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Abstract

In this paper the control system with integral constraint on the control functions is studied where the
behavior of the system by the Urysohn type integral equation is described. The admissible control functions
are chosen from the closed ball of the space L,([a, b];R™) (p > 1) centered at the origin with radius r.
Dependence of the set of trajectories on r and p is investigated. It is proved that the set of trajectories is
Lipschitz continuous with respect to r and is continuous with respect to p. The robustness of the trajectory
with respect to the fast consumption of the remaining control resource is established.

Keywords: control system, Hausdorff distance, integral constraint, robustness, Urysohn integral

equation.

1. Introduction

The control systems arise in different areas of physics,
mechanics, airspace navigation, economics, sociology,
etc. and depending on character of control efforts are
classified as control systems with geometric constraints,
integral constraints and mixed constraints on the control
functions. The theory of control systems with geometric
constraints on the control functions is enough well
investigated chapter of the control systems theory (see,
e.g. [4], [13], [16], [20] and references therein). But
integral constraints on the control functions arise in the
cases when the control resource is exhausted by
consumption such as energy, fuel, finance, etc. (see, e.g.
[3], [6], [12], [15], [18], [21], [22], [23]). Note that
integral boundedness of the control function does not
imply its geometric boundedness. This situation causes
additional difficulties and therefore studying the control
systems with integral constraints on the control functions
requires special methods.

Integral equations are very adequate tool to describe the
behaviors of various processes arising in the theory and
applications (see, e.g. [2], [7], [17], [19], [24]). In this
paper the control system described by Uryshon type
integral equation is considered. The control functions are
chosen from the closed ball of the space L,([a, b];R™)
(p > 1) centered at the origin with radius r. Note that the
different topological properties and approximate
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constructions methods of the set of trajectories of the
control systems described by various type integral
equations and integral constraints on the control
functions are studied in papers [8-11].

The paper is organized as follows. In Section 2 the basic
conditions and propositions are formulated which are
used in following arguments. In Section 3 it is proved that
the set of trajectories is Lipschitz continuous with respect
to r (Theorem 3.1). In Section 4 it is shown that the set
of trajectories depends on p continuously (Theorem 4.1).
In Section 5 it is proved that system’s trajectory is robust
with respect to the fast consumption of the remaining
control resource (Theorem 5.1) and it is shown that every
trajectory can be approximated by trajectory obtained by
the full consumption of the available control resource
(Theorem 5.2).

2. The System’s Description

Consider control system the behavior of which is
described by Urysohn type integral equation

b
x(t) = f (¢t x(t) + /1-[ K(t, s,x(s),u(s))ds 2.1)

where t € [a, b], x(t) € R™ is the state vector, u(s) €
R™ is the control vector, 2 > 0.
For given p > 1 and r = 0 we denote
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Uy, = {u®) € L,([a, b1; R™): luOll, < 7}

which is called the set of admissible control functions and

every u(*) € U,, is said to be an admissible control

function, where L, ([a, b]; R™) is the space of Lebesgue

measurable functions u(-):[a,b] » R™ such that
1

e, < o, IO, = (f (I ds)?, - denotes
the Euclidean norm.

It is obvious that the set of admissible control functions
Uy, is the closed ball with radius r and centered at the

origin in the space L,([a, b]; R™).

It is assumed that the functions and a number A given in
system (2.1) satisfy the following conditions:

2.A. the functions  f(-, 9):[a,b)] X R™ > R™ and
K(, -, -, *):[a,b] X [a,b] X R® Xx R™ —» R" are
continuous;

2.B. there exist I, € [0,1), [, =0,y, =0, [, =0,
¥, 20, I3=0,y; =0 such that

1t x0) = F (&2 )1l < Lgllxey — ol

for every (t,x,) € [a,b] X R™, (t,x,) € [a,b] X R"
and

”K(tllsl xl'ul) - K(tz,s,xz ,uz)”
<L +yug I+ ug DI — &l
+ [+ v Ul I+ g Dl — x|l
+ [l + ¥s Ul xg 1L+ x Dy — wll

for every (ty,s,x;,uy) € [a,b] X [a,b] X R™ X R™,
(ty,5,x5,uy) € [a,b] X [a,b] X R* X R™ ;

2.C. there exist p, >1 and r, >0 such that the
inequality

pim1
2 (lz(b—a)+2y*r*(b—a) > )< 1-1,

is satisfied where y, = max {yy, 2, ¥3}-

If the function (t,s,x,u) » K(t,s,x,u), (t,s,x,u) €
[a,b] X [a,b] X R™ x R™, is Lipschitz continuous with
respect to (¢, x,u), then it satisfies the condition 2.B.

