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Abstract — In this paper, we introduce Smarandache curves of an affine C*°-curve
in affine 3-space. Besides, we present the relationship between the Frenet frames of
the curve couple and the Frenet apparatus of each obtained curve.

Keywords — Affine curve, affine frame, Smarandache curves, affine 3-space

Mathematics Subject Classification (2020) — 53A15, 53A55

1. Introduction

In the theory of curves in differential geometry, one of the interesting problems studied by many
mathematicians is to characterize a regular curve and give information about its structure. Using
the curvatures x and 7 of a regular curve, its shape and size can be determined, so the curvatures
play an important role in the problem’s solution. The relationship between the corresponding Frenet
vectors of the two curves gives another approach to solving the problem. For example; involute-evolute
curve couple, Bertrand mate curves and Mannheim mate curves result from this relationship. Another
example is Smarandache curves, which are defined as regular curves with the location vector generated
by the Frenet vectors of the regular curve. Smarandache curves have been widely studied in different
ambient spaces ( [1-17]).

While Euclidean differential geometry is the study of differential invariants regarding the group of
rigid motions, affine differential geometry is the study of differential invariants regarding the group of
affine transformations * — Az + b, A € GL (n,R), b € R™ acting on x € R", i.e., nonsingular linear
transformations together with translations, denoted by the Lie group A (n,R) = GL (n,R) x R™ with
a semi-direct product structure, (see [18,19]). Moreover, “affine geometry” is also called “equi-affine
geometry”, where we restrict to the subgroup SA (n,R) = SL (n,R) x R™ of volume-preserving linear
transformations together with translations.

In this paper, we introduce TN, T B, NB and T'N B—Smarandache curves corresponding to a
regular C*°—curve in affine 3—space As. We also establish the relationship between the Frenet frames
of the pair of curves and the Frenet apparatus of each curve.
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2. Basic Concepts
In this section, we give the information to understand the main subjects in this paper (see for
details [20-22]).

A set of points whose elements correspond to a vector of the vector space V over a field is called

the affine space associated with V. We refer to Az as an affine 3-space associated with R3.
An arbitrary curve a: I C R — Agz is called a regular affine curve if for all r € 1

do o 3o
det (dT‘ (7’), dr2 (7’), dr3 (7’)) 7& 0
and the arc-length of « is defined as

sy = [ (G 0. Ga 0. 55 0)

Here, s is called the parameter of the affine arc-length if

da d?a AP
det (59,55 (9. 55 () =1
_ da

Remark 2.1. In this paper, the prime denotes differentiation concerning the parameter s, i.e., o' = Fh

etc., while a dot is reserved for differentiation concerning any arbitrary parameter r, i.e., & = Z—i‘ etc..

For an affine C*°—curve « in As parameterized by the parameter of the affine arc-length s, x and
7 are called the affine curvature and the affine torsion of a given by

k(s) = det [a'(s), o (s), a(i“)(s)] (1)

and
7(s) = — det [o/’(s), o (s), a@‘v)(s)} 2)

From the definition of k(s) and 7(s), we get

™) () + k(s)a(s) + 7(s)e/(s) = 0

that is
d o/(s) 0o 1 0 a/(s)
o a(s) |=1 0 0 1 (s (3)
a”(s) -7 -k 0 a”(s)
Let us set

T:O[/’ N:Oé”, B :a///

Then, we can write the relation (3) as

T 0 1 0 T
Nl=|l0 o 1||N (4)
B’ -7 —k 0 B

Here, T, N and B are called the tangent vector, the normal vector, and the binormal vector of «,
respectively. Also, {T, N, B} is called an affine Frenet frame of a.

Example 2.2. Let a be an affine C*°—curve in As with parametric equation

a(s) = (cos s,sin s, s)
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The affine Frenet frame of « reads

T(s) = (—sins,coss, 1)
N(s) = (—coss,—sins,0)
B(s) = (sins, — cos s, 0)

It follows that the curvatures of o have the form
k(s) = det [a’(s),a"'(s),a(w)(s)} =1
and .
7(s) = —det [o/’(s), a”(s), oz(w)(s)] =0

Then, we can write

3. Smarandache Curves in Affine 3—space

In this section, we consider an affine C°°—curve « and define its affine Smarandache curves in affine
3—space As. Let a = a(s) be a regular affine C*°—curve with affine Frenet frame {T', N, B} in As.
Denote by g = (u) arbitrary affine C*°—curve, where u is the parameter of the affine arc-length of 3.

Definition 3.1. Let « be an affine C°°—curve in affine 3—space A3. A curve 3 defined by
1
u(s)) = —=(T'(s)+ N(s )
Bu(s)) \/5( (s) + N(s)) (5)

is called the T'N —affine Smarandache curve of a.

