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Abstract
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1. Introduction

The concept of fuzzy sets was introduce by Zadeh [10]. Later on, Chang [2] introduced the concept of fuzzy topology, then the generalizations
of the concept of fuzzy topology have been done by many authors. In [1], Atanassove introduced the idea of intuitionistic fuzzy sets, then
Coker [3, 4], introduced the concept of intuitionistic fuzzy topological spaces. On the other hand, as a generalization of fuzzy topological
spaces Samanta and Mondal [9], introduced the concept of intuitionistic gradation of openness. In 2005, the term intuitionistic is ended by
Garcia and Rodabaugh [7]. They proved that the term intuitionistic is unsuitable in mathematics and applications and they replaced it by
double. In this paper, we introduce and study the concept of (r,s)-fuzzy b-border, (r,s)-fuzzy b-exterior and (r,s)-fuzzy b-frontier. Some of
its interesting properties and characterizations are examined.

2. Preliminaris

Throughout this paper, Let X be a non-empty set,  the unit interval [0, 1], Iy = (0,1] and /; = [0,1). The family of all fuzzy sets on X is
denoted by 7X. By 0 and 1, we denote the smallest and the greatest fuzzy sets on X. For a fuzzy set A € IX,1— A denotes its complement.
Given a function f : IX — I and its inverse f~! : 1Y — IX are defined by f(A)(y) = Vf(x)=y A (x) and F N w)(x) = u(f(x)), for each

A elX uel¥ and x € X, respectively. All other notations are standard notations of fuzzy set theory.
Definition 2.1. [4, 9] A double fuzzy topology on X is a pair of maps T,7* : IX — I, which satisfies the following properties:

1. ©(A) <1—1*(A) for each A € IX.
2. T(M AL > T(A) AT(Ap) and T (A Adp) < T(A1) V T(Ay) for each A1, 2, € IX.
3 t(VA4) > A Td) and (V&) < Vier T (&) for each A; € IX,i € T.

iel’ iel’ iel’

The triplet (X, 7T,7*) is called a double fuzzy topological space.

Definition 2.2. [4, 9] A fuzzy set A is called an (r,s)-fuzzy open if T(A) > r and T (1) <, A is called an (r,s)-fuzzy closed if, and only if
1—A is an (r,s)-fuzzy open set.

Definition 2.3. [4, 9] A function f : (X, 71, 7]) = (Y,T2,73) is said to be a double fuzzy continuous if, and only if Ty (f~1(v)) > 5(v) and
T (fH(v)) < (V) foreach v € I'.

Theorem 2.4. [8, 5] Let (X,7,7*) be a double fuzzy topological space. Then double fuzzy closure operator and double fuzzy interior
operator of A € IX are defined by Cg 1+ (A,r,) = N{p € X |A <, t(1—p) > ntv(1—u) <s}, Lo (A,rs) =V{p e X | p <A, t(n) >
r,t*(u) < s}, where r € Iy and s € I such that r+s < 1.
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Definition 2.5. [6] Let (X,T,7*) be a double fuzzy topological space. For each A,y € IX,r € Iy and s € I,

1. A is called an (r,s)-fuzzy b-open set if A < It t+(Crr+(A,1,8),1,8)V Cr o (It o+ (A, 1,5) 1, 5).

2. Ais called an (r,s)-fuzzy b-closed set if 1 — A is an (r,s)-fuzzy b-open set.

3. An (r,s)-fuzzy b-closure of A is defined by BCy t+(A,r,s) = N{u € IX | A < p and p is (r,s)-fuzzy b-closed}.
4. An (r,s5)-fuzzy b-interior of A is defined by Bl (A, r,s) = V{ € I* | L < u and  is (r,s)-fuzzy b-closed}.

3. (r,s)-fuzzy b-open sets

In this section, we study (r,s)-fuzzy b-border, (r,s)-fuzzy b-exterior and (r,s)-fuzzy b-frontier. Some of its interesting properties and
characterizations are examined.

