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Abstract

In this article, a curve generated by the curve which has a constant torsion is examined in 3-dimensional Euclidean space. And, the
characterizations of this curve have been made and some important theorems have been given. It is seen that the @ is a curve with constant
curvature and the relationships between the two curves o and @ are revealed. In addition, the conditions for this obtained curve to be helix,
slant helix, Bertrand and Salkowski curves are given.
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1. Introduction

While characterizing a regular curve in Euclidean 3—space, curvatures of a curve are utilized. The curvature functions x and 7 of a curve
provide information about the shape of a curve. It is well known that if a curve has a constant curvature k # 0 and a torsion 7 = 0, then the
curve is a circle with the radius % If x # 0 (constant) and T # 0 (constant), then the curve is a helix [4]. A curve with constant slope is
well-known in the differential geometry and is defined by the property that the tangent vector field has a constant angle with a fixed straight
line. Izumiya and Takeuchi [8] have introduced the concept of slant helix in Euclidean 3—space with the property that the normal lines makes
a constant angle with a fixed direction. A family of curves with constant curvature but non-constant torsion was defined by Salkowski [11].
Curves with constant curvature but non constant torsion are called Salkowski curves [11, 10]. Moreover, curves with constant torsion but non
constant curvature are called anti-Salkowski curves. Monterde[10] characterized them as space curves with constant curvature and whose
normal vector makes a constant angle with a fixed line. Senturk and Eren studied on Smarandache curves of space-like anti-Salkowski curve
ans Salkowski curve in Minkowski 3-space [12, 13, 14]. Constant torsion curves and their main properties have been known since the 1890s.
Some studies on these curves are mentioned below. Griffiths formula is applied to find curves with constant torsion under certain conditions.
T. Ivey[6] showed that these critical curves are flexible bars of constant torsion without certain boundary conditions. J. Weiner[15] showed
that there are closed regular curves with constant T torsion with k > 0 and arbitrarily small [, Tds total torsion. In addition, Bates and
Melko[2] gave an open structure of a closed curve with constant torsion and positive curvature everywhere. Kazaras and Sterlingan[9] gave
the explicit formula of curves with constant T torsion on the sphere S? with the help of hypergeometric functions. Some other important
elements for recognizing curves are the Frenet vectors of the curve. Curves determined by Frenet vectors have an important place in the
literature. Bertrand curves, which were first defined by Bertrand(1850), are an example of this. A Bertrand curve is a curve in Euclidean
3-space whose principal normal is the principal normal of another curve [3]. In this study, a curve with constant curvature is obtained from a
curve with unit speed and constant torsion in Euclidean 3—space. The Frenet vectors and curvature functions of that generated curve are
calculated. The condition for the generated curve to be a helix, slant helix is determined. It was also obtained that this curve is the Salkowski
curve and the Bertrand curve.

2. Preliminaries

Let R3 be the 3-dimensional Euclidean space equipped with the inner product (x,y) = Z?:l x;y; where x,y € R3. The norm of x is given
by ||x]| = /(x,x). Let a : I — E3 be a curve such that / is an open interval. If ||’ (s)|| = 1, the o is called the unit speed curve and s is
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called the arclenght parameter of the curve o [4]. If we take the arc-length parameter s, that is,
principal normal vector and the bi-normal vector are given by

T(s)=d/(s), N(s)= % B(s) = N(s) AT(s)

where o/ (s) = ”(”T‘;‘. Thus Frenet formulas are given by
T'(s) 0 K(s) 0 T(s)
N'(s) = |[—x(s) 0 7(s) N(s)
B'(s) 0 -1(s) O B(s)
where

K(s)=T'(s)ll,  7(s) = (N'(s),B(s))

o] = 1 for all s, then the tangent vector, the

and 0 = % [1]. If we take a general parameter ¢, then the tangent vector, the principal normal vector and the bi-normal vector are given by

_ o)
el

Then {T'(t),N(z),B(t)} is a moving frame of o(¢) and we have the Frenet-Serret formula:

o (n)Aa (1)
ey ra (@)

