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Abstract
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1. Introduction

Throughout the paper, N and R denote the set of all positive integers and the set of all real numbers, respectively. The concept
of convergence of a sequence of real numbers has been extended to statistical convergence independently by Fast [15] and
Schoenberg [34].

The idea of .#-convergence was introduced by Kostyrko et al. [27] as a generalization of statistical convergence which is
based on the structure of the ideal .# of subset of N [15, 16]. Das et al. [8] introduced the concept of .# -convergence of double
sequences in a metric space and studied some properties of this convergence. Gokhan et al. [20] introduced the notions of
pointwise and uniform statistical convergence of double sequences of real-valued functions. Gezer and Karakus [19] investigated
& -pointwise and . -uniform convergence and .# *-pointwise and .#*-uniform convergence of function sequences. Also, they
examined the relationships between them. Balaz et al. [5] investigated .#-convergence and .#-continuity of real functions.
Balcerzak et al. [6] studied statistical convergence and ideal convergence for sequences of functions. Diindar and Altay [10, 11]
studied the concepts of #-pointwise and .#-uniform convergence and .#;'- pointwise and .#,"-uniform convergence of double
sequences of functions and investigated some properties about them. Furthermore, Diindar [12] investigated some results of
SH-convergence of double sequences of functions.

The concept of 2-normed spaces was initially introduced by Géhler [17, 18] in the 1960’s. Since then, this concept has been
studied by many authors. Giirdal and Pehlivan [24] studied statistical convergence, statistical Cauchy sequence and investigated
some properties of statistical convergence in 2-normed spaces. Sahiner et al. [36] and Giirdal [26] studied .# -convergence in
2-normed spaces. Giirdal and Acik [25] investigated .# -Cauchy and .#*-Cauchy sequences in 2-normed spaces. Sarabadan and
Talebi [32] presented various kinds of statistical convergence and .# -convergence for sequences of functions with values in
2-normed spaces and also defined the notion of .#-equistatistically convergence and study .# -equistatistically convergence of
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sequences of functions. Recently, Savas and Giirdal [33] concerned with .# -convergence of sequences of functions in random
2-normed spaces and introduce the concepts of ideal uniform convergence and ideal pointwise convergence in the topology
induced by random 2-normed spaces, and gave some basic properties of these concepts. Arslan and Diindar [1, 2] investigated
the concepts of .#-convergence, .#*-convergence, .# -Cauchy and .#*-Cauchy sequences of functions in 2-normed spaces
and showed relationships between them. Yegiil and Diindar [39] studied statistical convergence of sequence of functions in
2-normed spaces. Also, Diindar et al. [13] investigated .# -uniform convergence of sequences of functions in 2-normed spaces.
Futhermore, a lot of development have been made in this area (see [7, 28, 29, 30, 35, 37]).

2. Definitions and Notations

Now, we recall the concept of 2-normed space, ideal convergence and some fundamental definitions and notations (See
[1,2,3,4,5,6,13, 14, 15, 16, 19, 21, 22, 23, 24, 25, 26, 27, 31, 32, 36, 38]).

Let X be a real vector space of dimension d, where 2 < d < eo. A 2-norm on X is a function |-, : X x X — R which
satisfies the following statements:

(i) ||x,y|| = 0if and only if x and y are linearly dependent.
i) [l yl = [yl
(i) [[owx, yl| = [allx,y[l & € R.

Q) [,y +zl| < [l vl =+ [|x, 2]

The pair (X, ||-,-||) is then called a 2-normed space. As an example of a 2-normed space we may take X = R? being equipped
with the 2-norm ||x,y|| := the area of the parallelogram based on the vectors x and y which may be given explicitly by the
formula

o,y = [x1y2 —x2y1]; x = (x1,%2),y = (y1,¥2) € R%.

In this study, we suppose X to be a 2-normed space having dimension d; where 2 < d < oo.
A sequence (x,) in 2-normed space (X, ||-,-||) is said to be convergent to L in X if lim ||x, —L,y|| =0, for every y € X. In
n—oo

such a case, we write lim x,, = L and call L the limit of (x,).

LetX #0. A clas; } of subsets of X is said to be an ideal in X provided:

A)0e #,(1)A,Be ¥ impliessAUB € .Z, (iii)) A € .4, BC A implies B € .7.

# is called a nontrivial ideal if X ¢ .#. A nontrivial ideal .# in X is called admissible if {x} € ., for each x € X.

Throughout the paper, we let .# C 2N be an admissible ideal.

