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Abstract

As a generalization of conformal semi-slant submersions, semi-slant Riemannian maps,
almost h-semi-slant submersions and almost h-semi-slant Riemannian maps, we introduce
almost h-conformal semi-slant submersions and almost h-conformal semi-slant Riemannian
maps. We give some examples of such maps and also introduce some types of plurihar-
monic maps, invariant maps and geodesic maps. We study the geometry of foliations, the
integrability of distributions, the properties of pluriharmonic maps, invariant maps and
geodesic maps. We also investigate the condition for such maps to be totally geodesic and
the harmonicity of such maps.
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1. Introduction

In differential geometry, to investigate Riemannian manifolds, we usually use some
types of maps between manifolds. Given a horizontally conformal submersion ¢ from
a Riemannian manifold (N, gy) into a Riemannian manifold (M, gys), which is a gener-
alization of a Riemannian submersion, we naturally obtain two distributions: a vertical
distribution ker ¢, and a horizontal distribution (ker ¢, )*. It is interesting to study them
as follows: the integrability of distributions and the geometry of foliations. If we add
some geometrical structures to the Riemannian manifold (N, gn) (i.e., an almost complex
structure, a Kahler structure, a quaternionic Kéhler structure, a hyperkéhler structure,
an almost contact metric structure, a Sasakian structure, a Kenmotsu structure, a cosym-
plectic structure), then we have some other distributions (i.e., DY DY wpDL | 1P) and it
is also very interesting to investigate them. Similarly, given a conformal Riemannian map
¢ : (N,gn) — (M, gnr), which is a generalization of a Riemannian map, we also obtain
some other distributions (i.e., range ¢, and (range ,)*). With some types of plurihar-
monic maps, invariant maps and geodesic maps, we also investigate the properties of the
manifold (N, gn). Since the introduction of Riemannian submersions ([17], [10]) in 1960s,
this area has been developed and studied by many geometers: horizontally conformal sub-
mersions ([9], [13]) in 1970s, Riemannian maps ([8]) in 1992, conformal Riemannian maps
([22]) in 2010, other conformal maps ([2], [3], [23]).
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With these maps, we have many applications: Kaluza-Klein theory, supergravity and
superstring theories, Yang-Mills theory, computer vision, geometric modeling, medical
imaging([5], [12], [15], [6], [14], [23], [26]).

As a generalization of conformal semi-slant submersions [1], semi-slant Riemannian
maps [20], almost h-semi-slant submersions, h-semi-slant submersions [19], almost h-
semi-slant Riemannian maps and h-semi-slant Riemannian maps [18], we introduce al-
most h-conformal semi-slant submersions, h-conformal semi-slant submersions, almost h-
conformal semi-slant Riemannian maps and h-conformal semi-slant Riemannian maps.

We organized the paper as follows. In section 2 we remind some notions, which will be
used later. In section 3 we define the notions of almost h-conformal semi-slant submersions,
h-conformal semi-slant submersions, almost h-conformal semi-slant Riemannian maps and
h-conformal semi-slant Riemannian maps and give some examples of such maps. In section
4 after introducing some types of pluriharmonic maps, invariant maps and geodesic maps,
we study the geometry of foliations, the integrability of distributions and the condition
for such maps to be horizontally homothetic. In section 5 we consider the conditions for
such maps to be totally geodesic and the harmonicity of such maps.

2. Preliminaries

Let (N1,¢91) and (No, g2) be Riemannian manifolds, where g; and go are Riemannian
metrics on the C'*°-manifolds N; and Na, respectively.
Let ¢ : (N1, 91) = (N2, g2) be a C*°-map.
The second fundamental form of ¢ is given by
(Vo) (X, Z) =V Z — 0 (VxZ) for X,Z e T(TNy),

where V¢ is the pullback connection [4].
Recall that ¢ is harmonic if the tension field 7(¢) = trace (Vp,) = 0 and ¢ is totally
geodesic if (V. )(X,Z) =0 for X,Z € T'(T'Ny) [4].

Lemma 2.1 ([24]). Let (N1,g1) and (N2, g2) be Riemannian manifolds and ¢ : (N1, g1) —
(N2, 92) a C*®-map. Then we obtain

VSpiZ — Vi X — pu([X,Z]) =0 (2.1)
for X, Z e T'(TNy).
Remark 2.2. (1) From (2.1), Vi, is symmetric.

(2) From (2.1),
(W, Z] € T'(ker py) (2.2)

for W € T'(ker ¢.) and Z € T'((ker p,)*).

The map ¢ is said to be a conformal Riemannian map if there exists a positive function
Aon N (ie., A(g) > 0, Vg € Ny) such that

92(0: X, 0 Z) = N’q1(X, Z) for X, Z € T'((ker p.)") (2.3)

and 0 < rank p,, = rank ¢,, < min(dim Ny, dim N2) for p,q € Ny, where (ker ¢.)" is the
orthogonal complement of ker ¢, in T'Ny. We call X dilation.

We call the map ¢ a horizontally conformal submersion if ¢ is surjective and ¢ is a
conformal Riemannian map.

Theorem 2.3 ([22]). Let ¢ : (N1,91) — (Na,g2) be a conformal Riemannian map with
dilation \. Then we get

_ (Va) (X, Z)5 1 (Vep,) (X, Z)(mnew)
= X(ln /\)go*Z + Z(ln )\)QD*X — g1 (X, Z)¢*(V In /\) + (th*)(X7 Z)(T‘angego*

)L
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for X, Z € T((ker p,)*), where (rangep,)* is the orthogonal complement of range . in
@ 'TN,.

In convenience, let (V)" (X,2) = (Vi) (X, Z)a08¢ (Vo) (X, 2) = (V)
(X, Z)(range @)t VS puZ = (Vi p Z)rangess, VﬁLg@*Z = (Vﬁgo*Z)(mnge“’*)L. We call
the conformal Riemannian map ¢ horizontally homotheticif Z(\) = 0 for Z € T'((ker ¢,)=).

Let ¢ : (N1,g1) — (N2, g2) be a conformal Riemannian map.

Given W € I'(T'Ny), we have

W =VW + HW, (2.5)
where VIW € T'(ker ¢,) and HW € I'((ker @,)1).

We define the tensors 7 and A by

AyW = HVqy VW + VIV HW, (2.6)

TyW = HVyy VW + VVWyy HW (27)

for vector fields V, W € I'(T'N;), where V is the Levi-Civita connection of g1 ([17], [7]).
Then we obtain

gl(Tva W) = —91<V, ‘J’UW)a (2'8)
a AV, W) = —g1(V, Ay W) (2.9)
for U,V,W € I'(TNy).
We also have
TyW =TwV  for V,W € I'(ker ¢,). (2.10)

Throughout this paper, we will use these notations.

3. Almost h-conformal semi-slant Riemannian maps

Throughout the paper, we denote by (N, E, gn) an almost quaternionic Hermitian man-
ifold, where E is an almost quaternionic structure on N (See [21]). And we denote by
(N,I,J,K,gn) a hyperkahler manifold, where (I, J, K, gn) is a hyperkéhler structure on
N (See [21]). In this section we define almost h-conformal semi-slant Riemannian maps,
h-conformal semi-slant Riemannian maps, almost h-conformal semi-slant submersions, h-
conformal semi-slant submersions and give some examples of such maps.

