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QUASI HEMI-SLANT PSEUDO-RIEMANNIAN SUBMERSIONS
IN PARA-COMPLEX GEOMETRY

Esra BASARIR NOYAN! and Yilmaz GUNDUZALP2
1.2Department of Mathematics, Dicle University, 21280, Sur, Diyarbakur, TURKIYE

ABSTRACT. We introduce a new class of pseudo-Riemannian submersions which
are called quasi hemi-slant pseudo-Riemannian submersions from para-Kaehler
manifolds to pseudo-Riemannian manifolds as a natural generalization of slant
submersions, semi-invariant submersions, semi-slant submersions and hemi-
slant Riemannian submersions in our study. Also, we give non-trivial exam-
ples of such submersions. Further, some geometric properties with two types
of quasi hemi-slant pseudo-Riemannian submersions are investigated.

1. INTRODUCTION

A C°°—submersion ¥ can be defined according to the following conditions. A

pseudo-Riemannian submersion ( , , , , ), an almost Hermitian
submersion ( [27], [29]), bi-slant submanifold ( [3], [5]), a slant submersion ( (7],

[11], [1], [19], [23]), bi-slant submersion ( [21]), an anti-invariant submersion ( (8],
9], 124]), a hemi-slant submersion ( 28], [22]), a quasi-bi-slant Submersion
( [20]), a semi-invariant submersion ( [18], [25]), etc. As we know, Riemannian
submersions were severally introduced by B. O'Neill ( [17]) and A. Gray ( [12])
in 1960s. In particular, by using the concept of almost Hermitian submersions,
B. Watson ( [30]) gave some differential geometric properties among fibers, base
manifolds, and total manifolds. Some interesting results concerning para-Kaehler-
like statistical submersions were obtained by G.E. Vilcu ( [29]).

Motivated by the above studies, we presented quasi hemi-slant pseudo-Riemannian
submersions in para-complex geometry from para-Kaehler manifolds onto pseudo-
Riemannian manifolds. We organized our work in three sections. In section 2, we
gather basic concepts and definitions needed in the following parts. In section 3,
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We examined quasi hemi-slant pseudo-Riemannian submersions in para-complex
geometry that satisfies certain conditions. We give some non-trivial examples of
these submersions which satisfy the conditions of two types, while in we study the
decomposition theorem of two types of the distributions.

2. PRELIMINARIES

By a para-Hermitian manifold we mean a triple (B, P, gg), where B is connected
differentiable manifold of 2n- dimensional , P is a tensor field of type (1,1) and a
pseudo-Riemannian metric gg on B, satisfying

P’E\ = E1, g5(PE\,PEs) = —g5(E:, Es) (1)
where FE7, Fo are vector fields on B. Then we can say that B is a para-Kaehler
manifold such that

VP =0 (2)

where V denotes the Levi-Civita connection on B ( [15]).

Let (B, gg) and (B, gp) be two pseudo-Riemannian manifolds. Being a pseudo-
Riemannian submersion ¢ : B — B provides the following three properties;
(i) ¥y, is onto for all p € B,
(i) the fibres ¥ '(q), ¢ € B, are r— dimensional pseudo-Riemannian submanifolds
of B, where r = dim(B) — dim(B),
(iil) v, preserves scalar products of vectors normal to fibres.

The vectors tangent to the fibres are called vertical and those normal to the
fibres are called horizontal. A vector field U on B is called basic if U is horizontal
and 1- related to a vector field U, on B, i.e., Y Up =Usy, for all p € B. We indicate
by V the vertical distribution, by H the horizontal distribution and by v and h the
vertical and horizontal projection. We know that (B, gg) is called total manifold
and (B, g;3) is called base manifold of the submersion 1 : (B, gg) — (B, gg)

Now, let’s denote O’Neill’s tensors T and A:

ToW = hV,poW + vV,ghW (3)
and

AW = oV,ohW + hV oV (4)
for every U, W € x(B), on B where V is the Levi-Civita connection of gz.

Further, a pseudo-Riemannian submersion ¢ : B — B has totally geodesic fibers
if and only if 7 = 0. Also, if A vanishes then the horizontal distribution is inte-

grable(see [4], [6]). Using (3) and (4), we get
VoW = TuW + VW, (
Vu¢ = Tu¢ + hVu(; (
VU =AU +ovVeU; (

~N O Ut
—_ L
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Ven = A+ hVen, (8)

for any ¢,n € T((ker,)t), U W € T(kery,). Also, if ¢ is basic then hVy¢ =
hV U = AcU.

