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Abstract

The Hermite-Gauss basis functions have been extensively employed in classical and quan-
tum optics due to their convenient analytic properties. A class of multivariate Hermite-
Gauss functions, the anisotropic Hermite-Gauss functions, arise by endowing the standard
univariate Hermite-Gauss functions with a positive definite quadratic form. These multi-
variate functions admit useful applications in optics, signal analysis and probability theory,
however they have received little attention in literature. In this paper, we examine the
properties of these functions, with an emphasis on applications in computational optics.
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1. Introduction

Different forms of the Hermite-Gauss functions have seen wide usage in physics and
chemistry, e.g., in the context of detection of gravitational waves [4,16], quantum encoding
[2] and communication [10], quantum entanglement with Hermite-Gauss beams [17], self-
healing [1] and non-diffracting [5] (elegant) Hermite-Gauss beams, detection beyond the
diffraction limit [11], GoosHéanchen shift on reflection of a graphene monolayer [18], soft
X-ray orbital angular momentum analysis [9], turbulence-resistant laser beams [6], and for
numeric integration [12]. This list is far from exhaustive.

The anisotropic Hermite-Gauss (AHG) functions have been introduced by Amari and
Kumon [3] (using the terminology “tensorial Hermite-Gauss functions”), and were studied
further later by Holmquist [7], Ismail and Simeonov [8], Takemura and Takeuchi [15].
By using the quadratic form defined by a given positive definite matrix, these functions
form a multivariate extension of the standard univariate Hermite-Gauss (HG) functions.
The positive definite matrix can be used for the representation of spatial deformations,
geometric properties and energy tensors of structured optical beams, and potential other
future applications. In the context of optical coherence theory, it was shown that this
anisotropy matrix has a clear physical meaning [13]: the spatial coherence of light. This
allows for the representation of a large family of coherence functions using a limited count
of AHG modes, making the representation computationally-tractable.
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Ismail and Simeonov [8] have derived certain properties of the AHG functions, including
the generating functions, recurrence relations and linearization properties. The purpose
of this paper is to study the properties of these functions from a computational and
optical perspective. In addition to a number of useful identities, we derive closed-form
expressions for the linear canonical transform (LCT) of an AHG function, as well as
two important transforms generalized by the LCT: the fractional Fourier transform and
Laplace transform. In addition, we consider the Wigner-Vile distribution in Hermite-
Gauss space. These transforms are fundamental in Fourier optics, quantum mechanics
and signal processing. We also discuss the eigenfunctions of these transforms and show
that the AHG functions are the eigenfunctions for specific cases of the LCT. These results
echo well-known results for the univariate HG functions which have not been previously
investigated under the context of the multivariate AHG functions.

2. Notation and preliminaries

Let N = {0,1,2,...} represent the set of natural numbers and Z, R, C represent the
set of integers, the real field and the complex field, respectively. A vector is denoted as
¥ = [rl,rg,...,rn]T € C" and the all-ones vector is denoted 1 = 1,1,..., 1]T e C". We
use R™*™ C™ "™ to denote the sets of all real-valued and complex-valued n x m matrices,
respectively. Let I be the identity matrix, | A| denote the determinant of a (square) matrix
A and A" the transpose of A. Given A € C™™ the notation A = [Ei;] = [ajj] defines
(i;, a;ji to be the row vectors and elements of A, respectively. A matrix § € R"*" is said
to be positive definite if it is symmetric and Z'SZ > 0 for all 0 # & € R™. The notation
S » 0 indicates that S is positive definite.

A multi-index is defined as the n-tuple v = (v1,14,...,1,) € N". We use the standard
multi-index factorial, double factorial, degree and power shorthand, viz.

