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Abstract

In this paper, we introduce new expansion classes, namely weakly (k,n)-absorbing hy-
perideals and weakly (k,n)-absorbing primary hyperideals of a Krasner (m,n)-hyperring,
including (k,n)-absorbing hyperideal and (k,n)-absorbing primary hyperideal. In sum-
mary, we give generalizations of (k,n)-absorbing hyperideal and (k,n)-absorbing primary
hyperideal. Also, we examine the relationships between classical hyperideals and the new
hyperideals and explore some ways to connect them. Additionally, some main results and
examples are given to explain the structures of these concepts. Finally, we study a version
of Nakayama’s lemma on a commutative Krasner (m,n)-hyperring.
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1. Introduction

Hyperstructures, which are an extension of classical algebraic structures, have an im-
portant role in mathematics due to its applications to other fields ranging from automata,
cryptography, coding theory, articial intelligence and probabilities. Firstly, these struc-
tures (particularly, hypergroups) were introduced by F.Marty in (1934). Afterwards, many
authors have been introduced and studied various hyperstructures, for examples, hyper-
groups, hyperrings, Krasner hyperring, multiplicative hyperring, hypermodules, i.e. (See
[7]- [11]). Basic illustrations and results of Krasner hyperrings can be seen in [8] and [9].
Recently, many authors have turned to this topic because the generalizations of various
hyperideal of Krasner (m,n)-hyperring have an important place in this theory [1-13].

Let H be an algebraic hyperstructure with m-ary hyperoperation f and n-ary hyper-
operation g. Then, (H, f,g) is defined as a Krasner (m,n)-hyperring if the following
holds: i. (H,f) is a canonical m-ary hypergroup, ii. (H,g) is an n-ary semigroup,
iii. ¢ has distributive property with regarding to f such that g(x’fl,f(y’fz),z?ﬂ) =
f(g(x’fl,yl,x?ﬂ), ...,g(xi_l,ym,x?ﬂ)) for each xi_l,mzﬂl,y{” € Hforie{l,..,n}, iv. 0
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is a zero element of the n-ary hyperoperation g for each z € H, g(0,z5) = g(z2,0,2%) =
... = g(2%,0) (For more information, see [11]). The above notation 2 will denote the
sequence of ;, Ti11,...,x; if j > and it is the empty symbol if j < i. A Krasner (m,n)-
hyperring is called commutative if (H,g) is a commutative n-ary semigroup and also it
has a scalar identity if there is an element 1, with z = g(z, 12_1) for every x € H. Let
(H, f,g) be a Krasner (m,n)-hyperring with scalar identity 1,. Let I be a non empty
subset of (H, f,g). Then I is called an i-hyperideal of (H, f,g) if the following holds:
i. I is a subhypergroup of the canonical m-ary hypergroup (H, f); that is, (I, f) is a
canonical n-ary hypergoup, ii. g(a:ifl,l,x;ﬂ_l) C I for every 7 € H. Then I is called
a hyperideal of H if it is an i-hyperideal for every i € {1,...,n}. Let A be a subset of
H. Then < A > is the hyperideal generated by elements of A. The radical of I, rad(I),
is the intersection of all n-ary prime hyperideals P containing I. By [2, Theorem 4.23],
rad(I) = {h € H|g(h", 1% ") € I} for v < n and rad(I) = {h € H|gq(h") € I} for
u>n, u=1In-—1)+1. As a result of the definition of rad, we have that if I = 0,
then rad(0) = {h € H|g(h", 1 ") = 0} for u < n and rad(0) = {h € Hlgq)(h") = 0} for
u>n, u=1I(n—1)+1. The rad(0) is called the nil radical of H. In [2], the notions of
n-ary prime and n-ary primary hyperideals of Krasner (m,n)-hyperrings were introduced
and their basic properties were given. A hyperideal H # I is called an n-ary prime if
g(UT") C I for hyperideals U; of H for each i € {1,...,n} implies U; C I or ...or U,, C I.
By [2, Lemma 4.5], it is obtained that any hyperideal H # [ is an n-ary prime if and
only if g(«}) € I for each z; € H for i € {1,...,n} implies z; € I or ... or z, € I. A
hyperideal H # I is called an n-ary primary if g(z}) € I for each z; € H for i € {1,...,n}
implies z; € I or g(2} !, 1g,2%,,) € rad(I) for i € {1,...,n}. A commutative Krasner
(m,n)-hyperring H is defined as n-ary hyperdomain if g(z}) = 0 implies ;1 = 0 or ... or
x, = 0 for each 27 € H. In [9], the authors introduced the concepts of (k,n)-absorbing
hyperideals and (k,n)-absorbing primary hyperideals of a Krasner (m,n)-hyperring. A
proper hyperideal P of (H, f,g) is called an (k,n)-absorbing hyperideal if g(x’f"fkﬂ) epP
for each :c]f"_kﬂ € H implies that there exist (k — 1)n — k + 2 of z;’s whose g-product is
an element of P. A proper hyperideal P of (H, f,¢g) is defined as (k, n)-absorbing primary
if gzt ") ¢ P for each zf""**1 ¢ H implies that 9(@1, o T(p—1)n—kt2) € P or a
g-product of (k —1)n — k + 2 of z;’s (other than g(x1, ..., ¥(k—1)n—k42)) is in rad(P).