We can easily see that T is symmetric on the vertical distribution and A is
alternating on the horizontal distribution such that

TwU =TuW, W,U e I'(kery,); 9)

AV = —AvY = oV V], Y,V € T((her,)). (10)

Also, it is easily seen that for any o € I'(TB), T, and A, are skew-symmetric
operators on I'(T'B) , such that

98(TwU, X) = —g5(TwX, U) (11)
98(AWU, X) = —gp(AwX,U) (12)

Definition 1. Let ¢ : (B,g5,P) — (3795) be a pseudo-Riemannian submersion.
Let us assume that the total manifold as an almost para-Hermitian manifold and
base manifold as a pseudo-Riemannian manifold. Then, there exists a pseudo-
Riemannian submersion ¥ is an invariant pseudo-Riemannian submersion if the
vertical distribution is invariant with respect to P, i.e., P(kery,) = (kery,)( [10].

Definition 2. Let ¢ : (B,g5,P) — (3,93) be a pseudo-Riemannian submersion.
Let us assume that the total manifold as an almost para-Hermitian manifold and
base manifold as a pseudo-Riemannian manifold. Then, there exists a pseudo-
Riemannian submersion ¢ such that ker, is anti-invariant with respect to P, i.e.,
P(kery,) C (kery,)*. So, we can say 1 is an anti-invariant pseudo-Riemannian
submersion( [8]).

Definition 3. Let ¢ : (B,g5,P) — (B,gé) be a pseudo-Riemannian submersion.
Let us assume that the total manifold as an almost para-Hermitian manifold and
base manifold as a pseudo-Riemannian manifold. Then, there exists a pseudo-
Riemannian submersion ¥ is a semi-invariant pseudo-Riemannian submersion if
there is a distribution Dy C keri,, such that

kerw* = D1 EB Dg,

and
PD; = Dy, PD, C (keryp, )t

where Dy is orthogonal complementary to Dy in keri, ( [9]).

We know that p is the complementary orthogonal subbundle to P(kert,) in

(kery,)*.
Also we have;

(kerip, )t = PDy @ .
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From here we can say that y is an invariant subbundle of (keri, )+ with respect to
the para-complex structure P.

For any non-null vector field U, € (keri, ), we get
PUz = qUz + rUs,

where qUs is vertical part and rUs is horizontal part.

If for non-null vector field U, € keriy,, the quotient % is constant,
i.e., it is independent of the choice of the point ¢ € B and choice of the non-null
vector field Us € T'(kerw, ), we can say that ¢ is a slant submersion. So, the angle
is called the slant angle of the slant submersion ( [10]).

Let ¢ : (B, g5, P) — (l';’,gg) be a proper slant submersion. Let us assume that
the total manifold as an almost para-Hermitian manifold and base manifold as a
pseudo-Riemannian manifold. Then, we have;
type ~1 if for every space-like (time-like) vector field Us € I'(keri, ), qUs is time-

llqUz2]|
70,1 > b

type ~ 2 if for every space-like (time-like) vector field Us € T'(kerw, ), qUs is time-
like (space-like), and I‘Ilglljfz‘\ll < 1( |10)).

like (space-like), and

Theorem 1. ( [10]) Let v : (B, g5, P) — (B, g3) be a proper slant submersion. Let
us assume that the total manifold as an almost para-Hermitian manifold and base
manifold as a pseudo-Riemannian manifold. Then,
(a) ¥ is slant submersion of type-1 if and only if for any space-like (time-like)
vector field Uy € keri,, qUy is time-like (space-like) and there exists a constant
€ (1,400) such that

¢ = pld.

where Id is the identity operator. If ¢ is a proper slant submersion of type-1, then
= cosh? @, with ¢ > 0.
(b) ¢ is slant submersion of type-1 if and only if for any space-like (time-like)
vector field Uy € keri,, qUy is time-like (space-like) and there exists a constant
w € (0,1) such that

¢® = pld.

where Id is identity operator. If v is a proper slant submersion of type-1, then
p=cos?, with 0 < ¢ < 5

Definition 4. Let (B, gz, P) be an almost para-Hermitian manifold and (B, gp) be a
pseudo-Riemannian manifold. A pseudo-Riemannian submersion ¢ : (B, gp, P) —
(B, gg) is known a semi-slant submersion if there is a distribution Dy € kery, such
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that
kem/J* = D1 [S2) DZ, P(Dl) = D1

and the angle v is known the semi-slant angle of the submersion where Dy is the
orthogonal complement of Dy in kery,.

