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ABSTRACT

In this study, we give a new curve pair that generalizes some of the famous pairs of curves as
Bertrand and constant torsion curves. This curve pair is defined with the help of a vector obtained
by the intersection of the osculating planes such that this vector makes the same angle v with the
tangents of the curves. We examine the relations between torsions and curvatures of these curve
mates. Also, We have seen that the unit quaternion corresponding to the rotation matrix between
the Frenet vectors of the curves is ¢ = cos(0/2) — isin(0/2) cosy — jsin(6/2) sin~y, where ¢ is the angle
between the reciprocal binormals of the curves. Finally, we show in which specific case which
well-known pairs of curves will be obtained.
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1. Introduction

In classical differential geometry, establishing a relationship between the corresponding points of two curves
and obtaining pair of curves is a topic that attracts many researchers. These curve pairs were applied in the
areas such as computer-aided geometric design, robotics, and path planning. Well-known pairs of curves are
Involute-Evolute, Parallel, Bertrand, Mannheim, and Natural mates. Characterizations of these curves mates
with some properties can be found in various papers : [2, 6, 12, 13, 14, 15, 20, 23, 25, 27, 31, 32, 39, 42]. Some
of these curves mates have been generalized to larger dimensions and have been studied by many authors
[11, 17, 19, 28, 35]. Also, these pairs of curves have been studied by many authors in the Lorentzian space
[3,5, 16,18, 21, 24, 34, 40, 41, 43].

In addition to these curves mates, we will encounter the Backlund curve pairs obtained by the Backlund
transformation and also called the constant torsion curve pair. Detailed information on these curve pair can be
found in articles [7, 29, 30].

In this study, the aim of the authors is to give a new generalization of these curves mates in three-dimensional
Euclidean space and to investigate whether special cases in the general definition give one of them. For this, a
new definition of curve pair, called osculating mate, has been given. This pair of curves is called the osculating
mate since the curves are defined by a vector obtained by the intersection of the osculating planes such that this
vector makes the same angle with the tangents of the curves. Similarly, definitions of the rectifying and normal
curve mates can be given. However, in this study, we will examine only the osculating mate. Besides, we will
give the relations between the Frenet vectors of these curve pairs, the relations between their curvatures, and
torsions, and finally, which famous curve mates they correspond to in special cases.
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2. Preliminaries

In this section, let’s briefly recall the Frenet elements and some famous curve mates. Let o : I — E3 be a
regular curve with v = ||o/|| # 0. Tangent, normal and binormal vector fields of « are defined as

/ ’ "
«Q o X
T=—,

=———_ and N=BxT,
v o/ x ||

respectively. Also, curvature and torsion of the curve « are

x o || _det (o/, 0", ")

la” x a|*

Frenet-Serret formula for the curve « is

T’ 0 vk 0 T
N | = | —vk 0 vr| |IN
B’ 0 —vr O B

At each point of a curve, the planes spanned by {T,N}, {IN,B} and {T,B} are called the osculating, the
normal, and the rectifying plane, respectively. In this paper, the curve pairs whose lines joining corresponding
points lie in the osculating planes will be examined. The most well-known pairs of curves are as follows.

Involute-Evolute : Evolute of a curve is defined as the locus of the centers of curvatures of the curve.
Involute of a given regular curve «a is a curve Z to which all tangent vectors of « are normal vector. The
evolute of an involute is the original curve. The concept of Involute and Evolute was introduced by Dutch
mathematician Christian Huygens [38].

Bertrand Curves : A Bertrand curve is a space curve B whose normal vector is the same as the normal
vector of another curve B*, which is called Bertrand mate of B. We say that 5* and B are Bertrand mates
if there exists a nonzero constant A such that

B*(t)=B(t)+AN () and  N*(t)=+N(¢)

forall ¢t € I. It was used by Bertrand in 1850 ([2, 6, 20, 23, 27]).

