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Abstract
As a generalization of conformal semi-slant submersions, semi-slant Riemannian maps,
almost h-semi-slant submersions and almost h-semi-slant Riemannian maps, we introduce
almost h-conformal semi-slant submersions and almost h-conformal semi-slant Riemannian
maps. We give some examples of such maps and also introduce some types of plurihar-
monic maps, invariant maps and geodesic maps. We study the geometry of foliations, the
integrability of distributions, the properties of pluriharmonic maps, invariant maps and
geodesic maps. We also investigate the condition for such maps to be totally geodesic and
the harmonicity of such maps.
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1. Introduction
In differential geometry, to investigate Riemannian manifolds, we usually use some

types of maps between manifolds. Given a horizontally conformal submersion ϕ from
a Riemannian manifold (N, gN ) into a Riemannian manifold (M, gM ), which is a gener-
alization of a Riemannian submersion, we naturally obtain two distributions: a vertical
distribution kerϕ∗ and a horizontal distribution (kerϕ∗)⊥. It is interesting to study them
as follows: the integrability of distributions and the geometry of foliations. If we add
some geometrical structures to the Riemannian manifold (N, gN ) (i.e., an almost complex
structure, a Kähler structure, a quaternionic Kähler structure, a hyperkähler structure,
an almost contact metric structure, a Sasakian structure, a Kenmotsu structure, a cosym-
plectic structure), then we have some other distributions (i.e., DP

1 , DP
2 , ωPD

P
2 , µP ) and it

is also very interesting to investigate them. Similarly, given a conformal Riemannian map
ϕ : (N, gN ) 7→ (M, gM ), which is a generalization of a Riemannian map, we also obtain
some other distributions (i.e., rangeϕ∗ and (rangeϕ∗)⊥). With some types of plurihar-
monic maps, invariant maps and geodesic maps, we also investigate the properties of the
manifold (N, gN ). Since the introduction of Riemannian submersions ([17], [10]) in 1960s,
this area has been developed and studied by many geometers: horizontally conformal sub-
mersions ([9], [13]) in 1970s, Riemannian maps ([8]) in 1992, conformal Riemannian maps
([22]) in 2010, other conformal maps ([2], [3], [23]).
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With these maps, we have many applications: Kaluza-Klein theory, supergravity and
superstring theories, Yang-Mills theory, computer vision, geometric modeling, medical
imaging([5], [12], [15], [6], [14], [25], [26]).

As a generalization of conformal semi-slant submersions [1], semi-slant Riemannian
maps [20], almost h-semi-slant submersions, h-semi-slant submersions [19], almost h-
semi-slant Riemannian maps and h-semi-slant Riemannian maps [18], we introduce al-
most h-conformal semi-slant submersions, h-conformal semi-slant submersions, almost h-
conformal semi-slant Riemannian maps and h-conformal semi-slant Riemannian maps.

We organized the paper as follows. In section 2 we remind some notions, which will be
used later. In section 3 we define the notions of almost h-conformal semi-slant submersions,
h-conformal semi-slant submersions, almost h-conformal semi-slant Riemannian maps and
h-conformal semi-slant Riemannian maps and give some examples of such maps. In section
4 after introducing some types of pluriharmonic maps, invariant maps and geodesic maps,
we study the geometry of foliations, the integrability of distributions and the condition
for such maps to be horizontally homothetic. In section 5 we consider the conditions for
such maps to be totally geodesic and the harmonicity of such maps.

2. Preliminaries
Let (N1, g1) and (N2, g2) be Riemannian manifolds, where g1 and g2 are Riemannian

metrics on the C∞-manifolds N1 and N2, respectively.
Let ϕ : (N1, g1) 7→ (N2, g2) be a C∞-map.
The second fundamental form of ϕ is given by

(∇ϕ∗)(X,Z) := ∇ϕ
Xψ∗Z − ϕ∗(∇XZ) for X,Z ∈ Γ(TN1),

where ∇ϕ is the pullback connection [4].
Recall that ϕ is harmonic if the tension field τ(ϕ) = trace (∇ϕ∗) = 0 and ϕ is totally

geodesic if (∇ϕ∗)(X,Z) = 0 for X,Z ∈ Γ(TN1) [4].

Lemma 2.1 ([24]). Let (N1, g1) and (N2, g2) be Riemannian manifolds and ϕ : (N1, g1) 7→
(N2, g2) a C∞-map. Then we obtain

∇ϕ
Xϕ∗Z − ∇ϕ

Zϕ∗X − ϕ∗([X,Z]) = 0 (2.1)
for X,Z ∈ Γ(TN1).

Remark 2.2. (1) From (2.1), ∇ϕ∗ is symmetric.
(2) From (2.1),

[W,Z] ∈ Γ(kerϕ∗) (2.2)
for W ∈ Γ(kerϕ∗) and Z ∈ Γ((kerϕ∗)⊥).

The map ϕ is said to be a conformal Riemannian map if there exists a positive function
λ on N1 (i.e., λ(q) > 0, ∀q ∈ N1) such that

g2(ϕ∗X,ϕ∗Z) = λ2g1(X,Z) for X,Z ∈ Γ((kerϕ∗)⊥) (2.3)
and 0 < rankϕ∗p = rankϕ∗q ≤ min(dimN1, dimN2) for p, q ∈ N1, where (kerϕ∗)⊥ is the
orthogonal complement of kerϕ∗ in TN1. We call λ dilation.

We call the map ϕ a horizontally conformal submersion if ϕ is surjective and ϕ is a
conformal Riemannian map.

Theorem 2.3 ([22]). Let ϕ : (N1, g1) 7→ (N2, g2) be a conformal Riemannian map with
dilation λ. Then we get

(∇ϕ∗)(X,Z) (2.4)
= (∇ϕ∗)(X,Z)range ϕ∗ + (∇ϕ∗)(X,Z)(range ϕ∗)⊥

= X(lnλ)ϕ∗Z + Z(lnλ)ϕ∗X − g1(X,Z)ϕ∗(∇ lnλ) + (∇ϕ∗)(X,Z)(range ϕ∗)⊥
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for X,Z ∈ Γ((kerϕ∗)⊥), where (rangeϕ∗)⊥ is the orthogonal complement of rangeϕ∗ in
ϕ−1TN2.

In convenience, let (∇ϕ∗)r(X,Z) := (∇ϕ∗)(X,Z)range ϕ∗ , (∇ϕ∗)⊥(X,Z) := (∇ϕ∗)
(X,Z)(range ϕ∗)⊥ , ∇ϕr

X ϕ∗Z := (∇ϕ
Xϕ∗Z)range ϕ∗ , ∇ϕ⊥

X ϕ∗Z := (∇ϕ
Xϕ∗Z)(range ϕ∗)⊥ . We call

the conformal Riemannian map ϕ horizontally homothetic if Z(λ) = 0 for Z ∈ Γ((kerϕ∗)⊥).
Let ϕ : (N1, g1) 7→ (N2, g2) be a conformal Riemannian map.
Given W ∈ Γ(TN1), we have

W = VW + HW, (2.5)
where VW ∈ Γ(kerϕ∗) and HW ∈ Γ((kerϕ∗)⊥).

We define the tensors T and A by
AV W = H∇HV VW + V∇HV HW, (2.6)
TV W = H∇VV VW + V∇VV HW (2.7)

for vector fields V,W ∈ Γ(TN1), where ∇ is the Levi-Civita connection of g1 ([17], [7]).
Then we obtain

g1(TUV,W ) = −g1(V,TUW ), (2.8)
g1(AUV,W ) = −g1(V,AUW ) (2.9)

for U, V,W ∈ Γ(TN1).
We also have

TV W = TWV for V,W ∈ Γ(kerϕ∗). (2.10)
Throughout this paper, we will use these notations.

3. Almost h-conformal semi-slant Riemannian maps
Throughout the paper, we denote by (N,E, gN ) an almost quaternionic Hermitian man-

ifold, where E is an almost quaternionic structure on N (See [21]). And we denote by
(N, I, J,K, gN ) a hyperkähler manifold, where (I, J,K, gN ) is a hyperkähler structure on
N (See [21]). In this section we define almost h-conformal semi-slant Riemannian maps,
h-conformal semi-slant Riemannian maps, almost h-conformal semi-slant submersions, h-
conformal semi-slant submersions and give some examples of such maps.