Definition 5. Let (B, g5, P) be an almost para-Hermitian manifold and (B, gz) be a
pseudo-Riemannian manifold. A pseudo-Riemannian submersion ¢ : (B, gg, P) —
(l”;’, gi) s known a hemi-slant submersion if the vertical distribution keri, of v
accepts two orthogonal complementary distribution D¥ and D&, such that D¥ is slant
and DL is anti-invariant, i.e., we can show

ker, =D¥ @D

Therefore, the angle ¢ is known the hemi-slant angle of the submersion.

¥ : B — Bis a differentiable map and (B, gg) and (B, g) be pseudo-Riemannian
manifolds. Then, the second fundamental form of v is described by

(V)6 V) = VEYV —4,(VcV) (13)

for ¢,V € T'(B). When trace(Vi,) = 0, we can say that 1 is harmonic and ) is a
totally geodesic map when (V,)(¢,V) = 0 for ¢,V € T'(TB) ( [14]). Recall that
VY is the pullback connection.

3. QuAst HEMI-SLANT SUBMERSIONS

Definition 6. Let (B, g5, P) be an almost para-Hermitian manifold and (B, gi) be a
pseudo-Riemannian manifold. A pseudo-Riemannian submersion ¢ : (B, g5, P) —
(l’;'7 g3) s known a quasi hemi-slant submersion if there are three orthogonal distri-
butions D, D¥ and D+, such that

e kery, =D @D © D,

e P(D) =D i.e., D is invariant,
the angle ¢ between PU and D¥ is constant. Also, the angle ¢ is known
slant angle.
e D' is anti-invariant, PD+ C (kery, )t

We can say that ¢ is quasi hemi-slant angle of B.

Now, if we show the dimension of D, Dfand D', by ny,ns and ns, respectively,
we can easily notice the following situations:

(1) If ny = 0, then B is a hemi-slant submersion
(2) If ny = 0, then B is a semi-invariant submersion
(3) If ng = 0, then B is a semi-slant submersion
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If we observe the three items above , we can say that also they are all examples of
quasi hemi-slant submersion.

Let ¢ : (B,g5,P) — (l’;’,gg) be a quasi hemi-slant submersion with type-1 or 2.
Then, we obtain;

TB = kery, @ (kery,)*: (14)
For any non-null vector field U € (kery, ), we get
U= KU + LU + RU, (15)

where KU, LU and RU are projection morphisms of keri, onto D, D¥ and D',
respectively.

We denote endomorphisms ¢, the projection morphisms f on B. For non-null vector
field U € (keri,), we have

PU = ¢U + fU, (16)
where ¢U € kery, and fU € (keri,)*.

From and we get:
PU = PKU)+P(LU)+P(RU),
= O(KU)+ f(KU) + ¢(LU) + f(LU) + ¢(RU) + f(RU).

Since P(D) = (D) and PD+ C (kery,)* we obtain f(KU) = 0 and ¢(RU) = 0.
Now, let us arrange the above equation

PU = ¢(KU) + ¢(LU) + f(LU) + f(RU). (17)
So, we have the following decomposition:
P(ker,) =D @ ¢D? @ fD¥ © PD. (18)

Since, fD¥ C (kery,)* and PD* C (keri,)*, we have;
(kery, )t = fD¥ @ PD* @ u

where p is the orthogonal complementary distribution of fD¥ @ PD* in (kerty,)*.
In adittion, for any non-null vector field W € (kery, )" is decomposed as

PW = BW + CW (19)
where BW € T'(D¥ @ D) and CW € T'(u).

