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ABSTRACT
In this paper, we consider the boundary value problem (bvp)
n
yi + 2y = Z Vie()yi, x € R, := (0, 0) y;(0) + (@ + iay A + @,4%)y;(0) = 0,j = 1,2,...,n
k=1
n
where A is the spectral parameter and V(x) = ||ij (x)|| is a Hermitian matrix such that
1

o0,(x) = f tlV(t)|dx < o, x € R,
X

and @, @; and a, are real numbers, @, = 0,a, > 0,a, + ia; A + a,A? # 0 for 1 = iy, u > 0.

We have obtained the uniqueness of the solution to the inverse problem of scattering theory on the semiaxis for the
boundary value problem with a spectral parameter.
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1. INTRODUCTION

The inverse problem of scattering theory for
—y" +q(®y =A%y @)

with boundary condition not containing a spectral
parameter were studied in [1-3]. The direct and inverse
scattering problems for a selfadjoint infinite system
second-order difference equations with operator-valued
coefficients are considered in [4]. The uniqueness of the
solution to the inverse problem of scattering theory for
the following equation

—y" +q®y =A%y @
with a spectral parameter in the boundary condition
y'(0) + (ag + iay A + a;A*)y(0) = 0 3

was studied by Kh.R.Mamedov [5].

We consider the bvp

yj + A%y = TR Vie(Oye X €Ry = (0,00)  (4)
y;(0) + (@ + iay A + a;A%)y;(0) =0, j =1,2,..,n
()

where 1 is the spectral parameter and
n
Vix) = ||ij(x)||1 is a Hermitian matrix such that

o (x) = fxw tlV(t)|dx < oo, x € R, (6)

and a,, @, and a, are real numbers, a; = 0, a, >

0,ap + iayA + ayA? # 0 for A = iy, u > 0.

Clearly we can study the matrix differential equation
Y' +22Y =V(x)Y,x € R, @

instead of the system (4). It is well known that (see [2])
under the condition (6) Equation (7) has a solution
E(x, ) given by

E(x, ) = e] + fxm K (x, t)edt, (8)
where the matrix K (x, t) satisfies the inequality
1 x+t
< 2o ( )
|K(x,t)| < > e 7{—
o(x) = [ V(©)ldt. ©)

for
x € Ry (and for x =
0 as well, in the event that g; (0) < ), E(x, ) is

w(x, 1) =

N| =

where

regular in C, and continuous on C... Moreover, the
matrix K (x, t) and potential are related to

K(xx) =3 [ V(). (10)
In this paper we shall use the following notations:
C,={Ax21€eCImA>0}

C,={1:1€C Imr=0}

| is the identity matrix,

A" is the complex conjugate transpose of the matrix A.

Al =max ) |l
j %
denotes absolute value of a matrix A = ||ajp||.

A matrix is said to be continuous if all its elements are
continuous functions. In the same sense, we shall refer
to a matrix as being summable, differentiable, regular,
etc.

Lfn) (@, B) denotes the Hilbert space of vector functions
fx) ={fi(x), ..., fn(x)} with components square
summable over (a, B) and with scaler product defined
by

B n
G Dap= [ D Sl g
o k=1

Moreover we have

2iAl forImA =0 }(11)
0 for ReA=0,ImA>0
Here W denotes the Wronskian of E*and E. As Ais
real and nonzero E(x,1) and E(x,—A) form the

fundamental system of solutions of the equation (4) and
the Wronskian of this system is

WAE (x, 1), E(x,—A)} = —2iAl forImA =0

W{E* (e, 1), E(x, 1)} = {

Consider the solution w(x, 1) of equation (4) satisfying
the initial conditions

w(0,2) = Lw(0,1) = —(agy + ia A + a,A?)I.
Now we have the following:
Lemma 1:

For AeR \ {0} the following expression for w(x, 1) is
valid

[E(x,=2) — ECe, DSI[E* (=2) + (ap + iaz A + azA2)E*(—2)] (12)

S = [E* ) + (@ + iz A + a,22)E*(D][E* (=) + (a0 + iz A + a,A2)E* (=)™ (13)

with S*(4) = S(-1)

Proof:
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Since E(x, 1) and E (x, —A) form the fundamental solution system of equation (4) for A¢R \ {0} then (12) can be obtained
easily. From the initial conditions we deduce the following result