Definition 3.2. Let « be an affine C°°—curve in affine 3—space A3. A curve 3 defined by

Bluls)) (T'(s) + B(s)) (6)

_ L
V2
is called the T'B—affine Smarandache curve of a.

Definition 3.3. Let « be an affine C°°—curve in affine 3—space A3. A curve 3 defined by

1
Bluls)) = E(N(S) + B(s)) (7)

is called the N B—affine Smarandache curve of «.

Definition 3.4. Let « be an affine C*°—curve in affine 3—space As. A curve 5 defined by

1
Blu(s)) = %(T(S) +N(s) + B(s)) (8)

is called the TN B—alffine Smarandache curve of a.

Next, we obtain the affine Frenet frame {73, N3, Bg}, and the curvatures xg and 73 of affine
Smarandache curves of «.
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3.1. T'N —affine Smarandache curve

Taking the derivatives 5(u (s)) concerning u, we obtain

dp dp ds
o2 = =22 9
du ds du )
d2p 28 (ds\? dj d3s
ap _ apfas halutadid 10
du? ds? (du) T s a2 (10)
3 3 3 2 2 3
Ppo_ BB (ds\' PAds s d3ds )
du3 ds3 \ du ds? dudu? = ds du3
and since u is the parameter of the affine arc-length of 3, i.e., det(%, j%é, Z%é) = 1, we can easily
obtain 6 , \
du dg d*p d°p
e —det | —, ==, —C 12
<ds> ¢ (ds’dsQ’ds3> (12)
Using the relations (4) and (5) we get
dg 1
— = —(N+B
d’B 1
3B 1
-3 = E[(—T’—T)T—i—(—/ﬁ'—T—/ﬂ)N—/ﬁB]
and so, from the relation (12)
d 1 1/6
CTZ - <2\/§ [(T’ + 7') (k+1)—71 (H' + T)]) (13)
Without loss of generality, we assume that du = ds. Then the affine Frenet frame’s vectors are given by
T, = N+ Llp (14)
TV TR
T K 1
Ny = —T—-"N+__B 15
and , ,
T+T K +T+K K
Bg = — — N - —B 16
Differentiating the equation (16) concerning s and using the relations (4) we obtain
" o " / / 2 /
B’ﬁ:—T +7 KT o K + 27"+ kK +T+/€N_2:‘£ +T+I€B (17)

V2 V2 V2
Since By = —73T)3 — ks Ng, from the relations (14)-(17) we have

"+ 7 — kT
Rg = —f

and
" — %' — 7 + 12 4 2kT

T

T8 = —
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Theorem 3.5. Let o : I € R +— Az be an affine C*°—curve in affine 3—space A3 with the affine
Frenet frame {T', N, B} and the curvatures x and 7. If 5 : I C R — Ajg is T N—affine Smarandache
curve of a, then its frame {73, Ng, Bg} is given by

0 1 1
Ts V2 \{i T
T K
Ng | = —ﬁ ~/B Vel N (18)
Bﬁ e Y e i A B
V2 V2 V2
and the corresponding curvature kg and 73 read
™+ — kT " =2k — 7+ 72 4 2kT
Kp=————— TB=- - (19)

3.2. T B—affine Smarandache curve

Using the relations (4) and (6) we get

d

% = Ty

d2

Tsf — \}E(_T’T—(K’Jrr)N—(n—nB)

dSIB 1 " " / 2 /

73 = 5[7(7 7HT+T)T7(I{ + 27 — K +K)N7(2H +7’)B}

and so, from the relation (12)
du 1 2 (.1 " / 1! / / 1o
T = ﬁ(_(ﬁ_l) (7" + 1)+ (k= 1) (76" + 377" + 26'7") — (26" +7) (k —|—T)7'> (20)

Without loss of generality, we assume that du = ds. Then the affine Frenet frame’s vectors are given by

T k—1
Ts = ——=T — 21
TR .
o K +T k—1
N, ——T — N — B 22
and
BBZ_T//—KJT—FTT_/<.3//+2T/—/€2+:‘£ _2/@’—1—7'3 (23)
V2 V2 V2
Differentiating the equation (23) concerning s and using the relations (4) we obtain
BZ; _ _T”’ —3k'T — kT 4+ 17 — TZT k" 4+ 37" — AkKk' + K — 2KT —|—7'N_3/<;” +37 — K2+ K g (24)

V2 - V2 V2

Since By = —73Ts — ks Ng, from the relations (21)-(24) we have

3"+ 37 — K2+ Kk
k—1

kg =
and
™ 2kt + 1 3K"T - 3(7)?

