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Article Info Abstract

Keywords: Constacyclic code, Codes In this work, we consider the finite ring Fp 4+ uFy +vFy, > = 1,02 =0, u-v=v-u=0
over rings, Negacyclic code which is not Frobenius and chain ring. We studied constacyclic and negacyclic codes in
2010 AMS: 94B05, 94B15 Fy 4 ulF, +vIF, with odd length. These codes are compared with codes that had priorly been
Received: 1 June 2022 obtained on the finite field F. Moreover, we indicate that the Gray image of a constacyclic
Accepted: 23 September 2022 and negacyclic code over F, + ulF, + vIF, with odd length n is a quasicyclic code of index
Available online: 26 October 2022 4 with length 4n in 5. In particular, the Gray images are applied to two different rings

S| =TFs+vF,,v2 =0and S, = Fy + uF5, u? = 1 and negacyclic and constacyclic images
of these rings are also discussed.

1. Introduction

The fundamental problem in coding theory, such as distance, polynomial representation over codes, weight, etc. were
examined in [1]. The Gray images of cyclic and negacyclic codes defined on Z4 were studied, and their relationships on
7, were researched in [2]. In [3], differently in the previously studied the ring Zq4, the images of the (1 + u) — constacyclic
codes on the finite chain ring I, + ulF, were studied in the case u*> = 0, and the relationship of cyclic codes between this ring
and field F, has been mentioned. Moreover, in [4] gray images of (1 + uz) — constacyclic codes on [Fy 4 ulf'y + u*F, with 8
elements were given on the field F, by the same authors in [3]. X. Xiaofang [5] investigated (1 +v) — constacyclic codes over
Fo 4 uFy +vFs,u? =v> = 0,v-u=u-v =0, and (1 +v) — constacyclic codes in F, +ulF2 4+ v, of odd length were described
through cyclic codes over [y 4 ulf, 4 vIFs.

In this study, unlike in [6], we take the properties of the variables in the ring structure differently. Therefore, a different ring
structure emerged. In the next section, we give the primary form of the ring and define the Gray transformations. In the third
section, we show that the images of the codes on this ring correspond to codes in the finite rings. Finally, in the last part, we
also match the codes found to codes on 5.

2. Preliminaries

We denote R = F, 4 ulF, 4+ vIF, as a ring with characteristic 2, where W= l,v2 =0,u-v=v-u=0. Itis clearly see that
Fo + ulFy +VvFy = Fu,v]/(u?> = 1,v* =0,u-v=v-u =0). Consider R = Fy + uF +vFy = {0, 1,u, 1 +u,v, 1 +v,u+v, 1+
u+v}. Thus R is aring under ”+” and ”.” operations. Also, 1 and 1+ v are units in R, and all the ideals of R can be given
by {0} = Iy, L, L, Litv, Lty = litutv, 11y = R. We consider R as a natural extension of S| = Fp + v, v2 = 0. Thus,
Sy 22T, [v]/(v?). Then, the elements of S; are 0, 1,v, 1 +v where the units in Sy are 1 and 1 +v. We consider R as a natural
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extension of Sy = Fy + ulFy, u> = 1. Therefore, S = F,[u]/(u?). The elements of Sy are 0, 1,u and 1+ u. Then, the only units
in S, are 1 and u. Let us take C as a linear code with length n over R (S} or §5). Thus C is a R (S} or 3) submodule of R" (S
or Sg) If D is a linear code with length n in [, in this case, D is a > subvector space 5. An element of C and D is called a
codeword.

Let I'; denote the Gray map on R (see [6]).
[:R—S?
a+ub+ve—T(a+ub+ve) =T (r+uq)=v-rq)
where r = a+vc and g = b+ vc. It can be extended to R" as shown below:

Ty (cosClyeyna1) = (Voro,V iy sV rn_1,40,q15---qu—1) Where ¢; = r;+u-g; for all 0 <i <n— 1. Let the Gray map ¥,
on R be defined as indicated below:

W) R+ S3

a+ub+ve— ¥ (a+ub+ve) =¥ (r+vq) = (u-r,q) 2.1

such that r = a+ub and g = c+ub. We will extend ¥ to R", thatis, ¥ (co,C1,. .-, cn—1) = (- T0, U F1, o s U Ty—1,G0sq15- - - gn—1)
where ¢; =ri+v-g;forall 0 <i<n—1.
Let us define the Gray map I'; on S; as the following:
Iy: 8~ F3
s+vt— (s,5+1) (2.2)
where s,t € IF,. The extension of I'; to S is given by
[y: 87— F3