E'(—A) + (ag + ia; A + aZAZ)E(—A)][E*'(—A) + (ap + i A + @A) E* (- )] (14)
=E'(D) + (ap + iay A + a,A2)E)] [E* () + (@ + iag A + a,22)E* ()]
By (14) we obtain that S*(1) = S(=A).
Lemma 2:
The function detF (1),
in which
F(1) :=E'(0,1) + (ag + iay A + a,A2)E(0, 1)
can have only a finite number of zeros in C, . Moreover, all these zeros are simple and lie on the imaginary axis.
Proof:
From (8), (9) we obtain that
F(A) = a2 + 0()

when |1] - oo, 2eC, so that the zeros of detF (1) form a bounded set with at most one possible limiting point 1 =10.
(Since F(x,4) is nonsingular detF (1) # 0 for AeRR) . We can show the method given in [2] that the number of zeros of
detF (1) is finite even if detF(1) = 0. So we get that the matrix function F~1(4) is regular in C, with the possible
exception of a finite number of points where detF(1) = 0. (i.e. F~1(1) has poles). Let us now show that all the
singularities of the matrix function F~1(1) lie on the imaginary axis: Let A, and A, be some poles of F~1(1).

Consider the following differential equation for A,
E"(x, A1) + A2E(x, A1) = V(x) E(x,11)
and its complex conjugate transpose for A,
= \2
(E")"(x,22) + (A2) E*(x,42) = V(x) E*(x,22)

Multiplying the first equation by E*(x, 1,) and the second equation by E (x, 1,), subtracting the second resulting relation
from the first, and integrating the result from zero to infinity, we get

= \2
()" [ B (o A)BCo 2 dx = WHE" (6 4G Ao = O (15)
0
where A, A, are the points for which the inverse of F(1) does not exist. Hence obviously there exists a nonzero vector a
such that
F(1)a =0, i=1,2
Thus the solution E(x, A;)a of the system (4) satisfies (5).
Therefore Wronskian in (15) takes the form
WHE™ (x, )E(x, A3)}x=0 = E*(0,41)E"(0,2;) — (E*)'(0,A)E(0, 2;).

Multiplying the last equation from the right by a vector a and from the left by a* and using the fact that F(4;)a = 0 for
i=1,2 . Therefore follows that

. 7 T \2 * Lk
WAE" (6, A)E (6, A bemo = [—ica (B +20) + @2 (1) = 42)] @ B*(0, 1) Ex, Apa
for A; = A, . Hence substituting the last equation into equation (15) we obtain that

(A +
W[ -7) fo°° E*(x,1)E(x,A)dx + ia;a*E*(0,1,)E(0,A)a + a5 (A; — (16)
1) a*E*(0,4,)E(0,A,)a] = 0

It follows from (16) that the zeros of detF (1) are of the form A =iy, u > 0.
Now let us show that all the singularities of the matrix function F~1(2) in C, are

simple poles.
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Differentiating the equation
E"(x,2) + 2E(x, 1) = V(X)E(x, 1)

with respect to A and then taking the complex conjugate transpose of both sides of the resulting equation, we deduce

(E*Ce, D))" + 22E (6, ) + (1) E* (%, ) = E*(x, DV (x)

for AeC, . Postmultiplying the last equation by E(x, 1) and subtracting the first resulting equation from the second, after
first premultiplying it by £*(x, 1) we obtain that

E*(x, DE" (x, 1) — (E*(x,1))"E(x,2) = 2AE"(x, DE (x, 1)
Integrating both sides of the last equation from 0 to co we obtain that

E*(x, DE' (x, 1) — (E*(x, ) E(x,2) = ZAfooE*(x, DE(x, A) dx 7

X

for AeC,.

Let Ag=ipy , woeC, be apole of F~1(A). Then we have detF(4,) = 0 and hence there exists a nonzero vector
a such that

F(Ag)a=0 (18)
Thus the solution E(x, Ay)a of the system (1) satisfies

E'(0,20)a + (ag + iayAg + a3A3)E(0,4,)a = 0
for A= 2,.