Definition 3.1. Let ϕ : (N,E, gN ) 7→ (M, gM ) be a horizontally conformal submersion.
The map ϕ is said to be an h-conformal semi-slant submersion if given x ∈ N with a
neighborhood W , there is a quaternionic Hermitian basis {I, J,K} of sections of E on W
such that for any P ∈ {I, J,K}, there exist two orthogonal complementary distributions
D1,D2 ⊂ kerϕ∗ on W such that

kerϕ∗ = D1 ⊕ D2, P (D1) = D1

and the angle θP = θP (Y ) between PY and the space (D2)p is constant for nonzero
Y ∈ (D2)p and p ∈ W .

We call the basis {I, J,K} an h-conformal semi-slant basis and the angles {θI , θJ , θK}
h-conformal semi-slant angles.

Definition 3.2. Let ϕ : (N,E, gN ) 7→ (M, gM ) be a horizontally conformal submersion.
The map ϕ is said to be an almost h-conformal semi-slant submersion if given x ∈ N with
a neighborhood W , there is a quaternionic Hermitian basis {I, J,K} of sections of E on
W such that for P ∈ {I, J,K}, there exist two orthogonal complementary distributions
DP

1 ,D
P
2 ⊂ kerϕ∗ on W such that

kerϕ∗ = DP
1 ⊕ DP

2 , P (DP
1 ) = DP

1

and the angle θP = θP (Y ) between PY and the space (DP
2 )p is constant for nonzero

Y ∈ (DP
2 )p and p ∈ W .
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We call the basis {I, J,K} an almost h-conformal semi-slant basis and the angles
{θI , θJ , θK} almost h-conformal semi-slant angles.

Definition 3.3. Let ϕ : (N,E, gN ) 7→ (M, gM ) be a conformal Riemannian map. The
map ϕ is said to be an h-conformal semi-slant Riemannian map if given x ∈ N with a
neighborhood W , there is a quaternionic Hermitian basis {I, J,K} of sections of E on W
such that for any P ∈ {I, J,K}, there exist two orthogonal complementary distributions
D1,D2 ⊂ kerϕ∗ on W such that

kerϕ∗ = D1 ⊕ D2, P (D1) = D1

and the angle θP = θP (Y ) between PY and the space (D2)p is constant for nonzero
Y ∈ (D2)p and p ∈ W .

We call the basis {I, J,K} an h-conformal semi-slant Riemannian basis and the angles
{θI , θJ , θK} h-conformal semi-slant Riemannian angles.

Definition 3.4. Let ϕ : (N,E, gN ) 7→ (M, gM ) be a conformal Riemannian map. The
map ϕ is said to be an almost h-conformal semi-slant Riemannian map if given x ∈ N
with a neighborhood W , there is a quaternionic Hermitian basis {I, J,K} of sections of E
on W such that for P ∈ {I, J,K}, there exist two orthogonal complementary distributions
DP

1 ,D
P
2 ⊂ kerϕ∗ on W such that

kerϕ∗ = DP
1 ⊕ DP

2 , P (DP
1 ) = DP

1

and the angle θP = θP (Y ) between PY and the space (DP
2 )p is constant for nonzero

Y ∈ (DP
2 )p and p ∈ W .

We call the basis {I, J,K} an almost h-conformal semi-slant Riemannian basis and the
angles {θI , θJ , θK} almost h-conformal semi-slant Riemannian angles.

Conveniently, we denote an h-conformal semi-slant submersion, an almost h-conformal
semi-slant submersion, an h-conformal semi-slant Riemannian map, an almost h-conformal
semi-slant Riemannian map, an h-conformal semi-slant basis, an almost h-conformal semi-
slant basis, an h-conformal semi-slant Riemannian basis, an almost h-conformal semi-
slant Riemannian basis, an h-conformal semi-slant angle, an almost h-conformal semi-slant
angle, an h-conformal semi-slant Riemannian angle, an almost h-conformal semi-slant
Riemannian angle by an hss submersion, an ahss submersion, an hssR map, an ahssR
map, an hss basis, an ahss basis, an hssR basis, an ahssR basis, an hss angle, an ahss
angle, an hssR angle, an ahssR angle, respectively.

Remark 3.5. (1) Let ϕ : (N,E, gN ) 7→ (M, gM ) be an hss submersion. Then the map ϕ
is also an ahss submersion, an hssR map and an ahssR map.

(2) Let ϕ : (N,E, gN ) 7→ (M, gM ) be an ahss submersion. Then the map ϕ is also an
ahssR map.

(3) Let ϕ : (N,E, gN ) 7→ (M, gM ) be an hssR map. Then the map ϕ is also an ahssR
map.

Now, we give some examples of such maps. We consider a hyperkähler manifold
(R4n, I, J,K, 〈 , 〉) such that

I( ∂
∂x4j+1

) = ∂
∂x4j+2

, I( ∂
∂x4j+2

) = − ∂
∂x4j+1

, I( ∂
∂x4j+3

) = ∂
∂x4j+4

, I( ∂
∂x4j+4

) = − ∂
∂x4j+3

,

J( ∂
∂x4j+1

) = ∂
∂x4j+3

, J( ∂
∂x4j+2

) = − ∂
∂x4j+4

, J( ∂
∂x4j+3

) = − ∂
∂x4j+1

, J( ∂
∂x4j+4

) = ∂
∂x4j+2

,

K( ∂
∂x4j+1

) = ∂
∂x4j+4

,K( ∂
∂x4j+2

) = ∂
∂x4j+3

,K( ∂
∂x4j+3

) = − ∂
∂x4j+2

,K( ∂
∂x4j+4

) = − ∂
∂x4j+1

for j ∈ {0, 1, · · · , n− 1}, where 〈 , 〉 is the Euclidean metric on R4n.

Example 3.6. Let ϕ : (N,E, gN ) 7→ (M, gM ) be an almost h-semi-slant submersion [19].
Then the map ϕ is an ahss submersion with dilation λ = 1.
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Example 3.7. Let ϕ : (N,E, gN ) 7→ (M, gM ) be an almost h-semi-slant Riemannian map
[18]. Then the map ϕ is an ahssR map with dilation λ = 1.
Example 3.8. Let (N,E, gN ) be an almost quaternionic Hermitian manifold. Let ϕ :
TN 7→ N be the projection map [11]. Then the map ϕ is an hss submersion with D1 =
kerϕ∗ and dilation λ = 1.
Example 3.9. Let (N1, E1, g1) and (N2, E2, g2) be almost quaternionic Hermitian man-
ifolds. Let ϕ : N1 7→ N2 be a quaternionic submersion [11]. Then the map ϕ is an hss
submersion with D1 = kerϕ∗ and dilation λ = 1.
Example 3.10. Let ϕ be a conformal Riemannian map from a 4n-dimensional almost
quaternionic Hermitian manifold (N,E, gN ) into a (4n−1)-dimensional Riemannian man-
ifold (M, gM ) such that rangeϕ∗ = ϕ−1TM and dilation a smooth function λ. Then the
map ϕ is an hssR map such that D2 = kerϕ∗, hssR angles {θI = π

2 , θJ = π
2 , θK = π

2 } and
dilation λ.
Example 3.11. Let ϕ : R8 7→ R7 be a conformal Riemannian map such that rangeϕ∗ =
ϕ−1TR7 and dilation a smooth function λ. Then the map ϕ is an hssR map such that
D2 = kerϕ∗, hssR angles {θI = π

2 , θJ = π
2 , θK = π

2 } and dilation λ.

Example 3.12. Define a map ϕ : R8 7→ R3 by

ϕ(x1, · · · , x8) = (y1, y2, y3) = π2(x7,

√
3

2 x5 − 1
2x8, x6).

Then the map ϕ is an hss submersion such that D1 =< ∂
∂x1

, ∂
∂x2

, ∂
∂x3

, ∂
∂x4

>, D2 =<
1
2

∂
∂x5

+
√

3
2

∂
∂x8

>, (kerϕ∗)⊥ =< ∂
∂x6

, ∂
∂x7

,
√

3
2

∂
∂x5

− 1
2

∂
∂x8

>, ωID2 =< 1
2

∂
∂x6

−
√

3
2

∂
∂x7

>,
ωJD2 =< 1

2
∂

∂x7
+

√
3

2
∂

∂x6
>, ωKD2 =< 1

2
∂

∂x8
−

√
3

2
∂

∂x5
>, hss angles {θI = π

2 , θJ = π
2 , θK =

π
2 } and dilation λ = π.

