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Abstract

This paper shows the solution form of the rational difference equation

AXy— (2k+3)
Xpt] = ,n=0,1,...

AT Xy (k+1)Xn—(2k+3)

where k is a positive integer a and initial conditions are non-zero real numbers with x,, (4 1)X,_(2t43) 7 Fa for all n € Np.
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1. Introduction

The theory of difference equations play important role in applicable analysis. Rational difference equations are an important class of
difference equations which have many applications in real life, for example the difference equation x, | = “tfx” ,which is known as Riccati
Difference Equation, has applications in optics and mathematical biology (see 15). Many researchers have investigated the solution of
rational difference equations. For example see Refs. [1-16].

El-Sayed et al. [6] obtained the formulas of the recursive sequences

= XnXn—5
n = .
Xp—a(£1 £x,x,_5)

Geligken and Karatas[2] studied the solutions of the difference equation

_ AnXp—2k
Xnt+1 =

2k
bn+cn T1 xn—i
i=0
Simsek and Abdullayev [5] studied a solution of the difference equation

Xn—(k+1)

Xpp] = —"7"—"".
nt 1+ XX 1 Xp—k

Karatas [12] studied the global behavior of the nonnegative equilibrium points of the difference equation

AXp—m
T+l = %al
B+C ] xp—i

i=0

Cinar et al. [3] investigated the solutions of the difference equation

- Xn—3kXn—4kXn—5k
Xn—kXn—2k (il + xn—3kxn—4kxn—5k)

Xn
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Abo-Zeid [10] investigated the global behavior of all solutions of the difference equation

Axp—g
Xnt+1 = B
B+C ] xp—i
i=0

Karatas and Gelisken [11] investigated the solutions of the difference equation

_ (_ 1 )n-xn—Zk
Xnpl = ——— 5 -
a+ (71)’1 I xn—i
i=0
Our aim in this paper is to obtain the solutions of the difference equation

ax,
Xppl = n—(2+3) n=0,1,.. (1.1
A F X (k+1)%n—(2k+3)

where k is a positive integer, a and initial conditions are non zero real numbers with x,, _(; 1)X,_(2k+3) # Fa.

Definition 1.1. Ler I be some interval of real numbers and let f : It'' — I be a continuously differentiable function. Then for every set of
initial conditions x_,x_(x1 1y, -, X0 € I, the difference equation

Xnt1 = f(xmxn—l ) ...,Xn,k) y = 07 17
has a unique solution {x,}__,.
Definition 1.2. A sequence {x,},__; is said to be periodic with period p if

Xntp =Xp foralln > —k.
2. Main Results

Theorem 2.1. Let {xu},__ (5 3) be a solution of Eq.(1.1). Assume that
X (k4-1)Xn—(2k+3) 7 Fa. Then for n =0, 1,....all solutions of Eq.(1.1) are of the form

a™t!

X (2k+4-i) .
[7a¥x (k+2—i)X— (2k+4 ')]UH ,f()rl— 172’.“7k+2
— — (k2 0) X 2k d—i
X(2k+d)n+i = nt

1
FTE (ki) | AT X (k)X (ke 6) yJori=k+3,k+4,...2k+4

Proof. For n = 0,the result holds. Assume that n > 0 and that our assumption holds n — 1. That is

[7a:':xa”L(2,_‘:.4ii) T fori=1,2,...k+2
X2k+4) (n—1)+i = —(k+2—0) X~ (2k+4—i) n o

%x7(2k+47i) |:7a $x7(2k+4,i)x,(3k+6,i) s fori= k+ 3,k+4, ,2k+4

Firstly, for i = 1 it follows from Eq.(1.1) and Eq.(2.1) that
X — AX(2k+4)n—(2k+3)

kA1 = =aF Xkt apn(kr 1) X @kt 4 (2k13)
4 A (2443)

["'¥‘—(k+l)x—(2k+3)]

a'x_(2+3)