Since
W{w(x, 9)E (x, 29)}x=0 = F (4¢)

then
E(x,A0)a = w(x, Ao)ay
here a; is some vector and then
chig(])E(x,Ao)a =E(g)a=w(Ay)a; = a4
exist and
E(x,10)a = w(x, 1g)a,

Substituting 1 = A, into (17), multiplying this equation from the left by a* and from the right by a and then letting x tend
to zero, we get that

—ia"F* (iug)E (ipg)a = 2ug fooo[E(x, ino)al”[E (x, ipgyaldx + (ay + 2aap0)a"E* (ipo)E (ipg)a # 0 (19)
In addition the condition (16) we now suppose that the vector a satisfies the equation
F(Ao)b+F(Ag)a=0 (20)
where b is some other vector.

Taking the complex conjugate transpose of both sides of the matrix equation (20) and postmultiplying the resulting
equation by E'(1y)a we deduce that

b*F*(Ao)E'(Ag)a + a*F*(Ag)E'(Ag)a =0
By the definition of F (1) and (18), the first term of the left hand side of the last equation is
b*F*(A0)E'(Ag)a = b*(E*)' (AQ)E(Ag)a =0
and hence the second term is
a*F*(Ag)E'(A)a =0

which gives a contradiction to (19) by the definition of F(4,). This shows that the vector satisfying (18) and (20)
simultaneously must be zero. Therefore by Lemma 2.2.1 in [2] we get that F~1(1) has a simple pole at A, as claimed.
(i.e. all zeros of detF(A) are simple).
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By the definition of F (1), we can obtain the following asymptotic equality

FQ) = ap2? [1 +0 G)]

as [A| - oo. Therefore S(A) is called the scattering matrix and satisfies the asymptotic equality S(1) = I + 0(%) as

|A| > oo. Hence I — S(A)€eL%,)(—w, ) and therefore the function

1 (® .
F(t) = ﬂf (I=5s)e*tda
belongs to L?,,) (—co, ).

To derive the main equation we rewrite (12) in the following form:

2iw(x, D[E*'(—2) + (ao + ia; A + aZAZ)E*(—/T)]_l =E(x,—1) — E(x,)S(1)
and substitute E (x, 1) in this by its expression (8). Then we get that

2iw(, D[(ED)'(—A) + (ap + i A + aZAZ)E*(—D]_l + 2isinAxl =

e[ =S + [ K(x, e ™dt + [~ K(x, e dt[l — S(D] — [ K (x, t)e'*tdt (21)

il
We now multiply the left hand side of (21) by % and integrate the result from —oo to oo over A. On the left hand side we
get

= Yooy 20w (x, )Ry, e (22)

where Ry is the residue of the matrix F~1(1) at the pole A, = iy, , u, > 0. Since the second term 2isinAxI of the left
hand side of the equation (21) is an entire function of A. Therefore the integral will be zero. On the right hand side, since
K(x,t) = 0 when x > t, we obtain that

F(x+y) + K@) + [ Ko OF(t +y)de (23)
for 0 < x <y .Taking (22) and (23) into account then (21) takes the form
FE(+y) + K@ y) + [ KCo, OF(t + y)dt = —2i ¥h_ wew(x, i) Rje™,0 < x <y (24)

Taking into account (17) for 1 = A, we convert the right hand side of (24) into another form. For this purpose, we have

E*(x, Ak)E’(x,Ak) - (E.'*(X,Ak))’E(x,Ak) = Zlk fooE*(t,Ak)E(t, Ak)dt (25)

X

using (17) and the relations
F(A)Ry = RiF(Ay) = 0.
FORD + F(L)R, — ROF() + RiF () = 1. (26)

Let P, denote a Hermitian matrix which is a projection onto the null space of the matrix F(4;) so that F(1;)P, = 0. The
set of vectors with form R,a , a is an arbitrary vector, coincides with the null space of F(4,). Hence

rankR; = rankPy
And
PyRy =Ry [2] (27)

multiplying (25) from the left by Rj and from the right by P, and letting x — 0 in the result we reach the following
equation :

R;F*(Ak)E(O, lk)Pk - (L'a1 + 2a21k)R,’;E*(O, Ak)E(O,Ak)Pk = ZlkR};AkPk (28)

where

Ay = f E*(t, A)E(t, A,)dt
0
is a positive definite Hermitian matrix,

and
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E(0, 4)Pyc = lim E (x, 4) Py -
Using the second equation in (26) and the fact that
WH{E*(x,1), E(x,A)}x=0 = 0 for 2eC,,ReA =0

we arrive at

RicF*(A)E(0, 4)Py = E(0, 44 Py .
Hence taking the last equation and (26) into account we obtain for A, = iy, that