We set

p-1

LAp,r) =Ly + 4 (12 (b—a) + 2y,r(b — a)%> 2.2)

From Condition 2.C it follows that
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0<L&por)<1. (23)

Then there exist §; >0, B, > 0 suchthat L(4;p,7r) <1
forevery p € [p, — By, p. + Byl andr € [0, 7. + B,].

Denote

L.(A) = max{L(A;p,7) : p € [p. — Br.p. + B,

r e [0, + B;]} (2.4)
From (2.2), (2.3) and (2.4) it follows that
0<LW <1, LLAW-1l,=0 (2.5)

From now on, it will be assumed that p € [p, — B;,p. +
pilandr € [0,7. + f5,].

Now, let us define a trajectory of the system (2.1)
generated by given admissible control function u(-) €
U, . Acontinuous function x(-): [a, b] — R™ satisfying
the integral equation (2.1) for every t € [a, b], is said to
be a trajectory of the system (2.1) generated by the
admissible control function u(-) € U,,. The set of
trajectories of the system (2.1) generated by all
admissible control functions u(-) € U, , is denoted by
symbol X,,,. and is called the set of trajectories of the
system (2.1).

The conditions 2.A-2.C guarantee that every admissible
control function u(-) € U, generates a unique trajectory
x(-) € C([a, b]; R™) of the system (2.1) (see, Theorem
3.10f [8]), where C([a, b]; R™) is the space of continuous
functions x(-):[a,b] » R™ with norm || x(-) llc=
max{ll x(t) Il: t € [a, b]}. Analogously to the Theorem
4.1 of [8] it is possible to show that there exists g, > 0
such that

Il x(C) < B, (2.6)
for every x(:) € X,, , p € [p.—Bi,p. +p] and 7 e
[0,7, + B,]. Moreover, by virtue of Theorem 5.1 of [8]
we have that the set of trajectories X,,,. is a precompact
subset of the space C([a, b]; R™).

Let us give an auxiliary proposition which will be used
in following arguments.

Proposition 2.1. Let u, () € U, ,,, u,(") € Up,, where

pE [p* _ﬁllp* +:81]! and ne [0,7'* +BZ] y 1 E
[0,7, + B,]. Then

b
1[4 vl a6 1+ s < L0 -1,
where L.(4) is defined by (2.4).

The proof of the proposition follows from Holder's
inequality.
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For given metric space (Z, d,(-, -)) the Hausdorff
distance between the sets F ¢ Z and E < Z is denoted
by h,(F, E) and defined as

h;(F,E) = max {supxep dz;(x,E), supyeg d;(y, F)}
where d; (x, E) = inf {d,(x,y):y € E}.

Now let (Z,d,(-, -)) be a metric space and b(Z) be a
family of all nonempty bounded subsets of Z. Then
(b(2), hz (-, -)) is a pseudometric space where h, (-, -)
stands for Hausdorff distance between subsets of the
space (Z,d,(-, -)) (see, e.g. [1], [14]).

Let (Y,dy(-, -)) and (Z,d,(-, -)) be metric spaces,
®(-) : Y - b(Z) be a given set valued map, and y, €Y.
If hy(@(y), @(3.)) > 0 asy - y,, then the map @(-)
is called continuous at y, .

If there exists M, > 0 such that

hz(d’(}ﬁ)'(p(}’z)) < My -dy(y1,52)

for every y, € Y and y, € Y, then the map @(-) is called
Lipschitz continuous with Lipschitz constant M.

The Hausdorff distance between the sets U < R™ and
V c R™ is denoted by h,(U,V) and the Hausdorff
distance between the sets G ¢ C([a, b];R™) and W c
C([a, b]; R™) is denoted by h. (G, W).

For t € [a,b] we set

X, ®) ={x(®) eR": x(’) € X, }. (2.7)
The set X, ,.(t) is close to the attainable set notion used
in control and dynamical systems theory and consists of
points to which arrive the trajectories of the system at the
instant of t (see, e.g. [4], [5], [6]).