2]y, vl 2 Twt, (2.1)
j J

EEDIE S 1 (22)
J J

where the double factorial of a natural integer is n!! =n-(n —2)-...-1 when n is odd
and n!l =n-(n—2)-...-2 otherwise (the factorial and double factorial of 0 is 1). The
partial order < is defined on the set of multi-indices as follows: v < p iff V;v; < p;. The
usual binomial coefficients are generalized to multi-indices as

v v!
(u) Tl -l (23)

the convention being that this binomial coefficient is non-zero iff v < u. For a multi-index
v € N" and a vector ¥, we define the partial derivative shorthand as

oA ol

oue 2 (2.4)
I1;0r,

Similarly, we define the multi-index matrix, £ € N™*™  which consists of n rows, each a
multi-index, i.e @ = [w;] = [wjr]. We define Q! = ][, , w;x! and, given A = [a;;] € C*™
set A? = IT;.x a;zk. We sometimes slightly abuse notation and write 1'Q and Q1 to
denote the multi-indices that consist of the column sums and row sums of €2, respectively.

Given a pair of L? functions f, g, the inner product (over R") of f and g is denoted by
(f19) = [gn dZ f(2)g*(Z), with * being complex conjugation.
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The Hermite-Gauss functions. The k-th order univariate, complex Hermite-Gauss

function is defined as
2

(~1)feT dF .

uer @ -2 (2.5)
Sy ok 42"

where z € C, k£ € N and Hj, is the Hermite polynomial of order k.

Given a symmetric matrix @ € C"*" with a positive definite real part (i.e. Re® > 0),
we define the n-dimensional complex anisotropic Hermite-Gauss function of degree v € N™
of order |v| associated to ® by

U, (2) = (\/%2kk!>_1/2e_§Hk(z) =

1\ e O o1y
o (7) & (—) — L B%e O (2.6)
V2 i)
Similarly, the dual of the anisotropic Hermite-Gauss function is defined as
N 1\l 157 @3 o
B 2 (- g5) oS, (2.7
V2/ le|e))s
with § = © 1#. The generating functions of the AHG functions are

—iFTe - lFt+zT @1 (2F-7)

20V
Z —Z P (7) = ° T ) (2.8a)
venn |V (m"|©])
ol —iFTe~1F+aT (27— Ox)
Sy a9 = . : (2.8)
venr | V- (m"|©])*

for any &, 7 € C" (see [8,15]).

3. Properties and identities

We begin with a few simple but useful properties of the AHG functions. Most of the
properties listed in Theorem 3.1 are known [8, 15] or easy to prove. They are included
here for completeness.

Property 3.1 (Basic properties). Let ¥ € C", symmetric ® € C"*" such that Re ® > 0.
Then

501 WO(F) =|O] e (071F).
3.1.2 WO (F)r =0 (7).
3.1.3 WFO(7) = |@i|:2e| 1 (g)'“' wo (L7) for0# 2 € C.

v
3.1.4 WO (—F) = (-1)Fi"w® (7).
3.1.5 if ©,7 are real-valued then ¥ (%) is real.
3.1.6 if @ =1, the AHG function decomposes into a product of the univariate HG
functions: WL(F) = OL(F) =], W, (7r).-
8.1.7  WL(F) is even as a function of v; iff v; is even, otherwise it is odd.

Proof. Properties 3.1.1 and 3.1.6 follow trivially from the definitions. Properties 3.1.2
and 3.1.3 follow from the generating function (Equation 2.8a). Property 3.1.5 is a conse-
quence of Property 3.1.2. Property 3.1.4 is a special case of Property 3.1.3. Property 3.1.7
is a consequence of Property 3.1.6 and the fact that the univariate HG function ¥, is even
iff k£ is even and odd otherwise. O

Property 3.2 (Derivatives). Let @1 = [d;] be the rows of ©~!. Then the partial deriv-
ative, gradient, Hessian matrixz and Laplacian of the AHG function are given by
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3.2.1 8% OO (7) + g7 ¥ (7) =24,

5.2.2 5P (F) =026, - 7P (7) ,
82

3.2.3 PO (F) =—01w? (7

3.2 V2O (#) =T (#)tr@ ! + 2tr (@)—2@,,)
+(0717) [w@ (e i -107'4,]

where V? = > 682 is the Laplace operator (taken with respect to 7), 6*2 is the Hessian,

the matrix ®,, is g]wen by Equation 3.6 and with

uzji[\/v?wf’el F), Jm¥ _ (7), ..., Jm®S, (7 )}T, (3.1)

where €, € N" is such that (e); = Ok, i.e. the multi-index with 1 at position k and 0
elsewhere.