Mannheim Curves : A Mannheim curve is a space curve M whose normal vector is the same as the
binormal vector of another curve M*. We say that M* and M are Mannheim mates if there exists a
nonzero constant A such that

M () =M@ +AN(@E)  and B (1) = £N (1)

for all t € I. Mannheim curves were expressed in 1878 by A. Mannheim [20, 25, 31].

Natural Mate of a curve : For a given Frenet curve «, there exists a unique unit speed curve 8 tangent to
the principal normal vector field of .. The curve f is called the natural mate of curve « [9, 14].

Parallel Mate of a curve : We say that « and a* are parallel curves, if tangent vectors at the corresponding
points of o and «o* are parallel and the join of corresponding points is perpendicular to tangents.
Backlund Curves (Constant torsion curves) : A pair of curves that occur as a result of the Backlund
transformation, known as pairs of constant torsion curves, but in this paper, we will call them Backlund
curves. In classical differential geometry, a Backlund map transform a new surface with constant
negative Gauss curvature surface into a new surface with constant negative Gauss curvature. Backlund
transformation can be restricted to get a transformation that carries constant torsion curves to constant
torsion curves [7]. It can be given the relation

L0
C?+ 12

where, 7' = C'siny — . The torsions at corresponding points of the Backlund curves are constant and
determined by

p*(s) =B (s) ((cosy) T + (siny) N)

sin 6

By

where 0 is the angle between binormals of curves at the corresponding points and A is the distance
between these points . Detailed information on Backlund mates can be found in the articles [7, 29, 30].
Also, non-lightlike Backlund mates in the Lorentzian space can be found in the paper [33].

*
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* Combescure Curves : Curves obtained from a curve with the help of Combescure transformation. Using
this transformation, some special curves as Bertrand, Mannheim, Salkowski curves can be obtained [10].

These curves will not be dealt with in this study.

In this study, pairs of curves whose vectors connecting corresponding points are always lie in the osculating
plane will be examined. We will call these curves osculating mates so that they do not confuse these curves with
the concept of the osculating curve given in the literature. There are two important definitions encountered in
the literature : i. An osculating curve is a plane curve that has the highest order of contact with another curve.

[37] ii. An osculating curve is a space curve in which the position vector always lie in their osculating plane.

[22].
Notice that, the curve G in the osculating mate {G,G*}, called the osculating curve, does not mean a curve
given in these two definitions. First of all, two curves are discussed in this study, not a single curve and the

vector connecting their corresponding points is in the osculating plane.

3. Osculating Mates in the Euclidean 3-space
Now let’s define a new pair of curves that can generalize to the curve mates mentioned above.

Definition 3.1. Let G and G* be regular space curves defined on an open interval I C R for each s € I. Let’s

consider the map

G"(s)=G(s) +A(s)u(s)
where ) is the distance function and u is a unit vector for each s € I. If the vector u is located on the intersection
line of the osculating planes of the curves G and G* and makes an angle v with the tangent vector fields at the

corresponding points of both curves for each s € I, then the pair of curves {G, G*} is called the osculating curve
pairs or osculating mates. Here, G and G* are called osculating curve and equiosculating curve, respectively.

Also, G* (s) is called the osculating mate of G.
That is, if the pair of curves {G, G*} is an osculating mate, then the followings hold
i. g* (8) — Q (8) S OPQ(S) M @Pg*(s)
ii. A(s) =G (s) G" (s)]
i, (T (s),u(s)) = (T* (s), u(s)) = cos 7 (s)

where OPg ) and OPyg. (,) are the osculating planes of G and G* at the points G (s) and G* (s) , respectively.

Osp+=Sp{T* N*}

Osg=Sp{T,N} g* - y

Figure 1. Osculating curve mate

Theorem 3.1. Let G* be the osculating mate of the curve G. If the tangent and normal vector fields of the curve G (s) are

T (s) and N (s), it can be written as
G*(s) =G (s) + A(s) (T (s) cosy (s) + N (s) siny (s))

dergipark.org.tr/en/pub/iejg
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where X (s) # 0 is the distance function between these two curves. Also, there is the equality

(cosy (s)) (v* (s) —v (s)) = N 8.2)
between the corresponding points of the curves G and G* where v = ||G'|| and v* = ||G*||.