Example 3.13. Define a map ϕ : R12 7→ R7 by

ϕ(x1, · · · , x12) = (y1, · · · , y7) = e2(x10,
x5 −

√
3x7

2 , 68,
√

3x9 − x11
2 , x8, 78, 34).

Then the map ϕ is an hssR map such that D1 =< ∂
∂x1

, ∂
∂x2

, ∂
∂x3

, ∂
∂x4

>, D2 =< ∂
∂x6

, ∂
∂x12

,
√

3
2

∂
∂x5

+ 1
2

∂
∂x7

, 1
2

∂
∂x9

+
√

3
2

∂
∂x11

>, (kerϕ∗)⊥ =< ∂
∂x8

, ∂
∂x10

, 1
2

∂
∂x5

−
√

3
2

∂
∂x7

,
√

3
2

∂
∂x9

− 1
2

∂
∂x11

>,
rangeϕ∗ =< ∂

∂y1
, ∂

∂y2
, ∂

∂y4
, ∂

∂y5
>, (rangeϕ∗)⊥ =< ∂

∂y3
, ∂

∂y6
, ∂

∂y7
>, hssR angles {θI =

π
6 , θJ = π

2 , θK = π
3 } and dilation λ = e.

Example 3.14. Define a map ϕ : R12 7→ R6 by
ϕ(x1, · · · , x12) = (y1, · · · , y6) = π4(x12, x9, x1, x10, x2, x11).

Then the map ϕ is an ahss submersion such that DI
1 =< ∂

∂x3
, ∂

∂x4
, ∂

∂x5
, ∂

∂x6
, ∂

∂x7
, ∂

∂x8
>

= kerϕ∗, DJ
1 = DK

1 =< ∂
∂x5

, ∂
∂x6

, ∂
∂x7

, ∂
∂x8

>, DJ
2 = DK

2 =< ∂
∂x3

, ∂
∂x4

>, (kerϕ∗)⊥ =
< ∂

∂x1
, ∂

∂x2
, ∂

∂x9
, ∂

∂x10
, ∂

∂x11
, ∂

∂x12
>, ahss angles {θI = 0, θJ = π

2 , θK = π
2 } and dilation

λ = π2.
Example 3.15. Define a map ϕ : R12 7→ R5 by

ϕ(x1, · · · , x12) = (y1, · · · , y5) = e6(x3, x11, 56, x1, x10).
Then the map ϕ is an ahssR map such that DI

1 =< ∂
∂x5

, ∂
∂x6

, ∂
∂x7

, ∂
∂x8

>, DJ
1 =< ∂

∂x2
, ∂

∂x4
,

∂
∂x5

, ∂
∂x6

, ∂
∂x7

, ∂
∂x8

>, DK
1 =< ∂

∂x5
, ∂

∂x6
, ∂

∂x7
, ∂

∂x8
, ∂

∂x9
, ∂

∂x12
>, DI

2 =< ∂
∂x2

, ∂
∂x4

, ∂
∂x9

, ∂
∂x12

>,
DJ

2 =< ∂
∂x9

, ∂
∂x12

>, DK
2 =< ∂

∂x2
, ∂

∂x4
>, (kerϕ∗)⊥ =< ∂

∂x1
, ∂

∂x3
, ∂

∂x10
, ∂

∂x11
>, rangeϕ∗ =<

∂
∂y1

, ∂
∂y2

, ∂
∂y4

, ∂
∂y5

>, (rangeϕ∗)⊥ =< ∂
∂y3

>, ahssR angles {θI = π
2 , θJ = π

2 , θK = π
2 } and

dilation λ = e3.
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Example 3.16. Define a map ϕ : R8 7→ R3 by

ϕ(x1, · · · , x8) = (y1, y2, y3) = π8(x1 cosα− x3 sinα, x2, 56)

with 0 ≤ α ≤ π
2 . Then the map ϕ is an hssR map such that D1 =< ∂

∂x5
, ∂

∂x6
, ∂

∂x7
, ∂

∂x8
>,

D2 =< sinα ∂
∂x1

+ cosα ∂
∂x3

, ∂
∂x4

>, (kerϕ∗)⊥ =< ∂
∂x2

, cosα ∂
∂x1

− sinα ∂
∂x3

>, rangeϕ∗ =<
∂

∂y1
, ∂

∂y2
>, (rangeϕ∗)⊥ =< ∂

∂y3
>, hssR angles {θI = α, θJ = π

2 , θK = π
2 −α} and dilation

λ = π4.

4. Geometry of distributions
Let ϕ : (N,E, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis (I, J,K).
Given W ∈ Γ(kerϕ∗), we have

PW = φPW + ωPW, (4.1)

where φPW ∈ Γ(kerϕ∗) and ωPW ∈ Γ((kerϕ∗)⊥) for P ∈ {I, J,K}.
Given Z ∈ Γ((kerϕ∗)⊥), we write

PZ = BPZ + CPZ, (4.2)

where BPZ ∈ Γ(kerϕ∗) and CPZ ∈ Γ((kerϕ∗)⊥) for P ∈ {I, J,K}.
We easily get

φ2
PW +BPωPW = −W, ωPφPW + CPωPW = 0,
φPBPZ +BPCPZ = 0, ωPBPZ + C2

PZ = −Z

for W ∈ Γ(kerϕ∗) and Z ∈ Γ((kerϕ∗)⊥).
Then

(kerϕ∗)⊥ = ωPD
P
2 ⊕ µP for P ∈ {I, J,K}, (4.3)

where µP is the orthogonal complement of ωPD
P
2 in (kerϕ∗)⊥. It is easy to see that µP

is P -invariant.
Define ∇̂V W := V∇V W for V,W ∈ Γ(kerϕ∗).
We define

(∇V φP )W := ∇̂V φPW − φP ∇̂V W (4.4)
and

(∇V ωP )W := H∇V ωPW − ωP ∇̂V W (4.5)
for V,W ∈ Γ(kerϕ∗) and P ∈ {I, J,K}.

Then we get
(∇V φP )W = BPTV W − TV ωPW, (4.6)

(∇V ωP )W = CPTV W − TV φPW (4.7)
for V,W ∈ Γ(kerϕ∗) and P ∈ {I, J,K}.

Define
(∇XBP )Z := V∇XBPZ −BPH∇XZ (4.8)

and
(∇XCP )Z := H∇XCPZ − CPH∇XZ (4.9)

for X,Z ∈ Γ((kerϕ∗)⊥) and P ∈ {I, J,K}.
Then we obtain

(∇XBP )Z = φPAXZ − AXCPZ, (4.10)

(∇XCP )Z = ωPAXZ − AXBPZ (4.11)
for X,Z ∈ Γ((kerϕ∗)⊥) and P ∈ {I, J,K}.
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Remark 4.1. (1) Let ϕ : (N,E, gN ) 7→ (M, gM ) be an ahss submersion with an ahss basis
(I, J,K). Then we have the orthogonal decompositions

TN = kerϕ∗ ⊕ (kerϕ∗)⊥ = DP
1 ⊕ DP

2 ⊕ ωPD
P
2 ⊕ µP

and
ϕ−1TM = rangeϕ∗ = ϕ∗(ωPD

P
2 ) ⊕ ϕ∗µ

P

for P ∈ {I, J,K}.
(2) Let ϕ : (N,E, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis (I, J,K). Then

we get the orthogonal decompositions

TN = kerϕ∗ ⊕ (kerϕ∗)⊥ = DP
1 ⊕ DP

2 ⊕ ωPD
P
2 ⊕ µP

and
ϕ−1TM = rangeϕ∗ ⊕ (rangeϕ∗)⊥ = ϕ∗(ωPD

P
2 ) ⊕ ϕ∗µ

P ⊕ (rangeϕ∗)⊥

for P ∈ {I, J,K}.

Proposition 4.2. Let ϕ : (N,E, gN ) 7→ (M, gM ) be an ahssR map. Then we have

φ2
PW = − cos2 θP W (4.12)

for W ∈ Γ(DP
2 ) and P ∈ {I, J,K}, where {I, J,K} is an ahssR basis with the ahssR

angles {θI , θJ , θK}.

Proof. Given nonzero W ∈ Γ(DP
2 ), we obtain

cos θP = gN (PW,φPW )
|PW | |φPW |

= |φPW |2

|W | |φPW |
= |φPW |

|W |
so that

cos2 θP gN (W,W ) = gN (φPW,φPW ) = −gN (φ2
PW,W ).