—

Remark 3.3. We adopt the convention that the AHG function vanishes identically if its
degree contains negative elements.

Remark 3.4. Properties 3.2.1 and 3.2.2 were first derived by Takemura and Takeuchi
[15]. A proof is provided below for completeness.

Proof. Differentiate the generating function (Equation 2.8a):

~liTe-litzTe 1 (2r-3)
3 wi wO (i) = §l (22 — 7)— : (3.2)
venn (m*©])
T 2l
=g (2% —7) Y — v (7) (3.3)
veNn

and equate the powers of & on both sides, proving Property 3.2.1. Property 3.2.2 follows
immediately from Property 3.2.1.
Differentiate Property 3.2.2:

;i O (7) = @—1(% 26, — 7 wP (7)] (3.4)
_e! [2«1>y _ w0 (7) [I - F(@lF)T] _ 2?(@%)1, (3.5)

where ®,, = %(;_51, is the matrix with the following elements:

[‘I’] A V](V]_l)‘IJV 2€ (F) it j=k
vk N \Il,/_ej_ek (7) otherwise

and simplify, yielding Property 3.2.3.
To complete the proof, note that V? = trg—; and recall that the trace of an outer
product is the inner product. This gives Property 3.2.4. O

(3.6)

Lemma 3.5 (Orthogonality and completeness). Given a symmetric matric © with a
positive definite real part, the anisotropic Hermite-Gauss functions \Il,(? form a complete
orthonormal (with respect to their dual) basis of R™ — C L?-functions. In other words,

(1) For allv,p € N, <\Il,(? ’ {Ivll(?> = Oy, where § denotes the Kronecker delta; and
(2) If an L?-function f is orthogonal to all \Il,(?, then f vanishes a.e.
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Proof. See Ismail and Simeonov [8]. O

Our main contributions in this section start with the next lemma, which allows for the
expansion of an AHG function as a finite series of AHG functions with different anisotropy.

Lemma 3.6 (Anisotropy transformation). Given symmetric @1, 09 € C™*™, with Re ®1,Re @y >~
0, we have

Q
WO (7) = /[T 3 %mwfy (TF) | (3.7)

Q= I:w.;r] eNan, s.t. TTQ:V
with p=(|w1|,|wa2],...,|wn])

where T = @;/261_1/2, The summation is over all n x n multi-index matrices §2, with rows
wj, such that the sum of the k-th column of S is vy. The multi-index p € N" is defined
to be the row sums of €.

Remark 3.7. There are [[; p(v;) such matrices, where p(m) is the partition function,
which asymptotically grows as O(exp(\/ |I/|))

Proof. Start with the AHG generating function, Equation 2.8a, and perform the variable
changes §j = T® and § = T7F, viz.

——sT®2 3+ @5 (25-%)

@ wo (7) = © 3.8
ugn ) (ﬂ”!@ﬂ)Z 9
= |T|"” Sl =t w22 (5) . (3.9)

veNn

Then, by the multinomial theorem:

1% Vk oW
= D HE (3.10)

weN?
|w|=vg

where the summation is over all the integer partitions of v, and we denote T = [ZH, i.e.

Zj are the rows of T'. The two equations above yield

wk SW

—»I/ \Ilgl ) — 1/2 “"I | @2 —’ € . .
> G XD SRV C TR 7 Tk! (3.11)
veNn Q= w;’ eNan
with p=(|w1,|wzl,....Jwnl)
Equating the powers of & on both sides above gives Equation 3.7. g

Immediate consequences of the above lemma are the next few corollaries. The first
corollary facilitates the dimensional decomposition of an arbitrary AHG function into
(finite) univariate HG functions. This has useful computational applications.