Proof. If G* is the osculating mate of G, then the vector \u(s) = G* (s) — G (s) will make an angle v (s) with
tangent vector fields T (s) and T* (s) along the curves G and G*. On the other hand, considering that the unit
vector u(s) lie in the osculating plane, we can write

u = (cosvy) T+ (siny) N

and
G* =G+ X((cosy) T + (siny) N).

Let’s take the derivative of this equation with respect to s. Using the Frenet formulas, we obtain

v*T* = (v + XN cosy — v/ Asiny —vkAsiny) T

+ (N siny + Avk cosy + v Acosy) N + (Avrsiny) B @3:3)
Taking the dot product of both sides by the vector u, we have
v cosy = (v+ N cosy— 9 Asiny — vkAsiny) cosy
+ (\ siny + Ak cosy + ' Acos ) sinvy
= XN 4 wvcosn.
Therefore, we obtain the equality
(cosy) (v" —v) =N,
O

Corollary 3.1. {G,G*} is an osculating mate if and only if (cosy (s)) (v* (s) — v (s)) = X except for v # w/2.

Corollary 3.2. If v # /2, the distance between the corresponding points of the curves G and G* is constant if and only
ifv* =w.

Corollary 3.3. If the angle v is /2 along the curves, since X' = 0, the distance between the corresponding points of the
curves G and G* is

d=19"(s) =G (s)| = |

will be constant along curves. This does not mean that v* = v.

4. The Relation Between Frenet Apparatus of Pair of Osculating Curves

In this section, first of all, the relationship between Frenet frames of osculating curve and its mate will be
examined. Also the curvature and the torsion of these curves will be given. Besides, it will be examined whether
the distance function between the corresponding points of the curves G and is constant or not. Besides, whether
the angle v is constant or not will be discussed together with special cases as in the cases v constant, v = 7 /2,
or v = 0. It will be investigated in which specific cases to obtain a pair of curves in Mannheim or a Bertrand, or
a Backlund.

Theorem 4.1. Let G be a regular curve and G* be the osculating mate of G given by the equation
G" =G+ X((cosy) T + (siny) N).

Let the Frenet vector fields of the curves G and G* be {T,N, B} and {T*,N*,B*} , respectively. If 0 is the angle between
the reciprocal binormals of the curves and p = 1 — cos 0, we have the matrix equality

T* 1—psin®y  psinycosy —sinysind| [T
N*| = |u(sinycosy) 1— pcos®y cosvysinf Ni. (4.1)
B* sin @ sin y —sin 6 cosy cos @ B
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Proof. Since the vector field
u = (cosy) T + (siny) N
lies in the osculating plane, it is perpendicular to the binormal vectors B and B*. Therefore, the vector fields

v =B xuand v* = B* x u lie on the osculating planes of the curves. Also, each of the sets {u,v*,B*} and
{u,v,B} are orthonormal frames for the curves G and G*. Accordingly, we can write the matrix equations

u | cosy sinvy T
[ v } a { —siny cosvy ] [ N ] (4.2)
and
u | cosy sinvy T
[ v* ] o [ —siny cosvy } { N* } ’ (4.3)

Let 6 be the angle between B* and B. Since all of the vectors B*, v*, B, v are perpendicular to the vector u, if
the equality (4.2) is used, we obtain

B* = — (sinf) v + (cos§) B

= — (sin®) (—sinyT + cosyN) + (cos ) B
= (sinfsiny) T+ (—sinf cosy) N + (cos0) B

and

v* = (cosf)v + (sind) B
= (cos @) (—sinyT + cosyN) + (sinf) B
= (—cos@siny) T + (cosfcosy) N + (sin6) B.