By polarization,
cos2 θP gN (W1,W2) = −gN (φ2

PW1,W2)
for W1,W2 ∈ Γ(DP

2 ), which implies the result. �

Remark 4.3. Let ϕ : (N,E, gN ) 7→ (M, gM ) be an ahssR map. From (4.12), we easily
have

gN (φPV, φPW ) = cos2 θP gN (V,W ),
gN (ωPV, ωPW ) = sin2 θP gN (V,W )

for V,W ∈ Γ(DP
2 ).

Lemma 4.4. Let ϕ : (N,E, gN ) 7→ (M, gM ) be an ahssR map. If the tensor ωP is parallel,
then we get

TφP V φPW = − cos2 θP TV W (4.13)
for V,W ∈ Γ(DP

2 ) and P ∈ {I, J,K}, where {I, J,K} is an ahssR basis with the ahssR
angles {θI , θJ , θK}.

Proof. Given V,W ∈ Γ(DP
2 ) and P ∈ {I, J,K}, by (4.7), (2.10), (4.12), we obtain

TφP V φPW = CPTφP V W = CPTWφPV

= TWφ2
PV = − cos2 θP TWV

= − cos2 θP TV W,

which implies the result. �
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Theorem 4.5. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Then given P ∈ {I, J,K}, the assertions are equivalent:

(a) The distribution DP
1 is integrable.

(b) (∇ϕ∗)(V, PW ) = (∇ϕ∗)(PV,W ) for V,W ∈ Γ(DP
1 ).

Proof. Given V,W ∈ Γ(DP
1 ), we have

ϕ∗P [V,W ] = ϕ∗∇V PW − ϕ∗∇WPV

= −(∇ϕ∗)(V, PW ) + (∇ϕ∗)(W,PV ).

If θP = 0, then since DP
1 = kerϕ∗ and ∇ϕ∗ is symmetric, the result follows.

If 0 < θP ≤ π
2 , then since ϕ∗P [V,W ] = 0 ⇔ [V,W ] ∈ Γ(DP

1 ), the result follows. �

Corollary 4.6. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an hssR map with an hssR basis
(I, J,K). Then the assertions are equivalent:

(a) The distribution D1 is integrable.
(b) (∇ϕ∗)(V, IW ) = (∇ϕ∗)(IV,W ) for V,W ∈ Γ(D1).
(c) (∇ϕ∗)(V, JW ) = (∇ϕ∗)(JV,W ) for V,W ∈ Γ(D1).
(d) (∇ϕ∗)(V,KW ) = (∇ϕ∗)(KV,W ) for V,W ∈ Γ(D1).

Theorem 4.7. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Then given P ∈ {I, J,K}, the assertions are equivalent:

(a) The distribution DP
2 is integrable.

(b) gM (U, ∇̂WφPV + TWωPV − ∇̂V φPW − TV ωPW ) = 0 for U ∈ Γ(DP
1 ) and V,W ∈

Γ(DP
2 ).

Proof. Given V,W ∈ Γ(DP
2 ) and U ∈ Γ(DP

1 ), we have

gN (PU, [V,W ]) = gN (U,∇WPV − ∇V PW )

= gN (U, ∇̂WφPV + TWφPV + TWωPV + H∇WωPV

− ∇̂V φPW − TV φPW − TV ωPW − H∇V ωPW )

= gN (U, ∇̂WφPV + TWωPV − ∇̂V φPW − TV ωPW ).

Therefore, the result follows. �

Corollary 4.8. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an hssR map with an hssR basis
(I, J,K). Then the assertions are equivalent:

(a) The distribution D2 is integrable.
(b) gM (U, ∇̂WφIV +TWωIV −∇̂V φIW−TV ωIW ) = 0 for U ∈ Γ(D1) and V,W ∈ Γ(D2).
(c) gM (U, ∇̂WφJV + TWωJV − ∇̂V φJW − TV ωJW ) = 0 for U ∈ Γ(D1) and V,W ∈

Γ(D2).
(d) gM (U, ∇̂WφKV + TWωKV − ∇̂V φKW − TV ωKW ) = 0 for U ∈ Γ(D1) and V,W ∈

Γ(D2).

Theorem 4.9. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Then the assertions are equivalent:

(a) The distribution (kerϕ∗)⊥ is integrable.
(b) BI(AZBIX − AXBIZ + H∇ZCIX − H∇XCIZ) + φI(V∇ZBIX − V∇XBIZ +

AZCIX − AXCIZ) = 0 for X,Z ∈ Γ((kerϕ∗)⊥).
c) BJ(AZBJX − AXBJZ + H∇ZCJX − H∇XCJZ) + φJ(V∇ZBJX − V∇XBJZ +

AZCJX − AXCJZ) = 0 for X,Z ∈ Γ((kerϕ∗)⊥).
d) BK(AZBKX −AXBKZ +H∇ZCKX −H∇XCKZ) +φK(V∇ZBKX −V∇XBKZ +

AZCKX − AXCKZ) = 0 for X,Z ∈ Γ((kerϕ∗)⊥).
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Proof. Given X,Z ∈ Γ((kerϕ∗)⊥) and P ∈ {I, J,K}, we get

∇XZ (4.14)
= −P∇XPZ = −P∇X(BPZ + CPZ)
= −(BPAXBPZ + CPAXBPZ + φPV∇XBPZ + ωPV∇XBPZ

+φPAXCPZ + ωPAXCPZ +BPH∇XCPZ + CPH∇XCPZ.

Interchanging X and Z, we obtain

∇ZX (4.15)
= −(BPAZBPX + CPAZBPX + φPV∇ZBPX + ωPV∇ZBPX

+φPAZCPX + ωPAZCPX +BPH∇ZCPX + CPH∇ZCPX.

From (4.14) and (4.15),

[X,Z]|ker ϕ∗ = BP (AZBPX − AXBPZ + H∇ZCPX − H∇XCPZ)
+ φP (V∇ZBPX − V∇XBPZ + AZCPX − AXCPZ).

Therefore, we get the result. �

In a similar way with the notion of pluriharmonicity [16], we give some notions.

Definition 4.10. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR
basis (I, J,K). Given P ∈ {I, J,K}, we call the map ϕ P -pluriharmonic, (kerϕ∗)⊥-P -
pluriharmonic, kerϕ∗-P -pluriharmonic, DP

1 -P -pluriharmonic, DP
2 -P -pluriharmonic,

(kerϕ∗)⊥-kerϕ∗-P -pluriharmonic if

(∇ϕ∗)(X,Z) + (∇ϕ∗)(PX,PZ) = 0 (4.16)

for X,Z ∈ Γ(TN), for X,Z ∈ Γ((kerϕ∗)⊥), for X,Z ∈ Γ(kerϕ∗), for X,Z ∈ Γ(DP
1 ), for

X,Z ∈ Γ(DP
2 ), for X ∈ Γ((kerϕ∗)⊥), Z ∈ Γ(kerϕ∗), respectively.

Definition 4.11. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Given P ∈ {I, J,K}, we call the map ϕ P -invariant, (kerϕ∗)⊥-P -invariant,
kerϕ∗-P -invariant, DP

1 -P -invariant, DP
2 -P -invariant, (kerϕ∗)⊥-kerϕ∗-P -invariant if

(∇ϕ∗)(X,Z) = (∇ϕ∗)(PX,PZ) (4.17)

for X,Z ∈ Γ(TN), for X,Z ∈ Γ((kerϕ∗)⊥), for X,Z ∈ Γ(kerϕ∗), for X,Z ∈ Γ(DP
1 ), for

X,Z ∈ Γ(DP
2 ), for X ∈ Γ((kerϕ∗)⊥), Z ∈ Γ(kerϕ∗), respectively.

Definition 4.12. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR
basis (I, J,K). Given P ∈ {I, J,K}, we call the map ϕ totally geodesic, (kerϕ∗)⊥-geodesic,
kerϕ∗-geodesic, DP

1 -geodesic, DP
2 -geodesic, (kerϕ∗)⊥-kerϕ∗-geodesic if

(∇ϕ∗)(X,Z) = 0 (4.18)

for X,Z ∈ Γ(TN), for X,Z ∈ Γ((kerϕ∗)⊥), for X,Z ∈ Γ(kerϕ∗), for X,Z ∈ Γ(DP
1 ), for

X,Z ∈ Γ(DP
2 ), for X ∈ Γ((kerϕ∗)⊥), Z ∈ Γ(kerϕ∗), respectively.