(Co,cl,...,cnfl) — (So,...,Snfl,SO—Fto,...,Snf] —|—l‘,,7])

where ¢; = s;+v-t;, s;,t; € Fp for all 0 <i < n— 1. The Gray map ¥, on §; is given by
¥, : S, 3
s+ut— (s,s+1) (2.3)
where s,t € IF,. The extension of ¥, to S% is given by
W, : 8% F3"
(cosClyeyCnt) = (S0y---sSn—1,80 F 105y Sn—1 +1In—1)
where ¢; = s;+u-t;, s;,t; € Fp forall 0 <i < n— 1. For r € R, we define the weight function w; (r) by
;r=0
;r=1

sr=v,1+ul+utv
s r=uu+v,14v

Wl(}") =

W N = O

For r € R, we define the weight function w(r) by

0;r=0
wa(r) = 1;r=1uu+v
2T 2 r=u v 1 tuty
3;r=1+u
Then w1 (r) and wa(r) extend to a weight function in R™. If r = (rg,71,...,7,—1) € R", then we write wy (r) = Y/~ wi(r;) and

wa(r) = X2} wa(ri). Letx, y € R" be any distinct vectors. The distance d; (x,y) and da(x,y) can be defined to be wy (x —y)
and wa (x —y). The d; and d» minimum distance of C can be given by d;(C) = min{d; (x,y)} and d2(C) = min{d,(x,y)} for
any x,y € C such that x # y. The weights w3(r) of t € S| and wy(t) of t € S, can be given by
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0;t=0
wi(t) =4 l;t=v1+v
25t=1
0;t=0
wa(t)=4¢ lst=u,14u
2;t=1

These extend to w3 and w4 weight functions in 7 and S5. If t = (fo,11,. .. ,tx—1) € S}, S5, then we have w3(t) = Y| wi(t)
and wa (1) = ):?;01 wa(t;). Letx,y € §7,55 be any distinct vectors. The distance d3(x,y) and d4(x,y) between x,y can be given
by wg, (x—y) and wg, (x —y), respectively. Also, the d3 and d4 minimum distance of C is defined as d3(C) = min { d3 (x,y) }
and d4(C) = min{da(x,y)} for any x,y € C such that x # y. Let D as a code with length n over F, and ¢ = (co,c1,...,cn—1) be
a codeword of D. The Hamming weight of D is defined as wy (c) = ¥~ wi (c;) where wy (c;) = Lif ¢; = 1 and wy (¢;) = 0 if
¢; = 0. In addition, we can define the minimum Hamming distance of D such as dy = min {dp/(c,¢)} for any ¢,é € D, ¢ # ¢.
The elements of R as a+ ub + vc = r+vg where r = a+ub and g = ¢+ ub are in S», we have

wi(a+ub+ve) =wi(r+vq) =wa(ur,q) = wa(b+ua,c+ub) =wy(b,c,b+a,c+Db)

Similarly, the elements of R as a+ ub + vc = r +vq where r = a+vc and ¢ = b+ vc are in S1 and so we obtain the following

wo(a+ub+ve) = wy(r+uq) =ws(vr,q) =ws(av,b+ve) =wy(0,b,a,b+¢)

Definition 2.1. [1] Let C be alinear code over R with length n. A cyclic shifton R" is a permutation ¢ such that
o (co,C1y---ycn—1) = (cn=1,¢0,.--,cn—1). If 6(C) =C, the code C is said to be cyclic code. A (14 v) — constacylic shift u
acton R" as (co,c1,...,cn—1) = ((14+v)ep—1,c0,...,cq—2). The code C is called (1 +v) — constacyclic code if u(C) =C. A
negacylic shift 8 acton R" as 8(co,c1,--.,cn—1) = (—Cn—1,¢0,..-,¢n—2). If 8(C)=C, C is said to be negacyclic code.

Let P(C) = {Z?:ol rixt s (ro,r1,. . rpo1) €C } P(C) is a polynomial representation of code C with length n over R. Note

that C is cyclic if and only if P(C) is an ideal of R[x]/(x" — 1) and C is (1 +v) — constacyclic if and only if P(C) is an ideal of
R[x]/(x" — (14 v)).

Definition 2.2. [1] Let a € 2" with a = (ag,ai,...,az,—1) = (aV]aV), al)) € $% for all i = 0,1 and o be the usual cyclic
shift.
02§y SH

ar oi(a) = (0 ()| (a))

A code C of length 2 in S is called quasicyclic code with index 2 if o;? (C)=C.Letac S5" with
a=(ag,ai,...,az1) = (a®a), a) € §4 for all i = 0,1 and o be the usual cyclic shift.