Lemma 1. Let ¢ : (B,g5,P) — (l’;’7 gg) is a quasi hemi-slant submersion with type
~1 or 2. Let us suppose the total manifold as an almost para-Hermitian manifold
and base manifold as a pseudo-Riemannian manifold. Then, we obtain the following
equations:

(a) 6D® = D¥ (b) g0t = {0}

(c) BfD¥ = D¥ (d) BfD*+ =D*.
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Proof. For any non-null vector field W € I'(D¥?), by (16), we have PW = ¢W + fW.
On the other hand, with the help of , PW € I'(D¥), ie., fW = 0. Thus,
we obtain ¢D¥ = D¥. For any non-null vector field U € I'(D*), by , we have
PU = ¢U+ fU. Beside this, by using , PW € (kery,)*, ie., oU = 0. Thus, we
obtain ¢D+ = {0}. To prove (c) and (d), the same method above can be used. [

Lemma 2. Let v : (B, gg, P) — (B, g3) s a quasi hemi-slant submersion with type
~1 or 2. Let us suppose the total manifold as an almost para-Hermitian manifold
and base manifold as a pseudo-Riemannian manifold. Then, we obtain the following
equations:

(a) °Z+ BfZ=2 (b) C?U + fBU =U

(c) ¢BU + BCU = {0} (d) foZ2 4+ CfZ = {0} for all non-null vectors Z €
[(ker,) and U € T'(ker,)t.

Proof. For any non-null vector field Z € T'(ker,), by , we have P2Z = Z.
Using and (19), we have Z = ¢*Z + f¢Z + BfZ + CfZ. If this equation is
considered as decomposed into the vertical and horizontal parts, we obtain (a) and
(d). (b) and (c) can be proved with the same method above. O

Theorem 2. Let ¢ : (B, g5, P) — (B,g3) be a quasi hemi-slant submersion with
type~1. Let us suppose the total manifold as an almost para-Hermitian manifold
and base manifold as a pseudo-Riemannian manifold. In this case, 1 is quasi-hemi-
slant submersion such that:

(a) ¢*Z =cosh®pZ
(b) g5(¢2,0Y) = —cosh® pgs(2,Y)
(¢) 95(fZ,fY) = sinh® pg(Z,Y)
for any space-like(time-like) vector field Z,Y € T'(D¥).
Proof. (a) If 1 is a quasi hemi-slant submersion of type 1, for any space-like vector

field Z € T(D?), ¢Z is timelike and by virtue of , PZ is time-like. Then, there
exists ¢ > 0 such that

162 _ v~ 95(02.02)
P2l /=gs(PZ,P2Z)

Using the above equation, (1)) and (L6]), we get:
95(0° 2, 2) = —g5(¢p2Z,$Z) = — cosh? pgs(PZ,PZ) = cosh? pgs(P?Z, Z).

From the above equation and , we obtain ¢>Z = cosh? pZ.
Everything works in a similar way for any time-like vector field Z € I'(D¥).

cosh ¢ =

(b) For any space-like(time-like) vector field Z,Y € TI'(D¥), by virtue of (),
we get gg(PZ,Y) = —gg(Z,PY). On the other hand, with the help of , we
get gg(0Z + fZ2,Y) = —gp(Z,9Y + fY). If we arrange the last equation, we
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obtain gg(¢Z,Y) = —gg(Z,0Y). Beside this, if Y = ¢Y is accepted, we ob-
tain gg(pZ,¢Y) = —gn(Z,¢*Y). Using Theorem 2(a), we get gg(¢Z,pY) =
—cosh? pgp(Z,Y)

To prove (c¢), the same method above can be used. (]

Theorem 3. Let ¢ : (B,g5,P) — (B, gg) be a quasi hemi-slant submersion with
type~2. Let us suppose the total manifold as an almost para-Hermitian manifold
and base manifold as a pseudo-Riemannian manifold. In this case, ¥ is quasi hemi-
slant submersion such that:

(a) ¢*Z =cos?pZ
(b) g5(¢Z,9Y) = —cos® pgs(Z,Y)
(¢) gs(fZ,[Y) = —sin® pgs(Z,Y)
for any space-like(time-like) vector field Z,Y € T'(D¥).

Proof. This proof can be done using the techniques of the proof of Theorem 2.

Let’s consider para-complex structure on R2" :

o . 9 0 ,_ 0
0y2i 0Y2i—1 ’ 0Y2i—1 0Ya2;

9= (dy")? = (dy*)?* + (dy°®)* — ... — (dy*")?

here i € {1,...,n}. Also, (y1,¥2, ..., y2n) denotes the cartesian coordinates over R2".
|

We can easily present non-trivial examples of proper quasi hemi-slant pseudo-
Riemannian submersions of type~1 and 2.