Definition 3.1. Let ¢ : (N, E,gn) — (M, gar) be a horizontally conformal submersion.
The map ¢ is said to be an h-conformal semi-slant submersion if given x € N with a
neighborhood W, there is a quaternionic Hermitian basis {I, J, K} of sections of E on W
such that for any P € {I,J, K}, there exist two orthogonal complementary distributions
D1, Dy C ker p, on W such that

ker p, = Dy & Do, P(Dl) =D
and the angle p = 0p(Y) between PY and the space (D3), is constant for nonzero
Y € (D2)pand p e W.

We call the basis {I, J, K'} an h-conformal semi-slant basis and the angles {07,607, 0k}
h-conformal semi-slant angles.

Definition 3.2. Let ¢ : (N, E,gn) — (M, gar) be a horizontally conformal submersion.
The map ¢ is said to be an almost h-conformal semi-slant submersion if given x € N with
a neighborhood W, there is a quaternionic Hermitian basis {1, J, K'} of sections of E on
W such that for P € {I,J, K}, there exist two orthogonal complementary distributions
DI DF C ker p, on W such that

ker o, = DI @ DY, P(DP) = DF

and the angle p = 0p(Y) between PY and the space (DF), is constant for nonzero
Y € (DY), and p e W.
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We call the basis {I,J, K} an almost h-conformal semi-slant basis and the angles
{01,05,0K} almost h-conformal semi-slant angles.

Definition 3.3. Let ¢ : (N, E,gn) — (M, gn) be a conformal Riemannian map. The
map ¢ is said to be an h-conformal semi-slant Riemannian map if given x € N with a
neighborhood W, there is a quaternionic Hermitian basis {I, J, K'} of sections of E on W
such that for any P € {I,J, K}, there exist two orthogonal complementary distributions
D1, Dy C ker p, on W such that

ker p, = Dy & Do, P(Dl) =D

and the angle p = 0p(Y) between PY and the space (D3), is constant for nonzero
Y € (Dy)pand p e W.

We call the basis {I, J, K} an h-conformal semi-slant Riemannian basis and the angles
{01,07,0K} h-conformal semi-slant Riemannian angles.

Definition 3.4. Let ¢ : (N, E,gn) — (M, gp) be a conformal Riemannian map. The
map ¢ is said to be an almost h-conformal semi-slant Riemannian map if given x € N
with a neighborhood W, there is a quaternionic Hermitian basis {I, J, K'} of sections of E
on W such that for P € {I, J, K}, there exist two orthogonal complementary distributions
DF DL C ker p, on W such that

ker o, = D{’ @ D, P(D) =D

and the angle 0p = 0p(Y) between PY and the space (DF), is constant for nonzero
Y € (DY), and p e W.

We call the basis {I, J, K} an almost h-conformal semi-slant Riemannian basis and the
angles {05,07,0k} almost h-conformal semi-slant Riemannian angles.

Conveniently, we denote an h-conformal semi-slant submersion, an almost h-conformal
semi-slant submersion, an h-conformal semi-slant Riemannian map, an almost h-conformal
semi-slant Riemannian map, an h-conformal semi-slant basis, an almost h-conformal semi-
slant basis, an h-conformal semi-slant Riemannian basis, an almost h-conformal semi-
slant Riemannian basis, an h-conformal semi-slant angle, an almost h-conformal semi-slant
angle, an h-conformal semi-slant Riemannian angle, an almost h-conformal semi-slant
Riemannian angle by an hss submersion, an ahss submersion, an hssR map, an ahssR
map, an hss basis, an ahss basis, an hssR basis, an ahssR basis, an hss angle, an ahss
angle, an hssR angle, an ahssR angle, respectively.

Remark 3.5. (1) Let ¢ : (N, E, gn) — (M, gar) be an hss submersion. Then the map ¢
is also an ahss submersion, an hssR map and an ahssR map.

(2) Let ¢ : (N, E,gn) — (M, gpr) be an ahss submersion. Then the map ¢ is also an
ahssR map.

(3) Let ¢ : (N, E,gn) — (M, gar) be an hssR map. Then the map ¢ is also an ahssR
map.

Now, we give some examples of such maps. We consider a hyperkéhler manifold
(R4 I,J,K,{,)) such that

0 _ 0 o) _ o) 0 _ 0 0 _ 0
I(3I4j+1) - 8ff4j+27j(8934j+2) - _5’934j+1’[(<9x4j+3) - 314j+4’1(8x4j+4) T Omaje3’
0 _ o o) _ __ 0 o) _ 0 o _ o)
J(3274j+1 )= O0z4j43" J(3$4j+2) T Omgjta’ J(3w4j+3) T Omaj41? J(3$4j+4> T Ozmajq’
o \_ @ o \_ @ 9 \_ 9 o \_ 9
K<a$4j+1 ) T Omajqa’ K(3$4j+2 )= 0%4j4+3" K(5$4j+3) T Omg 42’ K(3$4j+4) T Omgit
for j € {0,1,--- ,n — 1}, where { , ) is the Euclidean metric on R*".

Example 3.6. Let ¢ : (N, E, gn) — (M, gar) be an almost h-semi-slant submersion [19].
Then the map ¢ is an ahss submersion with dilation A = 1.
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Example 3.7. Let ¢ : (N, E, gn) — (M, gpr) be an almost h-semi-slant Riemannian map
[18]. Then the map ¢ is an ahssR map with dilation A = 1.

Example 3.8. Let (N, E,gn) be an almost quaternionic Hermitian manifold. Let ¢ :
TN — N be the projection map [11]. Then the map ¢ is an hss submersion with Dy =
ker ¢, and dilation A\ = 1.

Example 3.9. Let (N1, E1,g1) and (Na, E2, g2) be almost quaternionic Hermitian man-
ifolds. Let ¢ : N1 +— N be a quaternionic submersion [11]. Then the map ¢ is an hss
submersion with Dy = ker , and dilation A = 1.

Example 3.10. Let ¢ be a conformal Riemannian map from a 4n-dimensional almost
quaternionic Hermitian manifold (N, E, gn) into a (4n — 1)-dimensional Riemannian man-
ifold (M, gas) such that range p. = ¢ !TM and dilation a smooth function A\. Then the
map ¢ is an hssR map such that Dy = ker ¢, hssR angles {7 = 7,07 = 5,0k = 5} and
dilation A.

Example 3.11. Let ¢ : R® — R be a conformal Riemannian map such that range . =
@ TR and dilation a smooth function A\. Then the map ¢ is an hssR map such that
Dy = ker ¢y, hssR angles {6 = 5,0, = 5,0k = 5} and dilation A.

