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Abstract

The purpose of this article is to analyze geometric features of Clairaut semi-invariant Riemannian submersions
whose total manifolds are locally product Riemannian manifold and investigate fundamental results on such
submersion. We also ensure an explicit example of Clairaut semi-invariant Riemannian submersion.
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Total Manifoldu Yerel Carpim Riemann Manifoldu Olan Clairaut Yari-degismez
Submersiyonlar
Oz
Bu makalenin amaci, total manifoldu yerel bir Riemann manifoldu olan Clairaut yari-degismez Riemann

submersiyonlarinin geometrik 6zelliklerini analiz etmek ve boyle bir submersiyon ile ilgili temel sonuglari
aragtirmaktir. Ayrica Clairaut yari-degismez Riemann submersiyona agik bir 6rnek verilmektedir.
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Clairaut Semi-invariant Submersions From Locally Product Riemannian Manifolds

1. Introduction

O’Neill [19] and Gray [9] defined Riemannian submersion between two Riemannian manifolds
for the first time. In differential geometry, to equate geometric structures described on the above
mentioned manifolds, Riemannian submersions are utilized broadly as differential maps.
Riemannian submersions have important application areas in medical imaging, in robotics
theory and Kaluza-Klein theory, and many more. We refer interested readers to [27] and
reference therein for current progress and applications of Riemannian submersions. Afterwards,
Watson [38] introduced almost Hermitian submersions and then Sahin [31] was presented the
concept of Lagrangian submersion and anti-invariant submersions from almost Hermitian
manifolds and this concept studied in [20, 32, 10, 5, 25, 14]. Sahin [28] generalized anti-
invariant submersions, showing the advantages of studying properties of the total manifold of
semi-invariant submersions. and the same idea investigated by Ozdemir et al. [20] and [12].
After, some researchers study some different types of Riemannian submersions such as
pointwise slant submersion [23, 3, 7, 17], generic submersion [24, 1, 26, 22], Lorentzian
Clairaut submersions [2], slant submersion [8, 29, 16, 13, 15], semi-slant submersion [21],
hemi-slant submersion [33].

Clairaut’s theorem [6], in the investigation of geodesic onto a surface of cycle (revolution), says

that on the cycle surface M for any geodesic ¢ (¢: I, € R — M) the expression rsing is constant
along ¢, where the angle ¢(p) is the angle between the meridian curve and ¢(p), p € I, € R.
He also introduced and studied the theory of Riemannian submersions which content a
generalization of Clairaut’s theorem.

Clairaut anti-invariant submersions (CAIS) whose total manifold are paracosymplectic
manifold are given in [11] with characterization theorems. CAIS’s whose total manifolds are
Kenmotsu and Sasakian were given by Tastan and Gerdan [34] and in [35], the authors also
investigated CAIS from cosymplectic manifolds. Lee et al. [18] considered CAIS whose total
manifold is Kahler manifolds. Gupta et al. [39] investigated Clairaut semi-invariant submersion
from Kéhler manifold.

In this paper, we investigate Clairaut semi-invariant Riemannian submersion (CSIRS) from a
locally product Riemannian manifold onto a Riemannian manifold. In Section 2, we give some
expressions that we will need in the next subsequent section. In Section 3, we describe CSIRS
from locally product Riemannian manifold onto a Riemannian manifold and study the geometry
of leaves of distributions and we present an example of the CSIRS whose total manifolds are
locally product Riemannian.

2 Preliminaries

2.1 Locally Product Riemannian Manifolds
In this section, we give brief information for locally product Riemannian manifolds.

Let M be a smooth manifold of (m + n)-dimensional with a tensor field P of type (1,1) such
that
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P2=1], (P # +I). (2.1)

where I is the identity morphism of tangent bundle TM. If M is equipped with the structure P,
then (M, P) is an almost product manifold. If an almost product manifold (M, P) accepts a
Riemannian metric g such that for all any Uy, U, € TM,

(P, PT,) = ga(Un T)) or g:(PTL ) = gun@n, PTY). (22)

Then, M is called an almost product Riemannian manifold. An almost product Riemannian
manifold M is called a locally product Riemannian manifold if the equation hold

(VgzP)U, = V-PU, — PVy-U, = 0, (2.3)
where U;, U, € TM and V is the Riemannian connection on M [36].