E(0, iw )Py — iy + 2a50)Ri)E™ (0, iy )E(O, ipty ) Py — 2ipy Ry Ay Py (29)
where Ay, is the matrix given in (26).
Now we have
E(x, ip) P = w(x, ing )E (0, ity ) Py

Since each side of the last equation is a solution of matrix Equation (4) when A = iy, and satisfies the same initial
conditions at x = 0. The last equation takes the form

E(x, i) Py = 2ipew(x, i )Ry By (30)
where

ay + 2a;

Bk:PkAkPk‘l‘( Zﬂk

) P 0, i) ECO, i) Py + 1 = Py

by considering (27) in (29). Postmultiplying (28) by B;! we arrive at
E(x, i )M = w(x, iy )Ry, (31)
here
M; = PcB;*
My, ..., M, will be referred to as the normalization matrices. Taking (31) into account , then (22) takes the form

p

P
- Z 2iw(x, ig )Ry, e MY = — Z E(x, i ) M2e iy
k=1 k=1
where

M2 = P,B;t .

Using the expression for E (x, i) given by (8) in the last form of (22) obtained above, we finally deduce that the kernel
K (x, y) satisfies the linear integral equation

Fx+) + K(x,y) + f K OF(t+ y)dt = 0 (32)
b
for 0 < x <y, where
P 14
1 r*® ,
PO = ) Mpe e + (0 = ) MEe o [ (1= S()letdn (3)
k=1 k=1 —%®

Equation (22) is called the fundamental equation of the inverse problem of scattering theory.
Therefore we have proved the following.

Theorem 1:

The kernel K (x,y) of the transformation operator (6) satisfies the fundamental equation (32) for > 0 .

We know that in order to construct the fundamental equation (32), it is sufficient to state the matrix F(t) (kernel of the
fundamental equation). In turn, in order to construct F(t), it is sufficient to know the quantities

S, A2, 2 k=1,..,p

which are called the scattering data of the problem (4)-(5). From (33) we can deduce that F(t) is a Hermitian matrix.
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Given the scattering data, using (33) we can obtain the matrix F(t) and hence the fundamental equation (32) for the
unknown matrix K (x, y). Solving this equation we find the kernel K of the transformation operator. From (10) we reach to
the potential such that
1d
q(x) = -5 K(xy)

Theorem 2:
The equation (32) has a unique solution K (x, y)eL,[x, ).
Proof:
We need to show that the homogeneous equation

x(0) + [ x(F (t +§)d§ =0 (34)

has only the zero solution in L%n)(o, o). We assume that (34) has a different zero solution. By forming the scalar
product of both sides of (34) with x(t) and integrating;

f (x(0), x(©))dt + f ( f *(EVF(t + £)dE, x(£))dt = 0
By using last equation and (33)
L2 e, x(@®)dt + [ x@F (¢ + Odé, x(e)dt + [ (Th_, [Zx(@)MEe #E+DdE, x(0)dt =0 (35)

In (35) interchanging integrals and using Zzzl e H(t+ () series uniform converges (35) can be integrated by
terms. So we obtain following

[°) P [°) o ) 2
x2(@)dt+ Y (| x(@®) e #tdt)2 + | (| x(t)ei#tdt) d& (36)
J w2 Ld
By using Parseval equation of Fourier transformation in (36)
[*) p [*) 2 ©
] o @ras Y[ xoentan w0 [ iwr@ra=o @)
where Parseval equation
[oe) 1 [ee]
| wode=o | er@ra
From
arg(¢(£)) = 6(5)
(37) rewrite as polar formata, we obtaine
p [oe) 2 1 [oe)
Z <J x(t)e—#tdt> + ZJ lp* ()12 (1 — eft+2000)g¢ = . (38)

k=1 V"X
For Re(e!®)+20(k)) = cos(n(k) + 26(k))
Real part of (38) is

p 2
[ee] 1 [ee]

Z <f x(t)e—ﬂfdt)> + Ef lp*(E)I?(1 — cos(n(k) + 20(k))dk = 0
k=1 "% -®

For this equation is equal to zero only situation is

#(§) =0,x(t) = 0.

This is a contradiction. So equation (32) has a unique solution for finite x.
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