Example 1. Let’s determine map ¢ : R’ — R}

¢(917 "'7y10) = (y2 Sil’lhﬁ + Y3 COShﬁ7y47y67y9ay10)7

So, ¥ is a proper quasi hemi-slant pseudo-Riemannian submersion with type ~ 1.
By direct calculations, we have

—e 0 8
D=< 6y7’6ys>

0 — h B2 _ i 9 9
D¥ =< Coshﬁay2 51nhﬁay3,6y1 >
1 _ o)
Dt =< 2>

with hemi-slant angle ¢ with (;52 = cosh? B1.
Example 2. Let’s determine map ¢ : R}’ — R}

(Y1, ..., Y10) = (y1sina + y3 cos a, ya sin B + y4 cos B, Ys, Y9, Y10)
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So, ¥ is a proper quasi hemi-slant pseudo-Riemannian submersion with type ~ 2.
By direct calculations, we get

—e 0 9
D=< Jyr’ Oys >

O e O & R D l
D¥ =< —cosag - +sinag-, cos,Bé,y2 + bmﬁay4 >
) . . . 2
Dt =< gz > with hemi-slant angle ¢ with ¢~ = cos?(a — B)1.

Lemma 3. Let ¢ : (B,g5,P) — ([;’,gl;) be a quasi hemi-slant pseudo-Riemannian
submersion with type ~1 or 2. Let us suppose the total manifold as a para-Kaehler
manifold and base manifold as a pseudo-Riemannian manifold. So, we obtain the
following equations.

VoW + To fW = ¢VuW + BTy W (
TooW + HVy fW = fNuW +CTyW (
VVABY + AxCY = pAxY + BHV xY (
AxBY + HVACY = fAxY + CHV 2V (23
VuBX 4+ TyCX = ¢TuX + BHV X (
TuBX +HVyCX = fTyX +CHVy X, (

for any non-null vector fields U, W € T'(kert,) and X,Y € T'(keri,)*.

Proof. For any non-null vector fields U, W € I'(kery,), using (2)), we get

PVyW = VyPW
Hence, using N@N and , we get
BTuW +CTuW + ¢VuW + fNuW = TudW + VoW + To fW + HVy fW

Taking the vertical and horizontal parts of this equation, we get (20) and . The

other assertions can be obtained by using NN and (19).
Now we can show

(Vo)W = VyoW — ¢V W
(Vuf)W = HVy fW — fVuW,
(VxB)¢ = VxB( — BHVx(

(VxO) =HVxCC — CHV xC

for any non-null vector fields U, W € kery, and X,( € (keriy, )+

The above assertions can be obtained by using ~~ and , respec-
tively. (I
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Lemma 4. Let ¢ : (B,g5,P) — (B,gg) be a quasi-hemi-slant pseudo-Riemannian
submersion with type ~1 and type ~ 2. Let us suppose the total manifold as a
para-Kaehler manifold and base manifold as a pseudo-Riemannian manifold. So,
we obtain the following equations.

(Vo)W = BTuW — Ty fW (26)
(Vo)W =CTuW — Ty¢W (27)
(VxB)¢ = ¢Ax( — AxB( (28)
(VxO)¢ = fAx( — AxCC (29)

for any non-null vector fields U, W € keri, and X, ¢ € (kery,)*.

Proof. The proof is simple.
If ¢ and f are parallel with respect to V on B, from and , we have

BTyW =Ty fW and CTyW = Ty¢W for any U, W € T'(TB). O

Theorem 4. Let ¢ : (B,gp,P) — (B,gg) be a proper quasi hemi-slant pseudo-
Riemannian submersion with type~1 or 2 from a para-Kaehler manifold to a pseudo-
Riemannian manifold. The invariant distribution D is integrable if and only if

98(TwoU — TudW, fLC + fRC) = gs(VVu oW — VWU, ¢L() (30)
for any non-null vector fields U,W € T'(D) and ¢ € T'(D¥ & D1).
Proof. For any non-null vector fields U, W € T'(D) and ¢ € I'(D¥ & D). Then using
,7 and obtained:
g8([UW],Q) = —g8(VuPW,PC) + gs(VwPU,P()
= —g8(VuoW,P¢) + g8(Vw U, P()
= g8(TwoU — TudW, fL( + fR()
+ 98(VVwoU — VVyoW, ¢L(). (31)
So, the proof is complete. O
Theorem 5. Let ¢ : (B, g, P) — (B,gg) be a proper quasi hemi-slant pseudo-