T3 =3k + 71— - p—

where k (s) # 1 for all s.
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Theorem 3.6. Let o : I C R +— Az be an affine C*°—curve in affine 3—space A3 with the affine
Frenet frame {T', N, B} and the curvatures x and 7. If 8 : I C R — Ajg is T B—affine Smarandache
curve of a, then its frame {73, Ng, Bg} is given by

Ts V2 y2 . T
_T e _ k-l
BB 7l —kr4r K427 =K%k 26 4T B
V2 V2 V2
and the corresponding curvature kg and 73 read
kg = _BKN kil /{, 8 = 3 + 1 — Ll - 3’ = 3(r')” (26)
k—1 T k—1

everywhere & (s) # 1.

3.3. NB—affine Smarandache curve

Using the relations (4) and (7) we get

% - \;é(—TT—ﬁN—i—B)

2

O (4T (¢ 4+ RN )
d3B 1

pr ﬁ[_ (T”—I—T’—KT)T—(K’/+27/+H,+T—/€2)N—(2/’@/+T+"4)B]

and so, from the relation (12)

ds "t

1/6
du _ ﬁ(—Q(R,)zT —3K'72 — 3+ K'RT 4+ 3KT'T 4+ 27K Kk — K27 + k3T 4+ 2(77)? / (27)
+e"T — K2 R 2T+ KT+ T2 — KT KR — T+ kT — KT — KT

Without loss of generality, we assume that du = ds. Then the affine Frenet frame’s vectors are given by

T K 1

T3 = ——FXT—-—=N+—=B 28
/ /

Ny = T AT —K+T+KN—LB (29)

V2 V2

3

and

B — T//—l-T/—F\ZTT K'+ 27 + K + 71— K2 26 + 17+ K
’ V2 V2 V2

Differentiating the equation (30) concerning s and using the relations (4) we obtain

B (30)

47" =3kl — kT — T2 — KT K" 4+ K"+ 37" + 27" — 4K’k — 2KT — K2
By = - = T s N (31)
3" + 2k + 37 + 17 — K2
— B
V2

Since B = —73T)s — kpNg, from the relations (27)-(31) we have

"+ 7" — k't — kT — KT+ 36T + 37T + K21
T+ T+ KT

Kg = —

and
k" + k7" — 36" — 3(7')% — 2k/T" — 3K"'T — 47'T — 2k'T — 3K'KT — KT? — T2

= T+ 74+ KT
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Theorem 3.7. Let o : I € R +— Az be an affine C*°—curve in affine 3—space A3 with the affine
Frenet frame {T', N, B} and the curvatures x and 7. If 3 : I C R+ Asz is NB—affine Smarandache
curve of a, then its frame {73, Ng, Bg} is given by

T K 1
T3 V2 V2 V2 T
14T K471tk K
Ng | = 7 7 2 N (32)
BB I e i Y i e o o et Vo e B
V2 V2 V2

and the corresponding curvature kg and 75 read

T+ 7"+ 3"+ B — k)T — KT+ (/{2 - H)T
"+ T1+ KT
k" + k" =3 (7' + 1) K" = 3(7)? — 26/ —AT'T — (27 + 3kT) K — (1 4+ k) T2

— 33
78 T+ T+ KT (33)

kg = -

3.4. TN B—affine Smarandache curve

The next theorem can be proved analogously as in the previous three cases.

Theorem 3.8. Let o : I C R +— Az be an affine C*°—curve in affine 3—space A3 with the affine
Frenet frame {7, N, B} and the curvatures x and 7. If 3 : I C R +— As is TN B—affine Smarandache
curve of a, then its frame {73, Ng, Bg} is given by

T L § 1
Ts . >{§ ’l/i v 1 T
7'+ K +T+K K—
Bﬁ B e Gt ) L L o e o e N Ty
V3 V3 V3

and the corresponding curvature kg and 75 read

4" 4+ 3k"T + (3T — k+ 1) T — KT — KT
T+ kT
(k= D7" + (k= 1)7" = 3(7' + 7)&" = 3(7")2 + (k — 1)7" — (36 — 1) K'T — (47 + 2K') 7/ — K72

kg =

T = -
p T+ KT

4. Conclusion

Recently, many studies have been done on the curve theory in affine 3-space (see [23-26]). However,
until now, Smarandache curves in affine 3-space have not been defined and their characteristics have
not been examined. Therefore, in this paper, TN, T B, NB and T'N B-Smarandache curves whose
position vector are made by Frenet frame vectors on another regular affine C*°-curve o with the affine
Frenet frame {T', N, B} in affine 3-space A3 are introduced. The affine curvature xg, the affine torsion
73, and the expression of the affine frame vectors {T3, Ng, Bg} of Smarandache curves are obtained.
Also, the relationship between the Frenet frames of the curve o and Smarandache curves is given.
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