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Abstract

In this paper, the concepts of intuitionistic r-fuzzy 6-open (6-closed) sets and intuitionistic r-fuzzy 6-closure operator are introduced and
discussed in intuitionistic smooth fuzzy topological spaces. As applications of these concepts, certain functions are characterized in terms of
intuitionistic smooth fuzzy 6-closure operator.
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1. Introduction

Since the advent of the notion of fuzzy set by Zadeh [11], there have been a number of generalizations of this fundamental concept. The
notion of intuitionistic fuzzy sets introduced by Atanassov [2] is one among them. Using the notion of intuitionistic fuzzy sets, Coker
[4] introduced the notion of intuitionistic smooth fuzzy topological spaces. Samanta and Mondal [8, 9] introduced the definitions of the
intuitionistic smooth fuzzy topological space in Sostak sense. The purpose of this paper is to present and investigate the concepts of
intuitionistic fuzzy 6-open (8-closed) sets and intuitionistic fuzzy 0-closure operator in the context of intuitionistic smooth fuzzy topological
spaces. As applications of these concepts, certain functions are characterized in terms of intuitionistic smooth fuzzy 6-closure operator.

2. Preliminaris

Definition 2.1. Let X be a nonempty fixed set and I the closed interval [0,1]. An intuitionistic fuzzy set A is an object of the following
Jform A = {{x, 4 (x),7a(x)) : x € X} where the mapping lp : X — I and Y4 : X — I denote the degree of membership (namely s (x)) and
the degree of nonmembership (namely Y (x)) for each element x € X to the set A, respectively, and 0 < s (x) + y4(x) < 1 for each x € X.
Obviously, every fuzzy set A on a nonempty set X is an intuitionistic fuzzy set of the following form A = {{x, pta (x),1 — pa(x)) : x € X }.

Definition 2.2. Let A and B be intuitionistic fuzzy sets of the form A = {{x, ua (x), va(x)) : x € X} and B = {{x, up(x), v8(x)) : x € X }. Then

1. ACB ifand only if ua(x) < p(x) and 14 (x) > 1();
2. A={(x,17ax), ua(x)) s x € X}

3. ANB={{x,ua(x) Aup(x), a(x) Vys(x)) : x € X}

4. AUB = {(x,pua (x) V up(x), 14 (x) A y5(x)) : x € X}

We will use the notation A = (x, s, ¥4) instead of A = {(x, s (x), 74 (x)) : x € X}. A constant fuzzy set « taking value o € [0, 1] will be
denoted by o. The intuitionistic fuzzy sets 0 and 1 are defined by 0 = {(x,0,1) : x € X} and T = {{x,1,0) : x € X }. Let f be a mapping
from an ordinary set X into an ordinary set Y. If B = {(y, ug(y),v8(y)) : y € Y’} is an intuitionistic fuzzy set in Y, then the inverse image of B
under f is an intuitionistic fuzzy set defined by £~ (B) = {(x, f~ (up)(x), =" (¥8)(x)) : x € X} The image of an intuitionistic fuzzy set
A= {(x,ua(x),74(x)) : x € X} under f is an intuitionistic fuzzy set defined by f(A) = {(y, f(ua)(»), f(74)(y)) : y € Y}, where

sup fa(x), fL(y) #0,
Flua) ) =4 x€/7'0)

0 otherwise
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and

inf -1 0,
f(uA)(y)_{xef B0 02

1 otherwise
foreachyeY.

Definition 2.3. [8, 9] An intuitionistic gradation of openness on X is an ordered pair (t,7T*) of functions from I* to I such that

1. (l)—H:( Y< 1 forall e lX,

2. 1(0)=11)=1,10)=7*(1)=0

3. T(ll/\lz)>’t(ll)/\f(l2) and T (A AN p) < (M) V T+ (lz)fareachll,/lzelx
4. ‘c( Ai)

> A 1A )and‘c(\/l)<\/r( ;) for each A; € IX i € T.
icl’ icl’ icl’

The triplet (X ,T,T*) is called an intuitionistic smooth fuzzy topological space.

Theorem 2.4. [8, 9] Let (X,7,7*) be an intuitionistic smooth fuzzy topological space. Then for each r € Iy, A € IX we define the operators
Cr 1 I 1 IX x Iy — 1X as follows

Coo(Ar) = NpeX | A<ptd-p)>nt*0-—p)<1-r},

Lo (Ar) =\/{n e X |p <A, 7(u) > rnt*(u) <1-r}.

Definition 2.5. [5] Let X be a nonempty set and ¢ € X a fixed element in X. If a € (0,1] and b € [0, 1) are two fixed real numbers such that
a+b < 1, then the intuitionistic fuzzy set c(a,b) = (x,cq,1 —c1_p) is called an intuitionistic fuzzy point in X, where a denotes the degree of
membership of ¢(a,b), b the degree of nonmembership of c(a,b), and ¢ € X the support of ¢(a,b).

Definition 2.6. [5] Let c(a,b) be an intuitionistic fuzzy point in X and A = (x, s, Ya) be an intuitionistic fuzzy set in X. Suppose further
that a,b € (0,1). ¢(a,b) is said to be properly contained in A (c(a,b) € U, for short) if and only if a < s (c) and b > yx(c).

Definition 2.7. [5]

1. An intuitionistic fuzzy point c¢(a,b) in X is said to be quasi-coincident with the intuitionistic fuzzy set A = (x, s, Ya) denoted by
c(a,b) q A, ifand only if a < pa(c) or b > y4(c).

2. Let A = (x,la,Ya) and B = (x, g, Yp) are two intuitionistic fuzzy sets in X. Then A and B are said to be quasi-coincident, denoted by
A q B if and only if there exists an element x € X such that Ji4(x) > Yg(x) or y4(x) < up(x).

The expression not quasi-coincident will be abbreviated as q.
Proposition 2.8. [5] Let U and V be two intuitionistic fuzzy sets and c(a,b) an intuitionistic fuzzy point in X. Then
1. Ug1—VifandonlyifU <V,
2. UqV ifandonly ifU £1-V
3. c(a,b) <U ifand only if c(a,b) g1-U,
4. c(a,b) qU ifand only if c(a,b) £ 1—U
Definition 2.9. [5] Let f : X — Y be a function and c(a,b) an intuitionistic fuzzy point in X. Then the image of c(a,b) under f, denoted by
f(c(a,b)), is defined by f(c(a,b)) = (v, f(c)a,1 = f(c)1-b)-
Proposition 2.10. [7] Let f : X — Y be a function and c(a,b) an intuitionistic fuzzy point in X.

1. If for intuitionistic fuzzy set V in Y we have f(c(a,b)) qV, then c(a,b) g f~1 (V).
2. If for intuitionistic fuzzy set U in X we have c(a,b) q U, then f(c(a,b)) q f(U).

Definition 2.11. Let (X, T) be an intuitionistic fuzzy topological space on X and c(a,b) an intuitionistic fuzzy point in X. An intuitionistic
fuzzy set A is called g-neighbourhood of c(a,b), denoted by Ny(c(a,b)), if there exists an intuitionistic fuzzy open set U in X such that
c(a,b) qU and U < A.

Definition 2.12. An intuitionistic fuzzy set A of an intuitionistic fuzzy topological space (X, T,T*) is said to be

intuitionistic r-fuzzy regular open [6] if A = It 1~ (Cy (A, 1), 7).
intuitionistic r-fuzzy regular closed [6] if A = Cr o+ (Ig o+ (A7), 1).
intuitionistic r-fuzzy preopen [6] if A < Ir 1+ (Cr o+ (A,r),r).
intuitionistic r-fuzzy semiopen [1] if A < Cr z+(Ig, 0+ (A, 1), 7).

N o~

3. Intuitionistic fuzzy 0-closed sets

Definition 3.1. An intuitionistic fuzzy point c(a, B) is said to be an intuitionistic r-fuzzy 0-cluster point of an intuitionistic fuzzy set A if for
each g-neighborhood |1 of c(a,B), A q Cr o+ (1, r). The set of all intuitionistic r-fuzzy 0-cluster points of A is called intuitionistic r-fuzzy
0-closure of A and is denoted by 0Cr (A, r). An intuitionistic fuzzy set A is called intuitionistic r-fuzzy 0-closed if A = 6Cr t=(A,r). The
complement of an intuitionistic r-fuzzy 0-closed set is called an intuitionistic r-fuzzy 0-open set. The r-fuzzy 0-interior of A denoted by
01t (A,7) is defined by O1; ¢+ (A, 1) =1—0Cr o+ (1—A,7).

