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In this paper, we first introduced the steps that need to be taken to get the set-family
that goes with a hoarded graph, as well as an example of how these steps could be

used. Then, we explained what a topological hoarded graph is and showed when a
set-family induced by a topological hoarded graph is a topology on a set. We also
presented some useful facts about topological hoarded graphs.

1. Introduction

A subfamily S (orshortlyS™) of n-times-
iterated power set of a set X is called a n-set-family
on X. In particular, we use the convention that the 0-
set-family $(® is a subset of X. We denote m-times
generalized union of a family ™ by [["S™), that
is,

mgm — |]J... (m
ms™=y--Us (1)

m times

where 1 < m < n. For simplicity, we adopt
the convention [1°F™ = F™_ Let | be a partially
ordered set with the least element. An indexed family
{A;|i € I} whose the least-indexed element is empty,
i.e., in which A; = @ where i, = min[ is said to be
first-empty. We denote the set of all integers > k and
< nwhere k,n € Z by I¥.

Given a digraph G = (V,A). The sets of
heads and tails of all arcs in G is denoted by V},(G)
and V;(G), respectively. Hence the set V(G) of its all
endpoints is union of V;(G) and V},(G). Furthermore,
we denote the set of all heads of all v-tailed arcs in G
by V,,(G; v), or in short V;, (v); and similarly the sets
of all tails of all v-headed arcs in G by V;(G; v), or in
short V:(v). A path in G whose the first and last
vertices are in V' and V", respectively, where
V', V" €V, is denoted by p,_,, . Especially, we
prefer to use the element of that set in the notation if
V' or V' is a singleton, and the dot symbol is used
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instead of unknown sets in the notation py/_,, . The
set of last vertices of all directed paths p,_y in G
where W < V is denoted by V;(v —» W; G), or in short
V(v » W), and similarly the set of first vertices of
all directed paths py,_,, in G by V(W — v; G), or in
short Ve (W — v). We prefer to use the notation V;(v)
and V¢ (v) instead if W is not particular. The length of
a directed path in G is the number of arcs on it. A
directed path with length n in G is called a n-directed
path. Let G[G'] denote a subgraph G’ of G. Also, we
denote a vertex-induced subgraph by V' < V of G by
G[V',-], and denote an edge-induced subgraph by
A' € A of G by G[-, A’] (for detailed information, see
[1-3, 6-11]). The pair v, w of vertices in G is called
semiconnected if G contains a directed path from v to
w or vice versa; the pair is called non-semiconnected
if they are not semiconnected (see [5]).

We introduced the notion of cumulative graph as a
subclass of acyclic digraphs [4]. We recall that a n-
cumulative graph G = (V,A,B) with first-empty
indexed families V = {V;};¢j0, A = {Ai}igz and B =
{Bi}iesa is an acyclic digraph G = (UV,U(A U B))
satisfying the following : (i) V, =V (G[,A,]) U
V:(G[-, B,]), and for every integer 1 <i<n, V; =
V(G[, Ai]) U Ve (Gl BiD U Vi (Gl By D), (i) for
every 1<i<n,vweAd; and ws € A; = vs & A,,
(iii) for every 1 <i<n, vw € 4; and ws € B; =
vs & B;.
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2. A Set-family Corresponding to A Hoarded
Graph

