eralized Sasakian space form M(fl, f2, f3). Then, if the warping functions o is harmonic
function, the following inequalities exist for each unit vector e, € T, M orthogonal to &:
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(1) If eq is tangent to N, then
IR = Rictea)
—ﬁu+dMT—U—gﬁ+ﬁMb+D. (4.6)
(2) If eq is tangent to Ny, then
IR = Ric(ea)
— fild+dydy — 1) — gfgcoszﬂ + fa(da +1). (4.7)
Proof. 1f o1 and oy are harmonic functions, then Ao = 0. Using this fact with (3.1) and

(3.2) yields the results. O

4.3. Results on doubly warped product poimtwise bi-slant submanifolds
related to Hessian functions

Let ¢ be a positive differentiable C°°-differentiable function. Then the Hessian tensor
of function ¢ is a symmetric 2-covariant tensor field on M? defined by

H? : (M) x X(M) — F(M) (4.8)
such that
@ _ m?® yivi
HO(X,Y) = HY XYY, (4.9)
for any X,Y € X(M), where Hf} can be expressed as

9%¢ 9¢
¢ — —Tk
H = 5 o T B, (4.10)

Let us assume that ¢ = Ino. Then as a consequence of the Theorem 3.1 and the above
relation, we conclude the following result.

Theorem 4.3. Let M = Np X, Ny — M(fl,fg,fg) be an isometric immersion of an
d-dimensional pointwise semi-slant warped products submanifold M in non-Sasakian gen-
eralized Sasakian space form M(fy, f2, f3). Then, the following inequalities exist for each
unit vector e, € T, M orthogonal to &:

(1) If e, is tangent to Np, then

1 traceH?
I = Ric(eq) + dy———

_fl(d+d1d2_1)_gf2+f3(d2+1)- (4.11)

(2) If eq is tangent to Ny, then

1 H?
PP > Ric(ea) +dp "

~ u(dt dudy —1) = 3 focos® + fidy +1). (4.12)
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4.4. Results on warped product poimtwise semi-slant submanifolds re-
lated to Dirichlet energy functions

A great motivation of bound of Ricci curvature is to express the Dirichlet energy of the
warping functions o, which is a helpful instrument in physics. On a compact manifold M,
the Dirichlet energy of any function ¢ is defined as:

1
E(¢) =2 / VeV, (4.13)
2/m
where dV denotes the volume element and V¢ the gradient of .

Theorem 4.4. Let M = Ny X, Ng — M(fl,fg,fg) be an isometric immersion of an d-
dimensional pointwise semi-slant warped products submanifold M in non-Sasakian gener-
alized Sasakian space form M(f1, fa, f3) with compact Ny and q € Ny. Then, the following
inequalities exist for each unit vector e, € TyM orthogonal to &:

(1) If eq is tangent to Nt, then

1
dyB(Ino) > 5 /

Nrx{q}
+ %{f3(d2 +1)— fi(d+dida — 1) — gfg}vol(NT). (4.14)

(2) If eq is tangent to Ny, then

doE(lno) > 1/

Nt x{q}

+ %[f3(d2 +1)— fild+didy — 1) — gfgcos%} vol (Nr). (4.15)

. 1
(Ric(eq) ZdQ\fHH]Z)dV

. 1
(Ric(ea) - ZdQ\}CHF)dV

where vol(Nr) is the volume Nrp.

Proof. Making use of (4.13) into (4.5) we obtain the desired inequality (4.14). To obtain
the inequality (4.15), first we integrate (3.2) over Ny x {¢}. Then making use of Hopf’s
lemma and (4.13) we get the required inequality (4.15). O
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