Example 3.12. Define a map ¢ : R® — R? by

V3 1

80(161, T ,$8) = (y1,y2,y3) = 7T2(l“7, 75'35 - 51'87-736)-

Then the map ¢ is an hss submersion such that D; =< 6%1, 8%2, 8‘973, 8%4 >, Dy =<

1.0 V3 _0 1 _ aaﬁa_;a __ 10 V398
2 Oz + 2 axg (kergp*) =< Oxg’ Ox7’ 2 Oxs 2 Oxg >’ WID2 =< 2 Oxg 2 Ozr >
1 0 3 0
wyDy =< 2(%7 + ‘2[8% >, WDy =< 2005 %(97 >, hss angles {0 = 5,05 = 35,0k =

5+ and dilation A = 7.
Example 3.13. Define a map ¢ : R'2 — R7 by

335—\f367 \fﬂfg—xn

2
(1, ,m12) = (Y1, ,y7) = e (10, 8, 5 8, 78,34)
Then the map ¢ is an hssR map such that D; =< 871’ 3%2 8873, 8%4 >, Dy =< 8%6’ 8512’
V3 9 V3 _0 1 _ o 1.0 3_0 3.0 1.0
2 am +§%7§8%+ 2 e, >, (ker ¢u) ™ =< 55, daig’ 8875;7677’ 2 29 T 20
range Ox =< o5 5o Gur Oyr (range o, )" =< D3’ Dys> By > hssRangles {6 =
5,07 = 5,0 = §} and dilation A = e.
Example 3.14. Define a map ¢ : R'? — RS by
p(x1,- - w12) = (Y1, y6) = 7 (212, 9, 71, T10, T2, T11)-
Then the map ¢ is an ahss submersion such that D =< 2 0 0 .0 .0 "0 -

Ox3?’ Oxy’ Oxs’ Oxg’ Ox7’ O

_ J _ K _ o) o) o) o) J _ K _ o] o] 1 _
= kercp*, @1 = Dl =< T%,T%,%,sz >, DQ = @2 =< Oz3 ' Owa >, (kergp*) =

o o8 o o 9 0o _ o o ox R
< 3u70 Duy’ Dug’ Duro’ Juiye ey o ahss angles {0r = 0,0; = 5,0k = T} and dilation
A\ =72

Example 3.15. Define a map ¢ : R'2 — R® by

o1, - ,z12) = (Y1, ,¥Y5) = 66(56375'311756 r1,T10).
Then the map go is an ahssR map such that DI =< axs, 326, 827’ 8x8 >, D =< 3%2, 3%4,

9 o) o) K o) o) 9 o) I _ a 0 a
3$5’dz67d$7’8$8 > D =< W’TM’TW’T%’TM’QQHQ > ? 8< (9%2’8$4 ) Oxg? Ox12 >’

J _ _
Dy =< 819’ 81’12 > DQ =< 8962’ 8964 (ker (’0*) =< 8:(:1’ O3’ Ozr10° 8:(:11 >, range s =<
00 0 0 - (rangep,)t =< ay >, ahssR angles {07 = 5,0; = 5,0 = 5} and

Oy1’ dy2’ Oys’ Bys

dilation \ = e3.
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Example 3.16. Define a map ¢ : R® — R3 by

p(z1,--+,28) = (y1,Y2,y3) = 7° (1 cos @ — wzsina, 2, 56)
with 0 < « Sag. Then tge m;ip p is an hssR mapasuch thag Dy =< %25, 8%6’ 3%7, 5,%8 >,
'DQ =< SiIlOéTxl + cos aTm, D1 >, (ker SO*)J‘ =< TCEQ’COS aTm — sin O[Txd >, range @y =<
8%1’ 3%2 >, (range p, )T =< 8%3 >, hssR angles {0; = o,0; = 5,0k = § — o} and dilation
A=t

4. Geometry of distributions

Let ¢ : (N, E,gn) — (M, gprr) be an ahssR map with an ahssR basis (1, J, K).
Given W € T'(ker ¢, ), we have

PW = ¢pW 4+ wpW, (4.1)
where ¢ppW € T'(ker p.) and wpW € T'((ker ¢,)t) for P € {I,J, K}.
Given Z € T'((ker ¢,)*), we write
PZ=BpZ+CpZ, (4.2)
where BpZ € T'(ker ¢,) and CpZ € T'((ker ¢,)*) for P € {I,J, K}.
We easily get
¢HW + BpwpW = —W, wpppW + CpwpW =0,
épBpZ + BpCpZ =0, wpBpZ +C%7Z = —Z

for W € T'(ker ¢,) and Z € T'((ker ¢,)+).
Then

(ker 0, )t = wpDY @ ul” for P e {I,J, K}, (4.3)
where p” is the orthogonal complement of wpDE in (ker . )*. Tt is easy to see that pu”

is P-invariant.
Define VyW :=VVy W for VW € T'(ker p,).

We define
(Vyop)W = VyopW — ¢pVyW (4.4)
and
(Vywp)W := HVywpW — wPﬁx/W (4.5)
for V,\W € T'(ker ) and P € {I, J, K}.
Then we get
(Vv(Z)P)W = Bp‘IVW - vapVV, (46)
(vap)W = Cp‘J’VW — 7{/¢PW (4.7)
for V,W e T'(ker¢,) and P € {I,J, K}.
Define
(VxBp)Z :=VVxBpZ — BpHV xZ (4.8)
and
(VXCP)Z = }CVXCPZ — CP}CVXZ (49)

for X, Z € T((ker p4)*) and P € {I,J,K}.
Then we obtain
(VxBp)Z = ¢ppAxZ — AxCpZ, (4.10)
(Vch)Z = prXZ —.AXBPZ (4.11)
for X, Z € T'((ker p4)*) and P € {I,J,K}.
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Remark 4.1. (1) Let ¢ : (N, E,gn) — (M, gar) be an ahss submersion with an ahss basis
(I,J,K). Then we have the orthogonal decompositions

TN =ker g, ® (ker )t = DY @ DL @ wpD¥ @ P
and
o~ 'TM = range o, = .(wpDy) ® pup”
for Pe{I,J,K}.
(2) Let ¢ : (N, E,gn) — (M, gar) be an ahssR map with an ahssR basis (I, J, K). Then
we get the orthogonal decompositions
TN =ker g, @ (kerg,)t = DY @ DL @ wpD? @ P
and
¢ 'TM = range ¢, © (range .)" = @.(wpDy) @ puu” @ (range ¢.) "
for Pe{I,J, K}.

Proposition 4.2. Let ¢ : (N, E,gn) — (M, gn) be an ahssR map. Then we have

¢HW = —cos’>Op W (4.12)
for W € T(DL) and P € {I,J,K}, where {I,J, K} is an ahssR basis with the ahssR
angles {0r,07,0K}.
Proof. Given nonzero W € I'(D}), we obtain

_gn(PW,0pW)  |opW |2 |ppW|

cosfp = = -
PTOPWTepW] T W epW] W]

so that
cos” Opgn (W, W) = gn(¢opW, opW) = —gn (65 W, W).
By polarization,
cos® Opgn (W1, Wa) = —gn (¢ W1, Wa)
for Wy, Wo € T'(DYL), which implies the result. O

Remark 4.3. Let ¢ : (N, E,gn) — (M, ga) be an ahssR map. From (4.12), we easily
have

gn(6pV, ¢pW) = cos® Op gn(V, W),
gN(wPV, pr) = SiIl2 (913 gN(V, W)
for V,W € T(DL).