032 83— 53"
ars 05(a) = (6(a)]o(a))

A code C with length 2 in S, is called quasicyclic code with index 2 if o5’ (C)=C. Takea € F3" with
a=(ag,ai,...,asm—1) = (@?)aM|a?|a®), al) € ¥} for all i = 0,1,2,3 and let & be the usual cyclic shift.

o4 - an — ]F‘z‘n
ars 0°(a) = (0(a0) o () |0 ()]0 (a™)

A code D of length 4n over I, is called quasicyclic code with index 4 if 6*4(D) = D.

3. Negacyclic codes and their gray images

We get quasicyclic code of index 2 with even length in S, as the Gray image W of negacyclic code over R. Therefore,
we construct the Gray image ¥, of quasicyclic code of index 2 in S, with even length.

Proposition 3.1. 6;2%; = ¥, §

Proof. Y1, 62*2 and 6 are defined in (2.1) and in [1], respectively. Let ¢ = (co,c1,...,cn—1) € R" such that ¢; = r; +v- g; for
i=0,1,....,n—1.

Wi(co,ctye-sen-1) =F1(ro+v-qo,r1+v-qi,.. ;1 +Vv-gu_1) = (U-ro,u-ri,...,U F—1,90,q1,- -1 Gn—1)

By applying 652, we have



Fundamental Journal of Mathematics and Applications 231

Wi (co,Cl1y..yCn1) = Gz"z(u-ro,u-rh...,u-rn_17q0,q17...,qn_1) = (U Py U T0y e U T2, Gn—1,40,q15- - yGn—2)
Conversely, d(co,...,cn—1) = (—Cn—1,c0,--.,cn—2) where —c,_; = ry,—1 +v-gu—1. Therefore,

Y1 (0(c)) =F1(rn—14+V-qn1,70+V-qoy---sFn—2+V-qn-2) = (U Ty_1,U- 70y« y U Fy2,qn—1,90; - - sqn—2)

Equality is obtained by using the above equations. O

Theorem 3.1 A code C; of length n over R is a negacyclic code if and only if W1 (C)) is a quasicyclic code of index 2 and
length 2n over S,.

Proof. Assume that C) is a negacyclic code. Then we write §(C;) = C;. By applying ¥, we have ¥;(6(C;)) = W1 (C)). By
using Proposition 3.1, we have 632 (¥ (Cy)) = ¥1(8(Cy)) = ¥ (Cy). Therefore ¥;(C)) is a quasicyclic code with index 2.
On the contrary, if ¥ (Cy) is a quasicyclic code with index 2, then 632(¥; (C1)) = W1 (C)). Again by Proposition 3.1, we have
0'2*2(‘111 (Cl)) = ‘I"l (5(C1)) = lI’] (Cl). Since 5(C1) = Cl, C1 is a negacyclic code. O

Proposition 3.2. 6*%¥, = ¥,0;2

Proof. W5, 65 and 6** are given in (2.3) and in [1], respectively.

052(a) = 052 (av,ar....,az-1) = (6(a®)|o(a))
= (o(ag,ai,...,an—1)|0(an,...,am—1))
= (anflaa()w"7an72;a21171;ana"'7a2n72)
where a,_1 = §,—1 +u-ty_1,a0 =So+u-to,...,ao—2 = Sop—2 +u-tr,—>. By applying ¥, we have

2

W1 (05%(a)) = Waan—1,a0,- .- ,Gn—2,0001,Gn, - .,a202)
=Wo(sp—1+u-ty_1,50+u-10,...,Sn—2+U-ty2,5%m1 F+U-T2y_1,...,5m—2+ U 12y_2)

= (Sn—1,505 -+ »Sn—2:82n—15+--+820-2,8n—1 Ftn— 1,80 + 10, - s Sp—2 + 12,8201 Fton—1,-.-, 5202 +12n2)

Conversely, ¥, (a) = Wa(ao,ai, ..., a20—1) = (50,51, ,520—1,50 + 10,81 + 11, ..., S2u—1 + tan—1) Where ag = so + uto,
ay =si+uty ,...,am—_1 = Son_1 +utr,_1. By applying 6**, we have

0" (W2(a)) = 6™ (P2(a0,ar1,.--,a20-1)) = (50,51, - yS20—1,50 + 10,51 +11, -+, 520—1 +L2n—1)

= (G(S(),S],...,Sn7])|6(sn,6(sn+1,...,S2n71)|G(S0 +1t,81 +1,. .81 +tn,1)|G(Sn +t,Snl Tl 8201 —‘rtz,,f]))
= (511550, 5502552015 Snt 15+ + 152025 Sn—1 Ftn—1,50 +105 -+, Sn—2 + 12,5201 +12n—1,-- ;5202 +t2n-2)
Equality is obtained by using the above equations. O

Theorem 3.2 A code C, with length 2n over S, is a quasicyclic code of index 2 if and only if W, () is a quasicyclic code
with length 4n over F, and has index 4.