We introduced the definition of a cumulative graph in
our previous paper [4]. The main motivation for this
definition was to specify a particular class of graphs
that would correspond to a n-set-family. It is natural
to ask for which class of graphs there is a set-family
corresponding to any graph of that class. To answer
this question, we give the following definition.
Definition 1. A n-hoarded graph G = (V, A, B) with
pairwise disjoint families V = {Vi};c;1, A = {A;}iep2
and B ={Bj};c;z is an acyclic digraph G =
(UV,U(A UB)) which satisfies the following
conditions:
(1) For every 2 < i < n, the endpoints of every
arc in 4; belong to V; while tails of every arc in B;
belong to V; and the set of heads of all arcs in B;
equalsto V;_4.
(2) If a vertex in V; precedes that in V; on some
directed path in G, theni > j.
(3) If uqu, ... u,, withm > 3 isadirected path in
G every arc of which belongs to A4; for some 2 <
i< n, then uuy, ¢ Al"
(4) Forevery2 <i<n,vwe A;andws € B; =
vs € B;.
For every distinct pair u, v of vertices in some V; with
1 < i < n, there exists a vertex w such that w is the
last vertex of some directed path with the first vertex
u but not that of any directed path with the first vertex
V.
In the paper [4], we have shown the steps to obtain the
(n + 1)-cumulative graph induced by a n-set-family.
Now we introduce the steps to be taken to get the
(n — 1)-set-family corresponding to a mn-hoarded
graph ¢ = (V, A, B).
Step 1 Weset F =V,,.
Step 2 We perform the following steps from i =
ntoi =2,
Step 2.1 We substitute the set v U U V,(G[:
,A;]; v) for each vertex v occurring in F.
Step 2.2 We substitute the set V,,(G[-, B;]; v)
for each vertex v occuring in F.
After performing the above steps, the resulting F is
the set-family corresponding to the hoarded graph G.
Example 2. Let G = (V, A, B) be a 4-hoarded graph
Wlth V= {Vi}iEI}_’ A= {Ai}ielﬁ and B = {Bl}
where
Vl = {vl, ...,176}, VZ = {'U7, ...,1)10},
V3 ={v11, ., 14}, V4 = {V15, V16, V17},
Ay = {vgv7, V9V, V19Vs},
Az = {v13V11, V14V11, V14V 12},

i€l3
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Ay = {V16V15,V17V16}
B, = {vgv1, VgV3, Vgly, VoV, VoVy,
VgV3,VoVe, V19Vs5},
B3 = {v11V7, V12010, V13V9, V14Vs},
) B, = {v16V11, V16V13, V17V12, V17V 14}
as Figure 1.

Viz

1 Jiz y Vie
)
Vio “,Vv. mVn
Vs v % :,‘y,-‘ Ve
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M 34 Y

Figure 1. An example of a hoarded graph.

We first set F =V, = {v15, V14, V17}. FOr i =4, we
erte F = {Uls, V16 U V15, V17 U V16 U v15} Slnce
Vh(G[-,Agl; v15) = 15 U D = vy,

Vi (Gl Agl; v16) = 116 U U {v15} = v16 U vgs,
Vi (Gl Agl; v17) = v47 U U {v16}

= V37 U V14 U Vys.
And since
Vi (Gl B4l;v15) = @,
Vi(G[, B4]; v16) = {v11,v13},
V(G- Byl v17) = {v12,v14},
we get F = {Q)' {v1i, vz} {Vll'v12'v13'vl4}}- Then
by performing Step 2 for n = 3, we get
V(G- A3];v11) =011 U D = vqy,
Vi (G- A3];v12) =01, U D = vy,

Vi (Gl A3];v13) = v13 U U {v11} = vi3 U vy,

Vi (Gl A3];v14) = 114 U U {v11,v12}
] == 1714 U vlz V] vll.
So, we obtain
F ={0,{v11,v13 U v11},

{v11, V12,13 U vy, 114UV 5 U 1711}}-
Then we write

Vn(G[, B3l; v11) = {v7},
Vh(G[-, B3l; v12) = {v10},
Vn(G[, B3]; v13) = {vo},
Vh(G[, B3l; v14) = {vg}
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which yield
F= {Q): {{177}: {vs, v9}},
(w7}, (010}, (w7, 99}, {07, v, v10}}}

Continuing Step 2, we rewrite
F = {0, {{vs}, (v7,v9 U v;}}, {{vs}, {v1o Uvg U v5},

{v7,v9 U v;},{v;,v3 Uy, 119 Uvg U 777}}}
because
Vh(G['!AZ];v7) =v;U Q= vy,

Vn(G[-, Azl v8) = vg U U {v;} =vgUvy,
Vn(G[-, Az];v9) = v U U {v;} =vy Uy,

Vi (G[-, Az];v10) = V1 U U {vg} =voUvg UV,
In the sequel, we find as

V(G- B v7) = 0,

Vh(G[, B2l vg) = {vq,v3, 14},

Vh(G [" BZ]; 179) = {vll Uy, U3, UG};