Proposition 3.1. For any double fuzzy topological space (X, 7,7*), A,B € IX, r € Iy and s € I, we have

. Bl o+ (A,1.5) is the largest (r,s)-fuzzy b-open set with Bl z+(A,r,s) < A,
A =Bl «(A,r1,5) if A is an (r,s)-fuzzy b-open set,

. Bly o+ (Bly o+ (A,1,5),1,8) = Bl v+ (A, 1,5), if A is an (r,s)-fuzzy b-open set,
1 =Bl 1+ (A,r,s) = BCr i+ (1 — A,15),

1 —BCr+(A,1,5) =Bl o+ (1 — A,1,5),

If A <, then Bl (A, r,s) < Bl (U, 1,5),

If A < u, then BCy o+ (A,r,5) < BCr 0+ (U,1,5),

BI; o+ (A,1,8) ABI o+ (W, 1,8) = Bl o+ (A AL, 1, 5),

. Bl; o+ (A,1,8)V Bl o+ (1,1,5) = Bl o+ (A V U, 1,5).

© NS LA W~

Proof. (1) and (2) follow from the definitions and (3) follows from (2).

4). BCy o+ (1 —A,r,s) = A{u: pis (r,s)-fuzzy b-closed set, u > 1 —A} =1—V{1—p:1—pis (rs) fuzzy b-open set, | —pu <A} =
1 =Bl (A, 1,s).

(5). It is similar to (4).

(6). Itis clear that Bl ¢+ (A,r,s) = {0 : pis (r,s)-fuzzy b-open and, p <A} =V{u : p < yand p is an (7, s)-fuzzy b-open} = Bl ¢+ (1L, 1,5).
(7). If A <, it is similar to (6).

(8). Follows from (6).

(9). It is similar to (8). O

Definition 3.2. For any double fuzzy topological space (X, 7,7*), A € IX, r € Iy and s € I, we have the (r,s)-fuzzy b-border of A, denoted
by BF; i+ (A, 1,5), defined as BBz 1+ (A,1,s) = A — Bl o+ (A,1,5).

Proposition 3.3. For any double fuzzy topological space (X, t,7%), A € IX, r € Iy and s € I, we have

1. BBy 1+(A,r1,5) < BBy o+ (A,1,5),

. If X is an (r,s)-fuzzy b-open, then BBz t~(A,r1,s) =0,
. BB;+(A,1,5) <BCr oo (1—A4,15),

. Bl t+(BB o+ (A,1,5),1,5) < A,

. BBT,T*(AV u,1,5) < BBy 1+ (A,1,5)V BBy (U, 1, 5),
. BBy (A AU, 1,5) > BBy o+ (A,1,8) ABBr o+ (1L, 1,8).

QN W

Proof. (1). For any A € IX, since Bl o+ (A,1,8) < Bl (A, 1,s), then A — Bl ¢+ (A,1,5) < A — Bl ¢+ (A,1,5). Therefore BBz +(A,r,s) <
BB ¢+ (A,1,5).

(2). For any an (r,s)-fuzzy b-open set A € IX, we have A = Bl t«(A,r,s). Thus BBy ¢« (4,1,s) = 0.

(3). BBy r+(A,1,5) =A =Bl o+(A,1,8) =A — (1 =BCr 1+ (1 —A,1,5)) <1 —1+BBr +(1—A,1,5) = BB+ (1 — A, 1,5).

(4). Bl ¢+ (BBt o+ (A,1,5),1,8) = Bl 0+ (A — Bl t+ (A, 1,5),1,5) < A — Bl 1~ (A,r,5) < A by (1) of Proposition 2.2.

Then Bl; t+ (BB 1+ (A,1,5),1,5) < A.

(5). BBy o+ (AVU,1,5) = (AVU) =Bl o+ (AV L, 18) = (AV ) — (Blg o+ (A, 1,5))V (Bl o (1, 1,5)) < (A =Bl 1+ (A,1,5))V (U — Bl o« (1,1, 5))
= BB+ (A,1,5)V BB o+ (1, 1,5). Therefore, BBz t+(AV 1, r,5) < BE; t+(A,1,8)VBE; o+ (1,1, 5).

(6) It is similar to (5). O

Definition 3.4. For any double fuzzy topological space (X,©,7*), u € IX, r € Iy and s € Iy, we have the (r,s)-fuzzy b-frontier of A, denoted
by BF; i+ (A, 1,5) is defined as BF; ¢+ (A,r,s) = BCr 1t~ (A,1,5) — Bl 1+ (A, 1,5).