Let .7 be the family of all finite subsets of N. Then, .# is an admissible ideal in N and .#; convergence is the usual
convergence.

Throughout the paper we take .% as a nontrivial admissible ideal in N x N.

A nontrivial ideal .%, of N x N is called strongly admissible if {i} x N and N x {i} belong to .#, for each i € N.

It is evident that a strongly admissible ideal is admissible also.

I ={ACNxN:(3m(A) € N)(i,j >m(A) = (i, j) A)}. Then .# is a nontrivial strongly admissible ideal and clearly
an ideal .#; is strongly admissible if and only if .%) C .%.

We say that an admissible ideal .#> C 2N satisfies the property (AP2) if for every countable family of mutually disjoint
sets {A1,A,...} belonging to .%, there exists a countable family of sets {B,B,,...} such that A;AB; € 9. ie., AjAB; is
included in the finite union of rows and columns in N x N for each j € N and B = U;Q=1 Bj € % (hence B; € %, for each
JEN).

Let X # (0. A non empty class .% of subsets of X is said to be a filter in X provided:

H0¢g 7, (i))A,Be ¥ impliesANB < %, (iii)A € .%,AC Bimplies B€ 7.

If .7 is a nontrivial ideal in X, X # 0, then the class

F(F)={MCX:(FAec.7)M=X\A)}

is a filter on X, called the filter associated with .#.
A sequence (x,) in 2-normed space (X, ||-,-||) is said to be .#-convergent to L € X, if for each € > 0 and each nonzero
z€X,A(e,z) ={neN:|x,—L,z| > €} € .. In this case, we write .¥ — lgn |lx, —L,z|]] =0o0r . — li_r)n 125 2]l = |IL, 2])-
n—oo n—yoo
A sequence (x;,) in 2-normed space (X, ||-,-||) is said to be .#*-convergent to L € X if and only if there exists a set M € .Z#,
M={m <mp <--- <my<---}such that gim [|Xm, — L,z|| =0, for each nonzero z € X.
—yo0
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Throughout the paper, we let X and Y be two 2-normed spaces, { f, }nen and {g, }nen be two sequences of functions and
f,g be two functions from X to Y.
The sequence {f, }nen is equi-continuous on X if

(Vze X) (Ve >0)(36 > 0) (Vx,xp € X) [|[x —x0,2]|x < 0 = || fu(x) — fu(x0)]|e < E.
The sequence { f,} is said to be .#-uniformly convergent to f (on X) if and only if
(VzeY)(Ve>0)(IM € 7)) (Vne N\M) (Vx € X) || fu(x) — F(x),z|ly < e.

[l

We write f,, = » f.
The sequence of functions {f,} is said to be .#*-uniformly convergent to f on X, if for every € > 0 there exists a set
K e 7 (J) (N\K € ) and Ing = nge) € K such that for all n > ng, n € K and for each nonzero z €Y, || fu(x) — f(x),z[| <€,

[Nl
for each x € X and in this case, we write f, = s« f

{fu} is said to be .# -uniformly Cauchy if for every € > 0 there exists s = s(€) € N such that for each nonzero z € Y,
{neN: | fulx) = fi(x),2]| > €} € &, foreach x€X. 2.1)

The sequence of functions {f,} is said to be .#*-uniformly Cauchy sequence, if there exist a set M € .7 (.F),M = {m; <
my < ... <my <...} C Nsuch that for every € > 0 there is an ko = ko (&) such that for each nonzero z € Y, || fin, (x) — fin, (x), 2| <
€, for each x € X and for all k, p > ko.

Throughout the paper, we let . C 2N*N be a strongly admissible ideal, X and ¥ be two 2-normed spaces, { fmn}(m_n)eNxN,
{&mn} mmyenxn and { Ay } () enixy be three double sequences of functions, f, g and k be three functions from X to Y.