Remark 4.13. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K).

(1) Given X,Z ∈ Γ(TN) and P ∈ {I, J,K}, we have

(∇ϕ∗)(X,Z) + (∇ϕ∗)(PX,PZ) = 0

⇔
(

∇ϕr
X ϕ∗Z + ∇ϕr

P Xϕ∗PZ = ϕ∗(∇XZ + ∇P XPZ)
∇ϕ⊥

X ϕ∗Z = −∇ϕ⊥
P Xϕ∗PZ.
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(2) Given X,Z ∈ Γ(TN) and P ∈ {I, J,K}, we get

(∇ϕ∗)(X,Z) = (∇ϕ∗)(PX,PZ)

⇔
(

∇ϕr
X ϕ∗Z − ∇ϕr

P Xϕ∗PZ = ϕ∗(∇XZ − ∇P XPZ)
∇ϕ⊥

X ϕ∗Z = ∇ϕ⊥
P Xϕ∗PZ.

(3) Given X,Z ∈ Γ(TN) and P ∈ {I, J,K}, we obtain

(∇ϕ∗)(X,Z) = 0

⇔
(

∇ϕr
X ϕ∗Z = ϕ∗∇XZ

∇ϕ⊥
X ϕ∗Z = 0.

(4) We see that the map ϕ is kerϕ∗-geodesic if and only if the distribution kerϕ∗ gives
a totally geodesic foliation.

(5) If the map ϕ is P -invariant, then we have

(∇ϕ∗)(PX,Z) = −(∇ϕ∗)(X,PZ)

for X,Z ∈ Γ(TN).
(6) If the map ϕ is P -pluriharmonic, then we have

(∇ϕ∗)(PX,Z) = (∇ϕ∗)(X,PZ)

for X,Z ∈ Γ(TN).

Lemma 4.14. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). If the map ϕ is P -pluriharmonic and either θP = 0 or θP = π

2 for some
P ∈ {I, J,K}, then ϕ is harmonic.

Proof. If θP = 0, then we have a local orthonormal frame {u1, · · · , us, Pu1, · · · , Pus,
v1, · · · , vt, Pv1, · · · , Pvt, w1, · · · , wr, Pw1, · · · , Pwr} of TN such that {u1, · · · , us, Pu1, · · · ,
Pus} ⊂ Γ(DP

1 ), {v1, · · · , vt, Pv1, · · · , Pvt} ⊂ Γ(DP
2 ) and {w1, · · · , wr, Pw1, · · · , Pwr} ⊂

Γ(µP ).
Since the map ϕ is P -pluriharmonic, we get

τ(ϕ) = trace (∇ϕ∗)

=
s∑

i=1
((∇ϕ∗)(ui, ui) + (∇ϕ∗)(Pui, Pui))

+
t∑

j=1
((∇ϕ∗)(vj , vj) + (∇ϕ∗)(Pvj , Pvj))

+
r∑

k=1
((∇ϕ∗)(wk, wk) + (∇ϕ∗)(Pwk, Pwk))

= 0.

If θP = π
2 , then we get a local orthonormal frame {u1, · · · , us, Pu1, · · · , Pus, v1, · · · , vt, Pv1,

· · · , Pvt, w1, · · · , wr, Pw1, · · · , Pwr} of TN such that {u1, · · · , us, Pu1, · · · , Pus} ⊂ Γ(DP
1 ),

{v1, · · · , vt} ⊂ Γ(DP
2 ), {Pv1, · · · , Pvt} ⊂ Γ(PDP

2 ) and {w1, · · · , wr, Pw1, · · · , Pwr} ⊂
Γ(µP ).
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Since the map ϕ is P -pluriharmonic, we obtain

τ(ϕ) = trace (∇ϕ∗)

=
s∑

i=1
((∇ϕ∗)(ui, ui) + (∇ϕ∗)(Pui, Pui))

+
t∑

j=1
((∇ϕ∗)(vj , vj) + (∇ϕ∗)(Pvj , Pvj))

+
r∑

k=1
((∇ϕ∗)(wk, wk) + (∇ϕ∗)(Pwk, Pwk))

= 0.

Therefore, the result follows. �

From Example 3.10 and Lemma 4.14, we get

Corollary 4.15. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be a conformal Riemannian map
with dimN = 4n, dimM = 4n− 1, rangeϕ∗ = ϕ−1TM and dilation a smooth function λ.
Assume that (∇ϕ∗)(X,Z) + (∇ϕ∗)(PX,PZ) = 0 for some P ∈ {I, J,K}. Then the map
ϕ is harmonic.

Let ϕ : (N, gN ) 7→ (M, gM ) be a conformal Riemannian map. We call the map ϕ a
conformal Riemannian map with totally umbilical fibers if

TV W = gN (V,W )H (4.19)

for V,W ∈ Γ(kerϕ∗), where H is the mean curvature vector field of the fiber.

Lemma 4.16. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with totally umbilical
fibers such that (I, J,K) is an ahssR basis. Then we get

H ∈ Γ(ωID
I
2) ∩ Γ(ωJD

J
2 ) ∩ Γ(ωKDK

2 ). (4.20)

Proof. Given V,W ∈ Γ(DP
1 ), Z ∈ Γ(µP ) and P ∈ {I, J,K}, we have

TV PW + ∇̂V PW = ∇V PW = P∇V W = PTV W + φP ∇̂V W + ωP ∇̂V W

so that
gN (TV PW,Z) = gN (PTV W,Z). (4.21)

From (4.21), by (4.19), we obtain

gN (V, PW )gN (H,Z) = −gN (V,W )gN (H,PZ). (4.22)

Interchanging V and W , we get

gN (W,PV )gN (H,Z) = −gN (W,V )gN (H,PZ). (4.23)

From (4.22) and (4.23), we derive

gN (V,W )gN (H,PZ) = 0,

which means
H ∈ Γ(ωPD

P
2 ).

Therefore, the result follows. �

Corollary 4.17. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with totally umbili-
cal fibers such that (I, J,K) is an ahssR basis. Suppose that ωID

I
2 ∩ωJD

J
2 ∩ωKDK

2 = {0}.
Then all the fibers are minimal.
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Theorem 4.18. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Suppose that ϕ is a kerϕ∗-P -pluriharmonic map for some P ∈ {I, J,K}. Then
the assertions are equivalent.

(a) The distribution kerϕ∗ gives a totally geodesic foliation on N .
(b) ∇ϕr

P V ϕ∗PW = ϕ∗∇P V PW for V,W ∈ Γ(kerϕ∗).

Proof. Given V,W ∈ Γ(kerϕ∗), we get

0 = (∇ϕ∗)(V,W ) + (∇ϕ∗)(PV, PW )
= −ϕ∗∇V W + ∇ϕ

P V ϕ∗PW − ϕ∗∇P V PW

so that
∇ϕ⊥

P V ϕ∗PW = 0
and

−ϕ∗∇V W + ∇ϕr
P V ϕ∗PW − ϕ∗∇P V PW = 0.

The latter implies the result. �

From the proof of Theorem 4.18, we have

Corollary 4.19. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahss submersion with an ahss
basis (I, J,K). Suppose that ϕ is a kerϕ∗-P -pluriharmonic map for some P ∈ {I, J,K}.
Then the assertions are equivalent.

(a) The distribution kerϕ∗ gives a totally geodesic foliation on N .
(b) ∇ϕ

P V ϕ∗PW = ϕ∗∇P V PW for V,W ∈ Γ(kerϕ∗).

In a similar way, we obtain

Lemma 4.20. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Suppose that ϕ is a kerϕ∗-P -invariant map for some P ∈ {I, J,K}. Then the
assertions are equivalent.

(a) The distribution kerϕ∗ gives a totally geodesic foliation on N .
(b) ∇ϕr

P V ϕ∗PW = ϕ∗∇P V PW for V,W ∈ Γ(kerϕ∗).

Theorem 4.21. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Suppose that ϕ is a (kerϕ∗)⊥-P -pluriharmonic map with dimµP ≥ 4 for some
P ∈ {I, J,K}. Then the assertions are equivalent.

(a) The map ϕ is horizontally homothetic.
(b) ωPTBP XZ + CPH∇BP XZ + ACP XBPX = 0 for X,Z ∈ Γ((kerϕ∗)⊥).