Proposition 3.5. For any double fuzzy topological space (X,7,7%), U € IX, r €Iy and s € I}, we have

BF; ¢+ (A,1,s) < Fr o+ (A,1,5),

. BB+ (A,1,5) < BFp (A, 1,5),

BF; (1 —A,r,5) = Bl r+(A,1,5),

BF; ¢+ (Blr o+ (A,1,58),1,8) < BFr (A, 1,5),

BF; ¢+(BCr 1+ (A,1,5),1,5) < BF; o+ (A,1,5),

A —BF; ¢+ (A,1,5) < Blp o+ (A, 1,5),

. BF; (A V u,r,s) < (BFg 1+ (A,1,5))V (BFr o+ 1,1, 5)),
. BFr - (AAU,1,5) > (BF; o+(A,1,5)) N (BF o+ (1,1, 5)).

ON D LA W~
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Proof. (1). We have Ir ~(A,r,s) < Bl t~(A,r,s). It follows that Cy ¢+(A,r,5) — It 1+ (A,1,5) < BCr1+(A,r,s) — Bl 1+(A,r,s). Hence
BF: ¢+ (A, 1,5) < Fr o+ (A,15).

(2). Bl 1+ (A,1,8) = A =Bl 1+ (A,r1,5) <BCr ¢+ (A,1,8) =Bl o+ (A, 1,5); since A < BCr 1+(A,1,5) = BFy ¢+ (A, 1,5). Therefore, Bl (A, r,s) <
Bl o+ (A,1,5).

(3). BF;t+(A,1,8) = BCr ¢+ (A,1,8) — Bl o+ (A, 1,5) = BCr o+ (A,1,8) — (1 = BCr ¢+ (1 — A, 1,5)) = BCy 1+ (A,1,5) = 1 +BCr o+ (1 — A,1,5) =
Bl +(1—A,1r,8)+BCr o+ (1 —A,r1,5) = BFr o+ (1= A4, 1,5).

(4). BF; ¢+ (Bl o+ (A, 1,5),1,8) = BCq ¢+ (BCr 0+ (A, 1,5),1,8) — Bl 1+ (Bl 1+ (A, 1,5),1,8) < BCr 1+ (A,1,8) — Bl 1+ (A, 1,5) = BFp - (A, 1,5).
(5). BF; ¢+ (BCr 1+ (A,1,5),1,8) = BCr 1+ (BCr 1+ (A, 1,5),1,8) — Bly ¢+ (BCr 0+ (A, 1,5),1,8) = BCq ¢+ (A, 1,8) — By ¢+ (BCr 0+ (A, 1,5),1,5)

> BCr,1+(A,r1,s) — Bl t+(A,1,5) = BFy v+ (A, 1,5).

(6). Now A —BF; t+(A,r,5) = A — (BCr ¢+ (A, 1,5) — Bl 1+ (A, 1,5)) < BCq o+ (A,1,5) — BCr 0+ (A,1,8) + Bl o+ (A, 1,5) = Bl ¢+ (A, 1,5).

(7). BFz+(AV u,r,s) =BCr+(AV WU, 1,8) —Bly 1+ (AV ,1,8) = BCr 0+ (AV ,r,5) — (Bl 1+ (A, 1,8) V Bl o+ (1, 1,5)) = (BCr,0+ (A, 1,5) V
BCr 1+ (U,1,5)) — (Bl o+ (A, 1,8) V By o+ (U, 1,5)) < (BCror (A, 1,8) — BIy 1+ (A,1,5)) V (BCy 0+ (A, 1,5) — Bl o+ (U, 1,5))

=Bl ¢+ (A,1,8)V Bl o+ (1L, 1,5).

(8). It is similar to (7). O

Definition 3.6. For any double fuzzy topological space (X,©,7*), A € IX, r € Iy and s € I, the (r,s)-fuzzy b-exterior of A, denoted by
BE; t+(A,r1,5) is defined as BE; t+(A,1,s) = Bl t+ (1 — A, 1,5).

Proposition 3.7. For any double fuzzy topological space (X, 7,7%), A € IX, r € Iy and s € I, we have

. Ec oo (A,18) <BE7 (A1),

. BE; p+(A,1,5) =1—BCr o+ (A,1,5),

. BE; t+(BE7 - (A,1,5),1,5) = Bl ¢ (BCr.0+ (A, 1,5),1,8),
IfA < u, then BEz (A, r,s) > BE; o+ (W, 1;5),

BE: (1,r,5) =0,

BE; ++(0,r,5) =1,

Bl t+(A,1,5) < BE7 1+(BEy 1+ (A,1,58),1,5),

. BE; (A V u,r,s) <BE; ¢+ (A,1,8) ABE; ¢+ (1L, 1,8),

. BE; (A AU, 1,5) > BE; o+(A,1,8)V BEr ¢+ (1L, 1,8).