1

Corollary 3.8 (Dimensional decomposition). With § = @~ /*F,

e '~
R _1
g () = Vvle[ > (Q.)WH‘I’%(SU- (3.12)
Q= [wﬂ ENTXN g g, "o=v . k
with p=(|w1|,|w2|,...,Jwn|)
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It is often important to evaluate the AHG functions at 0, e.g., for computation of the
peak energy of optical beams or the determination of the total energy carried by a wave
ensemble [13]. The next corollary provides an explicit expression for the values at 0 and
may admit interesting combinatorics.

Corollary 3.9 (The AHG function at 0). Applying Theorem 3.8 and recalling the values
of the Hermite polynomials at 0, viz. Hy(0) = (—2)§(k—1)!! when k is even and ¥, (0) = 0
when k is odd, results in

—1/a Q2
ﬂl 3 <eﬂl)iﬂ|(u — 1), (3.13)
(m"|©])1 o=[wT]enn, s i'Q=v ’
and p=(lw1|,|wz|,...Jwn|)€(2N)"

w2 (0) =

with 1= (1,1,...,1) € N,

Remark 3.10. Note that the summation is now also constrained to multi-index matrices
with even row sums. The double factorial of —1 is defined to be 1.

Lemma 3.11 (Offseted argument). For an arbitrary § € C":

OO (7 4+ ) = 273 (n"|@]) T3 (75O (-9

1/
- (:) o, (Var)wo (vas) . (314)
neN"
s.t. p=v

Proof. Via the generating function:

oV
Yo D (F+E) = ; (3.15)
reNn v (7'[“’@”4
_l_Te- (-3
_ BTN (o) e oyt (o7 5)
(m*|®])7
w3 (30) s+ ey (235-9) (3.16)
1
_ (MO _ie-sTe-1w-9)
23
22wl /1 \YTE 1o | _le
v,ueN”
Equating the powers of & and applying Property 3.1.3 yields the desired result. ]
Lemma 3.12 (Product of AHG functions).
® (2 @O (= _. | VM 1 L
A T s S
Q
2071)"\/2181+11(8 + )|
x> (207) we, (7). (3.18)

131~
Qenxn, QB!
s.t. B=r—QI1eN",

vzuffTQGN”

That is, the sum is over the multi-index matrices 2, with B being v minus the row sums of
Q, v being p minus the column sums of & and such that B,~ are multi-indices (consisting

of mon-negative integers).
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Proof.
QIV\HMI
5 25 w2 (7) w2 (7)
v,neN”
efé*T®*1F+ET®*1(2F—£)67%FT® '7+gT @~ (27-7)
_ 1 (3.19)
(m*[©])>
15Ty
_ # o 3O (#45) O 27— (47)] 27O 1§ (3.20)
(m*[©])>
o iTTOE Z olal o Z ( ® y)
- —T @+ () ) (3.21)
(|@)F den | =

Denote ® ! = [g;x], the elements of ® !, and apply again the multinomial theorem:

@E+§)"= > (g) ZETRE (3.22)

BENn’

s.t. B«
253’1-@7117 " 2 Z it kT Yk " 2@71 “ Q
> ( — ) -y { J y } - ¥ 7< o ) (myT) . (323)
m>0 : m>0 : Qennxn :
Equating the powers of & and 4 proves the lemma. O

Theorems 3.11 and 3.12 extend well-known results from the univariate case to the
multivariate anisotropic case.

4. Linear canonical transform

The linear canonical transform (LCT) generalizes important well-known integral trans-
forms, such as the (fractional) Fourier transform and the Fresnel transform. The n-
dimensional LCT (with unitary, angular-frequency kernels) is defined with respect to a
matrix A = [¢ %] € C**? with |A| =1 as

N GE (;b)eb@‘ [ i p(7)e (28-ar'). (4.1)

Our main result in this section follows:

Theorem 4.1 (Linear canonical transform of the AHG function). Suppose A is as above.