Remark 3.2. For an intuitionistic smooth fuzzy topological space (X,T,T*), we have

1. every intuitionistic r-fuzzy 0-open set is intuitionistic r-fuzzy open.
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. every intuitionistic fuzzy r-regular open set is intuitionistic fuzzy r-open.
. Forany A € IX, Cy1+(A,r) < 0Cr 1+ (A, 7).

. 0C o (1—A,r) =101l -(A,r).

. 1=0C o (A,r) = 0L (1 —A,r).

b AN W

The following examples show the converse of (1) and (2) are not true in general.

Example 3.3. Let X = {a,b}. Define the intuitionistic fuzzy subset A as A = (x, <ﬁ, %) , <0077 0%) ). Let T,7° : IX — I be defined as
Sfollows: o o
1 ifA=0o0rl 0 ifA=0orl

T(A) = fA=n  TA)=(3 A=A

(S

0  otherwise, 1 otherwise.
Letr= % Clearly, Ay is intuitionistic %—fuzzy open but not intuitionistic %—fuzzy regular open.

Example 3.4. Let X = {a,b,c}. Define the intuitionistic fuzzy subsets A and Ay as A = (x, (m, ()%7 0‘—5) , (l“—o, 1%)’ 0‘—0>> and

— a b ¢ a b ¢
A’Z - <x7 (W7W7W) ) <W7W7m>>

Let ©,7* : IX — I be defined as follows:

1 ifA=0o0rl 0 ifA=00orl
Toifa=n 3ifa=n
tA)=S31 fA=k  TR)=(3 ifi=hk
% A=,V % fA=M4Vi
0 otherwise, 1 otherwise.

Clearly, Ay is intuitionistic %-fuzzy regular open but not intuitionistic %-fuzzy 6-open.

Theorem 3.5. If A is an intuitionistic r-fuzzy open set in an intuitionistic smooth fuzzy topological space (X,t,v*), then Cy ~(A,r) =
0C: o+ (A,r).

Proof. Itis enough to prove 0Cz ¢+ (A,r) < Cr 1+ (A,r). Let c(ot, B) be an intuitionistic fuzzy point in X such that c(et, 8) ¢ Cr +(A,r), then
there exists y € A4 (c(e, B)) such that 1 g A and hence u < A. Thus Cz ¢ (,r) < I o~ (A,r) < A, since A is an intuitionistic r-fuzzy open set
inX. Hence Cz ¢~ (u,r) g A whichimplies ¢(a, B) ¢ 0Cz ¢+ (4, r). Therefore 0Cy 1+ (A, r) < Cr o+ (A,r). Thus Cr o+ (A,r) = 0Cr 1+ (A,r). O

Theorem 3.6. In an intuitionistic smooth fuzzy topological space (X, T,T*), the following hold:

1. Finite union and arbitrary intersection of intuitionistic r-fuzzy 0-closed sets is an intuitionistic r-fuzzy 0-closed set.
2. The intuitionistic fuzzy sets 0 and 1 are intuitionistic r-fuzzy 6-closed.

Proof. Straightforward. O

Theorem 3.7. Let A and [ be two intuitionistic fuzzy sets in an intuitionistic smooth fuzzy topological space (X, t,v*). Then we have the
following:

0C:.+(0,r) =0, 0Cr.o(1,r) =T,

A< 0C(A,r),

A<= 0Co (A1) < OCr o (7).

L 0C: (A, F)V OCs o (1,r) = 0C; 1+ (AV ),
L 0Ce (A AR) < OCrx(A,r) AOCr o ().

L AN W~

Proof. (1). Obvious.
(2). Suppose that there is an intuitionistic fuzzy point x(4 gy in X such that x4 gy ¢ 0Cr,r+(A,r) and x4 g) € A. Then there is a g-
neighborhood pt of x(¢ g) such that Cz ¢« (i, r) g A. Thus p < 1— 4. Since y is a g-neighborhood of X(q,p) there is an intuitionistic r-fuzzy
open set ¥ such that x(q g) ¢ ¥ < p. Since 4t <T—A, x(4 ) g 1 — A, and hence x(q g) % A. On the other hand we have x(q g) < 4, because
X(a,p) € A- Itis a contradiction.

(3). Let x(4 gy be an intuitionistic fuzzy point in X such that x4 g) ¢ 6C; ¢+ (U, r). Then there is a g-neighborhood 7y of X(q,p) such that
Cr+(V,7) g . Since A < u, we have Cr ¢+(7,7) g A. Therefore x(q gy ¢ 0Cr 7+ (4,7).

(4). Since A <AV U, 6C; p+(A,r) < OCr o+ (AV u,r). Similarly, 0Cr (U, r) < 0Cr o+ (A V u,r). Hence 0C; o+ (A,r)V OCs o+ (U, r) <
6Cr e+ (A V ,r). On the other hand, take any x(4 g) € 6Cr ¢+ (A V 11, r). Then for any g-neighborhood ¥ of x4 g). Cr,c+(7,7) g (A V ).
By Lemma 3.4, Cz +(7,r) ¢ A or Crr+(V,r) q 1. Therefore x(q gy € 0Cr c+(A,7) or x(q gy € 0Crz+ (1, 7). Hence 8Cre«(AV p,r) <
0C; ¢+ (A,r)V OCr o+ ().

(5). Since AN <A, 0Cr o+ (A AU, 1) < OCr o+ (A,r). Similarly, 0C; ¢+ (A A, ) < OCr o+ (W, r). Therefore 0Cr o+ (A AW, r) < 0Cr o+ (A, 1) A
0Cr o (U,r).

O
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Remark 3.8. For an intuitionistic fuzzy set A in an intuitionistic smooth fuzzy topological space (X, t,T*), the intuitionistic r-fuzzy 0-closure,
0C; ¢+ (A,r), is not necessarily an intuitionistic r-fuzzy 0-closed, and hence 0Cz 1~ (0Cz 1+ (A,r),r) # 0Cr o+ (A, r), which is shown in the
following example. Thus 0C¢ 1~ operator does not satisfies the Kuratowski closure axioms.

Example 3.9. Let X = {a,b,c}. Define the intuitionistic fuzzy subsets A, Ay and A3 as A, = (x, (%, 0%? 05—2) , (04‘_'4, 0%, 0%))

b b b b
2'2:<x7(&7m7&>7(0“53[)6703>>anda’3 < <();“37733L0)3<&3777L1)>
Let 7,7 : IX — I be defined as follows:

1 ifA=00r1 0 ifrA=00r1

1 if L — 3 ) —

4 lf;L - 2'1 7 lfl = }Ll
T(A) = T (A) =

3 A= ;A=

0 otherwise 1 otherwise
Then an intuitionistic fuzzy a(0.6,0.3) € 0Cz (A3, %) (because a(0.6,0.3) g A1, Cr r+(A3, 2) 1 g A3), also a(0.8,0 1) §é Cr o+ (A3, %)
(because a(0.8,0.1) g Ay, Cr o+ (A2, %) =1-2 G A3). But a(0.8,0.1) € 6Cz r+(a(0.6,0.3), % 5) <86 177*(9CT_¢*(7L3, ) %) Hence

0C: ¢+ (A3, %) is not an intuitionistic %-ﬁdzzy 0-closed set.

Remark 3.10. Clearly, A is an intuitionistic r-fuzzy 0-open set if and only if 01; ¢+ (A,r) = A. Also we have following properties for the
interior operator.

Theorem 3.11. Let A and [ be two intuitionistic fuzzy sets in an intuitionistic smooth fuzzy topological space (X,7,7*). Then we have the
following:

0I; o (1,r)=1,

O+ (A,r) <A,

A<u= 0 (A,r) <Ol (u,r),

0L o (A AW, ) = OL 0+ (A, ) N OI (1, 7),
0L+ (A, r)V OI o (U, 1) < O o+ (A V 7).

SR W~

Proof. (1). Obvious.

(2). Let x, (a,B) € 0l 7*( ) From the fact that 617; T*(l r) :T—OCT T*(T—l r) = (x yBC”*(l ) Hoc, 1« (1-2, r)> o< YQC”*(I 2 r)( )
and B > lgc, . (12, (x). Since 1-2<0Cr o (1—2,r), fy_y < Yoc, o (T-2,) Ad Yy = Moc, (12, Thus & <Y - xr)( x) =
pp (x) and B < pge 75 ) (x) = 73 (x). Hence x(q g) € A.