2.2 Riemannian Submersions
In this section, we recall the fundamental definitions and notions of a Riemannian submersion.

Let (M, gg) and (N, gx) be Riemannian manifolds with dim(N) < dim(M). A surjective

mapping F: (M, giz) = (N, gy ) is called a Riemannian submersion if it satisfies the following
conditions:

(i). The fibers F~1(a) € N,a € N, are k — dimensional Riemannian submanifolds of
N, where k = dim(M) — dim(N).

In which case, for a vector field X, on M, if it is always tangent to fibers then it is called vertical
and if it is always orthogonal to fibers then it is called horizontal. If a vector field X; on M is
horizontal and F—related to a vector field X, on N, then it is called basic, i.e., for all ,a € N,
FX1a= X1, Fua), where E, is the derivative map of F.

(ii). F.4 preserves the length of the horizontal vectors, i.e., forall g € M and for any horizontal
vectors X,,Y; € (kerE)* at q, gy (X1, Y1) = gy (EX1, EYy).

A Riemannian submersion F: (M, gy ) - (N, gx) specifies two tensor fields 7 and A on
M of types (1,2) forall E,G € y(M), by the formulas [19]:

T(E,G) = TG = hV,zvG + vV,hG, (2.4)

A(E,G) = AgG = vVpghG + hV,z VG, (2.5)
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where, v and h are the projections on the vertical distribution and horizontal distribution,
repectively. V is the Levi-Civita connection of g5

Let X,, X, be horizontal and U, U, be vertical vector fields on M, then we get

Ax, Xz = —Ayx, Xy = %U[prz]r (2.6)
Ty, Uy = Ty, Uy (2.7)
From (2.4) and (2.5), we get
Vy, Uy =Yy, Uy + Ty, Uy, (2.8)
Vy, X1 = hVy Xy + Ty, Xy, (2.9)
Vx Uy = vVx Uy + Ay, Uy, (2.10)
Vx, X2 = hVx X, + Ay, X,, (2.11)

for any Xy,X, € I'(kerE.)*and U,,U, € I'(kerF,). Also, if X; is basic then AV, X; =
hVXl U, = Ay, U;. We say that (kerF,)* is totally geodesic if and only if A = {0}. From (2.8),
we can also see that on the fibers, T take actions as the second fundamental form.

Let F be a surjective mapping between Riemannian manifolds M and N. Then for E,F €
(TM) the second fundamental form of F is described as

(VE)(E, G) = V5F.G — F(V5G), (212)

=. : : . =F .
where V is the Riemannian connection and V is the pull-back connection. From [4], the second
fundamental form is well-known to be symmetric. Besides, F is called totally geodesic if

(VE)(E,G) = 0 forall E,F € T(TM).
The fibers of F is called totally umbilical if
Ty, Uz = gu(Uy, Ux)H, (2.13)

for any Uy, U, € I'(kerF,), where H stands for the mean curvature vector field of the fiber of F
[20].

2.3 Semi-invariant Submersion
In this section, we present results on the geometry of semi-invariant submersions from locally
product Riemannian (I.p.R) manifolds.
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Definition 1 [20] Let (M, gg, P) be a I.p.R manifold and (N, gx) be a Riemannian manifold. If
there is a distribution D; c kerF, such that

kerF, = D, @ D,,PD; = D;,PD, c (kerF,)*, (2.14)

then a Riemannian submersion F: (M, gz, P) = (N, gx) is named as semi-invariant submersion,
where the orthogonal complement of D, in kerF, is D,. In this case, the horizontal distribution
(kerF,)* can be decomposed as

(kerF,)* = PD, ® 1, (2.15)

where the orthogonal complementary distribution of PD, in (kerF,)* is 1, and n is invariant
with respect to P.