Lemma 4.4. Let o : (N, E,gn) — (M, gnr) be an ahssR map. If the tensor wp is parallel,
then we get

TopvdpW = —cos>0p Ty W (4.13)

for V,\W € (DY) and P € {I,J, K}, where {I,J, K} is an ahssR basis with the ahssR
angles {01,070k}

Proof. Given V,W € I'(DL) and P € {I, J, K}, by (4.7), (2.10), (4.12), we obtain
TopvopW = CpTy,vW = CpTwopV
= TwopV = —cos’>Op TV
= —cos?0p Ty W,
which implies the result. ]
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Theorem 4.5. Let ¢ : (N,1,J,K,gn) — (M, gn) be an ahssR map with an ahssR basis
(I,J,K). Then given P € {I,J, K}, the assertions are equivalent:

(a) The distribution DY is integrable.

(b) (Vo) (V,PW) = (V. ) (PV,W) for V,W € T (D).

Proof. Given V,W € I'(DY), we have

0« P[V,W] = ¢,VyPW — ¢,V PV
= (Vo )(V,PW) + (V. ) (W, PV).

If p = 0, then since DI’ = ker ¢, and Vi, is symmetric, the result follows.
If 0 < 0p < %, then since ¢, P[V,W] =0 < [V,W] € I'(DY), the result follows. O

Corollary 4.6. Let ¢ : (N,I,J,K,gn) — (M,gr) be an hssR map with an hssR basis
(I,J,K). Then the assertions are equivalent:

(a) The distribution Dy is integrable.

(b) (V. )(V, IW) = (V. )(IV, W) for V, W & T(Dy).

(c) (Vo) (V. JW) = (Vg )(JV, W) for V,W € T(Dy).

(d) (Vo) (V, KW) = (Vi) (KV, W) for V,W € T(Dy).

Theorem 4.7. Let ¢ : (N,I,J,K,gn) — (M, gnr) be an ahssR map with an ahssR basis
(I,J,K). Then given P € {I,J, K}, the assertions are equivalent:

(a) The distribution DY is integrable.

(b) 9 (U, ViydpV + TwwpV — VydpW — TywpW) = 0 for U € T(DF) and V,W €
L(Df).

Proof. Given V,W € I'(Df) and U € T(DF), we have
gn(PU, [V, W]) = gy (U, Viy PV — Vi, PW)
= gn (U, ViwopV + TwopV + TwwpV + HVywpV
— VyopW — TyépW — TywpW — HVywpW)
= gn(U, ViwdpV + TwwpV — VyopW — TywpW).
Therefore, the result follows. O

Corollary 4.8. Let ¢ : (N,I,J,K,gn) — (M,gn) be an hssR map with an hssR basis
(I,J,K). Then the assertions are equivalent:

(a) The distribution Dj is integrable.

(b) gar (U, VW¢1V+‘J'Ww1V VV¢1W TywiW) =0 forU € I'(Dy) and V,W € I'(Da).

(C) gM(U VW¢JV + TWWJV VV¢JW TVwJW) =0 fOT‘ U e FCD ) and V,W S

['(Dy).

(d) g (U, Vv oV + TwwiV — VyorW — TywrW) = 0 for U € T(D1) and V,W €

['(D2).

Theorem 4.9. Let ¢ : (N,1,J,K,gn) — (M, grr) be an ahssR map with an ahssR basis
(I,J,K). Then the assertions are equivalent:

(a) The distribution (ker p,)* is integrable.

(b) B[(AzB[X — AxBiZ + HV;Cr X — .‘HVXC’[Z) + (bI(VVZB]X — VWxB;Z +
AzCr1X — AxCr1Z) =0 for X, Z € T((ker p,)*).

¢) Bj(AzB;X — AxB;jZ + HV;C; X — HVxC;Z) + ¢;(VVzB;X — VWxB;Z +
AzCiX —AxCyZ) =0 for X, Z € T'((ker ¢,)F).

d) BK(.AzBKX —AxBgZ+HV;CrX — fJ-CVXCKZ) +¢K(VVZBKX —VVxBgZ+
AzCxX — AxCkZ) =0 for X, Z € T'((ker ¢,)+).
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Proof. Given X,Z € I'((ker p,)*) and P € {I,J, K}, we get
VxZ (4.14)
= —-PVxPZ=—-PVx(BpZ+CpZ)
= —(BpAxBpZ + CpAxBpZ + ¢pVV xBpZ + wpVV xBpZ
+¢opAxCpZ +wpAxCpZ + BpHV xCpZ + CpHV xCpZ.
Interchanging X and Z, we obtain
VzX (4.15)
= —(BpAzBpX + CpAzBpX + ¢pVV zBpX + wpVV zBpX
+¢opAzCpX +wpAzCpX + BpHV zCpX + CpHV zCpX.
From (4.14) and (4.15),
(X, Z]|kerp, = Bp(AzBpX — AxBpZ + HV 7zCpX — HV xCpZ)
+¢op(VWzBpX —VVxBpZ + AzCpX — AxCpZ).
Therefore, we get the result. O

In a similar way with the notion of pluriharmonicity [16], we give some notions.

Definition 4.10. Let ¢ : (N,I,J, K,gn) — (M, gy) be an ahssR map with an ahssR
basis (I,J,K). Given P € {I,J, K}, we call the map ¢ P-pluriharmonic, (ker p,)*-P-
pluriharmonic, ker . -P-pluriharmonic, @f -P-pluriharmonic, Dg’ -P-pluritharmonic,

(ker 4,0*)L -ker p,-P-pluriharmonic if

(Ve ) (X, Z2) + (Vo) (PX,PZ) =0 (4.16)
for X,Z € T(TN), for X, Z € T'((ker ¢,)*), for X, Z € T'(ker @,), for X, Z € T(DY), for
X,Z e T(DL), for X € T'((ker p,)t), Z € T'(ker ¢,), respectively.

Definition 4.11. Let ¢ : (N, I,J, K, gn) — (M, gpr) be an ahssR map with an ahssR basis
(I,J,K). Given P € {I,J,K}, we call the map ¢ P-invariant, (ker ¢,)*-P-invariant,
ker @, -P-invariant, DY -P-invariant, DY -P-invariant, (ker @, )" -ker @,-P-invariant if

(Vo) (X, Z) = (Vi) (PX,PZ) (4.17)

for X,Z € T(TN), for X,Z € T((ker x)*), for X, Z € T'(ker ¢,), for X, Z € (DY), for
X,Z € T(DL), for X € T'((ker p,)+), Z € T'(ker ,), respectively.

Definition 4.12. Let ¢ : (N,I,J, K,gn) — (M, gpr) be an ahssR map with an ahssR
basis (I,J, K). Given P € {I,J, K}, we call the map ¢ totally geodesic, (ker ¢,)*-geodesic,
ker @, -geodesic, DI -geodesic, DI -geodesic, (ker p.)*-ker p,-geodesic if

(Ve )(X,2) =0 (4.18)

for X,Z € T(TN), for X, 7 € T'((ker p.)*), for X, Z € T'(ker ¢,), for X, Z € T(DY), for
X,Z € T(DE), for X € T'((ker p4)1), Z € T'(ker ¢.), respectively.