Vn(G[, B2]; v10) = {vs}
and hence we finally get

fF = {®; {{®}' {@: {vll in 173, v6}]} )
{{@}: {{Vp U3, Uy, 175}}: {@; {vi,v2,v3, 176}};

{Q)' {171, U3, 174_}, {vlr VU3, Uy, 175}}}}

3. Topological Hoarded Graphs

We first introduce the definition of topological
hoarded graph:

Definition 3. A 2-hoarded graph ¢ = (V, A, B) with
V={V,V,}, A=1{A,} and B ={B,} is called a
topological hoarded graph and denoted by G =
V1, V5, A,, B) if it satisfies the following conditions:
(1) There exists a vertex in V, that is the tail of no arc
inG.

(2) For every vertex v in V;, there exists a vertex u €
V, in which a directed path from itself to v exists.

(3) For any subset S of mutually two non-
semiconnected vertices in V,, there exists a vertex v
in IV, such that G contains a dipath from v to s for each
vertex s € S.

For any non-semiconnected pair u, w of verticesin V/,,
if G contains pairs of directed paths with the first
vertices u,w and the same last vertices in V;, then
there exists a vertex v € V, such that G contains pairs
of v-headed arcs with the tails u, w on these directed
paths.

Theorem 4. If G = (X,Y,A,B) be a topological
hoarded graph, then X equipped with the 1-set-family
T corresponding to G is a topological space.
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Proof. Let us first show that T contains the empty set.
From Definition 3(3), there exists a vertex y in Y such
that y is not the tail of any arc in G. When we first
perform Step 1 to obtain 1-set-family = corresponding
to G,wegett =Y. In Step 2.1, we write

yul J vl aby =yuo=y
instead of y in 7 since y is not the tail of any arc in G.
In Step 2.2, since y is not the tail of any arc in G, we
replace y in T with

Vu(G[BL;y) =@

which means that 7 contains @.
Now we show that t contains the set X. Assume that
X ¢ t. It implies that X # V,,(G[-,B]; y) for every
occurrence y in T obtained by applying Step 2.1. Then
for every occurrence y in T obtained by applying Step
2.1, there exists a point x € X such that x ¢
V,(G[-, B]; y) which contradicts Definition 3(3). So
X ET.
Given a subfamily {U;};c; of 7. Let’s show that T
contains U;e; U;. If Uy, = X for a particular i € 1,
then U;e; U; = X € 1. If there exists a subset J € I
such that there exists an index j € J such that U; < U;
for every i € I\J, then U;¢; U; = U;e; U;. Insuch a
case, we show that U;¢; U;. In that case, {U;};c; is a
subfamily of t such that U; is neither a subset nor a
superset U; for every distinct indices i, j € J. For each
i €], U; corresponding some vertex v; €Y is
obtained by performing Step 2.1 and Step 2.2. From
Definition 3(3), there exists a vertex w in Y such that
G contains a dipath from w to v; for every i € J. Just
after applying Step 2.1 and Step 2.2, we obtain a set,
say W, that corresponds w €Y. Furthermore,
UiE] Ui =W er.
Let U and V be members of t. Finally, if we show that
U NV e t, then we complete the proof. If U does not
intersect V,thenUNV =0€et.ifUcVorV clU,
thenitisclearthtUNnV =U€etorUNnV =V €.
In the other case, U and V corresponding some
vertices u,v €Y, respectively, are obtained by
performing Step 2.1 and Step 2.2. Since UNV = @
and UgV and V £ U, G contains pair of directed
paths with the first vertices u, v and the same last
vertex wy, in X that corresponds to each pointp € U N
V. From Definition 3(3), there exists a vertex w in Y
such that G contains pairs of w,,-headed arcs with the
tails u, v on these directed paths. Just after performing
Step 2.1 and Step 2.2, we obtain a set, say W, that
corresponds w € Y. Furthermore, UNV =W € 7.