The double sequence of functions { f;u, } in 2-normed space (X, ||.,.||) is said to be convergent (pointwise) to f if, for each
point x € X and every € > 0, there exists a positive integer ko = ko (x, €) such that for all m,n > ko implies || fun (x) — f(x),2|| <€,

for every z € Y. In this case we write f,,, HLUY f.
The double sequence of functions { fi,, } in 2-normed space (X, ||.,.||) is said to be uniformly convergent to f if, for every
€ > 0 there exists a positive integer ko = ko (&) such that for all m,n > ko implies || fin (x) — f(x),z|| < &, for all x € X and every

[l->-lly
z €Y. In this case we write f,,;,, = f

The double sequence of functions { f;,, } in 2-normed space (X, ||
for each x € X and every € > 0, A(g,z) = {(m,n) € NxN: || fin(x)
This can be expressed by the formula

|) is said to be .#,-convergent (pointwise sense) to f if,
f(x),z|| > €} € A, for each nonzeroz € Y.

.y

(VzeY) (VxeX) (Ve >0) (3H € &) (V(m,n) € H) || fium(x) — f(x),2]| < e.

In this case, we write .%; fmlliﬂ)lm | frmn (), 2] = |f(x),2|| or fiun H"—'H{Jz I

The double sequence of functions {finn} in 2-normed space (X, |.,.||) is said to be .#-convergent (pointwise sense) to f,
if there exists a set M € .Z (%) (i.e., H=Nx N\ M € .%) such that for each x € X, each nonzero z € Y and all (m,n) € M
Jim | o), = [13). 2] and we wite 75— im_ || fon(), | = 1/ 3).2] o s ¥ s .

A double sequence of functions { fy,;, } is said to be .#,-Cauchy sequence, if for every Ve > 0 and each x € X there exist

s =s(g,x), t =t(&,x) € N such that
{(m,n) € NXN || fon(x) = fu (x),2]| = €} € A,

for each nonzero z € Y.
A double sequence of functions {f,,} is said to be %~ Cauchy sequence, if there exists a set M € F (%) (i.e.,H =
Nx N\ M € %) and for every € > 0 and each x € X, ko = ko(€,x) € N such that for all (m,n),(s,7) € M and eachz €Y

|| finn (x) — fie (x),z]| < €, whenever m,n,s,t > ko. In this case, we write  lim || fin(x) — fir (x),2|| = 0.
m,n,s,t—oo

Now we begin with quoting the lemmas due to Yegiil and Diindar [40, 41, 42] which are needed throughout the paper.

Lemma 2.1 ([41]). For each x € X and each nonzero z €Y,

I5 = tim || ()2l = [ (2). ] implies S5~ lim_ | fun(x). ]| = [1£(x) 2]
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Lemma 2.2 ([41]). Let % C 2NN be an admissible ideal having the property (AP2). For each x € X and each nonzero 7 €Y,
Sy = m || foun (x), 2l = [Lf (x), 2| implies 73 — lim_ || fun(x),2l] = [| £ (x),2]-
m,n—yeo m,n—yoo

Lemma 2.3 ([42]). If {fimn} is F2-convergent if and only if it is { fiun} is F2-Cauchy double sequence in 2-normed spaces.
Lemma 2.4 ([40]). Let D be a compact subset of X and f and f,, (m,n = 1,2,...), be continuous functions on D. Then,

[l-s-[ly
fom = fonDifand only if lim ¢, =0, where ¢y = max || fun (x) — f(x),2]|-
m,n—oo xeD

3. Main Results

In this paper, we define concepts of % -uniform convergence, .%; -uniform convergence, .#>-uniformly Cauchy and .#;'-
uniformly Cauchy sequence of functions and investigate relationships between them and some properties such as continuity in
2-normed spaces.

Definition 3.1. The double sequence {fiun} is said to be #-uniformly convergent to f (on X) if for every € > 0 and each
nonzero z €Y,

{(m,n) € NXN: || fyn () = f(x), 2] > £} € S5, for each x € X.
This can be written by the formula
(Vz € Y) (Ve > 0) (3M € 5) (Ym,n € N\M) (Vx € X) || fyun (x) — £(x),2lly < €.

[l-o-lly
We write fun = o, f.

Theorem 3.2. For each x € X and each nonzero z € Y,

[l->-lly [y

Jfmn = f implies fpn = B2 -

Proof. Let € > 0 be given. Since
[ (), 2] = 117 e) 2

for each x € X and each nonzero z € Y, therefore, there exists a positive integer ko = ko(€) such that || i, (x) — f(x),z|| < €,
whenever m,n > ko. This implies that for each nonzero z € Y,

Ag,z) = {(mn) € NN fun(x) = f(x),2] < €}
c (Nx{1,2,..,(ko—1)}HU({L,2,..,(ko— 1)} xN)).
Since .#, be a strongly admissible ideal, therefore
(Nx{1,2,..,(ko— 1D }HU({1,2,..,(ko— 1)} xN)) € #.
Hence, it is clear that A(€,z) € .% and consequently we have