T(t) N(t)=B()AT(t), B(t)

T(t) 0 |o|x 0 T(t)
N(t) | = |-lolx() 0 lo|z(r) N(t)
B(t) 0 —|o|z(r) 0 B(t)

where
_ @ na” @) (o' () na" (1), " (1))

N R TGP0 &

2.1)

(2.2)

Definition 2.1. A curve o with non-zero curvature is said to be a Bertrand curve if there exists another curve B and a one-to-one
correspondence between o and B such that both curves have common principal normal geodesics at corresponding points. We will say that

B is a Bertrand mate of o; the curves a and 3 are called a pair of Bertrand curves [4].

Definition 2.2. [f the normal vector of any curve in space makes a constant angle in a certain direction, that is, the curves with a constant
first curvature are called Salkowski curves. If the first curvature of the curve is not constant and the second curvature is constant, these

curves are also called the anti-Salkowski curves [10].

The parametric equation of the anti-Salkowski curve oy, (f) in [10] is given by

n

(1) = (s——5——(n((1—4n*)+3cos(2nt))cos(r) + (2n* 4 1) sin(¢) sin(2nt)),
2m(4n? —1)
ﬁ(n(u —4n?) +3cos(2nt))sin(r) — (2n% 4 1) cos(¢) sin(2nr)),
2_
— L ont + sin(2n1)))
1
__m__ : b . .
where n = T ™ € Rwithm # + ek Also, the Frenet vectors of anti-Salkowski curve o, (¢) are expressed by
To = (ncos(nt)sin(t) —sin(nt)cos(t), —ncos(nt)cos(t) — sin(nt) sin(t), -t cos(nt)),
m
-n . n
Nog = (; sin(z), P cos(t),—n),
By = (cos(nt)cos(t)+nsin(nt)sin(t),cos(nt) sin(r) — nsin(nt) cos(r), — sin(nt))
m

and curvatures of anti-Salkowski curve @, () are given by

Ko —tan(nt),

Ta = 71

(2.3)

2.4)

(2.5)

Definition 2.3. A unit speed curve o : I — E" is called a slant helix if its unit principal normal vector makes a constant angle with a fixed

direction d [7].
Theorem 2.4. Let o be a unit speed curve with the curvature x(s) # 0. Then o is a slant helix if and only if

0= (e ()

is a constant function [7].
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3. The curves generated by a curve with constant torsion

Let o : I —s [E3 be a unit speed curve with an arc length parameter s in 3-dimensional Euclidean space such that I is an open interval in R.
The Frenet vectors of the curve o are {Ty, Ny, Bq }, its curvature is kg, and its torsion Ty is constant. Let the curve o which is generated by
the curve « be defined as follows:

_ 1 $

(1) = —No(s) — / Ba(u)du. 3.1
Ta 0

Hereinafter, unless otherwise stated, the curve ¢ is a unit-speed curve with an arc length parameter s and the constant torsion 7y. The curve

o is a curve expressed by equation (3.1), which is generated by the curve o in 3-dimensional Euclidean space.

Theorem 3.1. Let the Frenet vectors of the curve o be denoted by {To,No,Bo }; its curvature is Ko > 0, and its torsion T # 0 is constant.
Let the curve O be defined by (3.1). There are the following relations between the Frenet vectors of the two curves & and o:

Ty = T, (32)
Nﬁ = _Na7
By = Ba.