It follows from Proposition 5.2 of [8] that
h, (X, (), X, (t.)) = 0 ast — t, foreveryfixed t, €
[a,b].

3. Lipschitz Continuity of the Set of Trajectories
with Respectto r

In this section for each fixed p € [p, — By, p. + B;] the
Lipschitz continuity of the set valued mapr - X, ,r €

[0,7, + B,], is proved. Denote

Bc(1) ={x() € C([a,b];RM): 1 x() <1} (3.2)

[, =max {(b— a)ijl ipelp.—Bup.+ 61} (B2
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A+ 2B.75)L.

T 1-L,) 3.3)

where L, (1) is defined by (2.4), B, is given in (2.6).
Theorem 3.1. Let p € [p, — By, p. + B;] be fixed. Then
hC(Xp,r1 'Xp,rz) =< R*|T1 - T'2|

foreveryr, € [0,1, + B,], 71, € [0,7. + B,] whereR, is
defined by (3.3).

Proof. Let r; <7, and x.(-) € X,,,, be an arbitrarily
chosen trajectory generated by the control function
u,(-) € Up,,. Define a control function %(-): [a,b] —
R™, setting

0 :—lu*(t), t € [ab]. (3.4)

Sinceu, (-) € Uy, then from (3.4) it follows that (-) €
U Let X(-):[a,b] > R™ be the trajectory of the

b’
system (2.1) generated by the control function #%(-) €
U Then X(-) € X,,,. and from condition 2.B and
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(2.1) we obtain

12 = x.(0) 1< I 1| £(6) = x.(0) I
b
2 j [l + 7, (1 &) I+l w,(s) D]

A %(s) —x.(s) Il ds

b
+2 j [Ls + 5 (1 Z(s) 1l +1 x.(5) D]

AN a(s) —u,(s) Il ds. (3.5)

From (2.6), (3.2), (3.4), Proposition 2.1 and Holder’s
inequality it follows

b
p) f [+ v A als) I+ u.(s) D]
‘ 1l %(s) — x.(s) Il ds

b
<2 f [+ v (L @ls) I 41w, (s) D]ds
N = x.0) llg
< [LQD) = L] N2 —x.() ¢, (3.6)

b

2 f [l + 5 (1 Z(5) 1| +11 x,() D]
A acs) —u.(s) Il ds
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b
T
< Al + 2B.y5] f r—lu*(s) —u,(s)|lds
a 2
n—r p-1
<l + 2870 B2 - )

2

< Al +2B.y3] Ly — 1. (3.7)

(3.5), (3.6) and (3.7) imply that
12 — x. () 1< I 1| £C) = x,C)
H[L.) = L] I () —x.()
Al + 2B.75] LI — 1

for every t € [a, b]. The last inequality, (2.5) and (3.3)
yield

/‘{[13 + 2)8*)/3] l*

120 = 2O e S =53

|1y — 73|

=R.|n — 1. (3.8)
So, by virtue of the inequality (3.8), for each x,(-) € X,,,,
there exists %(-) € X,,,, such that that the inequality

I %C) —x.() llc < RIry — 13
is satisfied. This means that

X

p.r2

cX

P + R*lrl - TZl : Bc(l) (39)
where B(1) is defined by (3.1). Keeping in mind that
X, cX we have from (3.9) the proof of the

P pr2?
theorem.

From Theorem 3.1 it follows that for each fixed p e
[p. — B1,p. + B;] the set valued map r->X,, , re
[0,7. + B,], is Lipschitz continuous with Lipschitz
constant R,.

From Theorem 3.1 we also obtain the validity of the
following corollary.

Corollary 3.1. Letp € [p, — B;,p. + B1] be fixed. Then
hC (Xp,r1 (t) :Xp,rz (t)) < R*lrl - T2|

for every r, €[0,r,+B,] , b, e[0,r,+B,]and t €

[a,b] where R, is defined by (3.3), X,,,.(t) € R™ is

defined by (2.7).

4. Continuity of the Set of Trajectories with Respect
top

In this section the dependence of the set of trajectories on
p will be investigated. At first let us define a distance
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between the subsets of the spaces L, ([a,b];R™) and
Ly, ([a,b]; R™) where p; € [1,+),p, € [1,+00).