(3). Let A < p. Then 1 —A > 1 — . By Theorem 3.7 (3), 6Cr (1 — A,r) > 0Cr (1 — 7). Thus 1 — 0Cr o+ (1—24,r) <1—0C; (1 —
u,r). Hence 0I; ¢+(A,r) =1—0C; i+ (1= A4,r) <1—0Cr ¢+ (1 — ,r) = 017 o+ (U, 7).

@. L v(ANP,r)=1-0C;(1—(AAU),r)=1—-0Cr(1—AV1I—p),r)=1—-(0Cr+(1—A,r)VOCr+(1—p,r))=1-
(0Ce o (1—=A,r))AT—(6Cr (1 —,r)) = Ol 0+ (A, 1) AOI7 o+ (U, 7).

(5). Since A <AV u, we have 017 ¢+ (A,r) < 0Iy (A V p,r). Since u <AV, 0 o+ (u,r) < 0l (A V u,r). Therefore 01 ¢+(A,r)V

Ol (U, r) < Ol o+ (AVu,r). O
Corollary 3.12. For an intuitionistic fuzzy set A, 01 ¢+ (A,r) < I ~(A,r).

Proof. Let A € IX. Thus Cr 1+(1—A4,7) < 8Cy o+ (1—A,r) by Remark 3.2 (3). Hence 01 1+(A,r) =1—0Cy (1= A,r) <T—Cr (1~
Ar) =Ir<(A,r). O

Theorem 3.13. If A is an intuitionistic r-fuzzy closed set in an intuitionistic smooth fuzzy topological space (X ,7,7*), then 017 r+(A,r) =
I’L‘,T* (347 r).

Proof. Let A be an intuitionistic r-fuzzy closed set. Then T — A is an intuitionistic r-fuzzy open set. Thus Cz ¢+(1—A,7) = 0Cr o+ (1= 2,r)
by Theorem 3.7. Hence 01; ¢+ (A,r) =1—0C; o+ (1 —A4,r) =1—-Cr o (1 = A, 1) = Iz = (A,r). O

Theorem 3.14. Let A be an intuitionistic fuzzy set in an intuitionistic smooth fuzzy topological space (X,t,7*). Then 8I; +(A,r) =
V{OIe (1) o(T—p) > e (T—p) < T—rp € A} = Vige(ar) s 71— 1) = 5o (T—p) < T—rp < Ak

Proof. We have

Ol r-(A,r) = T1—60C(1—4,r)
= 1-MOCro(v,r):2(y) 2t (y) <1-r1-2 <7}
= V{1-0Cr o (1,r):7(y) > rt*(7) ST n1—A<y}
= V{1-6L(v,r):t(y) 2t (y) <T—-rn1-A <y}

Let g =1 —17. Then 01y ¢« (A,r) = V{0t (,r) : T(1—p) > r,v*(1 — u) < T—r,u < A}. The second equality holds from Theorem
3.13. O

Corollary 3.15. For an intuitionistic fuzzy set A in an intuitionistic smooth fuzzy topological space (X,T,T*), 01t (A, r) is an intuitionistic
r-fuzzy open set.
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Remark 3.16. For an intuitionistic fuzzy set A in an intuitionistic smooth fuzzy topological space (X,T,T*), 011 1«(A,r) is not necessarily
intuitionistic r-fuzzy 0-open set.

Definition 3.17. An intuitionistic fuzzy topological space (X, T, T*) is said to be intuitionistic r-fuzzy extremely disconnected if Cz ¢« (A,r) is
intuitionistic r-fuzzy open for every intuitionistic r-fuzzy open set A of (X, t,7*).

Lemma 3.18. If A, are intuitionistic r-fuzzy open sets in an intuitionistic r-fuzzy extremally disconnected space X, then Cy o+ (1,r) g A <
Cror(U,7) G OCr o+ (A,r).

Proof. Let Cr o+ (p,r) gA = A < Cr o (1,r) = Cr (A, r) < Cr o+(,r) since X is an intuitionistic 7-fuzzy extremally disconnected space.
Hence Cr o+ (U, r) § A = Cr o+ (U, r) G Cr0+ (A, 1) = Cr oo (U, 7) G OCr ¢+ (A, r) by Remark 3.2. O

Theorem 3.19. If A is an intuitionistic r-fuzzy open set in an intuitionistic r-fuzzy extremally disconnected space (X, T, ), then 0Cg ¢+ (A1)
is an intuitionistic r-fuzzy 0-closed set in X.

Proof. Let c(o, ) be an intuitionistic fuzzy point in X and let ¢(a,B) ¢ 0Crr+(A,r). Then there is u € A;(c(a,B)) such that
Cro+(U,r) g A. By Lemma 3.18, Cr ¢+ (U,r) § 0Cr 1+ (A,r) and hence ¢(a, ) > 6C; r+(A,r) implies ¢(a, B) ¢ 0Cr ¢+ (0Cr o+ (A, 1), 7).
Then 6C; ¢+ (0C; o+ (A,7),r) < 0Cr 1+ (A,r). But 0C; o+ (A,r) < 0Cr 1+ (0Cr o+ (A,r),r), then 0C; ¢+ (A,r) = 0Cr 1+ (0Cz ¢+ (A, r),r). Thus
0C; ¢+ (A,r) is an intuitionistic r-fuzzy 6-closed set. O

Theorem 3.20. In an intuitionistic r-fuzzy extremally disconnected space (X,T,T*), every intuitionistic r-fuzzy regular open set is an
intuitionistic r-fuzzy 0-open.

Proof. Let A be an intuitionistic r-fuzzy regular open set in an intuitionistic r-fuzzy extremally disconnected space (X,7,7*). Then
A =1t (Cr o+ (A,r),r) =Cr (A, r) = I r~(A,r). Since A is an intuitionistic r-fuzzy closed set, A is an intuitionistic r-fuzzy open set and
by Theorem 3.5, Cr 1+ (A,r) = 0Cr z+(A,r). Now Cr 1+ (A, 1) = 0C; o+ (A, 1), It v+ (A, 1) = Ot o+ (A, r). Thus A = I o+ (A,r) = 017 o+ (A, ),
and hence A is an intuitionistic r-fuzzy 8-open set in (X, 7). O

Theorem 3.21. An intuitionistic fuzzy set A in an intuitionistic smooth fuzzy topological space X is intuitionistic r-fuzzy 0-open if and only
if for each intuitionistic fuzzy point c(e, B) in X with c(o,8) g A, A is an g-neighbourhood of ¢(ct, 3).

Proof. Let A be an intuitionistic r-fuzzy 6-open set and c(¢t, ) be an intuitionistic fuzzy point in X with ¢(&,) ¢ A. Then c(a, ) £ A.
Since A is an intuitionistic r-fuzzy 6-closed set, ¢(ct,8) € A = 6Cr ¢+ (A,r). Then there exists g-neighbourhood u of ¢(ct, ) such that
Crr+(U,r) g A. Hence A is an g-neighbourhood of (e, 8). Conversely, if ¢(ct, ) £ A, then c(ot, ) g A. Since A is an g-neighbourhood of
c(a, B), then there exists g-neighbourhood p of c(e, B) such that C; ¢« (,r) g A and so c(a, B) < 8C; ¢+(A,r). Hence A is an intuitionistic
r-fuzzy 6-closed set and then A is an intuitionistic r-fuzzy 6-open set. O

Theorem 3.22. For any intuitionistic fuzzy set A in an intuitionistic smooth fuzzy topological space (X, t,7*), 0Cr r«(A,r) = N{OCr o+ (1,7) :
T(u) >nti(p) <1T—nd <u}

Proof. Obviously that 0Cz ¢« (A,r) < A{OCr (1, r) : T(p) > rt*(u) < 1—rA < u}. Now, let c(a,B) € A{0Cr o (1,r) : T(n) >
rt* (1) <T—rA <pu}butc(e,B) ¢ 0Cr - (4,r). Then there exists an g-neighbourhood ¥ of ¢(¢t, ) such that Cz ¢+ (Y,r) g A and hence
A < Cr o+ (y,r). Then c(et,B) € 6Cr 1+ (Cr .+ (y,7),r) and consequently, we have Cr +(Y,r) g Cr ¢<(y,r), which is not true. Hence the
result. =

Definition 3.23. An intuitionistic smooth fuzzy topological space (X,T,T*) is said to be intuitionistic r-fuzzy regular if and only if for
each intuitionistic fuzzy point ¢(a, B) in X and each g-neighbourhood A of c(a, B), there exists g-neighbourhood 11 of c(e,B) such that
Cro (1) <A

Theorem 3.24. An intuitionistic smooth fuzzy topological space (X, T,T*) is intuitionistic r-fuzzy regular if and only if for any intuitionistic
fuzzy set A in X, Cp o+ (A, r) = 0Cr o+ (A, r).