OO N LA W~

Proof. (1). Since BCr i+ (A,r,s) < BCy1+(A,r1,s), 1 = BCp1«(A,1,5) > 1 —BCy 1+(A,r1,s)). Then Bl (1 —A,r,s) > BCr (1 —A,1,5).
Therefore, by definition, BEz ¢+(A,r,s) > BCr t+(A,1,5).

(2). It follows from the definitions.

(3). BE;1+(BEr+(A,1,8),1,8) = BEg o+ (Blg o+ (1 — A, 1,5),1,8) = BE¢ ¢+ (1 — BCr o+ (A, 1,5),1,8) = Bl o+ (1 — (1 = Blg o+ (A, 1,5),1,5)) =
BI; +(1 — 14+ BCr (A, 1,5),1,8) = Bl 1+ (BCr 1+ (A, 1,5),1,58).

(4). Let A < u. By using Proposition 2.2(1), BCz +(A,r,s) < BCr ¢+ (1,r,s). Therefore 1 — BC; ¢+(A,r,5) > 1 —BCr e+ (1,1,5). But
BI; o+(1—A,r,s) > Bl 1+ (1 — u,r,s). Hence, BE; ¢+ (A,1,5) > BE7 1t (U, 1,5).

(5). By (2) BE; t+(1,1,5) = 1—BCr o+ (1,1,5) = 1—-1=0.

(6). It is similar to (5).

(7). BEz 1+ (BEz 1% 15, 1,5) = BE¢ ¢+ (Bl o+ (1 = A, 1,5),1,5) = BE¢ 0+ (1 —=BCr 1+, 1,5),1,8) = Bl 1+ (BCr ¢+ (A, 1,5),1,8) > BCr ¢+(A, 1,5). Hence
BI; i+ (A,1,8) < BE; 1+ (BE7 - (A,1,5),1,5).

(8). BEr r+(AV U, 1,8) =Bl 1+ (1= (A—=V),r,5) =Bl o+ (1= A)A(1 =), r,8) <Bly o+ ((1=A4),1,8) ABL o+ ((1 = t),1,5)) = BE7 1+ (A, 1, 5)
ABEz o+ (1L, 1,5).

9). BEz«(AA,1s) =Ble (1= (AAW),1,8) = Bly oo (1= AV 1 —p),r,s) > Bly oo (1— A,1,8) VBl 1+ (1 — W, r,s) = BE¢ 1+ (&, 1,5) V
BE; ¢+ (1,1,5). O

4. Some functions via (r,s)-fuzzy b-open sets

In this section, some characterizations of double fuzzy b-continuous, double fuzzy b-open, double fuzzy b-closed and double fuzzy
b-irresolute functions are studied.

Definition 4.1. A function f: (X,7,7}) = (Y,72,73) is called

1. double fuzzy b-open if for every (r,s)-fuzzy b-open set A € IX, r € Iy and s € Iy, f(A) is an (r,s)-fuzzy b-open in I" .

2. double fuzzy b-closed if for every (r,s)-fuzzy b-closed set A € IX, r € Iy and s € Iy, f(A) is an (1,s)-fuzzy b-closed in IY .

3. double fuzzy b-continuous if for every A € I with 1(2) > r, ©5(A) <s, r€ Iy and s € I;, f~'(A) is an (r,s)-fuzzy b-open in IX.
4. double fuzzy b-irresolute if f~1(A) is an (r,s)-fuzzy b-closed set for every (r,s)-fuzzy b-closed set & € I, r € Iy, s € I.

Theorem 4.2. For a bijective function f : (X, 7, 7}) = (Y, T2, 73), the following are equvalent:

1. fis double fuzzy b-irresolute function.
2. Forevery fuzzy set A € IX, f(BCr 1+(A,1,5)) < BCro-(f(A),1,5),
3. For every fuzzy set jt € I¥, BCoo (£~ (1),1,5) < f " (BCe.o+ (1, 1:5).