The Hausdorff distance between the sets Q c
L, ([a,b];R™) and D c L, ([a,b];R™) where 1<
p1 < 40,1 < p, < 4o isdenoted by H,(Q, D) and is
defined by

H,(Q, D) = max {supx(yeq du, (x(-), D),
supy(yen di, (), Q)}-
Here
dy, (x(-),D) = inf {ll x(-) — y() ll;: y(-) € D},

1x() =yl = [ I x(s) = y(s) Il ds.
We denote

_ A(l3 + 2E*Y3)

T 1-L.() @1

where L, (1) is defined by (2.4), B, is given in (2.6).

Theorem 4.1. Let re[0,r,+B,] and p, € (p. —
B1, v« + B1) be fixed. Then for every € > 0 there exists
& =6(e,py,r) >0 such that for every p € (p, —
8, o + &) the inequality

he(Xpr Xpor) S €
holds.

Proof. By virtue of Theorem 3.6 from [5] we have that
for fixed r € [0, + B,], po € (p. — B, . +B1) and
for given qi there exists § = §(&,po,7) € (0,po — 1)

such that

(4.2)

*

&
H, (U, Uy, ) < .

for every pe(py—86,po+6). Without loss of

generality let us assume that

8 = 6(¢,po,7) <min{py — p, + By, 0. — Po + B1}
which implies that

(o — 8,00 +6) € (p. — B1,0x + B1)- (4.3)

Now, let us choose arbitrary p € (py — 8 ,po + 8) and
x(-) € X,,, generated by admissible control function
u(-) € U,, . According to (4.2) we have that for u(-) €
U, there exists v(-) € U,, ,. such that
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lu() = v() 1< qi (4.4)

where g, > 0 is defined by (4.1). Let z(-):[a,b] » R™
be the trajectory of the system (2.1) generated by the
admissible control function v(:) € U, . . Then z(:) €

Xy, and from condition 2.B it follows that

I x(6) — 2(6) 1< Iy Il x(6) — z(0) |
b
+2 f L + 7> (1 u(s) |+ v(s) D]
N x(s) —z(s) l ds
b
+2 f [Ls + 75 (1 x(5) Il +1 2(s) 1]

JNuls) —v(s) Il ds (4.5)

From (2.6), (4.4) and Proposition 2.1 we have
b
A[ 10 ) 141966) D)
Nl x(s) — z(s) Il ds

b
<2 [ 1+ 1 u) 141 0) Dlds

N x() = z() Nl
< [L.A) = L] N xC) —z() Nlg, (4.6)
b
A[ T+ 1+ 25 )
JNuls) —v(s) Il ds
b

< Al; + 2,8*)/3]f Il u(s) —v(s) Il ds
< Alls +2B.y5] - — 4.7)

From (4.5), (4.6) and (4.7) we obtain that
Ix(®) —z(@®) 1< o 1 x() —2() Il

L) = L] N x() —2z() ll

€
+A[l; + 2B.y5] 0

*

= L) N x() = 2() llg+ Alls + 26.75] qi

*
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for every t € [a, b]. The last inequality, (2.5) and (4.1)
imply that

Ay +2B.ys) &

() —2Olle < o7y =

Thus, we get that for each x(-) € X,,,. there exists z(-) €
Xp,r SUch that the inequality

ITx()—z()llc<e

holds. This yields that

Xpr © Xpyr +€-Bc(1) (4.8)
Analogously, it is possible to show that
Xpor © Xpr +&-Bc(1) (4.9)

(4.8) and (4.9) complete the proof.

From Theorem 4.1 it follows that for each fixed r €
[0,7. + B,] the set valued map p > X,,, p € (p. —
B1, p. + B1), is continuous.

Theorem 4.1 implies the validity of the following
corollary.

Corollary 4.1. Let re[0,7.+B,] and p, € (p, —
B1, v« + B1) be fixed. Then for every ¢ > 0 there exists
& =6(e,py,r) >0 such that for every p € (p, —
8, o + &) the inequality

hC(Xp,r(t) ’Xpo,r(t)) g

is verified for every t € [a, b] where the set X, ,.(t) is
defined by (2.7).

5. Robustness of the Trajectories with Respect to
the Remaining Control Resource

In this section we study the robustness of a trajectory with
respect to the remaining control resource consumption.