Proof. Assume that the curve ¢ is a unit speed curve with an arc length parameter s and a constant torsion Ty = ¢ in 3-dimensional Euclidean
space. Let @ be a curve which is given by equation (3.1) such that it is generated by the curve . If the curve @ is differentiated with respect
to the parameter s such that 74 # 0, then

_dadr 1
Tdtds 1y

a'(t(s)) (=Ko (5)Ta(s) + TaBa(s)) — Ba(s) (3.3)

is obtained. Equation (3.3) is arranged

@ (t(s)) = —o X 7. ) (34)

Ta
where 0 = %. Also, the norm of the curve @ is
o)) =022 (3.5)
When equations (3.4) and (3.5) are substituted into equation (2.1),
Ty=—Ty

is obtained. If we take the derivative of equation (3.3) with respect to the parameter s, then

_ d*a’ dt Ka (s Ka (s
a’(1(s) = = —(o "T‘i ))’Ta(s) -0c ‘;‘i )To’c(s) (3.6)
where 0 = %. And equation (3.6) is arranged
—n o’/ 2
@' (1() =~ (56(5)7als) K ()Nals))
is obtained. A vector product of @ and @ is
3
i
ana’ = 03@30@). (3.7
Ta
The norm of the vector @ A@” is
3
|@ )| = o* Kol 3.8)
Ta

Hence, the tangent vector Ty of the curve @ is equal to Ty. Equations (3.7) and (3.8) are substituted into equation (2.1). Therefore, the
binormal vector of the curve @ is equal to the below equation

Ba = B(X .
By the vector product of the binormal vector Bg and the tangent vector T of the curve @, the principal normal vector of the curve o
Ng = —Na

is attained. O
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Theorem 3.2. Let the Frenet vectors of the curve o be {To,No,Bo }; its curvature is Ko, and its torsion Ty # 0 is constant. Let the curve &
be defined by (3.1). Then there are relations between the curvatures of the two curves O and o are as follows:

Kg = To, = constant, 3.9)
2
T(Z
7= — 3.10
Ta Kar(5) ( )

Proof. Assume that the curve « is a unit speed curve with an arc length parameter of s and a constant torsion Ty # 0 in 3-dimensional
Euclidean space. Let @ be a curve which is given by Equation (3.1) such that it is generated by the curve ¢. Equations (3.8) and (3.5) are
substituted in equation (2.2). Therefore, the equation is

Ko = Ta

accured. If equation (3.6) is derivatized again from both sides with respect to the parameter s, and it is arranged, then,
a”(t(s)) =—— ((Kg - Ké) Ty + 3Ka Ky No + KéTaBa)

is obtained. From the inner product of the two vectors @ A @’ and @

6,5
<@ ra A" >:7lg(s) (3.11)
T
is obtained. If equations (3.11), (3.8) are substituted in equation (2.2), then the equation
2
T
Tag = — a
Ko ($)
is reached. O

Theorem 3.3. Ler o : I — E3 be a constant torsion curve in 3-dimensional Euclidean space where I is an open interval and let @ be a
curve with the equation (3.1) generated from the constant torsion curve o. Then there is a relation between the Darboux vectors of the two
curves o, ¢ as follows:

Ta
W = —W,
Ko o

where K, To are curvatures of the curve o.

Proof. Assume that the curve « is given and the curve @ is a curve which is generated by the curve o. Let Wy, Wy be the Darboux vectors
of the two curves o, & respectively. Then there are equations as below respectively

Wo = TaTa + KaBa
and

where kg, Ty are curvatures of the curve « and kg, T are curvatures of the curve o respectively. If equations (3.2), (3.9) and (3.10)
substituted in equation (3.12), then

2
T
Wy = — % (~Ty) + 14Bq (3.13)
Ko
is obtained. If we arrange equation (3.13), then the equation

T
Wg = -2 (14 To + Ko Bg)
Ko,

is reached. Hence, the above equation gives the relation.

Corollary 3.4. The torsion Tg of the curve Q is constant if and only if the curvature Ko of the curve . is constant.
Proof. 1t is trivial from (3.10). O

Theorem 3.5. The curve @ is a helix if and only if the curve o is a helix.
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Proof. Assume that the curve @ is a helix. Then, the ratio of curvatures of the curve @ is as follows:
Ka
Ta

=cC

where c is constant. By Theorem (3.2), the equation

Ko Ko
T o
is achieved. Since 7y is constant so Ky is. The curve « is a helix. Assume that « is a helix. It is trivial that @ is a helix. O