Therefore, using the equalities (4.3) and (4.2), we have

™ | [ cosy —sinvy u
N* | | siny cosy v*
[ cosy —siny (cosy) T + (siny) N
| siny  cosy — (cosfsiny) T + (cosf cosy) N + (sin6) B

(14 sin®v (cos — 1)) T + sin~ycos~y (1 — cos ) N — (sinysin¢) B
| (sinycosy) (1 —cosf) T+ (1+ cos?y(cosf — 1)) N+ (cosysinf) B |’

As a conclusion, the vector fields T*, N* and B* can be written

T* 1—psin®y  psinycosy —sinvysind T
N* | = | p(sinycosy) 1—pcos?y cosvysinf N
B* sin @ sin y —sinf cos~y cos B
where 1 — 1 = cos#. O

4.1. Curvature and Torsion of The Osculating Curve G

Theorem 4.2. Let {G,G*} be an Osculating curve mate with the relation
G* =G+ A((cosv) T + (siny) N)

where v # 0, v # /2. If the angle between binormal of the corresponding points of G and G* is § # 0, then the torsion
and the curvature of the curve G (s) is

DS % H _ /
" sin 0 and o (v —v*cosf) siny ’y/\, (4.4)
VA VA

respectively, where ;1 = 1 — cos 6.
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Proof. If we compare the equality (3.3) with
T = (1 — pusin® 7) T + psinycosyN — (sinysind) B,
we obtain
v* (1 — psin? 7) =v+ MNcosy—7'Asiny — vkAsiny
v*usiny cosy = N siny + Avk cosy + v’ Acosy . (4.5)
—v*sinysinf = AT siny
In the case v # 0, 7/2,considering (v* — v) cosy = A and = 1 — cos 6, we find
—v*sin 6

= VA

and
(v —v*cosf)siny —y'A

VA

R =
O

Proposition 4.1. Let {T,N,B} and {T*,IN*,B*} be the Frenet frames of the Osculating curve G and its mate G* at
the corresponding points. Then we have the matrix equalities

T 1—psin®y  psinycosy —sin~ysinf i T
N* | = | p(sinycosy) 1—pcos?y cosvysinf N |,
B* sin @ sin vy — cosysinf cos @ B
and o
T cosf + prcos?y pcosysiny  sinysinf T
N | = pcosysiny 1 —pcos?y —cosysind N*
B —sinfsiny cos -y sin 6 cos 6 B*

Here, the matrix
1—psin®y pcosysiny —sinfsinvy
Rg=| pcosysiny 1—pcos?y cosysind
sinfsiny  —cosysinf cosf

is a rotation matrix where it rotates a vector through the angle 0 about the axis W = (cos~,sin~, 0). The unit quaternion

q COT’T’ESPOVldS to Rg is
=cos| =) —isin| = ] cosy—jsin | = | sin Y

Proof. It is well known that a unit quaternion g = ¢; + ¢2i + ¢sj + gak corresponds to the rotation matrix,

B+@E -3 -G —20q+20e  2q193+2¢2q
R= 20144 +2q2q5 @G -3+ @ — a7 —2q1q2 +2g3q4 | [1].
—2q1q3 + 2¢2q4 2192 + 2q3q4 45 — 43 — 43 + 43

In the case, g1 # 0, we have the equalities,

1 1 ~ ~
i = =~ (1+ Ry1+ Rao+ R33), f]2=f(R32—R23>7
4 4q
1 ~ ~ 1 ~ ~
B = —1- <R13 - RSl) s = — (Rm - R12) .
q1 4q,

. - . 0 .0 N
Therefore, using these equalities, we obtain ¢; = + Cos(i), g2 = — Sln(i) COS7Y, q3 = — sm(§) sinyandgy =0. O

Corollary 4.1. For a given rotation matrix R in 3-dimensional Euclidean space, the rotation angle t is determined by the
equation
: TrR -1
COSlU = ——.
2

Accordingly, we have t = 0, since

1—psin?y+1—pcos®y+cos®—1 1 —p+cosh
= = C

5 5 0s 0.

cost =
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Theorem 4.3. Let {G,G*} be an Osculating curve mate with the relation

G* =G+ X((cosy) T + (siny) N)

for v # 0,7 /2. If the angle between binormal of the corresponding points of G and G* is 6 # 0, then the torsion and the

curvature of the curve G* (s) is

. 0 sin 6
T = - —
v* cos 7y A

,Y/ /
K*=—— — —tan~vycotf —
¥ * " A

1—cosf .
———sin~y.