Proof. Assume C; is a quasicyclic code with index 2. Then 0;%(C;) = C,. By applying W2, we get W2(032(C2)) = ¥2(Cy).
Using Proposition 3.2, we can write 6™ (¥ (C2)) = ¥2(052(C2)) = W2(C2). So W1 (C,) is a quasicyclic code with index 4.
Conversely, if W,(C,) is a quasicyclic code of index 4, then we say that 6**(¥2(C)) = W2(C,). From Proposition 3.2, we
have 6*4(W1(C,)) = ¥2(052(C,)) = W2(C,). Since P, is injective, it follows that 65%(C2) = Cs. O

4. Constacyclic codes and their gray images

In this part, we present even length quasicyclic code of index 2 over S; as the Gray image I'y of constacyclic code over R
and we also give the Gray image [, of constacyclic code with index 2 over S; with even length.

Proposition 4.1. 6;°T'; =T, §

Proof. The proof is given in [5]. O

Theorem 4.1 A code C; of length n in R is a constacyclic code if and only if I'1 (C3) is a quasicyclic code with length 2n over
S1 and has index 2.

Proof. The proof is given in [5]. O

Proposition 4.2. 6*T; = I’,0;?
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Proof. T2, 672 and 6** are given in (2.2) and in [1], respectively.

6i2(a) = 6{%(ao, a1, ..,az,-1) = (6(a)|o(aV)))
= (G(ao,al,...,an,|)|6(an, - ,aznfl))
= (an,],a(),. ceydp—2,d2p—1,A4pn, - - '7a2n72)

where a,—1 = S§,—1+V-ty—1,a0 = S0+ V-10,-..,02p—2 = S2p—2 + V- t2,—2. By applying I'», we have

2
I2(0(“(a)) = Y2(an-1,a0,--.,an—2,0001,0n, - .. ,G2q—2)
=Wo(sp—1+V-tho1,50+V 10, ., Sn—2+V - 1a_2,8m—1 +V-Ton_1,...,820—2+V 1u_2)

= (Snfl,S(),...,Snfz,Sznfl yee s S2—28p—1 T 1h—1,80 + 10y, Sp—2 +1—2,52,—1 +I2,,7],...,S2n,2+t2,,72)
Conversely, I'2(a) =T (ag,ai,. .., a2n—1) = (50,81, ,520—1,50 + 20,81 +11,...,52q—1 +ty—1) Where ag = so +v - 1,

ay=s1+v-ty,...,a3,—1 = Su—1+Vv-tryu—1. By applying o**, we have
0"z (a)) = 6™ (Ta(ao, ai, ..., am—1)) = 6**(50,51, ..., S2n—1,50 + 10,51 +11,. ., S29—1 +t2n—1)

= (0(50,81,--80-1)|0 (82,0 (Sng1,- -, 520-1) |0 (50 + 10,51 +115 -, Su—1 +1a—1)|O(Sn +tns St 1 F ity 820-1 +120-1))
= (Sn—1,50, - s5n—2,52—1,Snt1s- - ,52n—2,8n—1 Fln—1,50 +10, .- ., Sn—2 +1n—2,5m—1 +0n—1,- .., S2n—2 +12-2)

Equality is obtained by using the above equations.
O

Theorem 4.2 A code C4 with length 2n over S is a quasicyclic code of index 2 if and only if I';(Cy4) is a quasicyclic code of
index 4 over I, with length 4n.

Proof. Assume that Cy is a quasicyclic code with index 2. So 61*2(6‘4) = Cy. By applying I';, we have FZ(GI*Z(Q)) =T5(Cy).
From Proposition 4.2, it follows that 6*4(I'2(C4)) = I'2(0;2(Cs)) = I2(Cs). Hence I'2(Cy) is a quasicyclic code with index 4.
Conversely, if T'2(Cy) is a quasicyclic code of index 4, then 6*4(I'2(Cy4)) = I'2(Cy). By Proposition 4.2, it can be written as
0*(['2(Cy)) =T2(072(C4)) = T'2(Cy). Since I, is injective, it follows that 6%(Cy) = Cy. O
S. Conclusion

We examined the constacyclic and negacyclic codes over R = Fy +uFs +vFa, u?> =1, v* =0, u-v=v-u =0 which is not

Frobenius and chain ring. We compare these codes with the codes over finite field [F,. Besides, we mention the Gray image of
constacyclic and negacyclic codes over R with odd length n, and it is a quasicyclic code of index 4 with length 47 in .
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