Remark 4.13. Let ¢ : (N,I,J, K, gn) — (M, gy) be an ahssR map with an ahssR basis
(I1,J,K).
(1) Given X,Z € I'(T'N) and P € {I, J, K}, we have
(Vo) (X, Z) + (V) (PX,PZ) =0

( Vfi(p*Z + vﬁ}gofpz = ¢(VxZ+VpxPZ)
Ve 0. Z = Vo PZ.
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(2) Given X,Z € I'(TN) and P € {I, J, K}, we get

(Ve )(X, Z) = (Vi) (PX, PZ)
Vf{ap*Z - Vg}((p*PZ = (p*(VXZ - VpxPZ)
VS 0. Z = Vi PZ.
(3) Given X,Z € I'(TN) and P € {I, J, K}, we obtain

(Ve )(X,Z) =0
V§T¢*Z = (,D*sz
fo(p*Z =0.

(4) We see that the map ¢ is ker p,-geodesic if and only if the distribution ker ¢, gives
a totally geodesic foliation.
(5) If the map ¢ is P-invariant, then we have

(Vo) (PX, Z) = =(Ve.) (X, PZ)

for X,Z e T'(TN).
(6) If the map ¢ is P-pluriharmonic, then we have

(Vo) (PX, Z) = (Vi) (X, PZ)
for X, Z € T(TN).

Lemma 4.14. Let ¢ : (N,1,J,K,gn) — (M, gnr) be an ahssR map with an ahssR basis
(I,J,K). If the map ¢ is P-pluriharmonic and either 0p = 0 or O0p = § for some
P e{l,J K}, then ¢ is harmonic.

Proof. If p = 0, then we have a local orthonormal frame {uj,--- ,us, Puy,--- , Pus,
vi, v Popy oo Pogwy, s s we, Pwy, - -, Pwy } of TN such that {uq, -+, ugs, Pug, -+,
Pug} c T(DY), {v1,--- ,v, Pvy,--- , Py} € T(DY) and {wy,--- ,w,, Pwy,---, Pw,} C
L(u?).

Since the map ¢ is P-pluriharmonic, we get

7(p) = trace (V)

= > (Vo) (ui, ui) + (Vepu) (Pui, Puy))

i=1
t
+ Y (Vo) (v),05) + (Vi) (Poj, Puj))
j=1
+ 3" (Vo) (wr, wi) + (Vo) (Pwy, Pwg))
k=1
=0.
If 0p = 75, then we get a local orthonormal frame {u1, - - - ,us, Puy, -+, Pug, vi,--- v, Py,

o, Pug,wy, -, wy, Pwy, -+, Pw,} of TN such that {uy,--- ,us, Puy,--- , Pus} C T(DL),
{v,---, v} € T(DY), {Pvy,---,Pv;} C T'(PDY) and {wy,--- ,w,, Pwy,---,Pw,} C
L(u?).
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Since the map ¢ is P-pluriharmonic, we obtain
7(p) = trace (Vi)
S
= (V) (ui, w) + (Vs ) (Pus, Puy))

=1

+ 2 _((Veu) (v, 07) + (Vo) (Pvj, Py))
j=1

+ i:<(v¢*)(wka wi) + (Vi) (Pwy, Pwy))
k=1
=0.

Therefore, the result follows. O
From Example 3.10 and Lemma 4.14, we get

Corollary 4.15. Let ¢ : (N,I,J,K,gn) — (M, gr) be a conformal Riemannian map
with dim N = 4n, dim M = 4n — 1, range p, = @ *TM and dilation a smooth function \.
Assume that (V. ) (X, Z) + (Vo) (PX,PZ) =0 for some P € {I,J,K}. Then the map
@ s harmonic.

Let ¢ : (N,gn) — (M, gm) be a conformal Riemannian map. We call the map ¢ a
conformal Riemannian map with totally umbilical fibers if

‘J’VW = gN(V, W)H (4.19)
for V,W € T'(ker ¢, ), where H is the mean curvature vector field of the fiber.

Lemma 4.16. Let ¢ : (N,I,J,K,gn) — (M, gnr) be an ahssR map with totally umbilical
fibers such that (I,J, K) is an ahssR basis. Then we get

H € T(wrD)) NT(w;DY) NT(wrDE). (4.20)
Proof. Given V,\W € T'(DY), Z e T'(u*’) and P € {I,J, K}, we have
Ty PW + VyPW = Vy PW = PVyW = PTyW + ¢pVy W +wpVy W

so that
gn(Tv PW, Z) = gy (PTyW, Z). (4.21)
From (4.21), by (4.19), we obtain
gN(V. PW)gn(H, Z) = —gn (V. W)gn(H, PZ). (4.22)

Interchanging V and W, we get

gnW, PV)gn(H,Z) = —gn(W,V)gn(H, PZ). (4.23)
From (4.22) and (4.23), we derive

gN(V7 W)gN(vaz) =0,
which means
H € T'(wpD¥).

Therefore, the result follows. ]
Corollary 4.17. Let ¢ : (N,I,J, K, gn) — (M, gp) be an ahssR map with totally umbili-

cal fibers such that (I,J, K) is an ahssR basis. Suppose that wrDINw; DI NwrDE = {0}.
Then all the fibers are minimal.
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Theorem 4.18. Let ¢ : (N,1,J,K,gn) — (M, gnrr) be an ahssR map with an ahssR basis
(I1,J,K). Suppose that ¢ is a ker .-P-pluriharmonic map for some P € {I,J, K}. Then
the assertions are equivalent.

(a) The distribution ker . gives a totally geodesic foliation on N.

(b) Vo, 0. PW = 0.V py PW for V,W € I'(ker p,).
Proof. Given V,W € I'(ker p,), we get
0= (V) (V,IW) + (V) (PV,PW)
= —o.VyW + V5,0, PW — 0,V py PW

so that
Voo PW =0
and
—o Ny W + Vi, 0. PW — 0, Vpy PW = 0.
The latter implies the result. (Il

From the proof of Theorem 4.18, we have

Corollary 4.19. Let ¢ : (N,I,J, K,gn) — (M, gnr) be an ahss submersion with an ahss
basis (I,J, K). Suppose that ¢ is a ker @,-P-pluriharmonic map for some P € {I,J, K}.
Then the assertions are equivalent.

(a) The distribution ker . gives a totally geodesic foliation on N.

(b) Vo, PW = 0N py PW for V,W € I'(ker p,).

In a similar way, we obtain

Lemma 4.20. Let ¢ : (N,1,J,K,gn) — (M, gp) be an ahssR map with an ahssR basis
(I,J,K). Suppose that ¢ is a ker p.-P-invariant map for some P € {I,J, K}. Then the
assertions are equivalent.

(a) The distribution ker . gives a totally geodesic foliation on N.
(b) Vo, 0. PW = 0N py PW for V,W € T'(ker p,).