Il--lly
Jn = 52 I

Theorem 3.3. Let D be a compact subset of X and f, { fmn}, myn = 1,2, ... be continuous functions on D. Then,

[l-o-lly
fmn = S f

on D if and only if for each nonzero z €Y,
S — lim e (x),2|| =0,
m,n—yeo
where

Cmn = rpeag”fmn(x) _f(x)aZH'



#-Uniform Convergence of Double Sequences of Functions In 2-Normed Spaces — 154/160

ey
Proof. Assume that f,,, = , f on D. Since f and { f,, } be continuous functions on D, 50 (fun(x) — f(x)) is continuous on
D, for each m,n € N. By .#,—uniform convergence, for every € > 0 and each nonzero z € Y

{mm) € NN o) = £(2).21 2 5} € 5,

for each x € D. Hence, for every € > 0 and each nonzero z €Y, it is clear that
€

Cmn = %aDX”fmn(x) —f(X),ZH > ”fmn(x) _f(x)vZH 2 2’

for each x € D. Thus, we have

S — lim Cyp = 0.
m,n—oo

Now, conversely, suppose that .# — lim ¢, = 0. For every € > 0 and each nonzero z € Y, we let following sets
m,n—oo

A() = {(m,n) € N> N max|| fun(x) — f(x), 2]l = €}
and

B(e) = {(m,n) € NXN: || fyun(x) = f(x),2] > €},
foreach x € D. Since % — lim ¢y =0, then A(€) € #. Now, we let (m,n) € A(¢€). Since for every € > 0 and each nonzero
m,n—oo
zeY,

[ fon () = £ (%), 2| < max | fonn () = f (), 2l| <&,

for each x € D, then (m,n) € B(€) and so, A°(e) C B°(e). Hence, we have B(€) C A(€) and so, B(€) € .%,. This proves the
theorem. .

Definition 3.4. The sequence of functions { fyu, } is said to be .75 -uniformly convergent to f on X, if for every € > 0 there exists
asetK € F(9) (e, NxN\K € ) and Ang = ny(€) € K such that for all m,n > ny, (m,n) € K and for each nonzero z €Y,

[ foun () = f(x),2]| <&,

[l-,-lly
for each x € X and in this case, we write f, = 75 f-

[l-o-lly
Theorem 3.5. Let {f,n} be a sequence of continuous functions and f be function from X to Y. If fun = 7 f, then f is

continuous on X.

Ilo-lly
Proof. Assume fin = gy f on X. Then, for every € > 0, there exists a set K € F (%) (i.e., H=NxN\K € .;) and

ko = ko({:‘),lo = 10(8) € N such that
€
Hfmn(x)*f(XLZ” < ga (m,n GK)

for each nonzero z € Y, each x € X and all m > ko,n > ly. Now, we let xo € X is arbitrary. Since { fkolo} is continuous at xy € X,
there is a & > 0 such that for each nonzero z € Y,

[lx—x0,2|| < &
implies
€
3
Then, for all x € X for which ||x —x,z|| < 8, we have
() = f(xo)zll < (1 (x) = frgto (¥0) 2l =+ 1 fioto (%) = Sioto (%0) 2l
ot (%) = f(x0), 2l
S gy,
3 3°3
for each nonzero z € Y. Since xg € X is arbitrary, f is continuous on X. O

[ Froto () = Sty (x0) 2]l <
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Theorem 3.6. Let .# C 2"*N be a strongly admissible ideal with the property (AP2), D be a compact subset of X and { fyu, }
be a sequence of continuous function on D. Assume that { fu, } be monotonic decreasing on D, i.e.,

f(n1+l)7(n+l)(x) < fum(x),(m;n=1,2,...)

for every x € D, fis continuous and for each nonzero z €Y,

Sr= lim_| fun(x),2ll = /(). 2]

on D. Then,
[[-5-lly
fomn = 5 f
on D.
Proof. Let
8mn = fon — I (3.1)

be a sequence of functions on D. Since { f,, } is continuous and monotonic decreasing and f is continuous on D, then {g,u, } is
continuous and monotonic decreasing on D. Since

jzimlilgmemn(x)aZH = ||f(x),z||,
for each x € D and nonzero z € Y, then by (3.1),