In this paper, we introduce the concepts of weakly (k,n)-absorbing hyperideals and
weakly (k,n)-absorbing primary hyperideals of a Krasner (m,n)-hyperring. Among many
results in this paper, we show that every (k,n)-absorbing hyperideal of a Krasner (m,n)-
hyperring is a weakly (k, n)-absorbing hyperideal but the converse need not to be hold in
Example 2.2. We obtain that if P is a weakly (k,n)-absorbing hyperideal of H, rad(P)
may not be weakly (k,n)-absorbing by Example 2.3. It is shown that if P is a weakly
n-ary primary hyperideal of H and rad(P) = P, then P is a weakly (k,n)-absorbing in
Proposition 3.5. We conclude that if rad(P) is a weakly (k+ 1,n)-absorbing primary, then
P is a weakly (k + 1,n)-absorbing primary for all & > 2 in Theorem 3.6. In Theorem
4.4, we give a version of Nakayama’s Lemma for a commutative Krasner (k,n)-hyperring.
Then, in Theorem 4.10, we give another version of Nakayama’s Lemma for strongly weakly
(k,n)-absorbing primary hyperideal of a commutative Krasner (k,n)-hyperring. Finally,
we give some characterizations of these concepts on cartesian product of commutative
Krasner (m,n)-hyperrings with scalar identities in Theorem 5.1-Theorem 5.2.

Throughout this paper, H denotes commutative Krasner (m,n)-hyperring with scalar
identity element.



Weakly (k,n)-absorbing (primary) hyperideals 1231

2. On weakly (k,n)-absorbing hyperideals

Definition 2.1. Let k € ZT. A proper hyperideal P of H is called weakly (k, n)-absorbing
if 0 # g(af"=*+1y € P for each z¥"~**1 ¢ H implies that there exist (k — 1)n — k + 2 of
x;’s whose g-product is an element of P.

Note that if £ = 1, then P is called weakly n-ary prime hyperideal of H and if n = 2
and k = 1, then P is defined as weakly prime hyperideal of a Krasner hyperring.
In the next examples, we give the relationship between weakly (k, n)-absorbing hyperideal
and (k,n)-absorbing hyperideal of a Krasner (m,n)-hyperring.

Example 2.2. Every (k, n)-absorbing hyperideal of a Krasner (m, n)-hyperring is a weakly
(k,n)-absorbing hyperideal. But the converse of the explanation may not be generally
true. Consider the set H = {0,1,2,3}. In [2, Example 4.7], it is verified that H is a
Krasner (2,4)-hyperring with the addition hyperoperation f, determined by [2] and the
hyperoperation g, defined as g(z1, 22,73, 24) = 2 if one of x{ € {2,3} or 0 if otherwise.
Then it is easily seen that I =< 0 > is a weakly (1, 4)-absorbing hyperideal of H. However,
since ¢(1,1,2,3) € I but g(1) ¢ I, g(2) ¢ I and ¢g(3) ¢ I then I is not a (1,4)-absorbing
hyperideal of R.