Moreover, there is the relation
1 —cos 0

T g
between the angle 6 and the distance function \, where ¢ € R.
Proof. Let’s take derivative of T* given in (4.1). Using the Frenet formulas we obtain
v'R*N* = — (W sin® ) + (y/psin2y) + poksiny cosy) T

+ %/ sin 2y+pu~y' cos 2+ (1 — psin? fy) vk + (sin~y sin 6) 117') N

+ (= (v cosysin ) — (¢ siny cos 0) + pvT siny cosvy) B.
If we take the inner product of each side by T, we obtain

v*K*psinycosy = —u’ sin? y — ~' sin 2y — pwk sin vy cos v

since (N*, T) = psiny cosv. Therefore, we get

'
v'R* = - tany — 29 — vk
i

for v # 0 and v # 7/2. Moreover, in the case 6 # 0, we write y = 1 — cos 8, i/ = 6’ sin6 and

W @'sin® 6" (1+cosb)
i 1—cosf sinf

Using these equalities, we obtain

-6 (1 0)t
DR ( Jr.COS Jtany _ 29" — vk.
sin 6

If the inner product of both sides of the equation (4.7) is taken by the vector field B, we get

sin vy
sin 6

*

v*E* = —' — 0 tany cot 0 + pur

*

—v*s¢in @

since (N*, B) = cosysin 6. Let’s write 7 = o
v

in this equation. Therefore, we have

pu* siny
U

*

v*E* = —y — 0" tanycot § —

Also, using the equalities (4.9) and (4.10), we find the equality

—0' tany (I —cosf)v*siny
—_ 3 .

If we write the curvature x found in the Theorem 4.2, we get

4

sin 6

= (v* —v) cos~.

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

dergipark.org.tr/en/pub/iejg
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Thus, considering the equality (cos~) (v* — v) = X, we obtain the separable differential equation
Y
sinf A’

and we find . 0
A=Y (4.11)
sin 0
with ¢ € R. The relation (4.11) indicates that when 6 is constant, A will also be constant. Now, let’s take
derivative of B* given in given in (4.1). Then we obtain

—v*T*N* = ¢’ (cos @ siny) T + ' (sin 6 cosy) T + vk sin @ cosyT
— 6’ (cos 0 cosy) N+~ sin 0 sin YN + (sin 0 siny) (vsN) — (cos ) (vTN)
— 6’ (sinf) B — v7 sin § cos vB.

Using the equality (N*, B) = cosysin§, we obtain

/ X
- 0" + vt cosy (4.12)
v* COS 7y
. . —v*sinf
for 6 # 0. Moreover, if we use the equality 7 = — e have
v
.0 sin 0
T T v cos y A
O

Remark 4.1. Finding the pair of curves satisfying the above conditions requires to solve of difficult and
nonlinear differential equations. This is another research topic. However, in some special cases of the above
conditions, normal, Backlund and Bertrand curve pairs are obtained. For example, Backlund curves, which are
constant torsion curves and known in the literature as Backlund transformation for curves, and which is an
important tool for in soliton theory and integrable systems, can be found in many sources. A few of them are
given in the references [36, 29, 30, 7].

Let us now see which pairs of known curves are obtained in which particular cases of the pair of osculating
curves. For this, we will examine two main cases according to whether the angle 6 is zero or not.