Proof. Let (X, 7) be an intuitionistic r-fuzzy regular space. It is always true that Cz t~(A,r) < 0C¢ ¢+(A,r) for any intuitionistic fuzzy set
A. Now, let ¢(ot, B) be an intuitionistic fuzzy point in X with c¢(¢t, ) € 8Cz 1=(A,r) and let u be an g-neighbourhood of ¢(¢t, ). Then by
intuitionistic r-fuzzy regular space (X, 7), there exists g-neighbourhood ¥ of ¢(a, 8) such that C; ¢+ (y,r) < . Now c(ot, ) € 0Cr 1+ (A,r)
implies Cr ¢+(y,r) g A implies u g A implies c(ot, ) € Cr ¢+(A,r). Hence 0Cr 1+(A,r) < Crr+(A,r). Thus 6Cr o+ (A,r) = Cr o+ (A, 1).
Conversely, let c(c,8) be an intuitionistic fuzzy point in X and A an g-neighbourhood of c¢(c,B). Then ¢(a,B) ¢ A = Crr+(A,r) =
0C; ¢+ (A,r). Thus there exists an g-neighbourhood 7y of ¢(c,B) such that Cz ¢+(y,r) § A and then Cr ¢+(y,r) < A. Hence (X,7) is
intuitionistic r-fuzzy regular. O

Corollary 3.25. In an intuitionistic r-fuzzy regular space (X, T) an intuitionistic r-fuzzy closed set is an intuitionistic r-fuzzy 0-closed set
and hence for any intuitionistic fuzzy set A in X, 0Cr ¢+(A,r) is an intuitionistic r-fuzzy 0-closed set.
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4. Characterizations for some types of functions

Definition 4.1. A function f: (X,7,7%) — (Y, 0,0%) is said to be intuitionistic r-fuzzy strongly 0-continuous if for each intuitionistic fuzzy
point x(q gy in X and L € Ng(f(x(q.p)), there exists A € Ng(x(q p)) such that f(Crc+(A,7)) < U

Theorem 4.2. For a function f: (X,7,7%) — (Y,0,0%), the following statements are equivalent:

1. f is intuitionistic r-fuzzy strongly 0-continuous.

2. f(8Cr+(A,r))) < Co,6+(f(A),r) for each intuitionistic fuzzy set A in X.

3. 0C o (f1 (), r) < fN(Co,6+(,r)) for each intuitionistic fuzzy set W inY.

4. (1 (1) is an intuitionistic r-fuzzy 0-closed in X for each intuitionistic r-fuzzy closed set L in Y.
5. £~ Y(w) is an intuitionistic r-fuzzy 8-open set in X for each intuitionistic r-fuzzy open set 1L in'Y.
6. [0 (7)) < 0Lt or (£ (), r) for each intuitionistic fuzzy set p of Y.

Proof. (1) = (2): Let ¢(at,B) € 0C; ¢+(A,r) and y € A (f(c(e,B))). By (1), there exists n € A5 (c(ot, B)) such that f(Czz+(1,7)) < 7.
Now we have ¢(t, B) € 8Cr.z- (A,7) = Coer(n,7) g A = f(Ceze(,1)) 4 F(R) = 74 f(A) = f(e(a,B)) € Coor (f(A),r) = cla,B) €
f Y (Co.6+(f(A),r)). Hence OCz 1+ (A,7) < f~1(Co.5+(f(A),r)) and s0 f(OCz 1+ (A,7) < Co.o+ (f(A), 7).

(2) = (3): Obvious by putting A = f~!(u).

(3) = (4): Let u be an intuitionistic r-fuzzy closed set in Y. By (3), we have 8Cz +(f ' (1),7) < f~1(Co.6+(11,7)) = £~ (1) which
implies that f~! (1) = 8Cr ¢+ (1, 7). Hence f~!(p) is an intuitionistic r-fuzzy 9-closed set in X.

(4) = (5): By taking the complement.

(5) = (1): Let c(e, B) be an intuitionistic fuzzy point and y € A;(f(c(ex, B))). By (5), £~ (7) is an intuitionistic r-fuzzy 0-open set in X.
Now we have f(c(a,B)) ¢ v = c(a,8) ¢ £~ (y) = c(a,B) ¢ f~'(7). Hence f~!(y) is an intuitionistic r-fuzzy 6-closed set such that
c(a,B) ¢ £~ (y). Then there exists n € A5(c(at,B)) such that Cz +(n,7) G £~ (v) which implies that f(Cz,¢+(1,7)) < y. Hence f is an
intuitionistic r-fuzzy strongly 6-continuous.

(3) & (6): Let u e I'. Since f 1s an intuitionistic r-fuzzy strongly 6-continuous function, 8Cr o+ (f~ (1 —u),r) < f~ N(Co6n(T—
u),r). Thus £~ (106*( r) = (lf(cao*(lfli) r)=1-f" (CGG*U*/J) r) <1—6Cro(f~ ( u),r)=1- ecrr*(I*
Y w),r) =61, 1;*( 1(,u) r). Conversely,let,u er. Bythehypothes1s o (Ig’g*(l_,u,, 1) < 0L (f1(T u) r). Thus OCz o+ (f 1 (1), r)
1—6I o (1—f~ Hw), r)=1—0I(f "T—p),r)<1—f- (IO',O'*(I_;U'7 r)=f" (1_10'0'*(1_“'7 r)=rf"(Cs ot (|,7)). O

Theorem 4.3. For a function f : (X,7,7%) — (Y,0,0%), the following statements are equivalent:

1. f is an intuitionistic r-fuzzy strongly 0-continuous function.
2. f W g5 (1,7)) < 0L o+ (f ' (1), 7) for each intuitionistic fuzzy set  of Y.
3. Iso*(f(A),r) < (Bl 6+ (A,r)) for each intuitionistic fuzzy set A in X.

Proof. By Theorem 4.2, it suffices to show that (2) is equivalent to (3).

(2) = (3): Let A € IX. Then f(A) € I'. By the hypothesis, f ! (Is,o+(f(A),7) < 0Lt ¢« (f~1(f(1)),r). Since f is one-to-one, we have
Moo+ (f(A),r)) < 8Lz (f (f(2)),r) = OIz+(A,r). Since f is onto, g6+ (f(A),r) = f(f~ (Is.o* (f(A),7))) < f(OL e (A,1)).
(3) = (2): Let u € I'. Then f~'(u) € I*. By the hypothesis, Igyg*(f(f’l(u)) r) < f(GIT (N (u ) r)). Since f is onto, I o+ (1,r) <
F(8I o (f~'(1),r)). Since f is one-to-one, we have f~! (I o+ (14,7)) < fH(f(Ole o (f 1 (1), 7)) = OLz o (' (1), 7). O

Definition 4.4. A function f : (X,7,7%) — (Y,0,0%) is said to be an intuitionistic r-fuzzy 6-continuous if and only if for each intuitionistic
fuzzy point x(q g) in X and j1 € f/%](f(x(aﬁ)), there exists A € Ji{z(x(aﬁﬁ)) such that f(Cr o+ (A,r)) < Co.6+ (U, 7).

Theorem 4.5. For a function f : (X,7,7%) — (Y,0,0%), the following statements are equivalent:

f is intuitionistic r-fuzzy 6-continuous.

f(0Cr i+ (A,r)) < GCGA’U* (f(A),r) for each intuitionistic fuzzy set A in X.

0C: o+ (f~ 1( ),r) < f (GCG o+ (U, 7)) for each intuitionistic fuzzy set L in'Y.