Theorem 4.21. Let o : (N,I,J, K, gn) — (M, gar) be an ahssR map with an ahssR basis
(I,J,K). Suppose that ¢ is a (ker p,)*-P-pluriharmonic map with dim p* > 4 for some
P e{l,J,K}. Then the assertions are equivalent.

(a) The map ¢ is horizontally homothetic.

(b) WP(-TBPXZ + CPJ'CVBPXZ —I—.AcprpX =0 for X,Z € F((ker (p*)L).

Proof. Given X, Z € T'((ker ¢.)1), we get
0= (V) (X, 2) + (V) (PX, PZ)
= X(In N Z 4+ Z(In X)X — gn (X, Z)pu(VIn A) + V-0, Z
— 0«(VBpoxPZ +Ve,xBpZ) + CpX(InN)pCpZ + CpZ(In N)p,.CpX
— gn(CPX,CpZ)p.(VIn ) + V& vp.CpZ
so that
V0 Z + Vi 0. CpZ =0
and
0 = —¢(wpTxZ+CpHV poxZ + Acpx BpX) (4.24)
+X(In N Z + Z(In N X — gn (X, Z)ps(VIn X)
+CpX(InN)p.CpZ + CpZ(In N)p.CpX
—gn(CpX,CpZ)p.(Vin ).
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We claim that ¢ is horizontally homothetic if and only if
0=X(InN)p.Z+ Z(InN)pX — gn(X, Z)p(VIn ) (4.25)
—i—CpX(ln /\)QD*CPZ + CPZ(III )\)(p*CpX — gN(CpX, CPZ)QO*(V In )\)

for X, Z € T'((ker p,)").

One direction is obvious. So, we prove the other one.

If D = {0} (i.e., 8p = 0), then we choose any orthonormal vector fields {X;, Xa} C
['(u?) with gy (X1, X2) = gy (PX1, X2) = 0. Applying X = Z = X; at (4.25), we get

0=X1(In N X1+ PX1(In N PX7 — 0 (VInA)
so that
0=gn(X1(InN)ps X1+ PX1(In ) PX7 — @ (VIn ), 0 X2)
= —A?Xy(In ),

which implies that ¢ is horizontally homothetic.
If DL +# {0}, then we choose any unit vector field V' € I'(DY).
Applying X = Z = wpV at (4.25), we obtain

2wpV (In \)@.wpV —sin?0p p,(VIn ) =0 (4.26)
From (4.26),
0=gnQ2wpV(InN)p.wpV — sin? 0p 0«(VIn ), pwpV)
= Asin?0p wpV (In \)
and

0= gn(2wpV(In N)p,uwpV —sin?0p ¢, (VIn ), p,Y)
= —\%sin?fp Y(In \)

for Y € I'(u”), which implies that ¢ is horizontally homothetic.
From (4.24), we obtain the result. O

From the proof of Theorem 4.21, we get

Corollary 4.22. Let ¢ : (N,I,J, K,gn) — (M, gpr) be an ahss submersion with an ahss
basis (I,.J,K). Suppose that ¢ is a (ker p,)--P-pluriharmonic map with dim u* > 4 for
some P € {I,J,K}. Then the assertions are equivalent.

(a) The map ¢ is horizontally homothetic.

(b) WP(-TBPXZ + Cpg‘vaPXZ +ACPXBPX =0 for X,Z € F((ker«p*)J-).

Similarly, we obtain

Lemma 4.23. Let ¢ : (N,1,J,K,gn) — (M, gnr) be an ahssR map with an ahssR basis
(I,J,K). Suppose that o is a (ker p,)t-P-invariant map with dimu” > 4 for some
P e{l,J,K}. Then the assertions are equivalent.

(a) The map ¢ is horizontally homothetic.

(b) WP(-TBPXZ + CPJ'CVBPXZ +-ACPXBPX =0 for X,Z € F((kercp*)L).

Lemma 4.24. Let ¢ : (N,1,J,K,gn) — (M, gpr) be an ahssR map with an ahssR basis
(I,J,K). If the map ¢ is (ker p,)*-geodesic, then @ is horizontally homothetic.

Proof. Given Z € T'((ker ¢,)*), by (2.4), we have
0=9gu((Ve:)(Z,Z),p:Z)
— 022N Z — |22, (VIn A), 9. 2)
= \%Z|?Z(In\).
Therefore, the result follows. O
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From (2.4), with polarization in the proof of Lemma 4.24, we obtain

Corollary 4.25. Let ¢ : (N,I,J,K,gn) — (M, gnr) be an ahss submersion with an ahss
basis (I,J,K). Then the assertions are equivalent.

(a) The map ¢ is (ker p.)*-geodesic.

(b) The map @ is horizontally homothetic.

Theorem 4.26. Let ¢ : (N,I,J,K,gn) — (M,gpr) be an ahssR map with an ahssR
basis (I, J,K). Suppose that ¢ is a (ker @, )" -ker p,-P-pluriharmonic map for some P €
{I,J,K}. Then the assertions are equivalent.
(a) The map ¢ is horizontally homothetic.
(b) AW + ‘IBPZQSPW + .ACP2Q5PW + J‘CVBPZwPW =0 for W € I’(kergo*) and Z €
P((ker pe)1).
Proof. Given W € T'(ker ¢,) and Z € I'((ker ¢,)"), we have
0= (Ve )(Z, W)+ (Veu)(PZ, PW)
= —.VzW — 0i(VpzoppW + Vg, zwpW) + CpZ(In X)pwpW
+wpW(InN)p.CpZ — gn(CpZ,wpW ) (VI ) + V&L ,ouwpW
= —pu(AzW + TBpz0pW + Acpz0pW + HV g zwpW)
+ CpZ(In N puwpW + wpW (In N)p.CpZ + Vi ypuwpW
so that
Vi souwpW =0
and
—QO*(.Azw—i-TBPqupW-f-Acngf)pW -i—fHVBPprW) (4.27)
+CpZ(In AN pswpW +wpW(In X)), CpZ = 0.
We claim that ¢ is horizontally homothetic if and only if
CpZ(InAN)pwpW +wpW(InX)p,CpZ =0 (4.28)

for W € T'(kerg,) and Z € T'((kerp,)*t). Since (4.28) means CpZ(In)) = 0 and
wpW(lnA) =0, it is clear.
From (4.27), we obtain the result. O

In a similar way, we get

Lemma 4.27. Let ¢ : (N,1,J,K,gn) — (M, gnr) be an ahssR map with an ahssR basis
(I,J,K). Suppose that ¢ is a (ker p,)*-ker p,-P-invariant map for some P € {I,J, K}.
Then the assertions are equivalent.

(a) The map ¢ is horizontally homothetic.

(b) —AzW + Tsz(Z)pW + ACPZ¢PW + :HVBPZWPW =0 for W € F(kergo*) and
Z € T((ker ps)t).