Let F:(M, g P)— (N,gy) be a semi-invariant submersion from almost I.p.R
manifold onto a Riemannian manifold. For any U, € I'(kerE,), set

PU, = ¢U, + U, (2.16)
where wU; € I'(kerF,)* and ¢ U, € I'(kerFE,). Also, for X; € I'(kerF,)* we set,

PX, = BX, + CX,, (2.17)
where CX; € I'(kerF,)* and BX, € I'(kerF,).
3 Main Theorem and Proof

3.1 Clairaut Semi-invariant Submersion From Locally Product Riemannian Manifold
In this part, we give new Clairaut conditions for semi-invariant submersion from I.p.R manifold.
To this end, firstly we recall some basic auxiliary results.

Definition 2 [6] Let F: (M, g5) — (N, gx) be a Riemannian submersion and ¢ a geodesic on M.
If there exists a positive function r on M, such that the function (r o ¢)sin¢ is constant, then F
is named as a Clairaut submersion, where the angle between the horizontal space at ¢(p) and
¢(p) is @(p), forany p € L.

In [6], Bishop also introduced Clairaut submersion, and he gave the conditions a Riemannian
submersion to be a clairaut submersion.

Theorem 1 [6]Let F:(M,gyx) — (N,gx) be a Riemannian submersion between two
Riemannian manifolds with connected fibers. If each fiber is totally umbilical and has the mean
curvature vector field H = —gradp , then F is a Clairaut submersion with r = ef , where
according to gy, the gradient of the function {3 is gradp.
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Herein, after giving several auxiliary results, we state new Clairaut conditions for semi-
invariant Riemannian submersions from 1.p.R manifolds.

Theorem 2 Let F: (M, gz, P) —» (N, gx) be a semi-invariant Riemannian submersion from a
l.p.R manifold onto a Riemannian manifold. If ¢:I, c R — M is a regular curve and the

horizontal and vertical parts of the tangent vector field ¢(p) of ¢(p) are X;(p) and U;(p)
respectively, then ¢ is a geodesic if and only if the equations satisfy along ¢
VV:BX; + VWU + (Tyg + Ax )CXy + (T + Ax,)wU; =0, (3.1)
hV.BX; + hVewU; + (Jy; + Ax,)BXy + (Jug + Ax,)dU; = 0. (3.2)
Proof. From (2.3), we get
Ves = P(V:PY). (3.3)
Since ¢ = U;(p) + X;(p), we can write
Ve = P(Vy, (py+x, (P (U1 (P) + X1 (P)))
= P(Vy,PU; + Vy PX; + Vg PU; + Vg PX,).
Using (2.16) and (2.17), we get
Vet = P(Vy, (6U; + 0Uy) + Vy, (BX; + CXy) (3.4)
+Vx, (pU; + wU;) + Vg (BX; + CX,))
= P(Vy,$U; + Vy,wU; + Yy, BX,
+Vy, CX; + Vi, dU; + Vg, wU; + Vy BX; + Vg CXy).
Using (2.8)-(2.11), by direct computations, we have
Ve¢ = P(Ty, Uy + vVy, ¢U, + Ty, 0U; + hVy, wU; + Ax, ¢U, + vVy U,
+hVy, wU; + Ax, 0U; + Ty1BX; + vV, BX; + T, CXy + hV,, CX,
+Ay, BXy + vV, BX; + hVy CX; + Ay, CX;)
= P(VV:BX, + vV U, + (Tyy + Ax )CXy + (Ty1 + Ax U,
+hV:BX; + hV.wU; + (Tyy + Ax,)BXy + (Ty1 + Ax,)PUy).
By separating the vertical and horizontal parts of this equation, then we obtain
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VPVi¢ = vV:BXy + vV pU; + (Tyy + Ax, )CXy + (Ty1 + Ax)wU;,  (3.5)
hPV:¢ = hV.BX, + hV:wU, + (Ty; + Ay, )BX1 + (Ty1 + Ax)pU;.  (3.6)
Hence the theorem is proved.