4.2. Special Cases for § # 0.

Let {G,G*} be an Osculating curve mate. If the angle between binormal of the corresponding points of G and
G* is 0 # 0, we have the relation

G =G+ (=22 +¢) ((cosy) T + (siny) N)

sin 6

for v # 0, /2. Torsions and curvatures of G and G*are

—v*sin 6 . 0 sin ¢
T=——— T = -
v V* COS 7Y A
—v*cosf)siny — '\ ! ! 1 —cosf
K = (v —v" cosf)siny — 7 , ﬁ*:—l——tan'ycotﬁfﬂsinfy.
VA vt ¥ A
Now, let’s examine spacial cases.
Case 1. 0 is constant and + is non-constant with v # 0, v # 7/2.
. . 1 —cosf . .
We show that when 6 is constant, A will also be constant and, A = ,;(;S + c. Also, if v # 7/2, the equality

S
(cos7y) (v* —wv) = X implies v* = v. So, in the case 6 is constant, then the torsions and the curvatures of and G
and G* will be

«___ sin® 4 psiny «_ 7 psiny
== 7)\,/{7 U+ 3 and, k* = ” T

That is, we have the relation
k=rK"+(1—csind)sin~.

Thus, G and G* are a Backlund mate. The transformation between G and G* is a Backlund transformation.
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Case 2. 0 and v # 7/2 are constant
If both 6 and ~v are constant, we have
sin 0 . psinvy

TETN = and k=-k*= P

But, for a space curve xk = —«* if and only if K = £* = 0. It means that v = 0. Therefore, G, G* are lines, and the
Frenet frame of G* can be obtained by rotating the Frenet frame of G about the tangent vector by the angle ¢
and it can written

T 1 0 0 T
N* | =] 0 «cosf sinf N
B* 0 —sinf cos@ B

Case 3. 6 # 0 and v = 7/2. (In the case {G,G*} is a Bertrand mate)
If the angle v is 7/2, then we have A’ = (cos) (v* — v) = 0. That is, A is constant and we write

G" =G+ AN.
On the other hand, according to the equations (3.3) and (4.1), we find
v*T* = (v —vrA) T+ vATB

and
T cos@ 0 —sinf| |T
N*| = 0 1 0 N
B* sinf 0 cosf B

Therefore, since G* = G + AN, A € Rand N* = N, {G,G*} is a Bertrand mate. Also, using the Theorems given
above, we get
v —v*cosf —v*sinf

K= —— and T = (4.13)
VA vVA
for Bertrand curve G. With the similar calculations for G = G* — AN*, we can obtain that
o vcosf — v* and . —vsind
T e—— 7- p—
VA VA

Thus, we get the following well known propositions for Bertrand mates.

i. The angle between tangent vectors of Bertrand curves at the corresponding point is constant ¢, since the
coefficients of B and T' must be zero in the derivative of B*.

ii. Product of the torsions of Bertrand curves at the corresponding points is constant, since

sin® 0

)\2

*
TT =

iii. A curve for which ax + b7 = 1, where a and b are constants different form zero, is Bertrand curve. Notice
that, it can be obtained
KA —1
TA
from (4.13). It means that, a = A and b = —\cot 6.

cotf =

< kA — (cot@) At =1

4.3. Special Cases for 6 = 0.

Case 4 (1). # = 0 and ~ is non-constant or § = 0 and + is constant

If 6 = 0, the Frenet frames at corresponding points of the curves are the same. On the other hand, the torsion
of the curves are 7 = 7* = 0. So, the curves G and G* are planar and lie in the osculating plane. Also, if we write
w=0,) =0, v* =vin the equalities (4.5), we find

0=-X(y +vk)siny
0=X(vk+7')cosy

The necessary and sufficient condition to satisfy these two equations is that A = 0 or 7' = —vk. A = 0 means
that G = G*. So, for an osculating mate {G,G*} such that § = 0 and X # 0, curvatures are equal and satisfy

If the angle ~ is also chosen constant, there will be a straight lines for Osculating mate.
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