Proof. Given X,Z ∈ Γ((kerϕ∗)⊥), we get

0 = (∇ϕ∗)(X,Z) + (∇ϕ∗)(PX,PZ)

= X(lnλ)ϕ∗Z + Z(lnλ)ϕ∗X − gN (X,Z)ϕ∗(∇ lnλ) + ∇ϕ⊥
X ϕ∗Z

− ϕ∗(∇BP XPZ + ∇CP XBPZ) + CPX(lnλ)ϕ∗CPZ + CPZ(lnλ)ϕ∗CPX

− gN (CPX,CPZ)ϕ∗(∇ lnλ) + ∇ϕ⊥
CP Xϕ∗CPZ

so that
∇ϕ⊥

X ϕ∗Z + ∇ϕ⊥
CP Xϕ∗CPZ = 0

and

0 = −ϕ∗(ωPTBP XZ + CPH∇BP XZ + ACP XBPX) (4.24)
+X(lnλ)ϕ∗Z + Z(lnλ)ϕ∗X − gN (X,Z)ϕ∗(∇ lnλ)
+CPX(lnλ)ϕ∗CPZ + CPZ(lnλ)ϕ∗CPX

−gN (CPX,CPZ)ϕ∗(∇ lnλ).
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We claim that ϕ is horizontally homothetic if and only if
0 = X(lnλ)ϕ∗Z + Z(lnλ)ϕ∗X − gN (X,Z)ϕ∗(∇ lnλ) (4.25)

+CPX(lnλ)ϕ∗CPZ + CPZ(lnλ)ϕ∗CPX − gN (CPX,CPZ)ϕ∗(∇ lnλ)
for X,Z ∈ Γ((kerϕ∗)⊥).

One direction is obvious. So, we prove the other one.
If DP

2 = {0} (i.e., θP = 0), then we choose any orthonormal vector fields {X1, X2} ⊂
Γ(µP ) with gN (X1, X2) = gN (PX1, X2) = 0. Applying X = Z = X1 at (4.25), we get

0 = X1(lnλ)ϕ∗X1 + PX1(lnλ)ϕ∗PX1 − ϕ∗(∇ lnλ)
so that

0 = gN (X1(lnλ)ϕ∗X1 + PX1(lnλ)ϕ∗PX1 − ϕ∗(∇ lnλ), ϕ∗X2)
= −λ2X2(lnλ),

which implies that ϕ is horizontally homothetic.
If DP

2 6= {0}, then we choose any unit vector field V ∈ Γ(DP
2 ).

Applying X = Z = ωPV at (4.25), we obtain
2ωPV (lnλ)ϕ∗ωPV − sin2 θP ϕ∗(∇ lnλ) = 0 (4.26)

From (4.26),
0 = gN (2ωPV (lnλ)ϕ∗ωPV − sin2 θP ϕ∗(∇ lnλ), ϕ∗ωPV )

= λ2 sin2 θP ωPV (lnλ)
and

0 = gN (2ωPV (lnλ)ϕ∗ωPV − sin2 θP ϕ∗(∇ lnλ), ϕ∗Y )
= −λ2 sin2 θP Y (lnλ)

for Y ∈ Γ(µP ), which implies that ϕ is horizontally homothetic.
From (4.24), we obtain the result. �

From the proof of Theorem 4.21, we get
Corollary 4.22. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahss submersion with an ahss
basis (I, J,K). Suppose that ϕ is a (kerϕ∗)⊥-P -pluriharmonic map with dimµP ≥ 4 for
some P ∈ {I, J,K}. Then the assertions are equivalent.

(a) The map ϕ is horizontally homothetic.
(b) ωPTBP XZ + CPH∇BP XZ + ACP XBPX = 0 for X,Z ∈ Γ((kerϕ∗)⊥).
Similarly, we obtain

Lemma 4.23. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Suppose that ϕ is a (kerϕ∗)⊥-P -invariant map with dimµP ≥ 4 for some
P ∈ {I, J,K}. Then the assertions are equivalent.

(a) The map ϕ is horizontally homothetic.
(b) ωPTBP XZ + CPH∇BP XZ + ACP XBPX = 0 for X,Z ∈ Γ((kerϕ∗)⊥).

Lemma 4.24. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). If the map ϕ is (kerϕ∗)⊥-geodesic, then ϕ is horizontally homothetic.
Proof. Given Z ∈ Γ((kerϕ∗)⊥), by (2.4), we have

0 = gM ((∇ϕ∗)(Z,Z), ϕ∗Z)
= gM (2Z(lnλ)ϕ∗Z − |Z|2ϕ∗(∇ lnλ), ϕ∗Z)
= λ2|Z|2Z(lnλ).

Therefore, the result follows. �
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From (2.4), with polarization in the proof of Lemma 4.24, we obtain

Corollary 4.25. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahss submersion with an ahss
basis (I, J,K). Then the assertions are equivalent.

(a) The map ϕ is (kerϕ∗)⊥-geodesic.
(b) The map ϕ is horizontally homothetic.

Theorem 4.26. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR
basis (I, J,K). Suppose that ϕ is a (kerϕ∗)⊥-kerϕ∗-P -pluriharmonic map for some P ∈
{I, J,K}. Then the assertions are equivalent.

(a) The map ϕ is horizontally homothetic.
(b) AZW + TBP ZφPW + ACP ZφPW + H∇BP ZωPW = 0 for W ∈ Γ(kerϕ∗) and Z ∈

Γ((kerϕ∗)⊥).

Proof. Given W ∈ Γ(kerϕ∗) and Z ∈ Γ((kerϕ∗)⊥), we have
0 = (∇ϕ∗)(Z,W ) + (∇ϕ∗)(PZ, PW )

= −ϕ∗∇ZW − ϕ∗(∇P ZφPW + ∇BP ZωPW ) + CPZ(lnλ)ϕ∗ωPW

+ ωPW (lnλ)ϕ∗CPZ − gN (CPZ, ωPW )ϕ∗(∇ lnλ) + ∇ϕ⊥
CP Zϕ∗ωPW

= −ϕ∗(AZW + TBP ZφPW + ACP ZφPW + H∇BP ZωPW )

+ CPZ(lnλ)ϕ∗ωPW + ωPW (lnλ)ϕ∗CPZ + ∇ϕ⊥
CP Zϕ∗ωPW

so that
∇ϕ⊥

CP Zϕ∗ωPW = 0
and

−ϕ∗(AZW + TBP ZφPW + ACP ZφPW + H∇BP ZωPW ) (4.27)
+CPZ(lnλ)ϕ∗ωPW + ωPW (lnλ)ϕ∗CPZ = 0.

We claim that ϕ is horizontally homothetic if and only if
CPZ(lnλ)ϕ∗ωPW + ωPW (lnλ)ϕ∗CPZ = 0 (4.28)

for W ∈ Γ(kerϕ∗) and Z ∈ Γ((kerϕ∗)⊥). Since (4.28) means CPZ(lnλ) = 0 and
ωPW (lnλ) = 0, it is clear.

From (4.27), we obtain the result. �

In a similar way, we get

Lemma 4.27. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Suppose that ϕ is a (kerϕ∗)⊥-kerϕ∗-P -invariant map for some P ∈ {I, J,K}.
Then the assertions are equivalent.

(a) The map ϕ is horizontally homothetic.
(b) −AZW + TBP ZφPW + ACP ZφPW + H∇BP ZωPW = 0 for W ∈ Γ(kerϕ∗) and

Z ∈ Γ((kerϕ∗)⊥).

Theorem 4.28. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). If the map ϕ is a (kerϕ∗)⊥-kerϕ∗-geodesic map, then the distribution (kerϕ∗)⊥

gives a totally geodesic foliation.

Proof. Given W ∈ Γ(kerϕ∗) and Z ∈ Γ((kerϕ∗)⊥), we have
0 = (∇ϕ∗)(Z,W )

= −ϕ∗∇ZW,

which means
∇ZW ∈ Γ(kerϕ∗). (4.29)
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Given Z1, Z2 ∈ Γ((kerϕ∗)⊥) and W ∈ Γ(kerϕ∗), by (4.29), we obtain
gN (∇Z1Z2,W ) = −gN (Z2,∇Z1W ) = 0.

Therefore, the result follows. �

Lemma 4.29. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). If the distribution DP

1 is integrable for some P ∈ {I, J,K}, then the map ϕ is a
DP

1 -P -pluriharmonic map.
Proof. Given V,W ∈ Γ(DP

1 ), since DP
1 is integrable, we obtain

(∇ϕ∗)(V,W ) + (∇ϕ∗)(PV, PW )
= −ϕ∗∇V W − ϕ∗∇P V PW

= −ϕ∗(∇V W + P∇P V W )
= −ϕ∗(∇V W + P (∇WPV + [PV,W ]))
= −ϕ∗(∇V W − ∇WV )
= −ϕ∗(∇V W − (∇V W + [W,V ]))
= 0.