Theorem 3 Let F be a semi-invariant Riemannian submersion from a 1.p.R manifold (M, gz, P)
onto a Riemannian manifold (N, gx) and let¢: I, = R — M be a regular curve and the horizontal
and vertical parts of the tangent vector field ¢(p) of ¢(p) respectively are X, (p) and U;(p).
Then F is a Clairaut submersion with r = eP if and only if along g, the equation is obtained as

~IUlI*gm(gradp, X,) = gu(vWedUy + (Ty1 + Ax,)CXy
+(Tyy + Ax,)0Uy, BX;)

+gu(hVewU; + (Ty; + Ax,)BXy

+(Ty1 + Ax,) Uy, CXy).

Proof. Let ¢(p) be a geodesic on M, U, (p) = v¢(p) and X, (p) = h¢(p). Let vk be constant
speed of ¢ on M that is, k = g5 (¢(p), ¢(»)) = lI¢(p)]|?. Hence we conclude that,

9u(U1(p), U1 (p)) = ksin®¢(p), (3.7)

9 (X1(p), X1(p)) = kcos?p(p), (3.8)

where ¢ (p) denotes the angle between ¢(p) and the horizontal space at ¢(p). Differentiating
(3.7), we have

;—ng(Xl(p),Xl ) = 291 (Ve X1(P), X1 (p)) = —2kcosg(p)sing (p) 2—‘5 (3.9)
Using (2.2), we get
5 9n (@), X1 (9)) = 1> 9 (PX: (@), PX (P)).
From (2.3) and (2.17), we have
(X1 (@), X1 (P)) = 29w (VeX1, X1)
= 2951 (PV:X1, PX1)
= 297 (V:PX,,PX,)

= 297(V:BX, + V.CX,,PX,)
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= 291(VU1+X13X1 + vUl+)(1CX1’BX1 + CXy)

= 297(Vy,BXy + Vx,BX; + Vy, CX, + Vy, CX;, BX, + CXy).
Since F is a semi-invariant submersion and using equations (2.8)-(2.11), we obtain

= 9a(X1(P), X1 (P) = 295 (vV;BXy, BXy) + 291 (hV,CXy, CXy).
From (3.5) and (3.6), we get

d —
EQM(Xl(P)»Xl(P) = =29u(WVepU; + (Tyy + Ax )CX1 + (Tys +
Ay, )wUy, BX)

—2gi7(hV;wU; + (Tyy + Ax)BX1 + (T + Ax,)pUs, CXy).
From (3.9), we have
I (WVepUs + (Tyy + Ax )CXq + (Tyy + Ax,)wUy, BX;) (3.10)
+gm(WVewUy + (T + Ax,)BXy + (Ty1 + Ax,)pUy, CX;)
= keosg (p)sing (p) 32

Now, F is a CSIRS with r = e if and only if % ((r o ¢)sing(p)) = 0. Therefore

a . ag . . d
(P = )sinp(p) = 0 = (e o ) GE¢(p)sing(p) + cosp(p) 32) = 0.
Since r is a positive function, then
ag . . do
Ec(p)smgo + cosp - = 0. (3.11)
By multiplying (3.11) with non-zero factor ksing, then we obtain
_ 4B inZp = inp %2
= ¢(p)ksin“@ = kcos@sing e (3.12)
Since the right-hand sides of equations (3.10) and (3.12) are equal,
QM(V§¢¢U1 + (Ty1 + Ax,)CX1 + (Ty1 + Ax, )wU;, BXy)

+g,\7,(hv-ch1 + (Ty1 + Ax,)BX1 + (Tyr + Ax,)pU1, CXq)

— _9B. 2
=~ ¢(p)ksin“g.
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From (3.7), we get
QM(VV¢¢U1 + (Ty1 + Ax,)CXy + (Tyg + Ayx )wUy, BX,)

+91\71(hv'ng1 + (Tyr + Ax,)BX1 + (Ty1 + Ax,)¢pUy, CXq)

= —¢@)gn(Us, Uy).

Thus, we have
I (WVepUs + (Tyy + Ax )CXq + (Tyy + Ax)wUy, BX)
+gm(WVewU; + (T + Ax,)BXy + (Ty1 + Ax,)PpUy, CX;)
= —|lU.11?gs (gradB, X1).

