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equations, We show the asymptotic behavior of the system of equation.
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1. Introduction

Although difference equations are look simple, it is very difficult fully understand the behaviors of their
solutions. Continuous events in engineering, finance, physics, biology etc., is modelled by using differential
equations. But, discontinuous events can be formed by a difference equations. Also, difference equations
can be used to solve differential equations numerically. So, there is a great recent interest in difference
equations(see [1-27]). In this study we investigate following system of the equation which is motivated by
Haddad at al. [5].

axnyn-3 bxn-3yn
Xpy1=—————+P, Yns1=———+

T o 8 a, neNp (1.1)
n-2— n-27—

where the parameters a, b, a, f and initial values x_;, y_;, i =0,1,2,3 are non-zero real numbers.
Let’s give following well known lemma which be used to prove our theorems.

Lemma 1.1. Let (ay) nen, and (by) nen, be two sequences of real numbers and consider the linear difference
equation a, # 0 for Vn € Ny

Yn+1 = AnYn+ by.

Then
n-1 n-1 n-1
=] ady+ Y. (] abr.
i=0

r=0 i=r+1
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Moreover, if (ay) nen, and (by) nen, are constant (i.e a, = a and by, = b for some real numbers a and b for all
neNy), then

+ bn, a=1,
Yn= yo n n €Np.
ayo+ (L5 a#l

2. Solutions of the system

In this section we give well-defined solutions of the system

Theorem 2.1. Let (xp,, yn) be a well-defined solution of the system (1.1). Then for n € Ny

n-1 6t+z 61+i
a a a
r
t=0 t=r+1
n-1 b 61+i - n-1 b 61+i b
.
Yon+i=| |1 (—) e|lyi+ Z I1 ( ) e|Fl (v, 2)a,
t=0\a t=r+1\a a
here u; = 178 |y, = Y€ e (01,2 34,5}, d = = d
wnere uj = X’ Vi = Vi ,l€{ y 1, 4,9, }’ = UsUgU3UpU1 Uy, €= UsVaV3V2V1 Vg AN
Fi(x,y) = VP X5 X4 X3 X0 X1 + YA X5 X4 X320 + VO X5 X4 X3 + VP X5 X4 + Y X5 + 1
5n+1 4n+1 3n+1 2n+1 +1
Fl”(x,y) =y n X5X4X3X2X0 + Y n X5X4X3X0 + Y n X5X4X0+ Y n X5X0+yn Xo+1
Fx, 1) = ¥ 2 x5 x4 x3001 %0 + Y22 x5 x40 %0 + V2 2 x50 %0 + Y2 P x0 + ¥ g + 1
2
5n+3 +3 +1
Fi(x,y) = y>""° X5 x4 %21 Xo + Y3 x5 x0 X1 X0 + 3 X0 x1 X0 + YA 2 xoxy + Y a4 1
Fn(x )_ 5n+4 2n+2 n+1 1
s LYY=y X5X3)C2X1XO+_V X3XZX1X()+_V ng X1+Yy X3Xp+y 3+
5n+5 4n+4 3n+3 2n+2 +1
Fl(x,y) =y xax3x0x1 %0 + V" g X3 X0 x0 + YT g X3 X0 + YU xaxm + YT X+ 1
Proof.

Firstly let’s write system (1.1) as

Xn+1—P _ ayn-3  Yns1—@ _ bxp3

Xn Yn2—a  Yn Xn—2— P’
Assume
Xne1— -a
Up = el ﬁ, Up = Ynil , n€Np 2.1)
Xn Yn
then
a b a b
Up = y Un= = Ups3=—, Upsa=—, NEN) (2.2)
Un-3 Un-3 Un Un
and
a b
Up+e = Eun» Un+6 = E Un, NENp. 2.3)
Hence for n € Ny
an b\"
Ugnsi = (E) Ui, Vensi = (2) v, i=0,1,2,3,4,5. 2.4)

Rearranging equation (2.1), we get

Xp+1 = UpXp + P (2.5)
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Yn+1=VUnYnta

Replacing n by 6n+ifor i € {0,1,2,3,4,5}

a\n .
x6n+i+1 = u6n+ix6n+i +ﬁ = (Z) uix6n+i +ﬁr ne NO, 1€ {Or 1)2v3)4»5})

b\" .
Yen+i+1 = V6n+iYen+i ta= (E) ViYén+i ta, ne NO) 1€ {0) 1»2)3)4)5}-

a\6n a\osn a\4n
X6n+6 = (z) UsUg U3 U UT Uy X6y + P (5) u5u4u3uzu1+(z) UsUgU3 UL
(a)E}n a\n a\n 1
+ | = UsUq U3 (—) u5u4+(—) us +
b b b ’

a)5n+1

a\6n+l a\y4n+l
X6n+7 = (z) Us Ug U3 Up Uy U Xen+1 + P (— )