Riemannian submersion with type~1 or 2 from a para-Kaehler manifold to a pseudo-
Riemannian manifold. The slant distribution D¥ is integrable if and only if

98(Tu foW — Tw foU, X) = gs(TufW — Tw fU, K X)
+ gs(HVufW —HVw fU, fRX)  (32)
for any non-null vector fields U,W € T'(D¥) and X € I'(D @ D).
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Proof. We only give its proof v is type~1. For any non-null vector fields U, W €
I'(D¥) and X € (D@ D). Then using ,,@, and Theorem 2(a), we get:
98([U W], X) = —gs(VuPW,PX)+ gs(VwPU,PX)

= —g8(VuoW,PX) — g5(Vu fW,PX)
958(VwoU, PX) + g5(Vw fU, PX)
— cosh? pgp([U, W], X)
98(Tu foW — Tw foU, X)
+ g8(TufW + HVy fW,¢KX + fRX)
— g8(Tw fU +HVw fU, oKX + fRX).

_|_

Then, we have;
(1+cosh® p)gs((U, W), X) = gs(TufW — Tw fU, oK X)

+ g8(HVu fW —HVw fU, fRX)

- 98(TufoW — Tw foU, X)
which completes proof. ([l
Corollary 1. Let ¢ : (B,g5,P) — (3795) be a proper quast hemi-slant pseudo-
Riemannian submersion with type~1 or 2 from a para-Kaehler manifold to a pseudo-
Riemannian manifold. If for any non-null vector fields U,W € T'(D¥) and X €
(D& Dh)

HVu fW — HVw fU € T(fD? @ u)
TufoW — Tw f¢U € I'(D?)
TufW — Tw fU € T(D* & D¥)

Theorem 6. Let ¢ : (B,gp,P) — (B,gg) be a proper quasi hemi-slant pseudo-

Riemannian submersion with type~1 or 2 from a para-Kaehler manifold to a pseudo-
Riemannian manifold. The slant distribution D+ is integrable.

Proof. The proof of Theorem 6 is similar to those given in ( [28]). Therefore we
skip its proof. (I

Corollary 2. Let ¢ : (B,gs,P) — (B’,gg) be a proper quasi hemi-slant pseudo-
Riemannian submersion with type~1 or 2 from a para-Kaehler manifold to a pseudo-
Riemannian manifold. In this case, for any non-null vector fields U;W € T'(D+)
we get

TuoPW = Ty PU. (33)
Proof. Using Lemma 1(b), from (20)), we obtain
TufW = ¢(VuW) + BTwU (34)

If we take U = W in and subtracting it from , we get
TofW = Tw fU = ¢ [U, W] (35)
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By Theorem 6 and Lemma 1(b), we get ¢ [U, W] = 0 from (35). This gives (33)),
since fU = PU for every non-null vector field U € D*. O

Theorem 7. Let ¢ : (B,g5, P) — (l’;’,gg) be a proper quasi hemi-slant pseudo-
Riemannian submersion with type~1 from a para-Kaehler manifold to a pseudo-
Riemannian manifold. In this case, the horizontal distribution (kery,)* describes
a totally geodesic foliation on B if and only if

98(AwZ, K( + cosh® L) = —ga(HVwZ, foK( + fSLC)
+95(AwBZ + HVWCZ, fC) (36)

for any non-null vector fields W, Z € (kery, )t and ¢ € (keri,).
Proof. For any non-null vectors W, Z € (kert, )+ and ¢ € (kery,), we get:
98(VwZ,¢) = g5(VwZ, K( + L{ + R()
Then using (1)), ), (7, (). (L6), and Theorem 2(a), we get
98(VwZ,0) = —gs(VwPZ,PK() - gs(VwPZ,PLC)
— g8(VWPZ,PR()
= g8(AwZ, K(+ BfK( + cosh® pL()
+ 98(HVwZ, foK(+ fPL()
— 9B(AWBZ +HVWCZ, fK(+ fL{+ fRCQ).
Since fK¢ =0 and fK{+ fL{+ fR( = f(, we obtain;

98(VwWZ,0) = gs(AwZ, K+ cosh® pL()
+ gs(HVWZ, foK( + foLC)
— 98(AWwBZ + HVWC2Z, f()

which gives proof. O

Similarly, the following conclusion is obtained.