Therefore, we get the result. �

Lemma 4.30. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Suppose that the distribution DP

1 is integrable for some P ∈ {I, J,K}. Then the
map ϕ is DP

1 -P -invariant if and only if the map ϕ is DP
1 -geodesic.

Proof. Since DP
1 is integrable, given V,W ∈ Γ(DP

1 ), by using the proof of Lemma 4.29,
we have

(∇ϕ∗)(V,W ) − (∇ϕ∗)(PV, PW )
= −2ϕ∗∇V W

= 2(∇ϕ∗)(V,W ),
which means the result. �

Theorem 4.31. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Then given P ∈ {I, J,K}, the assertions are equivalent.

(a) The distribution DP
1 gives a totally geodesic foliation.

(b) The map ϕ is DP
1 -geodesic and ∇̂V PW ∈ Γ(DP

1 ) for V,W ∈ Γ(DP
1 ).

Proof. The case (a) ⇒ (b) is obvious.
Conversely, since ϕ is DP

1 -geodesic, we obtain
0 = (∇ϕ∗)(W1,W2) = −ϕ∗∇W1W2

for W1,W2 ∈ Γ(DP
1 ), which implies

TW1W2 = 0 for W1,W2 ∈ Γ(DP
1 ). (4.30)

Since ∇̂W1PW2 ∈ Γ(DP
1 ) for W1,W2 ∈ Γ(DP

1 ), given V,W ∈ Γ(DP
1 ), by (4.30), we have

∇V W = −P (∇V PW ) = −P (∇̂V PW + TV W )

= −P ∇̂V PW ∈ Γ(DP
1 ).

Therefore, the result follows. �

Theorem 4.32. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Then given P ∈ {I, J,K}, the assertions are equivalent.

(a) The distribution DP
2 gives a totally geodesic foliation.

(b) The map ϕ is DP
2 -geodesic and φP (∇̂V φPW+TV ωPW )+BP (TV φPW+H∇V ωPW ) ∈

Γ(DP
2 ) for V,W ∈ Γ(DP

2 ).
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Proof. Given V,W ∈ Γ(DP
2 ), we get

∇V W = −P (∇V PW )
= −P (∇V φPW + ∇V ωPW )

= −(φP ∇̂V φPW +BPTV φPW + φPTV ωPW +BPH∇V ωPW )

− (ωP ∇̂V φPW + CPTV φPW + ωPTV ωPW + CPH∇V ωPW )

and

(∇ϕ∗)(V,W ) = −ϕ∗∇V W

= ϕ∗(ωP ∇̂V φPW + CPTV φPW + ωPTV ωPW + CPH∇V ωPW )

so that we obtain (a) ⇔ (b). �

Lemma 4.33. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Given P ∈ {I, J,K}, if the map ϕ is DP

2 -P -pluriharmonic, then we have

∇ϕ⊥
ωP V ϕ∗ωPW = 0 for V,W ∈ Γ(DP

2 ).

Proof. Given V,W ∈ Γ(DP
2 ), by (2.4), we have

0 = (∇ϕ∗)(V,W ) + (∇ϕ∗)(PV, PW )
= −ϕ∗∇V W − ϕ∗(∇φP V PW + ∇ωP V φPW ) + ωPV (lnλ)ϕ∗ωPW

+ ωPW (lnλ)ϕ∗ωPV − gN (ωPV, ωPW )ϕ∗(∇ lnλ) + ∇ϕ⊥
ωP V ϕ∗ωPW,

which means

∇ϕ⊥
ωP V ϕ∗ωPW = 0.

�

Similarly, we have

Lemma 4.34. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Given P ∈ {I, J,K}, if the map ϕ is DP

2 -P -invariant, then we have

∇ϕ⊥
ωP V ϕ∗ωPW = 0 for V,W ∈ Γ(DP

2 ).

Theorem 4.35. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Suppose that ϕ is horizontally homothetic. Then the assertions are equivalent.

(a) The distribution (kerϕ∗)⊥ gives a totally geodesic foliation.
(b) gN (V∇XBIZ + AXCIZ, φIW ) = 1

λ2 gM ((∇ϕ∗)(X,BIZ) − ∇ϕ
XCIZ, ϕ∗ωIW ) for

X,Z ∈ Γ((kerϕ∗)⊥) and W ∈ Γ(kerϕ∗).
(c) gN (V∇XBJZ + AXCJZ, φJW ) = 1

λ2 gM ((∇ϕ∗)(X,BJZ) − ∇ϕ
XCJZ, ϕ∗ωJW ) for

X,Z ∈ Γ((kerϕ∗)⊥) and W ∈ Γ(kerϕ∗).
(d) gN (V∇XBKZ+AXCKZ, φKW ) = 1

λ2 gM ((∇ϕ∗)(X,BKZ)−∇ϕ
XCKZ, ϕ∗ωKW ) for

X,Z ∈ Γ((kerϕ∗)⊥) and W ∈ Γ(kerϕ∗).
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Proof. Given X,Z ∈ Γ((kerϕ∗)⊥), W ∈ Γ(kerϕ∗) and P ∈ {I, J,K}, we have

gN (∇XZ,W )
= gN (∇X(BPZ + CPZ), φPW + ωPW )
= gN (V∇XBPZ + AXCPZ, φPW ) + gN (∇XBPZ + ∇XCPZ, ωPW )

= gN (V∇XBPZ + AXCPZ, φPW ) + 1
λ2 gM (ϕ∗∇XBPZ + ϕ∗∇XCPZ,ϕ∗ωPW )

= gN (V∇XBPZ + AXCPZ, φPW ) + 1
λ2 gM (−(∇ϕ∗)(X,BPZ) − (∇ϕ∗)(X,CPZ)

+ ∇ϕ
XCPZ,ϕ∗ωPW )

= gN (V∇XBPZ + AXCPZ, φPW ) + 1
λ2 gM (−(∇ϕ∗)(X,BPZ) + ∇ϕ

XCPZ

− (X(lnλ)ϕ∗CPZ + CPZ(lnλ)ϕ∗X − gN (X,CPZ)ϕ∗(∇ lnλ)), ϕ∗ωPW )

= gN (V∇XBPZ + AXCPZ, φPU) + 1
λ2 gM (−(∇ϕ∗)(X,BPZ) + ∇ϕ

XCPZ,ϕ∗ωPW )

− gN (X(lnλ)CPZ + CPZ(lnλ)X − gN (X,CPZ)∇ lnλ, ωPW ).

Since ϕ is horizontally homothetic, we obtain the result. �

5. Totally geodesic and harmonicity
We consider the conditions for ahssR maps to be totally geodesic and harmonic.

Theorem 5.1. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Then given P ∈ {I, J,K} with 0 < θP < π

2 , the assertions are equivalent.
(a) The map ϕ is harmonic.
(b) −ϕ∗trace |ker ϕ∗∇( )( )+trace |(ker ϕ∗)⊥

(
2gN (( ),∇ lnλ)ϕ∗( ) + ∇ϕ⊥

( )ϕ∗( )
)
−(dimDP

2 +
dimµP )ϕ∗(∇ lnλ) = 0.