Theorem 4.28. Let p : (N,1,J,K,gn) — (M, gar) be an ahssR map with an ahssR basis
(I,J,K). If the map ¢ is a (ker ) -ker p.-geodesic map, then the distribution (ker p,)*
gives a totally geodesic foliation.
Proof. Given W € T'(ker ¢,) and Z € I'((ker ¢,)"), we have
0= (Ve.)(Z, W)
= _SD*VZW

which means
VzW e I'(ker p,). (4.29)
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Given Z1, Zy € T((ker ¢4)*) and W € T'(ker ), by (4.29), we obtain
gN(vZ1 Z, W) = _QN(Z% vZ1 W) = 0.
Therefore, the result follows. O

Lemma 4.29. Let ¢ : (N,1,J,K,gn) — (M, gnr) be an ahssR map with an ahssR basis
(I,J,K). If the distribution DY is integrable for some P € {I,J, K}, then the map ¢ is a
DY -P-pluriharmonic map.
Proof. Given V,W € I'(DY), since DI is integrable, we obtain
(V) (V. W) + (Vi ) (PV, PW)
= = VyW — 0.V py PW
= —p«(VyW + PVpy W)
= —cp*(VvW + P(Vw PV + [PV, W]))
—0(VyW = Vy'V)
—ou (Vv W = (Vv W + [W,V]))
=0.
Therefore, we get the result. O

Lemma 4.30. Let ¢ : (N,1,J,K,gn) — (M, gnr) be an ahssR map with an ahssR basis
(I,J,K). Suppose that the distribution DY is integrable for some P € {I,J, K}. Then the
map ¢ is DY -P-invariant if and only if the map o is DI -geodesic.

Proof. Since DY is integrable, given V, W € I'(D!), by using the proof of Lemma 4.29,
we have

(Vi) (V, W) — (V. (PV, PW)
= =20, VyW
=2(Vep.)(V, W),
which means the result. ([l

Theorem 4.31. Let ¢ : (N,1,J,K,gn) — (M, gnr) be an ahssR map with an ahssR basis
(I,J,K). Then given P € {I,J, K}, the assertions are equivalent.

(a) The distribution DP gives a totally geodesic foliation.

(b) The map ¢ is DY -geodesic and Vy PW € T(DF) for V,W e T(DF).

Proof. The case (a) = (b) is obvious.
Conversely, since ¢ is D{’-geodesic, we obtain

0= (Vo) (W1, Wy) = —p,. Vi, Wo
for Wy, Wo € T'(DY), which implies
Tw,Wa =0 for Wi, Wy € T(D]). (4.30)
Since Vyy, PWy € T(DF) for Wi, Wy € T(DT), given V, W € T(DF), by (4.30), we have
VyW = —P(VyPW) = —P(Vy PW + Ty W)
= —PVyPW € I(DD).
Therefore, the result follows. O

Theorem 4.32. Let ¢ : (N,I,J, K, gn) — (M, gr) be an ahssR map with an ahssR basis
(I,J,K). Then given P € {I,J, K}, the assertions are equivalent.

(a) The distribution DL gives a totally geodesic foliation.

(b) The map  is DL -geodesic and gi)p(@vqpr-l—‘vapW)—i-Bp(‘J'chﬁpW—l—iHVprW) €
(DY) for V,W e T'(DL).
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Proof. Given V,W € T'(DY), we get

VW = —P(Vy PW)
= —P(VyopW + VywpW)
= —(¢pVyopW + BpTyépW + ¢pTywpW + BpHVywpW)
— (wpVydpW + CpTydpW + wpTywpW + CpHVywpW)

and
(Vo )(V.W) = —p.Vy W
= P« (wpﬁv(ﬁpw + CpTyopW + wpTywpW + ij'fVprW)
so that we obtain (a) < (b). O

Lemma 4.33. Let ¢ : (N,1,J,K,gn) — (M, gnr) be an ahssR map with an ahssR basis
(I,J,K). Given P € {I,J, K}, if the map ¢ is DL -P-pluriharmonic, then we have

Vi owpW =0 for V,W € T(DY).
Proof. Given V,W € T'(D¥), by (2.4), we have

0= (Ve )(V,W) + (Vo) (PV, PW)
= —p,Vy W — QD*(V(z)PVpW + prv(;spW) + pr(ln )\)QO*OJPW
+wpW (InN)pwpV — gy (wpV,wpW ), (VInX) + VfLVgo*pr,

P
which means

Vfivgo*pr =0.

Similarly, we have

Lemma 4.34. Let ¢ : (N,I,J,K,gn) — (M, gn) be an ahssR map with an ahssR basis
(I,J,K). Given P € {I,J, K}, if the map ¢ is DL -P-invariant, then we have

VI owpW =0 for V,W € T(DY).

Theorem 4.35. Let p : (N,I,J, K,gn) — (M, gn) be an ahssR map with an ahssR basis
(I,J,K). Suppose that ¢ is horizontally homothetic. Then the assertions are equivalent.

(a) The distribution (ker p,)* gives a totally geodesic foliation.

(b) gv(VVxB1Z + AxC1Z,p1W) = 329m (V) (X, B1Z) — V& C1Z, puwiW) for
X, Z e T'((ker p,)*") and W € T'(ker @,).

(¢) g9N(VWxByZ + AxCyZ,6;W) = 559m(Vo.)(X, By Z) = V5 CyZ, puwsW) for
X, Z € T'((ker p,)*") and W € T'(ker @,).

(d) gv(VVx B Z+AxCr Z, ¢k W) = 329m (Vi) (X, Bk Z) =V §Cr Z, puwxW) for
X, Z € T((ker ps)t) and W € T'(ker ¢,).
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Proof. Given X,Z € T'((ker p.)*), W € I'(ker ¢.) and P € {I,J, K}, we have

=gN(Vx(BpZ +CpZ),ppW + wpW)
=gNn(VVxBpZ + AxCpZ,¢ppW) + gn(VxBpZ +VxCpZ,wpW)

1
= gn(VWxBpZ + AxCpZ,opW) + 159m(p:VxBpZ + ¢V xCpZ, puwpW)

1
=gv(VWxBpZ + AxCpZ,ppW) + F9M<_<v90*)(X7 BpZ) — (V) (X,CpZ)
+ V&CpZ, pswpW)

1
gN(VWxBpZ + AxCpZ,opW) + 591 (= (Vo) (X, BpZ) + vV&CrZ
—(X(InN)psCpZ 4+ CpZ(In N X — gn(X,CpZ)p«(VIn ), puwpW)
(

1
=gn(VVxBpZ + AxCpZ,¢pU) + FQM(_(VCP*)(Xv BpZ) +V5CpZ, puwpW)
— gN(X(lIl )\)CPZ + CpZ(ln )\)X — gN(X, CPZ)VID )\,wPW).

Since ¢ is horizontally homothetic, we obtain the result. 0

5. Totally geodesic and harmonicity

We consider the conditions for ahssR maps to be totally geodesic and harmonic.

Theorem 5.1. Let ¢ : (N,1,J,K,gn) — (M, grr) be an ahssR map with an ahssR basis
(I,J,K). Then given P € {I,J, K} with 0 < 0p < T, the assertions are equivalent.

(a) The map ¢ is harmonic.