By [9, Theorem 3.4], it is given that rad(P) is a (k,n)-absorbing hyperideal of H when
P is a (k,n)-absorbing hyperideal of H. But if P is a weakly (k,n)-absorbing hyperideal,
rad(P) may not be a weakly (k,n)-absorbing hyperideal.

Example 2.3. Let R = Z3[X,Y] and I =< X3Y3 >. Note that H = R/I is a (m,n)-
Krasner hyperring with ordinary addition and ordinary multiplication. Let k& = 1 and
n = 2. It is clear that I /I = O is a weakly (1, 2)-absorbing hyperideal of H. But rad(0g)
is not weakly (1,2)-absorbing hyperideal of H since 0 # 2XY +1 = 2X +1)(Y + 1) €
rad(0g) but 2X + 1 ¢ rad(0g) and Y + I ¢ rad(Og).

Theorem 2.4. If P is a weakly (k,n)-absorbing hyperideal of H, then P is a weakly
(u,n)-absorbing hyperideal for every u > k.

Proof. 1t can be easily seen that the idea is true in a similar manner to the proof of
[9, Theorem 3.7]. O

Let I be a hyperideal of a commutative Krasner (m,n)-hyperring H. Recall from [2]
that the set H/I = {f(2{"',I,2M,)|2{ ", 27, € H} is a commutative Krasner (m,n)-
hyperring with m-ary hyperoperation f and n-hyperoperation g. Let (H, f, g) and (H', f',¢')
be two Krasner (m, n)-hyperrings. Then a map ¢ : H — H' is said to be a homomorphism
i 5(F (1) = f/(1), s ), D) = ¢ (1), o () for all 7,57 € H and
1(0p) = 0% (For more information, see [11]). Note that the map = : H — H/I, is given
with 7(x) = f(z,I,0™~2), is a homomorphism in [11].

Theorem 2.5. Let (H, f,g) and (H', f',¢") be two commutative Krasner (m,n)-hyperrings
with scalar identities and v : H — H' be a homomorphism. The following holds:
(1) If Q is a weakly (k,n)-absorbing hyperideal of H', then v~(Q) is a weakly (k,n)-
absorbing hyperideal of H.
(2) Let v : H— H' be an epimorphism and P a weakly (k,n)-absorbing hyperideal of
H with kerf(y)) C P. Then ¥(P) is a weakly (k,n)-absorbing hyperideal of H'.

Proof. (1) Let 0 # g(a"™ %) € p=1(Q) for any 28" ¢ H. Then 0 # o (g(zy"*+1)) =
g (W(z1), ..., V(Tpn—_r+1)) € Q. By the assumption, we get that there exist (k—1)n—k+2
of 1(x;)’s whose ¢g’-product is in ). By the homomorphism ¢, we have that the image v
of (k—1)n — k + 2 of x;’s whose ¢’-product is an element of ) and therefore, there exist
(k—1)n — k + 2 of x;’s whose g-product is an element of ¢~(Q).
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(2) Let 0 # ¢ (¢ ") € ¢(P) for any ¢ "1 ¢ H'. Then there are z; € H
for each i € {1,2,....,kn — k + 1} with ¥(z;) = y; since 1 is an epimorphism. We get
04 g/ (") = /(1) o h(@rn—p11)) = Blg(ai"F+1)) € Y(P) by the assumption.
We obtain 0 # g(zt"*1) € P as P contains kerf(i). Thus, there exist (k — 1)n —
k + 2 of x;’s whose g-product is an element of P. The proof is completed since v is a
homomorphism. O

Let us give the following theorem without proof as a result of Theorem 2.5.