GCT (71 (W), r) < f Y (Co.6+ (W, 7)) for each intuitionistic r-fuzzy open set Win'Y.
YO0+ (7)) < 911 = (f~1 (), r) for each intuitionistic fuzzy set i of Y.

kn.k.uu.ws

Proof. (1) = (2): Let c(o,B) € 0Crr+(A,r) and n € A(f(c(x,B))). By (1), there is y € Ag(c(ax, B)) such that f(Cr o+ (7,r)) <
Co,6+(N,1). Now, if c(ot,B) € 0Cr ¢+ (A,r), then C; o+ (7,r) g A so that f(Cr+(7,r)) ¢ f(A) and hence CG o+(n,r) q f(A). Therefore
flc(a,B)) € 8Cs 5+ (f(A),r) and it follows that c(at, B) € f~1(8Cs 6+ (f(L),r)). Thus OCr ¢+ (A,r) < f~ 1(6Cs.6+(f(A),r)) and hence
f(8Cr o+ (A,1) < 0Cq 6+(f(A),7).

(2) = (3): By (), if £(8C o+ (f~1 (1), 7)) < 0Co.0+ (F(f 1 (1)) 7) < OCo.o+ (1, ). then it follows that 0C; o+ (£~ (11),7) < F~1(0Cq.0+ (11, 7).
(3) = (4): Clear by Theorem 3.5.

(4) = (1): Let ¢(cx, B) be an intuitionistic fuzzy point in X and u € A5 (f(c(a,B))). Then f(c(a,B)) & Co,6+(Co,o+ (1, 7), ) and c(a, B) ¢
F N (Crer (1,7),7)). By ), ¢(@, B) & 0Cr o+ (f ' (Co,6+ (1, 7)) and there exists A € A (c(at, B)) such that Cr o+ (A,7) G £~ (Co.6 (1,7)) =
Y (Co.6+ (1, 7)) which implies f(Cz,t+(A,7)) < Cs.6+(i,r). Thus £ is an intuitionistic r-fuzzy 8-continuous.

(3) < (5): Let u € I'. Since f is intuitionistic -fuzzy @-continuous, by hypothesis, 8Cr ¢« (f~1(T— u),r) < f~1(0Cs o+(T — ,r)). Thus
N8l (0,r) =1 (1=60Co0+(1—pt,r)) =T f1(6Co,6+ (1= ,7)) <T—6Cc e (f7' (T *ﬂ)»r) =1-0Ceo(1—f(p),r) =
0L+ (f (u), ) Conversely, let u € I'. By the hypothesis, f~! (815 6+ (T — u,r)) < 91T =(f~Y(T=p),r). Thus ec”*( “u),r) =
T=6l e (1= (), ) =T 0L (f ' (T=p),r) <T—f N (Blo o (T—p,r)) = f7' (1= 8loo (1= p,7)) = f 1 (6Co,0(1,7)). O

Theorem 4.6. For a bijective function f : (X,7,7*) — (Y,0,0%), the following statements are equivalent:

1. f is intuitionistic r-fuzzy 0-continuous.
2. f7YOIg6+(1,r)) < OIt o+ (f 1 (1), 7) for each intuitionistic fuzzy set |1 of Y.
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3. 0l5.6+(f(A),r) < f(BIt 1+ (A,r)) for each intuitionistic fuzzy set A in X.

Proof. By Theorem 4.5, it suffices to show that (2) isequivalent to (3).

(2) = (3): Let A € I*. Then f(1) € I'. By the hypothesis, f~! (8156 (f(A),7)) < O8It o« (f ' (f(A)),r). Since f is one-to-one, we have
F N Ol (F(A),1)) < Ol (7 (F())or) = Ol (A, 7). Since f s onto, 0l (F(A),1) = £(f oo (F(2),1)) < Tz g (A1),
(3) = (2): Let u be an intuitionistic fuzzy setin ¥. Then f~! (i) is an intuitionistic fuzzy set in X. By the hypothesis, 815 o+ (f(f ™' (1)), 7) <
F(OI o (f~'(1),r)). Since f is onto, 8lg o+ (1,r) = Ol o+ (f(f 1 (1)),r) < f(8Ir+(f~'(1),r)). Since f is one-to-one, we have
fﬁl(elﬁﬁ*(“vr)) < fﬁl(f(elf-,f*(fil (”)>r))) = QIT-T*(f71 (“)ar) O

Theorem 4.7. Let f: (X,7,7%) — (Y,0,0%) be a function. If (X,7,7T*) is an intuitionistic fuzzy extremally disconnected space, then the
following are equivalent:

1. f is an intuitionistic r-fuzzy 0-continuous.
2. 1 (1) is an intuitionistic r-fuzzy 0-closed set in X for each intuitionistic r-fuzzy 0-closed set L in'Y.
3. £~ Y(w) is an intuitionistic r-fuzzy 6-open set in X for each intuitionistic r-fuzzy 6-open set W in'Y.

Proof. (1) = (2): Let u be an intuitionistic r-fuzzy 6-closed set in Y. Since f is an intuitionistic r-fuzzy 6-continuous, then by (3) in
Theorem 4.5, we have 8Cr o+ (£~ (u),r) < f~1(8Cs.6+ (1, 7)) = f~' () which implies that f~! (1) = 8Cr o+ (£~ (1), r). Hence £~ (1)
is an intuitionistic r-fuzzy 0-closed set in X.

(2) & (3): Obvious.

(2) = (1): Let p be an intuitionistic r-fuzzy open set in Y. Then by Theorem 3.5 Cs o+ (U, r) = 6Cq o+ (1, r), which is an intuitionistic
r-fuzzy 8-closed set. From (2), f~1(Cs 6+ (U,r)) = f1(8Cos,6+ (1, 7)) is an intuitionistic r-fuzzy 6-closed set in X. Since f~!(u) <
F N (Co.+(1,7)), then 8Cr o+ (£~ (1), 7) < f~'(Co.6+(14,7)). Hence f is an intuitionistic r-fuzzy @-continuous. O

Definition 4.8. A function f : (X,1,7*) — (Y, 0,0%) is said to be an intuitionistic r-fuzzy weakly continuous if for each intuitionistic r-fuzzy
opensetpiny, [~ () < Ieo(f 71 (Coov (1,7)))-

Proposition 4.9. 1. Every intuitionistic r-fuzzy strongly 0-continuous function is intuitionistic fuzzy continuous.
2. Every intuitionistic fuzzy continuous function is intuitionistic r-fuzzy weakly continuous.
3. Every intuitionistic fuzzy continuous function is intuitionistic r-fuzzy 6-continuous.

The following example shows that the converses of the above proposition are not true.
Example 4.10. Let X = {a,b,c}. Define the intuitionistic fuzzy subsets A, Ay, A3 and A4 as A = (x, <i, # L) , (L b L) ),
b

0
Ao = a_ b ¢ LLL>17< a b ¢ LLL>d)L x, (& <
2= 105:05°05):\02°03°01)) 3 =W 050405)>\04:04°03)/) ¢ M= 04°02°04
Let ©,7*,0,6* : IX — I defined as follows:

|

1 ifra=00rl 0 ifr=00rl

Loifa= A=
T(4) = ()=

Ioifa=2 T A=

0  otherwise, 1 otherwise,

1 ifA=00rl 0 ifA=00rl

Toifa=n 3oifa=n
o(A)= o*(A) =

3 ifA= 3 ifA=

0  otherwise, 1 otherwise.

Letr=1. Deﬁneaﬂmctionf (X,7,7%) = (Y,0,0%) by f(a) = b, f(b) =cand f(c) =a. Then f~'(A3) < Iy o+ (f! (C'r v (A3,%)),3) =1
and 71 (A4) < Lo (f (o (7L4, 3)); 2) M. Thus f is intuitionistic f-fuzzy weakly continuous but not intuitionistic -fuzzy continuous.
From this example, one can show that intuitionistic E-fuzzy weakly continuous does not implies each of the concepts zntuitionistic %-fuzzy
strongly 0-continuous and intuitionistic %—fuzzy 0-continuous.

Theorem 4.11. For a function f : (X,7,7*) — (Y,0,0%), the following statements are equivalent:

1. f is an intuitionistic r-fuzzy weakly continuous function.

f(Crr(A,r))) < O0Cq 6+ (f(A),r) for each intuitionistic fuzzy set A in X.
Cro(f 1), r) < f1(8Cs,6+ (1, 7)) for each intuitionistic fuzzy set win Y.

Ceo (7N (), r) < f1(Co.6+ (1, 7)) for each intuitionistic r-fuzzy open set p of Y.
F YOI+ (7)) < Ip (f~1 (1), 7) for each intuitionistic fuzzy set 1 of Y.