Theorem 3.6. Let the curve & be denoted by Ko > 0 T in 3-dimensional Euclidean space. Let the curve & be a curve which is generated
by o such that given by (3.1). Then the curve ® is a slant helix if and only if the curve a is a slant helix such that

Ko = ! %
T\ (este)? v

Proof. Suppose that the curve ¢ is a unit speed curve which has a curvature kg > 0 and constant torsion 7y in 3-dimensional Euclidean
space. Let the curve @ be a curve which is generated by « as specified by equation (3.1). Assume that the curve @ is a slant helix. Therefore,
it holds by Theorem 2.4 that c is constant

K2 7\’
W FE = ¢ = constant (314)
o o

where kg, Tg are the curvature and torsion of the curve o respectively. If Theorem 3.2 is used in equation (3.14), the equation

K Ko

——e® __ (3.15)
(K3 +13)3

is obtained. Then, equation (3.15) is rearranged and a differential equation

3
K Ko = c(k2 +12)2

is acquired. If it is solved, we get the ...
Now assume that the curve ¢ is a unit speed slant helix that has a curvature x > 0 and a constant torsion 7y in 3-dimensional Euclidean
space such that

(No, 7) = constant

where 7 is a fixed vector. By equation (3.2),

(Ngr, 7) = constant

is obtained. Therefore, the curve @ is a slant helix. O

Corollary 3.7. (@, @) is a Bertrand pair.

Corollary 3.8. The curve @ which is generated by the curve o is a Salkowski curve.

Proof. Since the curvature kg of the curve @ is constant and the torsion T of the curve & is non constant, thus the curve @ is a Salkowski
curve by the definition of the Salkowski curve in (2.2). O

Theorem 3.9. Let o be a curve which has a constant torsion tq = 1 in 3-dimensional Euclidean space and let & be a curve with the
equation (3.1) generated by o which has the constant torsion. The sum of two curves @ and & is a Bertrand curve.

Proof. Suppose that the curve & be a curve which has a constant torsion 74 = 1 in 3-dimensional Euclidean space. Let the curve @ be a
curve with equation (3.1) generated by & which has a constant torsion. Since (o, @) is a Bertrand pair there is an equation

akKg+bty =1 (3.16)
where a,b € R. Suppose that ¥ is a curve which is the sum of the two curves ¢ and @ such that

Y=aa+ba (3.17)
where a,b € R. If we derivate of equation (3.17) and arranged

Y =(a—bokg) Ty (3.18)
is obtained. If we derivate of equation (3.18) two times

'J// = (a 7bGKa)/Ta + (a 7bO-Ka) KaNa
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and

= [(a —boky) —(a—boky) Ké] To+ [(a—boka) Ko + (a—bOky) Ky | N + (a — bOKq) KaBg
is obtained. The vector product of ¥ and y” is

YAY = (a—boky) Ky

By equation(2.1), the Frenet vectors of the curve 7y are denoted as below:

Ty = Ta=-Tg
Ny = Ng=—Ng,
By = By=Bg.

The curvatures of the curve y which are determined by equation (2.2)

1
o= (a—boky)’
o= (a—boky)'

are given as above. Therefore,

Ka 1
CKY_’_dTy:C((abeKa))+d(((17b61(a)) (3.19)

is obtained. If equation (3.19) is substituted for equation (3.16), then

cky+dty =1
is obtained in the case where ¢,d € R. O

Corollary 3.10. Let o be a unit speed curve which has a constant torsion, 0. be a curve which is generated by o, and 'y be a curve which is
the sum of the two curves o, and O in 3-dimensional Euclidean space. Then (a, @), (&, 7Y), and (@, y) are Bertrand pairs.

Example 3.11. If the Anti-Salkowski curve 04, (t) given by (2.3) is replaced by the Frenet vectors of the curve o4y (t) are given in (2.4) and
torsion of the curve 0y (t) is given in (2.5),then the curve @, (t) which is generated by the curve 04, (t), then the Salkowski curve

cos(t),n) — / (—cos(nt) cos(t) — nsin(nt) sin(z),

Tnlt) = (= sin(r), A

—cos(nt) sin

—

t) +nsin(nt) cos(r), % sin(nt))dt

is obtained. In Fig. 1, the graph of the Salkowski curve « is given for m = 1 and in Fig. 2, the graph of the Anti-Salkowski curve o, is given
form=1.