Proof. (1) = (2): Suppose A € I and BCr ¢+ (f(1),r,s) € IV is an (r,s)-fuzzy b-closed, then by (1), f~! (BCry 55 (f(A),1,5) € X isan (r,s)-
fuzzy b-closed set, r € Ip and s € ). Therefore, BCy, 1 (ffl(BCTMZ* (f(A),r,s),r,s) = f’l(BCTM; (f(A),r,s)). Since A < f1(f(1)) and
BCq 5 (A,1,5) < BCq, o (f 1 (f(A),1,5)). Also, f(A) < BCq, 1 (f(A),1,5). Then BCq 1 (A,1,5) < BCq, 5 (f ' (BCo, 53 (f(A), 1,5),1.5)) =
S (BCo, 5 (f(A),1.9)).

(2) = (3): Suppose t € I¥, by (2) F(BCq (£~ (1),7,5) < BCoy 25 (F(F (1)), 1,5) < BCoy g5 (1,1,5). Thatis, f(BCqy o (£~ (), 7:5)) <
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BCTQ.,TZ*(NJ»S)- Therefore, fﬁl(f(BC'cl,'c,* (fil(“)»’vs))) < fﬁl(BCrz,Tz*(.u»”vS)) Hence, BCr, r: (f 1(”) rs) < (BCTz-,‘EZ*(.LL7r>S))~

(3) = (1): Suppose u € I7 is an (r,s)-fuzzy b-closed set. Then BCq, 15 (U,1,8) = W. By (3) BCy, o+ (f~ "(u ) rs) < f1(BCy,, u(U,ns)) =
7). But £~ (1) < BCr, o+ (£~ (u), 15). Therefore, f~! (1) = BCy, 1+ (1, r,5). Thatiis, f~' (1) € X is (r,s)- fuzzy b-closed. Thus, f is
a double fuzzy b-irresolute function. O

Proposition 4.3. A function f : (X,71,7}) — (Y, 72, 73) is a double fuzzy b-closed if, and only if for each A € IX, BC; ¢+ (f(A),r,s) <
f(BCr o+ (A,1,5)).

Proof. Suppose that f is a double fuzzy b-closed function and A is any fuzzy set in X. Then f(BCy ¢+(A,r,5)) is an (r,s)-fuzzy b-closed in I7 .
Therefore, BC; ¢+ (f (BCr 0+ (A, 1,5),1,5) = f(BCr e+ (A,1,5)). Since A < BCr 1+ (A,1,5)) f(A) < f(BCr e+ (A,1,5)). Then BCr o+ (f(A),rs) <
BCq ¢+ (f(BCr (A, 1,5)),1,5) = f(BCr1+(A,r,5)). Hence for every fuzzy set A € IX, BCy ¢+ (f(A),r,s) < f(BCrrx(A,r,5). Conversely,
suppose that for every fuzzy set A € IX, BCr 1+ (f(A),1,5) < f(BCr+(A,r1,s)). Since A is an (r,s)-fuzzy b-closed set, BCz 1+ (A, 1,5) = A.
Therefore, f(BCrr+(A,7,5)) = f(1) < BCr (A, 1,5). Hence, f(1) = f(BCq e+ (A,1,5)) = BCy t«(f(1),1,5), which implies that f(A) € I"
is an (r,s)-fuzzy b-closed set, that is, f is double fuzzy b-closed function. O

Proposition 4.4. If f : (X,71,7}) = (Y, %, 7)) is a double fuzzy b-irresolute funtion, then BCr (f=Y(A),r,s) is zero for every (r,s)-fuzzy
b-opensetAcl'.

Proof. Let A be an (r,s)-fuzzy b-open set in I*. Then f~!(1) € IX is (r,s)-fuzzy b-open. Therefore, BC;, - (f~'(A),r,s) = f1(1). By
definition, BCr ¢+ (f~'(1),r,5) = f "1 (1) — BCr.r+(f~'(A),1,5). Hence, BEr o+ (f~1(1),r,s) = f~H(A) — f~1(A) =0. O

Definition 4.5. A double fuzzy topological space (X,T,T*) is said to be a double fuzzy b-T% space if each (r,s)-fuzzy b-closed set is
(r,5)-fuzzy closed set in X.

Proposition 4.6. For any double fuzzy topological spaces (X, 71,7}) and (Y, %, 7}) if the map f : (X,7,7%) = (Y, T2, 73) is a bijective, the
following statements are equivalent:

1. fand f~" are double fuzzy b-irresolute.