S — lim Hgmn(x)aZH =0
mn—voo

on D and since .#; satisfies the condition (AP2) then, by Lemma 2.2, for each nonzero z € Y, we have

Sy = lim_|[gmn(x),z]| =0,
m,n—roo

for each x € D. Hence, for every € > 0 and each x € D there exists Ky € .% (.#2) such that

0 < gulx) < % ((m,n), (m(x) = m(x,€),n(x) = n(x,€)) € Ky)

for m > m(x) and n > n(x), (m,n) € Ky. Since {gu } is continuous at x € D, for every € > 0 there exists an open set A(x) which

contains x such that for each nonzeroz € Y,

£
Hgm(x)n(x) (t) — 8m(x)n(x) (X),ZH <5

— 27
for all # € A(x). Then, for every € > 0, by monotonicity for each nonzero z € Y, we have

0< gmn(x) < gmn(t) < 8m(x)n(x) (t) = Sm(x)n(x) (t) — 8m(x)n(x) (x) +gm(x)n(x) (x)
< Hgm(x)n(x) (t) — 8m(x)n(x) (x)»ZH +gm(x)n(x) (x)

for every t € A(x) and for all m > m(x) , n > n(x) and for each x € D. Since D C |J A(x) and D is a compact set, by the Heine-
xeD
Borel theorem D has a finite open covering such that

D C A(x1)UA(x2) UA(x3)... UA(x;).
Now, let

K =Ky, NKy, MKy N NK
and define

M = max{m(x;),m(x2),m(x3),...,m(x;) },
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N = max{n(x)),n(x2),n(x3),...,n(x;)}.

Since for every K, belong to .7 (%), we have K € #(.%,). Then, when all (m,n) > (M,N)

0<gml(t) <e, (mn) €K,
for every t € A(x). So

Il-lly

&mn = I O,
on D. Since . is an admissible ideal

ll--ly

g’l j fz O
on D and by (3.1) we have

[l->-lly
fl’l :; fz f

on D. O

Definition 3.7. The sequence { fiun }nen is equi-continuous on X if
(Vze X) (Ve >0)(36 > 0) (Vx,xo € X) [|[x —x0,2]|lx <O = || frm(x) — finmn(x0), 2| < €.

Theorem 3.8. Let .7 C 2NN be a strongly admissible ideal, X and Y be two 2-normed spaces with dimY < oo. Assume that

fmn H"—'H);jz fonX, where f, : X =Y, m,n € N are equi-continuous on X and f : X — Y, then f is continuous on X. If X is

[l->-lly
compact then, we have f, = , f onX.

Proof. First we will prove that f is continuous on X. Let xo € X and € > 0. By the equi-continuity of f,,,’s there exists 6 > 0
and for each nonzero z € Y such that

Hfmn(x) _fmn(x0)>Z|| < g

Il-lly
for every m,n € N, x € Bs(xo) (Bs(xo) stands for an open ball in X with center xo and radius 6.) Since fu, = 4, f. The set

4

{(mm) € NXN | fun(30) = £(30), 2] = 5 J U { Omo) € NN | fon() = £0),20 = 5 }

is in .#, and is different from N x N. Hence, for each nonzero z € Y, there exists (m,n) € N x N such that

fon(0) = £x0), 2l < 5 and. | fom() = £(0),2] < 5.

Thus, for each nonzero z € Y we have

[f(x0) = f(x)zll < (1 (x0) = fomn(x0) s 2l| + || fonn (X0) — S () 2]l 4[] forn () — £ (%), 2]
I

so f is continuous on X. We assume that X is compact. Let € > 0. Since X is compact, it follows that f is uniformly continuous
. . . . ! .
and f,,’s are equi-uniformly continuous on X. So, pick 6 > 0 such that for any x,x € X with

!
[[x—x,z] <8,
then, by equi-uniformly and uniformly continuous for each nonzero z € Y, we have

€

() = fon (), < 5 and 1) = £). 21l < 5
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By the compactness of X, we can choose a finite subcover
By, (6),By,(6),Bx(0),...,By, (5)

[+l
from the cover {By(6)}xex of X. Using fn = 4, f pick a set M € % such that for each nonzero z € Y,

€
o) — £5),2l < 5
forall m,n ¢ M. Let m,n ¢ M and x € X. Thus, x € B,(6) for since i € {1,2,...,k}. Hence, for each nonzero z € Y we have

Hfmn(x) _f(x)7Z|| < ”fmn(x) _fmn(xi)azu + ||fmn(xi) _f(xi)vzll + ||f(xl) _f(x)7Z||

< E+§+§—s
33 3

ie{l1,2,... k},

[l->-lly

and so fun = 4, fonX. O

Definition 3.9. {f,} is said to be .%,-uniformly Cauchy if for every € > 0 there exists s = s(€) € N, t = t(€) € N such that for
each nonzero 7 €Y,

{(m,n) € NXN: || fum(®) — fu(®),2]l > €} € 52, for each x € X. (32)
Now, we give .#,-Cauchy criteria for .#,-uniformly convergence in 2-normed space.