Proof. Since

TN = kerϕ∗ ⊕ (kerϕ∗)⊥

= DP
1 ⊕ DP

2 ⊕ ωPD
P
2 ⊕ µP ,

we choose a local orthonormal frame {V1, · · · , Vs, PV1, · · · , PVs,W1, · · · ,Wt, sec θPφPW1,
· · · , sec θPφPWt, csc θPωPW1, · · · , csc θPωPWt, csc θP sec θPωPφPW1, · · · , csc θP sec θPωP

φPWt, Z1, · · · , Zr, PZ1, · · · , PZr} of TN such that {V1, · · · , Vs, PV1, · · · , PVs} ⊂ Γ(DP
1 ),

{W1, · · · ,Wt, sec θPφPW1, · · · , sec θPφPWt} ⊂ Γ(DP
2 ), {csc θPωPW1, · · · , csc θPωPWt,

csc θP sec θPωPφPW1, · · · , csc θP sec θPωPφPWt} ⊂ Γ(ωP DP
2 ), {Z1, · · · , Zr, PZ1, · · · ,

PZr} ⊂ Γ(µP ).
Then we get

τ(ϕ)
= trace (∇ϕ∗)

=
s∑

i=1
((∇ϕ∗)(Vi, Vi) + (∇ϕ∗)(PVi, PVi)) +

t∑
j=1

((∇ϕ∗)(Wj ,Wj)

+ (∇ϕ∗)(sec θPφPWj , sec θPφPWj) + (∇ϕ∗)(csc θPωPWj , csc θPωPWj)
+ (∇ϕ∗)(csc θP sec θPωPφPWj , csc θP sec θPωPφPWj))

+
r∑

k=1
((∇ϕ∗)(Zk, Zk) + (∇ϕ∗)(PZk, PZk)).
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Furthermore,

t∑
j=1

(∇ϕ∗)(csc θPωPWj , csc θPωPWj)

= csc2 θP

t∑
j=1

(∇ϕ∗)(ωPWj , ωPWj)

= csc2 θP

t∑
j=1

(2ωPWj(lnλ)ϕ∗ωPWj − gN (ωPWj , ωPWj)ϕ∗(∇ lnλ)

+ ∇ϕ⊥
ωP Wj

ϕ∗ωPWj)

=
t∑

j=1
(2 csc θPωPWj(lnλ)ϕ∗ csc θPωPWj − ϕ∗(∇ lnλ)

+ ∇ϕ⊥
csc θP ωP Wj

ϕ∗ csc θPωPWj),

t∑
j=1

(∇ϕ∗)(csc θP sec θPωPφPWj , csc θP sec θPωPφPWj)

= csc2 θP sec2 θP

t∑
j=1

(∇ϕ∗)(ωPφPWj , ωPφPWj)

= csc2 θP sec2 θP

t∑
j=1

(2ωPφPWj(lnλ)ϕ∗ωPφPWj

− gN (ωPφPWj , ωPφPWj)ϕ∗(∇ lnλ) + ∇ϕ⊥
ωP φP Wj

ϕ∗ωPφPWj)

=
t∑

j=1
(2 csc θP sec θPωPφPWj(lnλ)ϕ∗ csc θP sec θPωPφPWj − ϕ∗(∇ lnλ)

+ ∇ϕ⊥
csc θP sec θP ωP φP Wj

ϕ∗ csc θP sec θPωPφPWj)

and

r∑
k=1

((∇ϕ∗)(Zk, Zk) + (∇ϕ∗)(PZk, PZk))

=
r∑

k=1
(2Zk(lnλ)ϕ∗Zk − gN (Zk, Zk)ϕ∗(∇ lnλ) + ∇ϕ⊥

Zk
ϕ∗Zk

+ 2PZk(lnλ)ϕ∗PZk − gN (PZk, PZk)ϕ∗(∇ lnλ) + ∇ϕ⊥
P Zk

ϕ∗PZk)

=
r∑

k=1
(2(Zk(lnλ)ϕ∗Zk + PZk(lnλ)ϕ∗PZk) − 2ϕ∗(∇ lnλ)

+ ∇ϕ⊥
Zk
ϕ∗Zk + ∇ϕ⊥

P Zk
ϕ∗PZk).
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Hence,
τ(ϕ)

= −ϕ∗trace |ker ϕ∗∇( )( ) + trace |(ker ϕ∗)⊥(2gN (( ),∇ lnλ)ϕ∗( ) + ∇ϕ⊥
( ) ϕ∗( ))

− (dimDP
2 + dimµP )ϕ∗(∇ lnλ).

Therefore, the result follows. �

Corollary 5.2. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahss submersion with an ahss
basis (I, J,K). If all the fibers are minimal and the map ϕ is horizontally homothetic,
then the map ϕ is harmonic.

Theorem 5.3. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahssR map with an ahssR basis
(I, J,K). Suppose that X(lnλ)ϕ∗Z + Z(lnλ)ϕ∗X − gN (X,Z)ϕ∗(∇ lnλ) + ∇ϕ⊥

X ϕ∗Z = 0
for X,Z ∈ Γ((kerϕ∗)⊥). Then the assertions are equivalent.

(a) The map ϕ is totally geodesic.
(b)
(i) ϕ∗(ωI(∇̂V φIW + TV ωIW ) + CI(TV φIW + H∇V ωIW )) = 0 for V,W ∈ Γ(kerϕ∗).
(ii) ϕ∗(ωI(∇̂WBIZ + TWCIZ) +CI(TWBIZ +H∇WCIZ)) = 0 for W ∈ Γ(kerϕ∗) and

Z ∈ Γ((kerϕ∗)⊥).
(c)
(i) ϕ∗(ωJ(∇̂V φJW + TV ωJW ) + CJ(TV φJW + H∇V ωJW )) = 0 for V,W ∈ Γ(kerϕ∗).
(ii) ϕ∗(ωJ(∇̂WBJZ+TWCJZ)+CJ(TWBJZ+H∇WCJZ)) = 0 for W ∈ Γ(kerϕ∗) and

Z ∈ Γ((kerϕ∗)⊥).
(d)
(i) ϕ∗(ωK(∇̂V φKW+TV ωKW )+CK(TV φKW+H∇V ωKW )) = 0 for V,W ∈ Γ(kerϕ∗).
(ii) ϕ∗(ωK(∇̂WBKZ + TWCKZ) +CK(TWBKZ + H∇WCKZ)) = 0 for W ∈ Γ(kerϕ∗)

and Z ∈ Γ((kerϕ∗)⊥).

Proof. Given V,W ∈ Γ(kerϕ∗) and P ∈ {I, J,K}, we have
(∇ϕ∗)(V,W )
= ϕ∗P∇V PW

= ϕ∗P (∇̂V φPW + TV φPW + TV ωPW + H∇V ωPW )

= ϕ∗(ωP (∇̂V φPW + TV ωPW ) + CP (TV φPW + H∇V ωPW )).

Given W ∈ Γ(kerϕ∗), Z ∈ Γ((kerϕ∗)⊥) and P ∈ {I, J,K}, we get
(∇ϕ∗)(W,Z)
= ϕ∗P∇WPZ

= ϕ∗P (TWBPZ + ∇̂WBPZ + TWCPZ + H∇WCPZ)

= ϕ∗(ωP (∇̂WBPZ + TWCPZ) + CP (TWBPZ + H∇WCPZ)).

Given X,Z ∈ Γ((kerϕ∗)⊥), we obtain
(∇ϕ∗)(X,Z)

= X(lnλ)ϕ∗Z + Z(lnλ)ϕ∗X − gN (X,Z)ϕ∗(∇ lnλ) + ∇ϕ⊥
X ϕ∗Z.

Hence, we have (a) ⇔ (b), (a) ⇔ (c), (a) ⇔ (d).
Therefore, we obtain the result. �

Corollary 5.4. Let ϕ : (N, I, J,K, gN ) 7→ (M, gM ) be an ahss submersion with an ahss
basis (I, J,K). Suppose that the map ϕ is horizontally homothetic. Then the assertions
are equivalent.
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(a) The map ϕ is totally geodesic.
(b)
(i) ϕ∗(ωI(∇̂V φIW + TV ωIW ) + CI(TV φIW + H∇V ωIW )) = 0 for V,W ∈ Γ(kerϕ∗).
(ii) ϕ∗(ωI(∇̂WBIZ + TWCIZ) +CI(TWBIZ +H∇WCIZ)) = 0 for W ∈ Γ(kerϕ∗) and

Z ∈ Γ((kerϕ∗)⊥).
(c)
(i) ϕ∗(ωJ(∇̂V φJW + TV ωJW ) + CJ(TV φJW + H∇V ωJW )) = 0 for V,W ∈ Γ(kerϕ∗).
(ii) ϕ∗(ωJ(∇̂WBJZ+TWCJZ)+CJ(TWBJZ+H∇WCJZ)) = 0 for W ∈ Γ(kerϕ∗) and

Z ∈ Γ((kerϕ∗)⊥).
(d)
(i) ϕ∗(ωK(∇̂V φKW+TV ωKW )+CK(TV φKW+H∇V ωKW )) = 0 for V,W ∈ Γ(kerϕ∗).
(ii) ϕ∗(ωK(∇̂WBKZ + TWCKZ) +CK(TWBKZ + H∇WCKZ)) = 0 for W ∈ Γ(kerϕ∗)

and Z ∈ Γ((kerϕ∗)⊥).
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