Example 5. Let G = (X, Y, A, B) be a topological
hoarded graph where
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X = {Ul, ...,176},Y = {177, ...,Ulg},

A = {vgvy;, V97, V10V, V19 Vo, V11 V9, V12V9,V13V10,
V13V11, V14V10, V14V12, V15V11, V15V12, V16V13)
V16V14) V16V15 V17V14, V1gV16, V18V17, V1oV18 )

B = {vgvy,V9Vy, V113, V12Vs, V17V6, V1gVs)
as Figure 5.

V19

vig
s 4
W7 YVvi6
o Q.
i )01 YVi5 N4 V13
7 c}1 o “o

VH2 3y J0 (Y11
(e} Q Q
Vs yvs ‘g vg § 3

v \ A N 2
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Figure 2. An example of a topological hoarded graph.

Indeed, it can be easily verified that G satisfies the
conditions in Definition 3. We firstset F =Y =
{v, ..., v10}. FOr i = 2, we write
F ={v;,v3 U vy, 09U Vs, 09U Uvy,
V11 U Vg U vy, 115, Uvg U vy,
V13U v U Uy,
V14 U V15 Uvio U Uy,
V15 U V15 U Vg1 Uvg U vy,
Vg U - U vy,
V17 UV, UV UvgU--Uvy,
Vig U UV, V19U Uy}
since
Vi (Gl AzLiv7) = v, U0 = vy,

Va6l 42live) = v U | (w7} = v U vy,
Vh(G[-, Az]; v9) = vg U U {v7} = vy Uy,

Vn(G[-, Az];v10) = vy U 9 {vs, vo}
— le U eos

C

Uy,

Vi (G[-, Az];v11) = v11 U {vo} =v11 Uvg Uy,

C

Vn(G[-, Az];v12) = v4, U {vo} = v1, Uvg Uy,

C

Vi(G[, Azl v43) = vi3 U 9 {v10,v11}
=113 Uy Uy Uy U g Uy,
Vi(Gl, Azl v14) = V14 U 9 {v10,v12}
= V14 U5 UV Uvg U g Uy,
Vi(G[ Azl vi5) = vi5 U 9 {v11, 12}
= V15 UV, Uy U Uy,
Vi (Gl Az]; v16) = V16 U 9 {v13, V14, V15}
=15 U Uy,
Vi (Gl Az); v17) = v17 U 9 {v14}
=17, UV, Uy, UvygUvg U vg
Uv,,

Vn(G[-, Azl v18) = V1 U U {v16, 17}

=Vv1g U Uy,
Va6l Axli vio) = w10 U | (w10}

= V19 U---u V7.

And since

Vh(G["BZ];U7) = ¢, Vh(G['ﬁBZ];vlél-) = Q'
Vn(G[, Bz];vg) = {v1}, Vi (G[-, B2]; v15) = O,
Vh(G[';Bz]i vy) = {v,}, Vh(G[';Bz]; Vi) = O,

Vi (Gl B2];v10) = 0,V (G-, B21; v17) = {ve},
V(G- B2); v11) = {v3}, Vi (GL, B2l v18) = O,
V(G- B2]; v12) = {vs}, Vi (G[, B2]; v19) = {va),
Vh(G['fBZ]; 1713) = (Z),

we get
F = {Q' {171}, {Uz}, {Ulp Uy }, {UZ' U3 }l {UZ' 175},
{v1,v2,v3}, {v1, v2, v}, {vy, v3, 5},
{v1,v2,v3, 05}, {vy, v2, V5, v},
{v1,v2, 3, V5, 6}, {v1, V2, 3, 14, Vs, ve}}
which can easily be proved to be a topology on X.

4. Conclusion and Suggestions

We first give a concept of a n-hoarded graph to which
there exists a (n — 1)-set family corresponding. We
present the steps to be performed to get the
corresponding set-family, and we have shown the
results of these steps in an example. We then
introduced the concept of a topological hoarded
graph. Above all, we show that X equipped with the
1-set-family T corresponding to a topological hoarded
graph G = (X,Y,A,B) is a topological space. And
finally, we have confirmed this fact with an example.
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