Since %c(p) = ¢[Bl(p) = gi(gradp,¢(p)) = gu(gradp, U,(p) + X1(p)) =
gii(gradp, X;). Hence the theorem is proved.

Theorem 4 Let F be a semi-invariant Riemannian submersion from a |.p.R manifold (M, gg, P)
onto a Riemannian manifold (N, gx) with r = ef. The following equation is provided as:

gu (Vy, dU; + vVy, 0Uy, BXy) + gr(Aeu,Up + hVy, ¢U,, CXy)
= —gn(Uy, Uz)gm(gradp, Xy),

for X; € '(n) and U, U, € I'(D,) such that wU, is basic.

Proof. From (2.13) and Theorem 1, we get
Ty,Uz = —gm(Uy, Uz)gradp, (3.13)
where Uy, U, € T'(D,). If inner product is applied to in (3.13) with X; € I'(n)), then we have

gM(Tuluz'Xﬂ = —gm(Uy, Uz)gm(gradp, Xy).
Let X, € I'(n) and Uy, U, € I'(D,), then using (2.1), (2.2) and (2.3), we have
9 (Vy,PUz, PX1) = gz (Vu, Uz, X). (3.14)
Using (2.8) in (3.14), we get

95 (T, Uz X1) = g (Vy, Us, Xy).
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Therefore, we have

91 (Vy,PUs, PXy) = —gi(Uy, Uy) g (gradp, Xy).

Using (2.4),(2.5),(2.8)-(2.10),(2.16) and (2.17), we have
QM(WU1¢U2’BX1) + gM(th;L(PUz» CX1)
+g1\71(va1(UU2, BXl) + gM(thl(l)Uz, CXl)

= —gu (U1, Uz)gm(gradp, X,).

Since wU, is basic, so hVUla)U2 = Ay, U1, Thus we have
gM(V\UldJUz + Uvulez,BXﬂ
+9it(Apy,Ur + hvulquz, CXy)

= —gu (U1, Uz)gu(gradp, X,).

Theorem 5 Let F be a CSIRS from a I.p.R manifold (M, gg, P) onto a Riemannian manifold
(N, gx) with r = eP. Then either B is constant on P(D,) or the fibres of F are 1-dimensional.

Proof. Let F be a CSIRS. For U;, U, € I'(D,), taking inner product in (3.13) with PX;, then we

have
git(Ty, Uy, PX1) = —giz(Uy, Uz) g (gradpB, PX,),
for all X; € T'(D,). In (3.15), using (2.2), (2.3) and (2.8) we acquire
QM(vulpUz,Xﬂ = —git(U1, Uz)gu(gradpB, PX,).
Utilizing (2.9) and (3.15) in this equation, we obtain
9u (U1, PU)gi(gradB, X1) = gin(Us, Uz) g (gradp, PXy).
Taking PU, = X; and U, = PX;, we obtain
9u (U1, X1)gu(gradp, PUy) = giz(Us, Uz) g (gradp, PXy).
Taking X; = U; and replacement the role of U; and U,, then we have

gii (U2, Uz)gm(gradp, PUy) = gy (U, Uz)gm(gradp, PUs,).

(3.15)

(3.16)

(3.17)
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Now, just taking X; = U, in (3.16), we get
9n(U1, U gm(gradp, PUs) = gia(Us, Uz)gm(gradp, PU,). (3.18)
From (3.17) and (3.18), we obtain

2
w(U1,U:
gn(gradp, PUy) = L) g0 (gradp, PUL).

From the condition of equality in the Schwarz inequality, if gradp € I'(PD,), then it means
that the claim of Theorem (5) is satisfied.

Lastly, we give an example of a CSIRS from a |.p.R manifold.
3.2 Example
Let M given by
M = {(uy, Uy, Uz, Uy, Us, Ug) € R®: (Uy, Us, Uy, Us, Ug) # 0,u; # 0}
We describe the Riemannian metric gz on M as
gir = 3e”2du? + 3e72Mdui + e ?dul + e M1 duf + e P du + 3e M dud.