Theorem 5.1 Let &> 0 be a given number, x(:) €
X, be a trajectory of the system (2.1) generated by the
control function u(-) € U, such that |lu()Il, =1, <,

Q, c [a, b] be a Lebesgue measurable set, the control
function uy(+): [a, b] » R™ be defined

u(s) if s €lab]\Q,
v(s) if seq,

such that |lug()ll, =7 and let x,() € X,,be a
trajectory of the system (2.1) generated by the control
function u,(-) € Uy, . If

uo(s) = | (5.1)
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_p_
1- L*(){) P=

2ar@, + 28 | (5.2)

nQ,) < [

then the inequality
Ix() =%, Ollc < €

is held where L,(1) and B, > 0 are defined by (2.4) and
(2.6) respectively, u(Q,) denotes the Lebesgue measure
of the set Q,.

Proof. (2.1), (2.4), (2.6), (5.1), Proposition 2.1, condition
2.B, the inclusions u(:) € U,,, u,() € U, and
Holder’s inequality imply that

I x(t) —xg(&) 1< o I x (@) —xo () |l
b
+/1f [l + v (I uls) I +1ug(s) D]

A x(s) = xo(s) Il ds
b
+/1f [l + y5 (I x(s) I+ xo(s) D]

NMuls) —uy(s) Il ds

Sy hx() —xo() Mg
b
+2 J Ly + 7,0l u(s) I +1 wug(s) ID]ds
AMx() —x,() lle

+A(; + 2B8.v3) Jﬂ Il u(s) —uy(s) Il ds

< lo”x(')_xo(')”c + (L) - lo)”x(')_xo(')”c

p-1
D

+2Ar (I3 + 2B.y3) [u(Q.)]
=LA llx()—x,Oll¢
+20r(ls + 26y @]
for every t € [a, b]. The last inequality, (2.5) and (5.2)
imply

24r(l3 + 2B.y3)
1-L.@A)

p—1
r <¢g

llx() =x,Olle < [u(Q.)]

The proof of the theorem is completed.
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Theorem 5.1 shows that full consumption of the
remaining control resource on the domain with
sufficiently small measure causes small deviation of the
trajectory.

Denote

Uy = {u() € Ly([a, b]; R™): lu(ll, = 7}

and let X, .. be the set of trajectories of the system (2.1)
generated by the control functions u(-) € U

For fixed t € [a, b] we set

X, ={x(®) eR": x() € X;,.}. (5.3)
Theorem 5.2. The equality cl(X,,) =cl(X;,) s
satisfied where cl denotes the closure of a set.

Proof. Since X; .  X,, ., then we have
cl (X;,) < cl (X,,). (5.4)

Let x.(-) € X, be an arbitrarily chosen trajectory of the
system (2.1) generated by the control function u,(-) €
Uy, where |lu,()Il, =n <r. Now we choose an
arbitrary 6 > 0 and the Lebesgue measurable set V, c

[a, b] such that

— L. ]
V) < 5.5
Hn) = [ZA (G + 26.75) (5:5)
where L, (1) is defined by (2.4), B, is defined by (2.6).
Assume that f[ab]\vllu*(s)llpds =1 . Define new

control function w, (+): [a, b] = R™ setting

u,(s) if s€[ab]\V
W*(S) = rp_rlp % )
[u(V*)] b if sEV

where b, € R™ is an arbitrary vector such that ||b, || = 1.
It is obvious that [lw.()Il, =7, i.e. w.(-) € U;,. Let
v, () be the trajectory of the system (2.1) generated by
the control function w,(-). Then y.() € X;,, and
keeping in mind (5.5) we obtain from Theorem 5.1 that
llx, () = v.(ll; < 8. Since § > 0 is arbitrarily chosen,
we have that x,(-) € cl(X;,) which implies that X,,, c
cl(X;,), and hence

cl (X,,) < cl(

Xpr)

From (5.4) and (5.6) we obtain the proof of the theorem.

(5.6)

The Theorem 5.1 means that every trajectory x(-) € X, -
can be approximated by the trajectory obtained by full
consumption of the control resource.
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From Theorem 5.2 it follows the validity of the following
corollary.

Corollary 5.1. The equality
ol (X, () = cl (X5, (1)

is satisfied for every t € [a, b] where the set X, ,.(t) is
defined by (2.7), the set X, ,.(t) is defined by (5.3).
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