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Abstract
In this paper, a generalization of multinomial expansion in terms of permanent is given. Then, it is obtained some
results related to this generalization
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1.Introduction

It is possible to expand any power of Z;n:lx“) which is known as multinomial expansion. It can be

used the permanent in order to express a generalization of multinomial expansion.
The book “Permanents” by Minc[1] and the survey papers by Minc[2,3] provide an excellent source of

reference on permanents.
If a,,a,,... are defined as column vectors, then matrix obtained by taking k; copies of a,, k, copies

of a,,..canbe denoted as [a, a,...] and perA denotes permanent of a square matrix A, which is

ki ok
defined as similar to determinants except that all terms in expansion have a positive sign.
n n—k n-k—k, n—k;—Ky —..—K,_»
From now on, we write z , Z . and C instead of ZZ Z Z ,
Ki Kp oo King sl e By ki=0k,=0 k;=0 kn1=0
mm My m 1
ZZZ and HF , respectively.
=1i,=1 =1 1=1 ™=
2. Multinomial expansion
n M
The following theorem can be expressed for an expansion of HZ;X W
j=1 i=
Theorem.
[I3x0= 3 CperX, X, .. X,] oy
j=1i=1 [ ky ka Ky
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where m=max{m,,m,,...m}, X, =(x",x", .., x)" (1=1,2,....m) is column vector, and

ik(:n.

/=1
Proof.

The theorem will be proved by induction on m.

n
1
For m=1, [[x® = o per[X,]. Thus, it is true for m =1. Suppose that (1) is true for m=w. Then,
g I )

the proof is obvious for m=w+1.

Thus, the proof is completed. Upon using properties of permanent in (1), we get

ﬁiXE‘)= Z C Z Hper[x IIs,/.) | @)

j=1i=1 (o Ny Ny ees Nsns

m-1 m
Where > denotes sum over [ Js; for which s, ns,=¢ for v =9, | Js, ={L2,...,n} and

s+ Mg I=1 1=
=k, is cardinality of s, , where s, ={s, s, ..., s} Here, A[s, /.) is matrix obtained from

A by taking rows whose indices are in s, .Note that it is obtained (2) by expansion of permanents. Upon

using expansion of permanent in (1), we get

n mj ky +ko n
- 5 cz(nxs?][nx.f?} [T xo o

j=1 i=1 KK vovn Kot (=1 0=k +1 =Nk 1

Similarly, using expansion of permanent in (2), we simply obtain

[T - 2 Z HHX‘SS @

j=1i=1 LRLORIY AU | i) N ma (=1 =1

Also, (4) can be written as

HZX(I)_ z )(1('1) ('2) X(' (5)

j=1i=1 iip e iy

In(1),ifn=3, m =2 m,=3 m=4,and X, =(x",x",xP)", X, =(x?,x?,x?),

=(0,x?,x?)", X, =(0,0,x{")", the following identity can be written
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(6 452 (X0 + X2 4 X2 ) (X2 4 X2 X + %)

3 3k 3-k-k, 1

& & kzo kK, 'k, ! (3—k, — k—k)'per[x >f X 3k,>,<k‘;,k3]

3 3—k2 1
= per[X, X, X, ]+
kzzo kzo k,'k,! Bk, —k,)! W ke 3k,

2 2-k, 1

er[ X, X, X, X, ]+

kzzo kzzc,llkz!ksl(Z—kz—k3)! P [11 Kk 2_kziks]
1 l—k2 1
Z Z per[X, X, X; X, ]

021K, K, (- K, —k)! 2k, ks 1-kp—ks

0 ks 3k
2 1
L 1
+k§m per[X X )k(3 1ng]

2

1 1
+=—per[X, ]|+ —  per[ X, X, X
3 [32]} Lz_;)l!ks!(Z—kS)!p [11 ~ 24?3]
L 1
Ao P X X X,
l;)l!l!k3!(1—k3)'p [ ~ 1k3]

1 1 1
—_— erXX _— X, Xy X, 1+ =— erXX + er[X
e, X1+ [?;zkga—kgﬂmdz X, X 151 pel ]}+ per(X.]

{_ per[X 4] +_ per[X X4] F per[X X Jd+s per[X3] i per[X >§4] 1,11,1,

er[ X, X, X,] +—— per[X, X.,] + — per[X, X
P [12 2 1“] 1!2!p [12 23] 2!1!p [22 1“]
2

1 1 1 1
7mm§ﬂ3ewﬂh@w%nhﬁmqqqﬂ

1 1
+ﬁ per[X1 2] 1'1'1' per[X X X]+ per[X X X3]
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ﬁ per[X X ]}

{ﬁ per[x X4]+ pe [X X3]+ per[X X ]}— per[Xl]
— v @ O M (@) (2) OIONE) M) (@) (4 D) (2) (@)

_Xl X2 X3 + Xl X2 X3 + Xl X2 XS + Xl X2 X3 +Xl X2 X3

+Xl(1) Xéz) Xéz) + Xl(l) Xéz) X§3) + Xl(l) Xéz) X§4) + Xi(l) Xés) Xél) + Xl(l) X§3) Xéz)

+ Xl(l) XéB) X§3) + X1(1) X§3) Xé4) + Xl(2) Xél) X:gl) + Xl(2) Xél) X§2) + Xl(2) Xél) XéS)

+ XD XD K@ 4} @y @y@) 4 y@y@y@) 4 Y@@ @ 4 @)@y

@ @) @ 4 @@ y@ 4 @@ @ 4 @@ 4@
+X1X2X3+X1X2X3+X1X2X3 +X1X2X3'

3. Results
In this section, we give five expressions for multinomial expansion.
Result 1.,
(x® +xP 4+ xM)"= Z C n'H(x(”))
ki kg yeons ¢
Proof. In (1) - (5), if m =m, =...=m =m andx{" =x’ =...=x" =x", (6) is obtained.
Result 2.

3 3
[12x"= (xl(l) + x4+ % )(xgl) +x7 4+ xf’))(xgl) +x7 + xf))

3 3-k 1
= er[X, X X
klzokz—o k Ik |(3 k1 k )' p [ kll kz2 3—k1fk2]

=Y T s ) e X, )

o0 ki 1K 13-k —ky)! -k —k,
S8 st el f
= X X X
0io=0 K 1K, 18—k =k )12 K 1=kt " 1=k 41 .
3 3k K K, 3k, —k,
1 2 3
=33 3 TS | TG | TT %%
k=0k,=0 ng,n, \ =1 L1 iy=1
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where X, = (7, 7Y, X, = (42, %2, 7Y, Xy = (67,2, 567)
Proof. In (1) - (5),if n=3 and m, =m, =m, =m =3, (7) is obtained.

Result 4.

2 2
M

(47 (e o)

2

~Yieor ,(2 o P %]

kK 2k

- e 3 perD T perlX, 1)

k=0 27k

: x® ) : (@) (2)

i XI, = X [ X i

Z k !(2- k)lznq fl_k!;rl . klz_:t)nﬁ g " E sg?) ©
where X, = (x®,x, xM)", X, =(x?, x?, x?)".
Proof. In (1) - (5),if n=2 and m, =m, =m=2, (9) is obtained.
Result 5.
(X(l)+x(2))n — i ( (1))k1 ( (2))n ky (10)

k ok1'(n k D!
3 Proof. In (6), if m=2, (10) is obtained. The above result is binomial expansion.
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