Then
2u Q)= (5) " 2 O a2
ib BIHICTE
where
>=0!- 1%1 , 2=01220520) -0, (4.3a)
C = b*le(b*z - id22)® —E51, £=%2"'@ !¢, (4.3b)

under the conditions that b # 0 and X, 2 both have a positive definite real part.
Remark 4.2. A sufficient condition for Re X > 0 is a,b € R (as Re®~! = 0).

Proof. Take the LCT (with respect to the variable #) of each side of the generating
function for U2 (Equation 2.8a). Let § = 207 1% — i%( and rewrite the integral as a
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multidimensional Gaussian integral with a linear term, which admits a well-known closed-

form [14] (convergence is ensured by Re 3 >~ 0). Then
Z \/7—»119%14 ‘Ile (C)
enn ‘
— (1"|®|)~ 4$A{ -3 (7 )T@1;/_5T@15+2(F/)T@1;2}(5> (4.4)
1 1 % s d 72 =Ta—1= 1(=2\ Tl | =T
— (M@ 1 ig;¢ ,—% ©7'& K _5(7') 4y T 4.5
(18D <27rib) enne _— (4.5)
R P—— S (4.6)
(ib)2 | %]

Rewrite the right-hand side above in terms of &, é’ , 2 in the form of the generating function
of the dual AHG function (Equation 2.8b), i.e

e (e (©)

_{ n‘®‘ Ze 1€ cE 18 = e (- {a) [26-m(-{a)] (4.7)
(ib)% |32
1 BT g 2l i@\ <2
“wrmiert () wEO
Equating the powers of & on both sides yields the final result. O
Lemma 4.3 (Eigenfunctions of the linear canonical transform). If a = d, a®> # 1 and
V(a2 —1)b? # —ab, then set a = 1\/m+ab = i\/ﬁ. We have
2wt} = () v as
Proof. ©® = 51, therefore Equations 4.3a and 4.3b become
> =a I, E=a’0"", C =0, Elf=a"'C (4.10)

Now consider Equation 4.2 and apply Properties 3.1.1 and 3.1.3:
1 E7l (m-1gf 20 (17
=] ~s(~) W (“ 5) W (5C> _
T 1 v = _ 1L L _T,._.1 __1°-
ARSI [E[1[Z[2[0]  |E[1|Z|z|e]
from which Theorem 4.3 follows. ([

MVarw? (C), ()

The following corollaries follow from Theorems 4.1 and 4.3 as well as the basic properties
of the AHG functions.

Corollary 4.4 (Fourier Transform). The LCT reduces to the standard Fourier trans-
form (with unitary, angular frequency kernels) by setting App = [ ) 1], viz. F{®2} £
i%,iﬂAFT{\II,,@ }. In this case the Fourier transform of the anisotropic Hermite-Gauss func-
tion is:

F{w2 (<) = () w27 (Q) = (-)|e|" wP (&Q). (4.12)
In addition,
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4.4.1 \Il,f are the eigenfunctions of the Fourier transform with corresponding eigen-
values (—i)"1.
4.4.2  If © is real, then the Fourier transform of an even-order AHG function is

purely real, and of an odd-order AHG function purely imaginary.

Corollary 4.5 (Fractional Fourier Transform). Similarly, the LCT also generalizes the
fractional Fourier transform (FrFT) of degree v via the parameter matriz Ap.pr(y) =

{f‘;isnvy ELI;H by F1{®E} £ 37 LArrTO{WO Y The eigenfunctions of the Fractional
I

Fourier transform are W,,, with corresponding eigenvalues e vl

The fact that the univariate HG functions serve as the eigenfunctions of the (fractional)
Fourier transform is well-known. The corollaries above generalize these results to the mul-
tivariate (fractional) Fourier transform and AHG functions. This has interesting Fourier
optics interpretations: AHG beams remain AHG beams under far-field diffraction (Corol-
lary 4.4.1). Furthermore, only diffracted even-order AHG modes propagate to the far-field
while odd-order modes diffract as evanescent waves (consequence of Corollary 4.4.2).