Lok

Proof. (1) = (2): Let f be intuitionistic r-fuzzy weakly continuous and A € IX. Suppose c(a,B) € Cr+(,r), then f(c(a,B)) €
f(Cz2+(A,r)). It is enough to show that f(c(a,B)) € 0Cs,6+(f(A)). Let y € A5(f(c(ax ﬁ))) Then we have f~ ( ) c(a,B). By
intuitionistic r-fuzzy weakly continuous of £, f~1(y) < It (f " (Co.5+(¥,7)),r) and It ¢+ (f ' (Co.6+ (7,7)),7) € o,f3)). Since
c(0,B) € Core (A, 1), It o+ (f ~H(Crex (7,7)),7) ¢ A and hence Cg 6+ () g f(1). Thus f(c(,B)) € 8Cs 6+ (f(A), 7).

(2) = (3): Let p € I'. By (2), we have f(Cer(f'(1),r)) < 8Co.0+(f(f~'(1)),r) < 8Cs.5+(1,r). Hence Cr o (f1(1),r)
F7H(6Co .6+ (1,7)).

IA
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(3) = (4): Let u be an intuitionistic r-fuzzy open setin Y. By Theorem 3.5, Cg 5+ (11, 7) = 8Co o+ (1, ) and by (3), we have Cr ¢« (f ! (1), 7) <

f_l(CG,c*(ﬂar))-
(4) = (1): Let u be an intuitionistic r-fuzzy open set in ¥, and Cz ¢+ (M w),n <! (Cs,6+(1,r)). Then from i) < Crz (F~M(w),r)

and the fact that i be an intuitionistic r-fuzzy open set it follows that f ! (1) = Iz o+ (f =1 (1), 7) < I e (Cooe (1 (1), 7),7) <Ieo (f " (Co 6+ (1,7)), 7).

Hence f is an intuitionistic r-fuzzy weakly continuous.

(3) < (5): Let p € I'. Since f is an intuitionistic r-fuzzy weakly continuous function, by the hypothesis, Ceo(f~ "T—w),r <

F71(0Cs o+ (T—p,r)). Thus [~ (615 6+ (1t,7)) = f ' (1= 0Cq o+ (T — ,7)) :T—fil(eccf or(T=p,r) <T=Cro(f ' (T—p),r) =

1-Ce(1—f 1(/.L)7 r) = Lo (f~' (1), r). Conversely, let u € I'. By the hypothesis, f~! (615, G*(l —w)) <int(f I(T )) Thus

Coo(f (W) =T Lo (T—=f (W), r) =T=Le o (f ' (T=p),r) <T=f (Ol .o (T—p),r) = f ' (1= Ol o+ (T— 41, 7)) = f 1 (6C5 6+ (14, 7).
O

1-
1-

Theorem 4.12. For a bijective function f : (X,7,7*) — (Y,0,0%), the following statements are equivalent:

1. fis an intuitionistic r-fuzzy weakly continuous function.
2. f"YOIg.o(1,7)) < Iror (f 1), 7) for each intuitionistic fuzzy set p of Y.
3. 0l5.6+(f(A),r) < f(Ir,z+(A,r)) for each intuitionistic fuzzy set A in X.

Proof. By Theorem 4.11, it suffices to show that (2) is equivalent to (3).
(2) = (3): Let A be an intuitionistic fuzzy set in X. Then (1) is an intuitionistic fuzzy set in ¥. By the hypothesis, £~ (815 o+ (f(1),7)) <
IT,T*(f*I(f()L)),r). Since f is one-to-one, we have f~! (015 5+ (f(A),7)) <Ieo (f 1 (f(A)),r) = Iz (A, 7). Since f is onto, Ol 5+ (f(A),7) =
f(f (11: v (f(A),1)) < f(lr e (A),7).

(3) = (2): Let y be an intuitionistic fuzzy setin Y. Then ! (u ) is an intuitionistic fuzzy setin X. By the hypothesis, 916 o (F(F 1)), r)
e (s ! () Sine isonto B 1) S | (1),1)). Since £ is one-to-one, £~ (0o, (1,) < £ (fUIe.e- (' (1)),
Lo (f77 (1), 7).

)=

O~ IA

Theorem 4.13. Let f: (X,7,7%) — (Y, 0,0%) be an intuitionistic r-fuzzy weakly continuous function, then

1. 1 () is an intuitionistic r-fuzzy closed set in X for each intuitionistic r-fuzzy 0-closed set i in'Y.
2. f! (W) is an intuitionistic r-fuzzy open set in X for each intuitionistic r-fuzzy 0-open set W in'Y.

Proof. (1). Let i be an intuitionistic r-fuzzy @-closed set in ¥, then i = 8Cg o+ (i, 7). By Theorem 4.11 (3), we have Cr ¢+ (£~ (1), 7) <
f1(6Cs 6+ (u,r)) = f~'(1). Hence f~'(u) is an intuitionistic r-fuzzy closed set in X.
(2). Obvious. O

5. Intuitionistic Fuzzy 6-closure and -interior

Definition 5.1. Let (X,7,7*) be an intuitionistic smooth fuzzy topological space. An intuitionistic fuzzy point x(, ) is said to be an
intuitionistic fuzzy O-cluster point of an intuitionistic fuzzy set A if L g A for each intuitionistic r-fuzzy regular open q-neighborhood | of
x(o, B). The set of all intuitionistic fuzzy 8-cluster points of A is called the intuitionistic fuzzy 8-closure of A and denoted by 8Cr 1+ (A, r).
An intuitionistic fuzzy set A is said to be an intuitionistic r-fuzzy d-closed set if A = 8Cy 1+ (A, r). The complement of an intuitionistic r-fuzzy
O-closed set is said to be an intuitionistic r-fuzzy 8-open set.

Definition 5.2. Ler (X, T,T*) be an intuitionistic smooth fuzzy topological space, and let A be an intuitionistic fuzzy set in X. The intuitionistic
fuzzy 8-interior of A is denoted and defined by 61z r+(A,r) =1—08Cr +(1—A,r).

From the above definition, we have the following relations:

1. 8Ceo(T—A,r) =1— 8l (A7),
2. T=8Ce (A1) = 8Irpe(1— A1)

Remark 5.3. For any intuitionistic fuzzy set A, A is an intuitionistic r-fuzzy 8-open set if and only if O8It o+ (A,r) = A because A is
intuitionistic r-fuzzy 8-open if and only if 1 — A is intuitionistic r-fuzzy 8-closed if and only if 1 — A = 8Cr «(1 — A,r) if and only if
A=1-6Cr(1—A,r) =6l (A,r).

Lemma 5.4. 1. For any intuitionistic fuzzy set A in an intuitionistic smooth fuzzy topological space (X, 7,7*), It t+(Cr,z+(A,r),r) is an
intuitionistic r-fuzzy regular open set.
2. For any intuitionistic r-fuzzy open set A in an intuitionistic smooth fuzzy topological space (X,t,7*) such that x(a.,) g A
It 1+ (Cr 0+ (A, r),r) is an intuitionistic r-fuzzy regular open g-neighborhood of x(a., B).

Proof. (1). Since It 1+ (Cror (A, 1), 1) < Cp o+ (It o+ (Cr o+ (A, 1), 1), 1), we have It o (It o+ (Cr 0+ (A, 1), 1), 1) < It 0+ (Cr o (Ig, 0+ (Cr,oe (A, 1), 1), 1), 7).
Thus I1 o+ (Cr,+ (A, 1), 1) < It o+ (Cr o (Ir,o (Cryor (A, 1), 1), 1), 7). Conversely, since I o+ (Cr 0+ (A, 1),7) < Cr o (A, 1), Co o (Izor (Cryor (A7), 1), 1) <
Cr0+(Crov(A,r),r) = Cr o+ (A, 7). Thus It o+ (Cr o (Iro (Crpor (A7), 1), 1), 1) < It oo (Crer (A, 1), r). Hence It o+ (Cr e+ (A,r),r) is an intu-
itionistic r-fuzzy regular open set.