Theorem 2.6. Let P and Q be two proper hyperideals of H such that Q C P. If P is
a weakly (k,n)-absorbing hyperideal, then P/Q is a weakly (k,n)-absorbing hyperideal of

H/Q.
3. On weakly (k,n)-absorbing primary hyperideals

Definition 3.1. Let k& € Z*. A proper hyperideal P of H is called a weakly (k,n)-
absorbing primary if 0 # g(zf"~**1) € P for each 2" "1 ¢ H implies g(xgk_l)n_kﬁ) €
P or a g-product of (k — 1)n — k + 2 of z;’s, other than g(acgk*l)"*kﬂ), is in rad(P).

Let k = 1. Then P is called weakly n-ary primary hyperideal of H and also, if n = 2

and k = 1, then P is defined as weakly primary hyperideal of H.

w. m-ary prime w. (k,n)-abs.

n-ary prime

{ Ww. m-ary primary }—»’ w. (k,n)-abs. primary ‘

n-ary primary

(k,n)-abs.primary ‘

Figure 1. Relationships between n-ary prime (primary) hyperideal and other

classical hyperideals of a commutative Krasner (m, n)-hyperring for k > 2
In the above figure, "weakly" is denoted by "w." and "absorbing" is denoted by "abs.",
shortly. Actually, we obtain the above diagram which gives the relationships between n-
ary prime (primary), weakly n-ary prime (primary) and weakly (k, n)-absorbing (primary)
hyperideals of a commutative Krasner (m,n)-hyperring.
In the figure, it is shown that every weakly (k,n)-absorbing hyperideals is a weakly (k,n)-
absorbing primary hyperideal. But the converse of the expression may not be true. Note
that (R, +,-) is a Krasner (m,n)-hyperring with f(z]*) = 37" x; and g(y}") = [[i; yi for
each 2",y € R in [11]. Consider H = Zgs. Clearly, (Zys,+, ) is a commutative Krasner
(m, n)-hyperring with scalar identity element from the above explanation. Let k = 2 and
n = 2. Note that < 0 > is a weakly (2,2)-absorbing primary hyperideal of a Krasner
(m, 2)-hyperring but not a (2, 2)-absorbing primary hyperideal.

In [9], authors explained that if an hyperideal I is a (k, n)-absorbing primary hyperideal
of a Krasner (m,n)-hyperring H, then rad(I) is a (k,n)-absorbing hyperideal of H. But
the proposition is not valid for the notion of weakly (k,n)-absorbing primary hyperideal.
For instance, see the Example 2.3.

Theorem 3.2. Let P be a weakly n-ary primary hyperideal of H. Then P is a weakly
(2,n)-absorbing primary hyperideal.
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Proof. 1t is seen to be true in a similar manner to [9, Theorem 4.3]. O

Theorem 3.3. If P is a weakly (k,n)-absorbing primary hyperideal of H, then P is a
weakly (u,n)-absorbing primary hyperideal for all u > k.

Proof. It can be easily seen that the claim is true in a similar manner to the proof of
[9, Theorem 4.4]. O

As a result of the previous two theorems, we give the following corollary.

Corollary 3.4. If P is a weakly n-ary primary hyperideal of H, then P is a weakly
(k,n)-absorbing primary hyperideal for all k > 2.

Proposition 3.5. If P is a weakly n-ary primary hyperideal of H and g(rad(P)F—1n—k+2)
C P, then P is weakly (k,n)-absorbing hyperideal.

Proof. Let 0 # g(zi" ") € P for some zt" "1 ¢ H. Obviously, 0 # g(g(gcgkf1)"7’”2)7
xlgg__lk)j;l_kﬁ) € P. Since P is a weakly n-ary primary hyperideal, then g(acgk_l)”_k”) epr
or g(a;?k__k{;i_k%,l%{) € rad(P). If g(a:gk_l)n_kﬂ) € P, then the proof is completed.