u5u4u3u2u0+(5 UsUq U3 Uy

b

a\3n+l1 a\n+l ayn+1
+(E) u5u4uo+(5) u5u0+(5) upg+1|, neNp

(a)6n+2 a)5ﬂ+2

Us Ug U3 Uz Uy Up Xen+2 + B ((Z

a\3n+2 a\2n+2 aynh+1
+(E) Us Ui Uy +(E) u1u0+(z) u+1

a)4n+2

Xoen+8 = UsUgU3z Ul Ug + (E UsUg Uy Ug

, neNy

Us Ug U3 U U1 Uy Xen+3 +

a\6n+3
) Us Uz U1 Ug

Xen+9 = (E

a\3n+3 a\2n+2 ayn+1
+ (E) u2u1u0+(5) u2u1+(5) u2+1), neNp,

(a)5n+3 a\in+3
- u5u4u2u1uo+(—)
b b

a\6n+4
) Uz U Uy Up

X6n+10 = (—

- a)5n+4

a\in+4
Us Ug U3 U Uy Uy Xep+a + B (z )

UsUs U U Ug + (E

a\3n+3 a\n+2 a\n+1
+(E) u3u2u1+(g) u3u2+(z) u3+1), n € Np,

a\6n+5
) Uguz U Uy

a\s5n+5
X6n+11 = (— )

Us Ug U3 U Uy Ug Xen+5 + B ((5

a\3n+3 a\2n+2 ayn+1
+(E) Ug Uz U +(E) u4u3+(z) Lt4+l), n € Np,

a\in+4
UgUusUr U Ug + (E)

Sy

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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6n

5n 4n
Y6n+6 = (E UsUaV3V2V1 V0 Yen + & ((5) UsVaU3V201 + (E) UsVa V302

b 3n b 2n n
+(—) UsU4q U3 +(—) UsUg +
a a

V5+1), n e Np,

5n+1 4n+1
(—) V5U4U3U2U0+(—) Us U4 V30
a a

6n+1
Yen+7 = (5) UsUaUV3V2V1 V0 Yen+1 T @

b 3n+1 b 2n+1 b n+1
+(2) U5U4U0+(5) U5U0+(E) U0+1), neNp,

6n+2 b 5n+2 b 4n+2
Y6n+8 = (5) UsVaVU3V2V1V0Yen+2 + & (E) UsUsU30100 + (E) UsVU4 V1 Vo

b 3n+2 b 2n+2 b n+1
+(;) U5U1U0+(5) U1U0+(Z) l/1+1), n € Np,

b 6n+3
) UsVaV3V2V1 V0 Yen+3 t @

b 5n+3 b 4n+3
Yen+9 = |— — UsVaUpV1 Vg + | — Us V2 V1 Vg
a a a

b 3n+3 b 2n+2 b n+1
+(2) v2v1v0+(a) v2v1+(5) v2+1), neNp,

b 6n+4 b 5n+4 b 4n+4
Yen+10 = (5) UsVaU3V201 VOJ/Gn+4+a((2) UsU3UaV1Vp + | — UzUp Uy Ug
b 3n+3 2n+2 n+1
+ (E) V3V +|— U3U2+(;) U3+1), n €Np,
b 6n+5 b 5n+5 b 4n+4
Yén+11 = (2) UsVa U302V V0y6n+5+a((;) VaU3V2V1 Vg + | — UguzUp U

b 3n+3 b 2n+2 b n+1
+(Z) v4v3v2+(5) v4v3+(a) vg+1], neNjp.

Let

0 1 2 3 4 5
Xen = Ky, Xen+1 =K, Xen+2 =K}, Xeni3 =K, Xen+a = Ky, Xonis5 =K,
0 1 2 3 4 5
Yen =Ly, Yen+1 =Ly, Yen+2 =Ly, Yen+s =Ly Yen+a =Ly, Yen+s = Ly, n€Np.

n 5n 4n 3n 2n n
Fy(x,y) =y " X5 X4X3X2X1 + Y X5XaX3Xp + Y~ X5X4X3+ Y " X5X4+y X5+1,

n 5n+1 4n+1 3n+1 2n+1 n+1
Fix,y=y X5X4X3X2X0 + Y X5X4X3X0 + Y X5X4X0 + Y Xsxo+y  “xp+1,

n 5n+2 An+2 3n+2 2n+2 n+1
Exy=y X5X4X3X1X0 + Y X5X4X1X0 + Y X5X1Xp0+ Y X1xo+y Tx1+1,

4n+3 3n+3 2n+2 n+1

5n+3
F(x, ) =y X5 X4 X0 X1 X0 + Y X5X2X1 X0+ ) XpX1X0+ Y Xox1+y" " x4+ 1,

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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5n+4 4n+4 3n+3 2n+2 n+1