Theorem 8. Let ¢ : (B,gp,P) — (B,gg) be a proper quasi hemi-slant pseudo-
Riemannian submersion with type~1 from a para-Kaehler manifold to a pseudo-
Riemannian manifold. In this case, the vertical distribution (keri,) describes a
totally geodesic foliation on B if and only if

95(TuC + cosh® Ty LE W) = gu(HVu fOKC + HVy fOLE W)
+98(Tu f¢, BW) + gs(HVu fC,CW). (37)

for any non-null vector fields U, € T'(keri,) and W € T'(kery, )= .

Using Theorem 7 and Theorem 8, we get the Theorem 9.
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Theorem 9. Let ¢ : (B,g5,P) — (B,gg) be a proper quasi hemi-slant pseudo-
Riemannian submersion with type~1 from a para-Kaehler manifold to a pseudo-
Riemannian manifold. In this case, the total space is a locally product Brery, X
Byerypr where Biery, and By.,., 1 are leaves of (keri,) and (kery,)*t, respectively,

if and only if @ and are satisfied.

Theorem 10. Let ¢ : (B,g5,P) — (B,gg) be a proper quasi hemi-slant pseudo-
Riemannian submersion with type~1 or 2 from a para-Kaehler manifold to a pseudo-
Riemannian manifold. In this case, the invariant distribution D describes a totally
geodesic foliation on B if and only if

95(TwéZ, fLY + fRY) = —gs(VVwoZ, LY) (38)
and
98(TwoZ,C¢) = —gs(VVWwoZ, BS) (39)
Proof. For all non-null vectors W,Z € I'(D) and ¥ € I'(D¥+ @ D¥2) and & €
I'(kerty,)*. Then using ,,, and fZ =0, we get:
gB(VWZY) = —gs(VWwPZ,PY)
= —gs(VWPZ,PLY + PRY)
= —g8(TwoZ, LY + fRY) — gs(VVWoZ,¢LY)
Then, again using ,,,, and fZ =0, we get:
98(VwZ.§) = —gs(VwPZ,PE)
= —g98(VwoZ, B{ + CY)
= —98(TweZ2,C¢) — gs(VVwoZ, BE).
So, the proof is complete. O
Theorem 11. Let ¢ : (B, g5, P) — (B,gl;) be a proper quasi hemi-slant pseudo-
Riemannian submersion with type~1 or 2 from a para-Kaehler manifold to a pseudo-

Riemannian manifold. In this case, the slant distribution D¥ describes a totally
geodesic foliation on B if and only if

98(Tu fOV,Y) = gs(Tu fV, 0KY) + gs(HVu fV, fRY) (40)

and
98(HVu foV. &) = gs(HVu fV,CE) + gs(Tu fV, BS) (41)
for any non-null vector fields U,V € T(D¥) and Y € T(D®DL) and & € T'(keri,)*.

Proof. We will show it when 1 is type~1. For all non-null vectors U,V € T'(D¥)

and Y € I(D®D') and ¢ € I'(kert,)*. Then using ,,@, and Theorem
2(a), we get:

g8(VuVY) = —gs(VuoV,PY) —gs(Vu fV,PY)
= cosh® pg(VuV,Y) + g5(To foV,Y)
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= 98(TufV,¢KY) — gs(HVu fV, fRY).
Hence we obtain;
—sinh® p195(VuV,Y) = gs(TofoV.Y) = g5(Tu fV,0KY)
— g8(HVu fV, fRY).
Similarly, using (I)),(2).(6),(L6).(19) and Theorem 3.4(a), we get:
98(VuV,§) = —gs(VuoV,PE) — gs(Vu fV,PE)
= cosh®p195(VuV,€) + g5(HVU fOV.€)
98(HVu fV.CE) — gs(Tu [V, BE).
Hence, arrive at
—sinh® p195(VuV,€) = gs(HVufoV.€) — gs(HVu fV,C€)
98(Tu fV, BS)
which gives proof. (]

Theorem 12. Let ¢ : (B, gz, P) — (B, g3) be a proper quasi-hemi-slant pseudo-
Riemannian submersion with type~1 or 2 from a para-Kaehler manifold to a pseudo-
Riemannian manifold. In this case, the anti-invariant distribution D+ describes a
totally geodesic foliation on B if and only if