Assume that g(x%kil)n*kw) ¢ P and g(afnkt! 1%,) € rad(P). Then, there exists

(k—=1)n—k+3>
t € Z* such that g((g(x?::523k+3,1%1))75,1&?%)) € P = z; € rad(P). It can be seen
that g(mgk_l)n_kwﬂ) € g(rad(P)k=Yn=k+2) C P Hence P is weakly (k,n)-absorbing
hyperideal. ([

L1y ey Tiyoney Ty ooy Thn—k+1 indicates that z; and z; are omitted from the sequence
L1y ooy Thn—k+1-

Theorem 3.6. Let P be a hyperideal of H. If rad(P) is weakly (k + 1,n)-absorbing
hyperideal, then P is weakly (k 4+ 1,n)-absorbing primary hyperideal for all k > 2.

Proof. Let 0 # g(xgkﬂ)n*(kﬂ)ﬂ) € P and g(z¥" %) ¢ P for some xgkﬂ)n*(kﬂ)ﬂ €
H. Then 0 # g(@"7% g(zpn_pi1, o Tl )n—(k+1)+1)) € P C rad(P), where z; =
I(Tkn—k415 - Tkt 1)n—(k+1)+1) for some i € {1,2,...kn — k,j}. By our assumption,
g(mla ey @7 cooy Thn—k» :E]) € TCLd(P) ifie {1’ 2., kn_k} or g(mkn—k-i-l, ey x(k—&—l)n—(k—l—l)—i—l)
€ rad(P) if i = j. Since rad(P) is a hyperideal, then g(z1, ..., Trn—k» Tkt 1)n—(k+1)+1) €
rad(P). Hence, P is weakly (k + 1,n)-absorbing primary.

Theorem 3.7. Let (H, f,g) and (H', f',¢") be two commutative Krasner (m,n)-hyperrings
with scalar identities and v : H — H' be a homomorphism. The following holds:
(1) If Q is a weakly (k,n)-absorbing primary hyperideal of H', then =1 (Q) is a weakly
(k,n)-absorbing primary hyperideal of H.
(2) Let v : H — H' be an epimorphism and P a weakly (k,n)-absorbing primary hy-
perideal of H with ker f(¢)) C P. Then ¥(P) is a weakly (k,n)-absorbing primary
hyperideal of H'.

Proof. 1t is proved in a similar way to Theorem 2.5 by ¥~ (rad(Q)) = rad(x»~1(Q)) and
Y(rad(P)) € rad(y(P)). m

We give the following theorem as a result of Theorem 3.7.

Theorem 3.8. Let P and () be two proper hyperideals of H such that Q C P. If P is
a weakly (k,n)-absorbing primary hyperideal of H, then P/Q is a weakly (k,n)-absorbing
primary hyperideal of H/Q.
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4. On Nakayama’s lemma for H

We give a version of Nakayama’s lemma for a commutative Krasner (m,n)-hyperring.
Before that, we give the definition of (m, n)-hypermodule over a Krasner (m,n) hyperring.

Let M be a nonempty set. Then (M, h, k) is called an (m,n)-hypermodule over a
Krasner (m,n) hyperring (H, f,g) if (M, h) is an m-ary hypergroup and the map

k:HX--+xHxM— P"(M)
1

holds the following:

(i) k ( L (a2 )) = h(k( n-l a:1> kK (r? l,mm))

(ii) k ( ,f(sl), Z+1’ )—h(k( -1 , 81,7 i+117 ),...,k(ri_l,sm,rf;f,w))
(iii) k& ( ,g( Hn— 1) ,rf_:;” 2 ) k:( k:( "*"“%x))

(iv) 0 ( -1 0,7";:_11, )

It can be seen that an (m,n)-ary hypermodule M is a hypermodule when m = n = 2.
See [3] and [8] for more information.

Definition 4.1. A proper hyperideal P of H is called strongly weakly (k,n)-absorbing if
0 # g(IF"=**+1) C P for each hyperideals I*"~**! of H implies that there exist (k—1)n —
k + 2 of I;’s whose g-product is contained by P for k € Z™T.

By the definition, it is concluded that every strongly weakly (k,n)-absorbing hyperideal
is a weakly (k,n)-absorbing hyperideal.