We take the product structure (P, gg;) on M as P(a, b, c,d, e, f) = (=b,—a,d,c,—f, —e). Let
N = {(v4,v,,v3) € R3} be a Riemannian manifold with Riemannian metric g5y on N given by

gy = e M1dvi + e ?Mdvi + e dvl,
A P —basis can be given by

9 9 ] ] d 3
e =e1—,e; =et— e =e1— ¢, = et —,es = et —,¢ =e“1—}
{1 u,’ 2 du,’ 3 ous’ 4 ou,’ S dus’ © oug)’

on T,M and

a % a % 6}
ef =—,e;, =—,es =—14,
{1 0y 2 0y> 3 0y3

on Tr(gyN for all g € M . Now, we assume amap F: (M, P, gi) - (N, gx) by
F(uy, up uz, ug, us, ug) = (Ug — Us, Uy — Uy, Us + Us).
Then, we have

kerF, = ppan{U, = e; + e3, U, = e, + e,4,U; = es — e},
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(kerE)' = ppan{X,; = e; —e3, X, = e, —e4, X3 = es + €4}

Hence it is easy to see that

g (X, X)) = gy (F.(Xy), F.(X})) = 4,

9 (PUy, PUy) = gy(E(PUy), F.(PUy)) = 4,
gu(PUy, PU,) = gy(F.(PU,), F.(PU)) = 4,
for i = 1,2,3.Thus F is a Riemannian submersion. On the other hand, we obtain
PU, = —X,,PU, = —X;,PU; = U,

where P is the product structure of R®. Therefore F is a semi-invariant Riemannian submersion
with

Dy = (Us = es — eg),
DZ = <U1 = el + e3, U2 = ez + e4>,

such that kerF, = D; @ D,. Next, we will look for a smooth function 8 on M satisfying T, U =
—gi(U,U)gradp, for all U € T'(kerF,). We can simply calculate that

— — — 2Uu
V, e, =0V, e;=0V, e, =—e?1-2 7, e,="2 4 o2 2
€1 1 €3 u €3 3 duq dus
— 0 eZul 9
— p2Uq
Ve, =¢ P Ve84 =0,Vg e, =0,V 4 T T
—_ eZu1 9 —_ — 2
= = = = 1
Ve.€5 r— Vese =0,Vp 65 =0,V 66 =€ P
Hence, we have
= 10 = 4 a = 4 d
Vy U =e?1-— V, U, =-e?1— V. Us = -e?1 —
Ui =1 3 6u1 » VU272 3 6u1 » Y U373 3 aul'

Vy, Uy =Vy,Us =V, Us = 0.

Now, if we take U = A, U; + A, U, + A3U5, for 14, 4,, 15 € R then
TyU = A3Ty, Uy + 23Ty, Uy + A3Ty, Us
+221 2, Ty, Uy + 221 23Ty, Uz + 2,A3Ty, Us.

From (2.8)-(2.10), by direct calculations, we have
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TyU = (A2 + 422 + 422) 2 o2 2
3 6u1

Since U = A, U; + A, U, + A3Us, then by direct calculations, we obtain
gn(U,U) = 4(A1 + 23 + 23).

Moreover, for any smooth function g on RS, the gradient of § with respect to the metric g is
given by

op o
VB =3¢, guL 2

Mauiauj

_e?™1 9B 9 e2U1 9B 9 2u, 9B @
- 3 6u1 6u1 3 6u2 6u2 BU3 6u3
te2un 98 0 | ouy 9B 0 ouy 9B 3

Juy 0uy dus Ous Jug Oug
AZ442%+47% e2¥1 9 . A2+42%+423 .

Hen =Lz -3 — for the function § = ——=——2—2u,. Therefore, it can
ence VB Tl 3 om or the function S 4(/1%/1%”%)111 erefore, it can be

seenthat TyU = —g (U, U)gradp. Hence F is a CSIRS.
4 Conclusion

In this paper, we tried to study Clairaut semi-invariant Riemannian submersions whose total
manifolds are locally product Riemannian manifold and we investigated the various
fundamental geometric properties on the fibers and distributions of these submersions. As
future research, we plan to focus on studying Clairaut’s semi-invariant Riemannian
submersions between different kinds of the manifolds.
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