98(AuC, fOKV + fQLV) = —gs(HVu fC, fV) (42)
and
98(AuP¢, BE) = —gs(HVuPC¢, CE) (43)
for any non-null vector fields U, € T'(D*) and V € T'(D ®D¥) and & € T'(kerip,)*.
Proof. We will show it when 1 is type~1. For all non-null vectors U, ¢ € I'(D*) and
KV +LV ¢ '(D®D¥) and ¢ € I'(kerty,)*. Then using ,, and Theorem
2(a), we get:
98(Vu(,V) = —gs(VuP( PV) = —gs(VuPC( oV) — gs(VuPC, fV)
= cosh’ pgs(Vu(, LV) = g5(Vu(, KV) + g5(Vu(, BFKV)
98(Vu(, fOKV) — gs(Vu(, fOLV)
— 98(VuPC fV). (44)

We know that gg(Vy(,V) = g8(Vu, KV) + gs(Vy(, LV) and using and
from equation , we arrive at;

98(Vu(, —sinh® oLV — BfKV) = —gs(Au¢, foKV + foLV)
— g8(HVuf( V) (45)
which gives . Similarly, using and , we get:
gB(vU<7§) = _gB(VUP<7P£) = _gB(AUPC7 Bg) - gB(HVUPC, Cg) (46)
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which gives . (]

Now, from Theorem 10, Theorem 11 and Theorem 12 we arrive at the Theorem
13. This is decomposition theorem for the fiber:

Theorem 13. Let ¢ : (B,gn,P) — (B, gi) be a proper quasi-hemi-slant pseudo-
Riemannian submersion with type~1 or 2 from a para-Kaehler manifold to a pseudo-
Riemannian manifold. In this case, the fibers of 1 are locally product Bp X Bpe X Byt
are leaves of D, D¥ and D+ ,respectively, if and only if the conditions @,@,@,

,(@) and hold.

Theorem 14. Let ¢ : (B,g5,P) — (l§,gl§) be a proper quasi hemi-slant pseudo-
Riemannian submersion with type~1 from a para-Kaehler manifold to a pseudo-
Riemannian manifold. In this case, ¥ is a totally geodesic map on B if and only

if
gs(cosh? oV LW + HVy fOLW,Y)
= gg(VVuyPKW + Ty fLW + Ty fRW, PY)
+98(TuPKW 4+ HVy fLW + HVy fRW,CY) (47)
and
gs(cosh® oVy LU + HVy foLU, Z)
=g98(VVyPKU + Ay fLU + AyPRU, BZ)
98(AyPKU + HVy fLU + HVy fRU,CZ) (48)
For any non-null vector fields U, W € T'(keri,) and Y, Z € T'(kery,)*.

Proof. For any non-null vector fields U,W € I'(kery,) and Y,Z € T'(kery,)*.
Then, using ,,,, and Theorem 2(a) we get:
gs(VuW)Y) = —gs(VuPW,PY)
= —g98(VuPKW,PY) — gs(VuPLW,PY)
—  g5(VuPRW,PY)
= —gg(VWVuPEKW +TufLW + Ty fRW, PY)
+ gs(cosh? oV LW + HVy foLW,Y)
— ge(TuPKW + HVy fLW + HVy fRW,CY)

Then, again using (T)),(7),(8),(L6),(19) and Theorem 2(a), we get:
98(VyU,Z) = —gp(VyPU,PZ)
= —gg(VyPKU,PZ)— gs(VyPLU,PZ)
- gB(VyPRU, PZ)
= —gg(VVyPKU + Ay fLU + Ay fRU, BZ)
gs(cosh® oVy LU + HVy f¢LU, Z)
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— gs(AyPKU + HVy fLU +HVy fRU,CZ).

Therefore, a pseudo-Riemannian submersion 1 is said to be totally umbilical if

TU1U2 =g(U1,U2)H, (49)
here H is the mean curvature vector field of the fibre in B for all non-null vector
fields Uy, Uy € T'(kert,). The fibre is said to be minimal if H = 0( [4]). O

Theorem 15. Let ¢ : (B, gz, P) — (B, g3) be a proper quasi-hemi-slant pseudo-
Riemannian submersion from a para-Kaehler manifold to a pseudo-Riemannian
manifold with totally umbilical fibers. In that case, either the anti-invariant distri-
bution dim(D*) = 1 or the mean curvature vector field H of any fiber v~ "(q), g € B
is perpendicular to PD*. Eventually, if ¢ is parallel, then H € (). Moreover, if
f is parallel, then T = 0.

Proof. The proof is obtained by simple calculations. O
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