7a¥ﬂ%x—(k+l)[*a¥X—(k+l)x—(2k+3)}” [wg ) (2k+3)]”

Aoy

_ [*HL(H])L(zkﬂ)

T AT ()X (2k43)
a3

- n+l -
[~aFx_enx-ue)]

That is, fori =1

n+1
aw X (2k+3)

X(2k+4)n+1 = }nﬂ . 2.2)

[*a F X (k1) X (2k+3)

Similarly one can obtain other cases for i = 2,3, ...,k +2.
Secondly, we will show for i = k+ 3. It follows from Eq.(1.1), Eq.(2.1) and Eq.(2.2) that

X — AX(2k+4)n—(k+1)
(2k+4)n+h+3 = ZaFx a1 X2k (1)
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agnx_ g [T gunx i)
A )
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T SE g ae3)
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So, fori=k+3

1 n+l1
htd)ntht3 = g X (kt1) | T4 :Fxf(k+1)x—(2k+3)]

Similarly one can obtain the other cases fori =k+4,k+5,...,2k+4.
The proof is completed.

Theorem 2.2. Assume that Xoxi(k+2) = x,lx,(k+3) =..= x,<k+1)x,<2k+3) = F2a.
Then every solution of Eq.(1.1) is periodic with period (2k+4).

Proof. In view of Theorem 1 and from our assumption, we get

(2k+4)n+1 = X (2k43) 1 X (2k+4)n+2 = x—(2k+2) X(2k+4)n+2k+4 = X0-
It is obvious that every solution of Eq.(1.1) is periodic with period (2k +4).

AXp—(2k+3)

s Assume that

Corollary 1. Let {x,},_ _(2k+3) be a solution of equation x| =

a=1,X_(2513),X_(2k42)+--%0 >0

and

X0X—(k+2) > 27x_1x,(k+3> >2, ooy X (k1) X — (2k+3) > 2.
Then

}ﬂx(2k+4)n+i =0 (l = 1527 7k+2)7

B X gy =0 (1= k+3,k+4,..2k+4).

Proof. Leta=1,x_(343),X_(2k+2)---%0 >0

and

XOX_(ky2) > 2,X1X(k13) > 25 X (ko 1) X (2k43) > 2-

So we can write

—l b x0x_ (o) > 1 =1 b x (eg3) > 1o =T )X (2k43) > 1
From Theorem 1 we get

fori=1,2,....,k+2,

X_
hmx erd lim 2ert=d =0
(hethn+i = "9“[ 14X (k2 i) X (2hrd— A)]

and
fori=k+3,k+4,...,2k+4,
n+1
Jim x(op4ynri = HMX_ (24 14-5) [_1¥x7(2k+47i)x7(3k+67i) = oo,
The poof is completed.
Corollary 2. Let {x,}_ —(2k43) be a solution of equation X, = % Assume that
a=1,x_(op13),X_(2%42)>-X0 <0
and
XOX_(k42) > 2oX-1X_(143) > 25 X (kg 1)X— (2443) > 2-
Then

Jﬂx(2k+4)z1+i =0 (i=1,2,...k+2),
’}LTT!}OX(Zk+4)n+i = —oo (l = k+37k+4, 2k+4)

Proof. The proof is similar to Corollay 1.

The following corollaries can be written from view of Theorem 1.

AXp—(2k+3)

R Assume that

Corollary 3. Let {x,}, __ (2k+3) e a solution of equation x, =

a>0and X7(2k+3)7)€7(2k+2), Xy < 0.
Then all solutions of Eq.(1.1) are positive.

_ AXp—(2k+3)
Corollary 4. Let {x,},_ _(2k+3) be a solution of equation x| = — == — e Assume that
a>0,X_(2443),X— (24+2) - %0 > 0

and

X()x7<k+2) > a,x_lx,(k%) >a, ...,x,(k+1)x,(2k+3) >a
Then all solutions of Eq.(1.1) are positive.

(2.3)
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