We omit the proof of the following corollary.

Corollary 4.6 (Laplace Transform). The (two-sided) Laplace transform is a special case
of the LCT with Ay, = [V }], viz.

3{\11@ }(E) = (—27’[)%ZAL{\I,V® } = (2m)2ivl|e|* B ®© (195)_ (4.13)

The eigenfunctions of the Laplace transform are \Il,f(%f), with corresponding eigenvalues

(2m)2ill\ /(=D

5. Wigner-Vile distribution

The Wigner-Vile Distribution (WVD) is an integral transform that commonly arise in
optics and quantum mechanics, useful for processing linear frequency-modulated signals.
The WVD of a R® — C L2-function f is defined as the following Fourier transform:

w0 (r.8) 2 #{s(7 - 58)r (7 +58) }(0). (5.1)

where the F'T is taken with respect to the integration variable E .

Lemma 5.1. Let #,C € R, ©@ € R™*" s5.t. © = 0. Then

(o8 ()2 -+ 1)) Q - (rron) 5 e
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Proof. Take the FT of the generating functions:
olv|+lpl 1 1- o
> 5”,1;“%{\1:,? <F - g) v <F+ g) } (c
vip! 2 K 2
v,peN

I 5 {ef%(Ff%E) O 1(F-1€)+a"0 ! (27—E-7)

-7
vadge]

N—

1l e lraTe -l (2r-a) 4" e (2F3)

=———e¢
V(O]

" f{e_ééﬁ(ze)lgeggT(QG)l(ﬂ_:ﬁ')}<6) , (5'3)

complete the square and integrate (in similar fashion to Equation 4.6):

ﬁ{e?@@)—l[;&z(ya] }(z) _ (217[)2 /dée 18 (20) EE'¢ (5.4)
T

>/ @—»/
where we set E/ -0 Yy—x) — if. The FT always convergences as ©® ! > 0. Then,
putting Equations 5.3 and 5.5 together and rewriting the result as the generating functions

of ‘Ilg( r), ‘Ilg( r), \Il@ (E) with variables &, 4 and & — ¥, respectively, gives

2Wvl+lpl . 12 o1 =
s e (en (- 1o (-3}
v,neEN? vy
_ (2 2 0% 2i(F-4) "¢ (#-4) O (34
T

— 1T 171z O~ (27-7) 7”TG) lFrgTe@ 1 (27 —%) (5 6)

xXe 2 €
= (@ e 1 eC 3 - )il w9 (¢)
aeN”
Aol oo
x Y ARV 25 (7)®2 (7) . (5.7)

T,0cN"
Finally, apply the multinomial theorem, viz.:
. « —Sa—f -
@F-§*=> (ﬂ)(_1)lﬂlwa AyPh (5.8)
B

and equate the powers of & and ¥, yielding the lemma. O

As any arbitrary L2?-function can be expanded in AHG space (Theorem 3.5), by using
Theorem 5.1 we can write an expression for the WVD of that function. In practice,
this allows direct computation of the WVD for functions that can be expressed as a
superposition of a limited number of AHG functions (e.g., AHG beams).

Theorem 5.2 (WVD in AHG space). Let ® € R™™" with Re® > 0, and f(¥) =
Yoy Gy \I!G)( 7) be an R"® — C L2-functions expressed via its AHG-basis coefficients, viz.
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a, = (f| ). Then,

W {fH(7,Q) = (@ra|@))ie O 3 ayay 3T (-1

e ()i ez,

Proof. Write

and apply Theorem 5.1. O

1]

[10]

[11]
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