Ff(x,y) =y X5X3X2X1X0 + Y X3X2X1X0+ Y X3XpX1 + Y X3Xp+y" " Tx3+1,

5n+5 4n+4 3n+3 2n+2 n+l1

Fl'(x,y) = y"" " xaxgxox1X0 + Y Xa X3 x0X1 + Y T Xg X X0 + Yy T xg 3 + YT Xy + 1

Then, from (2.7)-(2.18) we get

i a\6n i ng, @ .
K= (5) Usugugz Uy Ug Ky, + BF; (u,z), neNy, i€{0,1,2,3,4,5},

. b 6n ) b
L (—) UsvaU3 Vo oLy, + aF] (v,—), neNy, i€{0,1,2,3,4,5}.
a a

n+l =

From Lemma 1.1 we have

n=l  4\6t+i n=l{ n=1 4\ 6t+i a
_ r
Xon+i = 5 stz xXi+ ), 5 Wttt | F(w,p,
=0 r=0 \t=r+1
n-1 b 61+i n-1{ n-1 b 6t+i b
= - P+ - VsV V1 Vg | Fl (1, —)a
Yén+i UsUq U3V V1 Vg | Vi 5V4VU3V2V1 Vg | L (U, )
t=0\4 r=0 \r=r+1\a a

this ends the proof.
3. Asymptotic behaviour of (1.1) fora=b

We study here asymptotic behavior and periodicity the case when a = b of system (1.1). Let’s give the fol-
lowing corollary, which is a direct result of Theorem 2.1.

Corollary 3.1. Let (xn,yn) be a well-defined solution of the system (1.1) with a = b. Then, forn e Ny, i €
{0,1,2,3,4,5}

x,-+Fi’(u,1),6n, d=1

Xén+i = . (3.1)
dnxi+(%)F{(u,l)ﬁ, otherwise

Ven+i = ' (3.2)

e"yi+(e:__11)F[(v,l)ﬂ, otherwise
Now we study the limits of solutions of system (1.1).

Theorem 3.2. Let (xp,, y») be a well-defined solution of the system (1.1) with a=b. Then, the following state-

ments are true.

a) Let’s assumed =1. When Fl.r(u, 1) #0 then |xgp+i| — 0o as n — oo for i €{0,1,2,3,4,5}. When Fir(u, D=0
then xgn+; = X forallneNg and i €{0,1,2,3,4,5}.

b) When (d—-1)x; +F] (u,1) # 0 then

FI (u,1)p

d-1 )
00, ld|>1.

ldl <1,

lim [Xgp+il =
n—o0

When (d — 1) x; +Fl.r(u,1),3 =0 then xgn+i = x; forallne Ny and i € {0,1,2,3,4,5}.
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c) Let'sassumee=1. IfFir(v, 1) #0 then |y6n+,-| —ooasn—oo forie€{0,1,2,3,4,5}. Otherwise, if Fl.’(v, 1) =
0 then ygn+i = yi for i €{0,1,2,3,4,5}.

d) If (e-1)yi+F/(v,1)a#0 then

|Fi’(v,l)a'
. Td-1
lim |yepi| =

n—oo 00, |d] > 1.

, ld| <1,

Else(e—1) y; +Fl.’(v,1)a =0 then ygn+i = y; forallne Ny and i € {0,1,2,3,4,5}.

Proof.

We are going to prove a) and b) rest can be done with same manner.
a) Assuming d =1 and Fl.’ (u#,1) # 0 we have from (3.1)
Xen+i = Xi +F (u,1)n #£0,
when n — oo in this equation |xg;+ ;| — co. If Fl.r(u, 1) =0 then
Xen+i =X +0.6n=x;

forallmeNgandi€{0,1,2,3,4,5}.

b) Suppose that (d —1) x; + Fl.r(u, 1)B#0forie{0,1,2,3,4,5}. Then, it shows xg;,+; # 0. From (3.1)

. . d-1)x;+Fr (u,1 Fr(u1
lim |xg;+;| = lim ( )x’d_l' WP n '{fd)’j
T @-x A B Fr(u,1)B
= |——9— lim d" + lim -5—
n—oo n—oo

Fr(u,1)p

S| tar<,

00, ld| > 1.

If (d—-1)x; + F/ (u,1)f =0and d # 1. Then

Xonsi = d”xi+(%)Fi’(u,l)ﬁ= d”xi+(%)(—(d—l)xi)
=d"x;—(d"-1)x;=x;, VneNy, i€{0,1,2,3,4,5}.

this ends the proof.

Corollary 3.3. Let (x4, y,) be a well-defined solution of the system (1.1) with a=b. Then, the following state-

ments are true.

a) Ifd=-1thenforallmeNyandic€{0,1,2,3,4,5},

{ X12n+i = Xi»

X12n+6+i = —Xi +F,-r(U, 1DB.
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b) Ife=—-1thenforallneNgandie€{0,1,2,3,4,5},

{ Yi2n+i = Vi,
Yizn+e+i = —Yi+ F (v, Da.
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