S ﬁ'%-fﬂ 0

1.0
0.5
0.0

0.5
1.0

15
10

Figure 3.1: The Salkowski curve o for m =1
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Figure 3.2: The Anti-Salkowski curve o form =1

4. Conclusion

The Frenet vectors, curvatures and Darboux vector of a curve & obtained from a curve o with constant torsion are determined. It is described
how the curve & behaves, and its connections to other unique curves are made clear. It is discovered that the curve @ is a Salkowski and
Bertrand curve. It is discovered the condition for the curve @ to be a slant helix. Additionally, it is demonstrated that the sum of the & and &
curves is a Bertrand curve.

Acknowledgements

The author would like to express their sincere thanks to the editor and the anonymous reviewers for their helpful comments and suggestions.

Funding

There is no funding for this work.

Availability of data and materials

Not applicable.

Competing interests

There are no competing interests.

Author’s contributions

The author contributed to the writing of this paper. The author read and approved the final manuscript.

References

(1]
(2]
(3]
[4]
[5]
(6]
(71
(8]
[9]
[10]

[11]
[12]

[13]
[14]
[15]

O’Neill, B., Semi Riemannian geometry with applications to relativity, Academic Press, Inc. New York, 1983.

L. M. Bates and O. M. Melko, On curves of constant torsion I, J. Geom. Vol:104, No.2 (2013), 213-227.

J.M. Bertrand, Memoire sur la theorie des courbes a double courbure, Journal de Mathematiques Pures et Appliquees Vol:15 (1850), 332-350.

Do Carmo, M. P, Differential Geometry of Curves and Surfaces, Prentice-Hall Inc., Englewood Cliffs, N.J., 1976.

Hacisalihoglu, H.H., Diferensiyel Geometri, Ertem Matbaasi, Ankara, 2000.

T. A. Ivey, Minimal curves of constant torsiont, Proceedings of the American Mathematical Society Vol:128, No.7 (2000), 2095-2103.

S.Jzumiya and N. Takeuchi, Generic properties of helices and Bertrand curves, Journal of Geometry Vol:74 (2002), 97-109.

S.Izumiya and N. Takeuchi, New special curves and developable surfaces, Turk. J. Math. Vol:28 (2004), 531-537.

D. Kazaras and I. Sterlingan, Explicit formula for spherical curves with constant torsion, Pasific Journal of Mathematics Vol:259 (2012), 361-372.

J. Monterde, Salkowski curves revisited: A family of curves with constant curvature and non-constant torsion, Computer Aided Geometric Design
Vol:26 (2009), 271-278.

E. Salkowski, Zur transformation von raumkurven, Mathematische Annalen Vol:4, No.66 (1909), 517-557.

S. Senyurt and K. Eren, Smarandache Curves of Spacelike Anti-Salkowski Curve with a Spacelike Principal Normal According to Frenet Frame,
Giimiishane Universitesi Fen Bilimleri Enstitiisii Dergisi, Vol:10, No. 1 (2020), 251-260.

S. Senyurt and K. Eren, Some Smarandache Curves Constructed from a Spacelike Salkowski Curve with Timelike Principal Normal, Punjab University
Journal of Mathematics, Vol:53, No. 9 (2021), 679-690.

S. Senyurt and K. Eren, Smarandache Curves of Spacelike Anti-Salkowski Curve with a Timelike Principal Normal According to Frenet Frame, Erzincan
University Journal of Science and Technology, Vol: 13, No. 2 (2020), 404-416.

J. Weiner, Closed curves of constant torsion II, Proc. Amer. Math. Soc. Vol:67, No.2 (1997), 306-308.



	Introduction
	Preliminaries 
	The curves generated by a curve with constant torsion
	Conclusion