Definition 4.2. Let P be a weakly (k, n)-absorbing hyperideal of H. Then (ay, ..., ak(n71)+1>
is called a (k,n)-zero of P if g(a1, ..., ay(n—1)+1) = 0 and none of g-product of the terms
(k—1)n—k+2of a;’s is in P.

Theorem 4.3. Let P be a strongly weakly (k,n)- absorbzng hypemdeal of H and
(a1, ey Ggn-1)+1) @ (k, n) -zero of P. Then g(a1, ..., @iy s oy gy ooy Qg s Qg — 1)+1,Pt) =0
for each iy, ..., € {1,...;k(n —1)+ 1} and t € {1, ..., (k —1)n—kz+2}.

Proof. We prove this claim with induction on t. Let ¢ = 1. Then we will show that
9(a1, .y @iy s ons Qp(n—1)41, P) = 0. Assume that g(a1, ..., @iy, s G(n_1)41, P) # 0. Without
loss of generality, we omit a1, that is, g(az, ..., @g(n—1)41, P) # 0. Then there is = € P such
that 0 # g(ag, ..., ag(n—1)41,7) € P. We investigate g(ag, ey g(n—1)41, f (a1, 2,0™ —2). It
can be seen that 0 # g(ag, ..., ap(n—1)41, flay,2,0m=2)) C P since g(as, ..., Ao(n—1)+1>
flay,z,0m2)) = f(g(az, ..., Uh(n=1)+1501); §(A2, s Ap(n—1) 41, ), 0™m=2) C P and thus a g-
product containing x, of the terms (k—1)n—k+2 of a; is a subset of P by the assumption.
Without loss of generality, assume that g(as, ..., agm—1)+1, f(a1, 7, 0m=2)) C P, that is,
fglas, ..., apm—1)41,01), -, 9(@3; s Qp(n—1y41, ), 0m~2) C P. We conclude that

9(a3, s Apn_1y41,01) € f(—g(as, ., Ghn_1)41, ), ...,0m=2) C P, which is a contradiction.
Thus, g(a1, .., @iy, -y Ak(n—1)+1, ) = 0. Now, we assume that the claim holds for all posi-
tive integers which are less than t > 1. Let g(a1, ..., @iy, ey Qigy oy @iys oy Qh(n—1)415 PY) #£0.
Without loss of generality, we eliminate aq, as, ..., a;, that is, g(as41, ... s Qlo(n—1)+1+ PY) #0.
Then, there are x} € P such that 0 # g(az41, ..., Afe(n—1)+15 z!) € P. By 1nduct10n hypoth-
esis, it can be seen that 0 # g(az+1, ...,ak(n,1)+1,f(a1,:v1,0m_2), ey flag, m,0m72)) C P.

Again, by the hypothesis, g(as1, ..., Gx—1)11, f(a1,21,0™72), .., f(ar, z1,0m=2);,

f(a27$27 0m72)i25 ey f(an,1,$n,1, 0m72)in_1a ey f(ata Tt, 0= )) CPor g(atJrlv ooy Ay qs
— —_— —_ — —
Qigroy ooy iyy (y_1ys -+ A(n—1)+1> f(alvxhom Q)a EX) f(ata xy, 0™ 2)) C Por g(atJrl) cy Qi gy
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—

oy Ay gy a/zt:, vy Qho(n—1)+11 f(a,l, X1, 0m72) vy f(al, X1, Om_Q)iH—(k-H)? et

f(an_l_k,xn_mm—2)2t+(n 1-%) wooy fag, 2¢,0m™=2)) C P for some 1 < i < t. Note that
in all probability, the g-product contalmng x; is a subset of P by the assumption. Thus,
G(At415 s Ql(n—1) 415 -+ Ay o5 Gt) € P O g(Atgny oy Qp(n—1)415 -+, A1, -+, at) € P, a contra-
diction. Hence, (a1, ..., @iy, -y Qg ooy iy -+ A (n—1)+15 PY =0. O

In the following theorem, Nakayamas lemma is considered for a strongly weakly (k,n)-
absorbing hyperideal.