(2) Clearly, It t+(A,r) < It ¢+ (Cr e+ (A,r),r). Since A is an intuitionistic r-fuzzy open set, we have A = It ¢+ (A,r) < It t+(Cr o+ (A,7),r). By

(1), It z+ (Cr 7+ (A, r),r) is an intuitionistic r-fuzzy regular open set. Therefore It 1+ (Cr ¢+(A,r),r) is an intuitionistic r-fuzzy regular open
g-neighborhood of x(a, 8). O

Theorem 5.5. For any intuitionistic fuzzy set A in an intuitionistic smooth fuzzy topological space (X, 7,7*), Cr+(A,r) < 8Cr 1+ (A,r) <
QCT‘T* (A, r).
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Proof. Letx(a,B) ¢ 6Cr ¢+ (A,r). Then there exists an intuitionistic r-fuzzy regular open g-neighborhood p of x(ot, ) such that p g A.
Then p is an intuitionistic fuzzy g-neighborhood of x(a, B) such that g A. Then x(a, B) ¢ Cr ¢+ (4,r). Thus Cr o+ (A,r) < 6Cr e+ (A, 1).
Let x(ct, ) € 8Cr ¢+ (A,r). Then for each intuitionistic r-fuzzy regular open g-neighborhood i of x(c, 8), i ¢ A. Suppose that there exists
an intuitionistic r-fuzzy open g-neighborhood 1 of x(e, B) such that Cz ¢+(1,7) G A. Put Iz ¢+ (Cz ¢+ (1, 1), 7) = 7. Then Y is an intuitionistic r-
fuzzy regular open g-neighborhood of x(ct, ). Since y= I 1+ (Cr.t+(N,7),7) <Cr o+ (N, 1) G A, Y= I 0+ (Co o+ (N, 7),7) < Cr = (n,7) < T—A.
v is an intuitionistic r-fuzzy regular open g-neighborhood of x(o, B) such that y g A. This is a contradiction. Therefore, for any intuitionistic
r-fuzzy open g-neighborhood 1 of x(¢ct, B), Cr ¢+ (n,r) g A. Hence x(a,b) € 6Cz (A, r). O

Corollary 5.6. 1. If A is an intuitionistic r-fuzzy O-closed set in an intuitionistic smooth fuzzy topological space (X, T,T*), then A is an
intuitionistic r-fuzzy closed set.
2. If A is an intuitionistic r-fuzzy 0-closed set in an intuitionistic smooth fuzzy topological space (X,T,7*), then A is an intuitionistic
r-fuzzy 8-closed set.

Remark 5.7. The following examples show that the converses of Corollary 5.6 do not hold.

Example 5.8. Let X = {a,b}. Define the intuitionistic fuzzy subset A as A = (x, (0%5, 0%) , <ﬁ7 %)) Let T,7% : IX — I defined as
follows:
1 ifu=00rl 0 ifu=00rl

tw)=<3 ifu=i1 (=43 ifu=2

0  otherwise, 1 otherwise.
Clearly, 1 — [ is an intuitionistic r-fuzzy closed set. Since Cy o+ (Ir (1 — U, %), %) = Cr+ (0, %) =0#1—pu, 1— u is not an intuitionistic
r-fuzzy regular closed set. Hence 0 and 1 are the only intuitionistic r-fuzzy regular closed sets. Thus 8Cr (1 — p, %) =Ny:1—-u<vyy
is regular closed } =1 # 1 — . Hence 1 — U is not intuitionistic r-fuzzy 8-closed. Therefore, 1 — W is an intuitionistic r-fuzzy closed set
which is not intuitionistic r-fuzzy d-closed.

Example 5.9. Let X = {a,b}. Define the intuitionistic fuzzy subset A as A = (x, (%, 0%) , (O%, 0%)). Let 7,7 : IX — I defined as

follows:

1 ifu=00rl 0 ifu=00rl
ww)=93 fu=r TW=(3 ifu=2
0  otherwise, 1 otherwise.

Since It 1+ (Cr o+ (1, %), %) =L (1—pu, %) = U, W is an intuitionistic r-fuzzy regular open set. Thus 1 — W is an intuitionistic r-fuzzy regular
closed set, and consequently §Cr (1 — [, %) =Ny:1—u <v, yis regular closed } = 1— p. Hence 1—  is an intuitionistic r-fuzzy
8-closed set. But 6Cr ¢« (1—p, %) = N{Cr o (7, %) cyeT,1—u <yy=1%#1—u, and hence 1 — p is not intuitionistic r-fuzzy 0-closed.
Therefore, 1 — W is an intuitionistic r-fuzzy 8-closed set which is not intuitionistic r-fuzzy 6-closed.

Theorem 5.10. If A is an intuitionistic r-fuzzy open set in an intuitionistic smooth fuzzy topological space (X, 7T,T*), then the intuitionistic
fuzzy closure and intuitionistic fuzzy 8-closure are the same, i.e. Cz ~(A,r) = 6Cr 1+ (A,r).

Proof. By Theorem 5.5, it is sufficient to show that 6Cz ¢+(4,r) < Cr 1+(A,r). Take any x(a, B) € 6Cr ¢+ (4,r). Suppose that x(ct, B) ¢
Cz.r+(4,r). Then there exists an intuitionistic fuzzy g-neighborhood 7y of x(, 8) such that y g 4. Since Y g A, we have y < 1— A. Since
1— A is an intuitionistic r-fuzzy closed set, Cz ¢+ (Y,7) < Cr o+ (1 —A4,r) = 1 — A. Therefore, It t+(Cr o+ (,7),r) <Ie (1= A,r) < 1T—A,
that is, I ¢+ (Cz,z+(Y,7),r) g A. By Lemma 5.4, I t+(Cr ¢+ (A, r),r) is an intuitionistic r-fuzzy regular open g-neighborhood of x(e, B) such
that It ¢+ (Cr,0+(A,7),r) § A. Hence x(¢ot, ) ¢ 6Cr (A, r). O

In fact, the intuitionistic fuzzy closure and the intuitionistic fuzzy §-closure are the same for any intuitionistic fuzzy semi-open set as follows.

Theorem 5.11. For any intuitionistic r-fuzzy semi-open set A, Cy ¢+(A,r) = 8Cr ¢+ (A, r).

Proof. Enough to show that 6C; +(A,r) < Cr1+(A,r). Take any x(o,3) € 6C;+(A,r). Suppose that x(a,B) ¢ Crr+(A,r). Then
there exists an intuitionistic -fuzzy open g-neighborhood u of x(a, ) such that u g A. By definition of intuitionistic r-fuzzy semi-
open set, there exists an intuitionistic 7-fuzzy open set ¥ such that y < A < Cr +(7,r). Thus u <1—24 <1—7. Hence Cr ¢+ (U,r) <
Coo(1—=A,r) <Cr - (1— 7, r)=1—y. Also I ¢+ (91;71* (u,r),r) <It oo (Co oo (1=A,r),1r) <Ip o+ (Copor (1= )ﬁr), r)=I(1—y,r)<1-7,
ie. It (Coer(,r),r) < 1—7. Therefore y < 1 — It (Cr o (1,r),r). Hence A < Cro+(7,r) < Crpo(1 — (Iror (Coor (W, 7),7),7)) =
1—Ir o (Cr oo (U,7),7) because 1 — Iz o+ (Cr < (1, 7),r) is an intuitionistic -fuzzy closed set. Then we have I 1« (Cr 0+ (1,7),7) § A. By
Lemma 5.4, It r+(Cr ¢+ (1, 1), 7) is an intuitionistic r-fuzzy regular open g-neighborhood of x(o, B) such that It t+(Cz o+ (1, r),7) g A. Hence
x(o,B) ¢ 6Cr 1 (A,r). O

Theorem 5.12. If A is intuitionistic r-fuzzy preopen, then Cr t+(A,r) = 8Cr ¢+ (A, 1) = 0Cr 1+ (A, r).

Proof. Let A be intuitionistic r-fuzzy preopen set. We only show that 0Cz ¢+ (4,r) < Cr (A, r). Since A <Ip ¢+ (Cr 1+ (A,7),r), 0Cr o+ (A, 1) <
Croo(A,r). O

Corollary 5.13. If A is intuitionistic r-fuzzy preopen and intuitionistic r-fuzzy regular closed, then 0Cz ¢+(A,r) = A.

Proof. Clear. O
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Theorem 5.14. Let A and | be two intuitionistic fuzzy sets in an intuitionistic smooth fuzzy topological space (X, t,T*). Then we have the
following properties:

1. 8Cr+(0,r) =0,

A <6Cr (A1),

A <u=8Crr(A,r) <8Crr(,r),

0Cr o+ (A, r)VOCy oo (U, 1) = 8Cr o+ (AV 1, r),
0Cr o+ (AN, 1) < 8Cr (A, r) NOCr o+ (1, 1).

Lk

Proof. (1). Obvious.

(2). Since A < Crp+(A,r) < 8Cr g+ (A,r), A < 8Cr 1+ (A,r). (3). Let x(cr,) be an intuitionistic fuzzy point in X such that x(a, 8) ¢
0Cr ¢+ (1, r). Then there is an intuitionistic r-fuzzy regular open g-neighborhood y of x(c, B) such that yg u. Since A < u, we have yg A.
Therefore x(a, B) ¢ 6Cr - (A, r).