2. fis double fuzzy b-continuous and double fuzzy b-open.
3. fis double fuzzy b-continuous and double fuzzy b-closed.
4. f(BCrr(A,1,5)) = BCr 1+ (f(A),1,5)) for every A € IX:

Proof. (1) = (2): Suppose  is an (r,s)-fuzzy b-open set in X. Since f~! is double fuzzy b-irresolute, (f~1)~!(u) € IV is (r,s)-fuzzy
b-open set, so f is double fuzzy b-open. Now, let y € IY be an (r,s)-fuzzy b-open set, then it is an (r,s)-fuzzy b-open. But by hypothesis,
1 are double fuzzy b-irresolute, then f~1(y) € IX is an (r,s)-fuzzy b-open, that is f is double fuzzy b-continuous.

(2) = (3): Let A € IX is an (r,s)-fuzzy b-closed set, then 1 — A € IX is an (r,s)-fuzzy b-open set. By (2), 1 — f(1) = f(1—24) is an
(r,s)-fuzzy b-open set in IY, which implies that f(A) is an (r,s)-fuzzy b-closed set. Hence f is a double fuzzy b-closed function.

(3)= (4): Let A € IX, wehave A < f~!(f(A)) and f(A) < BCq, ; (f(A),1;5)). Then A < f~1(BCq, 1; (f(X),1,5). Now, BCr, z: (f(A),1,5) €

1V is an (r,5)-fuzzy b-closed set. But (¥, 7,7} is a double fuzzy b-T% space, and BCy, ¢z (f(1),1,5) is an (r,5)-fuzzy closed set, then
BCq, 55 (f(4),1,5) € 1Y is an (r,s)-fuzzy b-closed set. Since f is double fuzzy b-continuous, f~! (BCry 53 (f(R),1,5)) is an (1, s)-fuzzy b-closed
set, which implies BCr ¢+ (f =1 (BCz 1t (f(A),1,5),1,8) = f 1 (BCr o+ (f(X),1,5)). But BCr o+ (f(1),1,8) < BCr o« (f "1 (BCrox (f(R),1,5)),15)
and BCy ¢+ (f(A),1,5) < f~1(BCr.r+(f(X),1,5)). Then f(BCz 1+ (A,1,5)) < BCr - (f(A),1,5). Also, BCr o+ (f(2),1,5) < f(BCr o+ (A,1,5)).
HCHCC f(BC‘L',‘L'* (A’a I",S)) = BC‘L’,‘L’* (f(a’)v ra S).

(4) = (1): A € I*, by hypothesis of (4), f(BCy t+(A,,5) = BCr.o+(f(A),1,5). Therefore, f(BCr 1+ (A,1,5) < BCy t+(f(1),1,5). Then, f is a
double fuzzy b-irresolute function. Now, suppose B € I" is (r,s)-fuzzy b- closed. Then BCr o+ (U,1,8) = ) (BCz,z+(u,1,5)) = f(u). But by
(4), BCoo+(f(1),1,5) = f(BCr0- (W, 1,5)). Therefore, BCy r(f (1), r,5) = f(1). Then f(u) € IV is an (r,s)-fuzzy b-closed set. Therefore,

£~ is double fuzzy b-irresolute. O

5. Interrelations

In this section, we present the relationship among the concepts introduced in Sections 3 and 4.
Proposition 5.1. If A is an (r,s)-fuzzy b-closed set in a double fuzzy topological space (X,t,T*), then

1. BE; 1+(A,r1,5) = BE¢ ¢+(A,1,5).
2. BE; ¢+ (A,rs) =1—A.

Proof. (1). Let A € IX be an (r,s)-fuzzy b-closed, we have BC; 1+ (A,r,s) = A. But by definiton BB¢ ¢+ (A,1,5) = A — Bl ¢+ (A,1,5) =
BCr 1+(A,r1,5) — Bl 1« (A,r1,s) = BFy ¢+(A,1,5). Therefore BBy 1+(A,r,5) = BFy ¢+ (4,1,5).