Theorem 3.10. Let % C 2N x N be a strongly admissible ideal with the property (AP2) and let {fu,} be a sequence of
bounded function on X. Then, { fiun} is F2-uniformly convergent if and only if it is %-uniformly Cauchy sequence on X .

Proof. Assume that { f,,, } -#-uniformly convergent to a function f defined on X. Let € > 0. Then, for each nonzero z € Y, we
have

{(mn) € NXN: | fon@) = F0).2ll < 5 } ¢ 7

for each x € X. We can select an m(€),n(€) € N such that for each nonzero z € Y,

€
{(m.n) € NN | fgepmie) () = £00),2ll < 5 } # 2,
for each x € X. The triangle inequality yields that for each nonzero z € Y

{(m,n) € NX N [| fiun (%) = finern(e) (%), 2l| <€} & A2,

for each x € X. Since € is arbitrary, {fy,} is -#2-uniformly Cauchy on X.
Conversely, assume that { fy;,} is -%-uniformly Cauchy on X. Let x € X be fixed. By (3.2) for every € > 0 there is an
s =s(€) and t =t(€) € N such that for each nonzero z € Y,

{(m,n) € NXN: || fim(x) — fur(x),2]| < €} & .

Hence, { fiu } is #>-Cauchy, so by Lemma 2.3 we have that { f,u, } is #>-convergent to f.Then, fu, ‘ﬁ{ 7 fonX.
Now we shall show that this convergence must be uniform. Note that since .#, satisfy the condition (AP2), by (3.2) there is
a K ¢ % such that for each nonzero z € Y,

(| fonn (x) = for (x), 2| < &, ((m,n), (s,1) € K) 3.3)
for all m,n,s,t > N and N = N(¢) € N and for each x € X. By (3.3) for s, — o0 and each nonzero z € Y,

(| finn (x) = f(x),2|| <&, ((m,n) € K)
for all n,m > N and each x € X. This shows that

[l-.-lly
fmn = Jz* f

on X. Since .% C 2MN*N js a strongly admissible ideal we have

[l-5-lly
fmn = B2 f

onX. O
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Definition 3.11. Let % C 2V*N be a strongly admissible ideal and { f,,} be a double sequence of function on X. { fun} is
said to be 75 -uniformly Cauchy sequence, if there exist a set K € F (%), (i.e., H=NxN\K € %), for every € >0 and
each x € X, ko = ko(&,x) such that for all ((m,n), (s,t)) € K and each nonzero z €Y,

Hfmn(x) _fst(x),ZH <E,

whenever m,n,s,t,> ko. In this case, we write

lim | finn (x) — fa (x),2]| = 0.

m,n,s,t—oo
Theorem 3.12. If { fi.} is a Z -uniformly Cauchy sequence then it is %>-uniformly Cauchy sequence in 2-normed spaces.

Proof. Let {fiu,} be a Z; -uniformly Cauchy sequence in 2-normed spaces then, by definition there exists the set K €
F(S),(i.e.,H=NxN\K € %) such that for every € > 0 and for each nonzero z € Y, kg = ko(€) and ((m,n), (s,7)) € K

I| fonn (x) — fo (%), 2]| <€,

for each x € X and m,n,s,t > ko. Let N = N(€,z). Then for € > 0 and for each nonzero z € Y, we have

[l fonn (x) = fiv (x), 2]l <€,
for each x € X and m,n > ko. Now put H = N x N\ K. It is clear that H € .%, and
A(g,2) = {n e N[ fomn(x) — fv ()| = €} CHUK.
Since .#, is an admissible ideal then HUK € .%,. Hence, for every € > 0 we find N = N(g,z) such that A(g,z) € %, i.e.,

{finn} is #2-uniformly Cauchy sequence. O
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