4). Since A <AV, 8Crr+(A,r) < 8Cr+(AV u,r). Similarly, 8Cr (1, r) < 6Cr o+ (A V U,r). Hence 6Cr o+ (A, r,a) V 0Cr o+ (1, 7) <
O0Cr (A V 1,r). To show that 6Cr ¢+ (A V U, r) < 8Cr - (A,r)V 8Cr (U, r), take any x(ct, ) € 8Cr +(A V u,r). Then for any intu-
itionistic r-fuzzy regular open g-neighborhood y of x(a,B), ¥ ¢ (A vV u). Hence y g A or y ¢ p. Therefore x(c,B) € 6Cr +(A,r) or
x(o,B) € 6Cr o+ (u,r). Hence x(at, B) € 6Cr o+ (A,r)V 8Cr 1+ (U, 7).

(5). Since AN <A, 8C; o+ (AN, 1) < 8Cr o+(A,r). Similarly, Cr ¢+ (AA L, 1) < 8Cr o+ (U, r). Therefore 6Cr - (A AU, ) < 8Cr (A, 1) A
0Cr o+ (U,r). O

In general, finite intersection of intuitionistic r-fuzzy regular closed sets is not intuitionistic r-fuzzy regular closed. However, intuitionistic
r-fuzzy &-closed sets have a nice properties as in the following theorem.

Theorem 5.15. Let (X,7,7*) be an intuitionistic smooth fuzzy topological space. Then the following hold:

1. Finite union of intuitionistic r-fuzzy 8-closed sets in X is an intuitionistic r-fuzzy 8-closed set in X.
2. Arbitrary intersection of intuitionistic r-fuzzy 0-closed sets in X is an intuitionistic fuzzy 6-closed set in X.

Proof. (1). Let A1 and A, be intuitionistic r-fuzzy §-closed sets. Then 8Cz t+(A1 V A2, r) = 8Cr 1+ (A1,1)V 0Cr o+ (A2, 1) = A1 V 4. Thus
A1V Ay is an intuitionistic r-fuzzy 8-closed set.

(2). Let 4; be an intuitionistic r-fuzzy 8-closed set, for each i € I. To show that 6Cz ¢+ (A;,r) < A;, take any x(ct, B) € 6Cr (A, r). Suppose
that x(ct, B) ¢ A;. Then there exists an iy € I such that x(a, B) ¢ A;,. Since 4;, is an intuitionistic r-fuzzy 8-closed set, x(¢t, B) & 6Cr + (Aiy, r).
Then there exists an intuitionistic r-fuzzy regular open g-neighborhood 7 of x(et, ) such that y g A;,. Since ¥ g 4;, and 4; < A;,, we have
v q Ai. Thus x(ot, B) ¢ 6Cz ¢+ (A4, r). This is a contradiction. Hence 8Cr ¢+ (Ai,r) < A;. O

Theorem 5.16. Let 'y be an intuitionistic fuzzy set in an intuitionistic fuzzy (X, t,7*), then 6Cr ¢+ () is the intersection of all intuitionistic
r-fuzzy regular closed supersets of ¥, or 8Cr o+ (Y, r) = N{n : ¥ <1 = Cror (It v+ (0, 7),7) }.

Proof. Suppose that x(ct, ) ¢ AN{n : ¥ <1 =Cr Iz (n,r),r)}. Then there exists an intuitionistic r-fuzzy regular closed set 1) such that
x(a,B) ¢ n and y < 7. Since x(a, ) ¢ 1, x(et,B) ¢ 1 — 1. Note that y < 1 if and only if yg 1 — 1. Thus 1— 7 is an intuitionistic r-fuzzy
regular open g-neighborhood of x(e, ) such that yg 1 —n. Hence x(, ) & 8Cr .+ (¥, 7). Letx(ct, B) € A{n : Y <0 =Cr o (It o+ (n,7),7)}.
Suppose that x(¢t, 8) ¢ 6Cz ¢+ (7, 7). Then there exists an intuitionistic r-fuzzy regular open g-neighborhood A of x(c, B) such that yg A. So,
y<1—A. Sincex(at, ) g A, x(ct,B) ¢ 1— A. Therefore, there exists an intuitionistic fuzzy regular closed set 1 — A such that x(ct, ) ¢ 1 — A
and y < T—A. Hence x(o, B) & A{n : ¥ <N = Cr+(It,z+(n,r),r)}. This is a contradiction. Thus x(e, ) € 6Cy ¢+ (¥, 7). O

Remark 5.17. From the above theorem, for any intuitionistic fuzzy set A, the intuitionistic fuzzy 6-closure 6Cr 1~ (A,r) is an intuitionistic
r-fuzzy closed set. Moreover, §Cr 1+(A,r) becomes intuitionistic r-fuzzy 8-closed.

Theorem 5.18. If A is an intuitionistic r-fuzzy regular closed set, then A is an intuitionistic r-fuzzy 8-closed set.

Proof. Let A be an intuitionistic r-fuzzy regular closed set. Then Cg 7+ (Iz ¢« (A,r),r) = A. By Theorem 5.14, §Cr ¢« (A,r) = A{u: A <pu =
Cr o+ (Irz+(u,r),r)} = A. Thus A is intuitionistic -fuzzy -closed. O

Theorem 5.19. For any intuitionistic fuzzy set A, 8Cr ¢+ (A, r) is an intuitionistic r-fuzzy 8-closed set.
Proof. By Theorems 5.14 and 5.18. O

Theorem 5.20. Intuitionistic fuzzy 8-closure satisfies the Kuratowski closure axioms.
From the results of intuitionistic fuzzy §-closure which are obtained above, we have following properties of intuitionistic fuzzy &-interior.

Theorem 5.21. Let A and [ be two intuitionistic fuzzy sets in an intuitionistic smooth fuzzy topological space (X, t,T*). Then we have the
following properties:

1. 81 <(0,r) =0,

2. A >8I0 (A,r),

3 A<V = 8l (A1) < Slp e (U,7),

4. 8L (A1) NS (l,7) = Sl oo (A A, r),
5. 8L (AV 1) <8Iy oe (A, 1) V 81 o+ (1, 7).

Theorem 5.22. Let (X,7,T*) be an intuitionistic smooth fuzzy topological space. Then the following hold:

1. Finite intersection of intuitionistic r-fuzzy 8-open sets in X is an intuitionistic r-fuzzy 0-open set in X.
2. Arbitrary union of intuitionistic r-fuzzy 8-open sets in X is an intuitionistic r-fuzzy 6-open set in X.
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Theorem 5.23. Let A be an intuitionistic fuzzy set in an intuitionistic smooth fuzzy topological space (X,T,7*). Then Iy ~(A,r) = \/{y:
It oo (Coor (7,1),r) =y < A}. As a result, 81z o+ (A, r) is an intuitionistic r-fuzzy open set.

Corollary 5.24. 1. If A is an intuitionistic r-fuzzy 0-open set in an intuitionistic smooth fuzzy topological space (X,T,7T*), then A is an
intuitionistic r-fuzzy open set.
2. If A is an intuitionistic r-fuzzy 0-open set in an intuitionistic smooth fuzzy topological space (X,T,T*), then A is an intuitionistic
r-fuzzy 6-open set.

Theorem 5.25. For any intuitionistic fuzzy set A in an intuitionistic smooth fuzzy topological space (X,t,t%), 8I¢ o+ (A,r) < 6l z+(A,r) <
It o+ (A,r). In particular, for any intuitionistic r-fuzzy closed set A, 81y 1+ (A,r) = 81; o+ (A, r) = Iy« (A,r).

Corollary 5.26. If A is an intuitionistic r-fuzzy regular open set, then A is an intuitionistic r-fuzzy 8-open set.

Corollary 5.27. For any intuitionistic fuzzy set A, 81 ¢+ (A,r) is an intuitionistic r-fuzzy 8-open set.

6. Conclusion

In this paper, we have studied an application of intuitionistic fuzzy set theory to a smooth Topological space which is a well known topological
structure. Based on these results, we plan to study applications of intuitionistic fuzzy set theory in other topological structures. We also plan
to use of the results of this paper to solve decision making problems and study (Pythagorean) fuzzy trends. We hope that researchers can
apply these to applications in the real world.
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