(2). Let A be an (r,s)-fuzzy b-closed set, we get BCr ¢+ (A,r,5) =A. Then Bl +(1—A,r,s) = 1 —A. Therefore by definition, BEz ¢+(A,r,5) =
1-—A. O

Proposition 5.2. For a function f : (X,7,7)) = (Y,72,73), the following hold:

1. If f is any function, then BE; ¢+ (f~Y(A),r,8) < BCre-(1— f~Y(A),1,5) for each fuzzy set A€ IV,
2. If f is a double fuzzy b-continuous function, then for every (r,s)-fuzzy b-closed set A € I', we have BE¢ +(f~'(A),r,s) =
BE’L',T* (f71 (1)7}’7 S).
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Proof. (1). Let A € I'. Then by definition BEg, ¢ (f~'(A),r,s) = Bly o+ (1— f "1 (A),r,5) < 1= f7Y(A). Also, BEg, o+(f~'(A),1,5) <
lfBIThT]*(f_l(/l),r,s) = BCTI’T]*(I ff_l (A),r,s). Therefore, BETI’Tl*(f_l(/I),r,s) < BCTI,TI*(I ff_l (A),n,s).

(2). Let A be an (r,s)-fuzzy b-closed set in Y. Then, f~!(A) is an (r,s)-fuzzy b-closed set in X. Therefore, BCq, 1 (fF'(A),rs) =
f_l(l)- Hence’BFrl,rl*(f_l (A),1,5) =BC1177]*(f_1(l),ns)fBIThT]*(f_l(l),r,s) :f_l(l)*BITI,r]*(f_l(l)a’?S) :BErl,fl*(f_l( )s7S).
Therefore, BFy, 1 (f~YA),rs) = BE¢ (f~Y(A),rs). O

Definition 5.3. A double fuzzy topological space (X,T,T*) is said to be a double fuzzy b-T% space if each (r,s)-fuzzy b-closed set is
(r,8)-fuzzy closed set in X.

Proposition 5.4. If (X,7,7*) is a double fuzzy b-T% space and A is an (r,s)-fuzzy b-closed set in X, then the following statements hold:

1. Br+(A,1,s) = BFr (A, 1,5),
2. BEzp(A,rs)=1—A.

Proof. (1). Let A € IX be an (r,s)-fuzzy b-closed set. Then A is an (r,s)-fuzzy closed set in X, which implies Bz 1+ (4,r,5) = A. But by
definition, By ¢+(A,r,5) = A — Bl 1~ (A,r,s) = BCr 1+ (A, 1,5) — Bl o+ (A, 1,5) = BFy (A, 1,5).
(2). By definition, BE7 ¢+ (A,1,5) = Bl ¢+ (A,1,5) =1 —A. O

Proposition 5.5. If (X,7,7*) is a double fuzzy b-T1 space and f : (X,71,77) — (Y, %, 7)) is a fuzzy b-irresolute function. Then for an
2
(r,8)-fuzzy b-closed set A in Y, then the following statements hold:

1. BTI,TI*(f*I(?L)J,s):BFTI,TI*(ffl(?L)J,s),
2. BEg o (f ' (A),rs) =T1—f1(Q).

Proof. (1). Suppose A € I' is an (r,s)-fuzzy b-closed set. Then £~ (1) is an (r,s)-fuzzy b- closed setin X. Since by hypothesis, (X, 7,7*) is

double fuzzy b-T: space, f~' (1) is an (7, s)-fuzzy closed set in X. Then By o (f” LA),rs)=f"1(A). Also By o (f” YA),ns)=f"1A)—
2

Bry o (f 1 (A),18) = Bry o (f 1 (A),1,8) = Buy gy (F ' (A),1,8) = Bry 7 ( '(2),1.5). Hence Bz, (' (A),1,8) = Boy ; (' (A), 1)

(2). By definition By, ¢+ (f~'(A),1,5) = By, o (1= f 7' (A),r,5) = 1= f71(A). O

Proposition 5.6. If (X,7,7*) is a double fuzzy b—T% space and f: (X, 71,77) = (Y, 0, 73) is a fuzzy b-closed function. The for an (r,s)-fuzzy
b-closed set A in X, then the following statements hold:

1L B,z (f(A),rs) = BFTZ’TZ*(f(l),r,S),
2. BETg,Tz*(f(A’)arvs) = I 7f()“)

Proposition 5.7. If (X,71,7}) is a double fuzzy b-Ti space and f: (X,71,7}) = (Y, %, 7)) and g : (Y, 72, 75) — (Z,73,75) are fuzzy
! :
b-irresolute function. Then for an (r,s)-fuzzy b-closed set A € 12, then the following statements hold:

1. Br],fl((gOf)’( )s1s) = BFT,T((gOf) '(A).rs),
2. BE 5 ((gof) ' (A)rs) =1—(g0f)" ' (A).

Proof. (1). Let A be a (r,s)-fuzzy b-closed set in Z. Then by hypothesis of g is fuzzy b-irresolute, g~' (1) € IY is a (r,s)-fuzzy b-closed
set. Also, f is fuzzy b-irresolute, f~!(g~'1(A)) € IX is an (r,s)-fuzzy b-closed set. Thus (go f)~' (1) € IX is a (r,9)- fuzzy b-closed.
Since (X, 71,7} )is double fuzzy b-T, space, (gof)~1(A) is a (r,s)-fuzzy closed in X. So by definition, we have By, ¢ (g0 f)~ YA),rs) =
il

(g0/) "1 (X) = Gl 5 (g0 )~ (A)i738) = BCq, (g0 )~ (M), ) Bly (g0 )~ (A)irss) = BFnr ((gof)"(A);n5).
(2). By definition, GEx, T ((gof)il( );1ys) = Bl i (] - (gof) ( ),18) = 1- BCy,, ]*((gof) ( ),18) = 1- (gof)~ ( ), since
(gof)~1(A)is a (r,s)-fuzzy closed set. Therefore, By, w((gof)” YA),rs)=1—(gof)~1(A). O

Example 5.8. Let X = {a,b} and f : (X,71,7}) = (Y,72,73) be the identity function. Define the fuzzy subsets Ai,2,,A3, 141 and u3 as
follows:

M(a)=0.67, Aj(b)=0.64: Jr(a)=0.67, A(b)=03523(a) =033, A3(b)=034; pi(a)=0.75, pw(b)=0.67;

1(a) = 0.67, 1w (b) =0.49.
Let 71,7} : X > Tand 1o, 3 : 1X — I defined as follows:

1 ifrA=00rl 0 ifr=00rl o o

1 ifA=0orl 0 ifA=0orl
All ifA=4 % ifA=4

i fA=m 8 ifA=uw

nA)=9% fA=kh HFA)=S3 fA=k w@})= 1 () = 1

g A= 1 fA=u
T A=A oifAa=a

0  otherwise, 1 otherwise.
0  otherwise, 1 otherwise,

Then the identity function f : (X,71,7}) — (X, 72, 73) is double fuzzy b-irresolute but (X, 71, 7}) is not a double fuzzy b—T% space.
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Example 5.9. Let X = {a,b} and f: (X,7,7}) = (Y,72,73) be the identity function. Define the fuzzy subsets A, Ay, A3, b and [z are as
in the example 5.9: Let Ty, T} : X = Tand 15, T IX — I defined as follows:

1 ifrA=00rl 0 ifA=00rl
1 ifA=00rl 0 ifA=00rl
I ] A= 3 ifa=n
i A= g A= | |

() = T(A) = v ={L fA=2 gA)={i iFr=1

g fA=m Ioifa=m

3 ifA=1 1 ifA=123
0  otherwise, 1 otherwise,

0  otherwise, 1 otherwise.

Then the identity function f : (X, t1,7t}) — (Y, 72, 73) is double fuzzy b-closed but (X,71,77) is not a double fuzzy b-T% space.

Example 5.10. Let X = {a,b} and f : (X,7,7]) = (X, ™, 7)) be the identity function. The fuzzy subsets A1,A, A3, U1 and u3 as defined
are as in Example 5.9 and y, and " as follows:
T(a) =075, y()=0.75: mn(a)=0.67, n(b)=0.40.

Let 11,77 : K=I 1, ) X = Tand 73,73 ¢ IX — I defined as follows:

1 ifA=00rl 0 ifA=00rl
1 ifA=0orl 0 ifA=00rl
I A=A T fA=h
1 ifA=m s ifA=m
a)={1 fA=r wW)={} Fi-k A= (A) =
s ifA=m 1 ifA=m
T A=A I A=A
0  otherwise, 1 otherwise,
0  otherwise, 1 otherwise,
1 ifra=00rl 0 ifr=00rl
1 ifA=n § ifA=vy
7(4) = 5(A) =
g fA=n i fA=n
0 otherwise, 1 otherwise.

Then the identity functions f : (X, 71,7}) = (X, 72, 7}) and g : (X, 7, 75) = (X, 73, 75) are double fuzzy b-irresolute but (X, 7(,T}) is not a
double fuzzy b-T, space.
2
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