() —putrace ues o, V) (V- trace |yt (203((0), VInN@u( ) + VP4p.()) ~(dim DE +
dim pf) . (VIn \) = 0.
Proof. Since

TN = ker ¢, ® (ker ¢,)*
=D} & DY @ wpDY @ pt,

we choose a local orthonormal frame {Vy,--- Vi, PVy, -+, PVy, Wy, -+ | Wy, secOpdpWr,

,secpppWy, cscOpwpWi, - csclOpwpWsi, cscOpsecOpwpppWi, -+ ,csclpseclpwp
¢pWi, Zy,+++ , Zp,PZy,-++ ,PZ,} of TN such that {Vq,---,V,, PVq, -, PV,} C (DY),
{Wy,--- Wy, secOpppWr,--- ,secOpppW;}t C T(DE), {cscOpwpWr,--- ,cscOpwpWy,
cscOp secOpwpppWi, - -+ ,cscOpsecOpwpppWiy C T(wp DY), {21, , Z,, PZy,-- -,

PZ;} C T(u").
Then we get

()
= trace (Viy)

t
—Z (Vo) (Vi, Vi) + (V) (PVi, PV7)) Z (Vo) (W, W)

+ (Vgo*)(sec OpppW;,secOpppWj) + ch*)(csc OpwpWj, csc OpwpW;)
+ (Vs)(cscOp secOpwpppWj, cscOp sec OpwpdpW;))

T

+ 2 (Vi) (Zr, Zr) + (Vs ) (PZy, PZy)).
k=1
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Furthermore,

t
Z Vy)(cscOpwpWj, cscOpwpWy)
J=1

= csc? Op Z(Vgo*)(prj,prj)

j=1
¢
= csc?0p Z(2prj(ln N)pwpW; — gn(wpWj, wpWj)p.(VIn )
j=1
1
+ Vo, pxwprWj)

¢
= 2(2 csc OpwpW;i(In X) gy, cscOpwpWj — o, (VIn )

gaJ_
+ VCSCQPWPW @« cscOpwpWj),

t
Z(ch*)(csc Op sec OpwpppWj, cscOp secOpwpppWj)
j=1

t
= csc? Op sec? Op Z(Vgo*)(wpgpr/Vj, wpppWj)
j=1

t
=csc?Opsec? Op Z(prgprj(ln N)pswpppW;
j=1
— gn(wpppWj,wpdpW;)p«(VIn ) + V"Opqﬁpw 0swpppWj)
t

= 2(2 cscOpsecOpwpppW;(In X)p, cscOp secOpwpdppW; — ¢, (VIn )
j=1

vcsc9psect9pwp¢pW P CSC 0P sec QPWP(bPWj)

and

S (V) (Zi ) + (Vo) (P2 PZ2)
k=1

= (22 N) @ Zi — 9N (Ziy Z1) 0 (VI N) + V50,2,

k=1
+2PZy (I N)pu PZ), — gn (P Zi, PZi)p (VY In \) + Vi 0. PZy)
= Z (Zr(InN) s Zy + PZ1(In N PZ1,) — 204(VIn \)
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= —putrace erg, V() ( )+ trace [ er . (203 (), VIn N ) + V¥ ()

— (dim DL 4 dim 7). (VIn ).
Therefore, the result follows. ]

Corollary 5.2. Let ¢ : (N,1,J,K,gn) — (M,gn) be an ahss submersion with an ahss
basis (I,J, K). If all the fibers are minimal and the map ¢ is horizontally homothetic,
then the map ¢ is harmonic.

Theorem 5.3. Let ¢ : (N,1,J,K,gn) — (M, grr) be an ahssR map with an ahssR basis
(I,J,K). Suppose that X(In N Z + Z(In N X — gy (X, Z)ps(VIn A) + Vf(l<p*Z =0
for X, Z € T((ker p,)*). Then the assertions are equivalent.

(a) The map ¢ is totally geodesic.

(b)

(’L) K,D*(LU](ﬁv(JS[W + va[W) + C[((‘Tv(ﬁ[W + fHVVw[W)) =0 for VW € F(ker QD*).

(ii) 0 (wr(VwBrZ + TwCr Z) 4+ C1(TwB1 Z + HVwC1 Z)) = 0 for W € D(ker ,) and
Z € T((ker ) 7t).

©

(Z) (p*(WJ(V/\quJW + TVCL)JW) + CJ(TV(bJW + %VVWJW» =0 for VW € F(ker (p*).

(it) ox (Wi (Vw By Z+TwC;2)+Cy(TwBsjZ+HVwC;Z)) =0 for W € I'(ker p,) and
Z € T'((ker ps)t).

@

(Z) (p*(wK(quSKW—i-‘.TVwKW)—I-CK(Tv(ZSKW—{—j'CVVwKW)) =0 forV,W € F(ker 90*).

(ZZ) (p*(wK(ﬁwBKZ + ‘IWCKZ) + CK(TwBKZ + U{VWCKZ)) =0 for W e F(ker go*)
and Z € T'((ker p,)1).

Proof. Given V,W € I'(ker ¢,) and P € {I, J, K}, we have
(V) (V, W)
= 0, PVyPW
= . P(VyopW + TyopW + TywpW + HVywpW)
= 0u(wp(VvopW + TywpW) + Cp(TyopW + HVywpW)).
Given W € T'(ker ¢,), Z € T'((ker p,)*) and P € {I,J, K}, we get
(Vo) (W, Z)
= 0, PVwPZ
= 0. P(TwBpZ + VwBpZ + TwCpZ + HVwCpZ)
= ¢ (wp(VwBpZ + TwCpZ) + Cp(TwBpZ + HVwCpZ)).
Given X, Z € T'((ker ¢4)*), we obtain
(Vo) (X, Z)
= X(IN)@uZ + Z(In N pu X — gn(X, Z2)pu(VInA) + V-0, Z.

Hence, we have (a) < (b), (a) < (¢), (a) < (d).
Therefore, we obtain the result. ]

Corollary 5.4. Let ¢ : (N,1,J,K,gn) — (M,gn) be an ahss submersion with an ahss
basis (I,J, K). Suppose that the map ¢ is horizontally homothetic. Then the assertions
are equivalent.
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(a) The map ¢ is totally geodesic.

(b)

(i) gp*(wl(?\/qﬁIW + TywiW) + Cr(TyorW + HVywiW)) =0 for VIV € T'(ker ¢,).
(ii) psx(wi(VwB1Z +TwCrZ)+ Cr(TwBrZ + HNwC1Z)) =0 for W € T'(ker ¢) and
Z € T'((ker s)7t).

(c)

(i) ¢u(ws (Vv oW + Tvw, W) + C(TydsW + HVyw;W)) =0 for V, W € T(ker p.).
(ZZ) (p*(WJ(VwBJZ—i-‘.TWcJZ) +C](‘IWBJZ+J{VWCJZ)) =0 forW e F(ker QD*) and
Z € T((ker ) 7t).

(d)

(Z) (p*(wK(iv(bKW—l—vaKW)—i—CK(Tv(ﬁKW—‘rJ{V\/wKW)) =0 fO’/’ VW € F(ker go*).
(’LZ) <P*(WK(VWBKZ + ‘IWCKZ) + CK((.TV[/BKZ + U‘CVWCKZ)) =0 for W € F(ker SO*)
and Z € T((ker p,)*).

1]
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