Theorem 4.4. Let P be a strongly weakly (k,n)-absorbing hyperideal of H but is not
(k,n)-absorbing hyperideal. Then, the following holds:
(1) g(Pk(n—l)—H) —0.
(2) If (M, h,k) is an (m,n)-hypermodule over a Krasner (m,n) hyperring (H, f,g) and
M = k(P,M), then M = {0}.
Proof. By the assumption, P has a (k,n)-zero. Let (a1, ..., agm—1)+1) be a (k,n)-zero of
P.
(1) Assume that g(P*=1D+1) £ 0. Then, there are x’f(n_l)H € P such that 0 #
g(a:’f(nfl)ﬂ) € P. By Theorem 4.3, we can conclude that 0 # g(f(a1,x1,0m2),
flag, z2,0m72), ..., f(ak(n_1)+1,xk(n_1)+1,Om*Q)) C P. As P is a strongly weakly
(k,n)-absorbing hyperideal, then there exist (k — 1)n — k + 2 of f(a;,x;, 0™ 2)’s
whose g-product is contained by P. Without loss of generality, assume that
g(f((ll, Zy, 0m_2)7 f(a27 €2, 0m_2)7 ey f(a(kfl)nflﬁ»% T(k—1)n—k+2> Om_Q)) cP. Then7
Flg(al V") glad, 2t), g(af* " 7H2) 0 € Pwhere d+l = (k—1)n—k+2.

)

t
We obtain that g(agk_l)”_kH) e f(—g(ad,zb), g(agk Ln— 2y gm-t+1) C p
1

t—

that is, g(agk_l)n_kH) € P, a contradiction. Thus, g(P*—1+1) = 0.
(2) Note that k(g(P*=D+1) M) = {0}. We can write k(g(PF™~1D+1) M)
= k(g(P*"=D), k(P, M) = k(g(P*"=D), M) = - = k(P, k(P, M)) = k(P, M) =

M by our assumption. Therefore, M = {0}.
(|

A proper hyperideal P of a commutative Krasner (m,n)-hyperring may not be weakly
(k,n)-absorbing when it holds g(P*™~1)+1) = 0. For this situation, see the following
example.

Example 4.5. Notice that Zss. is a commutative Krasner (2,2)-hyperring with usual
addition and multiplication where n > 2 is a positive integer. Consider the hyperideal
P =< 3" >. Then, clearly P-P-P=0but 3-3-3"2¢c Pand 3-3, 3-3""2 ¢ P, that
is, P is not a weakly (2,2)-absorbing hyperideal but P3 = 0.

Corollary 4.6. Let P be a strongly weakly (k,n)-absorbing hyperideal of H but is not
(k,n)-absorbing hyperideal. Then rad(P) = rad(0).

Definition 4.7. A proper hyperideal P of H is called a strongly weakly (k,n)-absorbing

primary if 0 # g(I¥*~**1) C P for each hyperideal It"~**1 of H implies that g(7¥ "+

C P or a g-product of (kK — 1)n — k 4 2 of I;’s, other than g(Ifkil)n*kH)), is a subset of
rad(P) for k € Z™.

Note that every strongly weakly (k,n)-absorbing primary hyperideal of H is a weakly
(k,n)-absorbing primary hyperideal.
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Definition 4.8. Let P be a weakly (k,n)-absorbing primary hyperideal of H. Then
(a1, apn—1)+1) is called a (k,n)-zero primary element of P if g(ai,...,ap(m—1)11) =

0, g(agk_l)n_kw) ¢ P and none of g-product of (k — 1)n — k + 2 of a;’s, other than
g(a(kfl)nkarQ), is in rad(P)

Theorem 4.9. Let P be a strongly weakly (k,n)- absorbmg pmmary hypemdeal of H and
(a1, Apn-1)+1) a (k,n)-zero primary of P. Then g(ai, ..., @i, -, @iy -y @iy -Gk (n—1)+1, P)
=0 for each iy, ...,iy € {1,...,k(n—1)+1} and t € {1,...,(k — 1)n — k + 2}.

Proof. We prove this claim with induction on t. Let ¢ = 1. Then we will show that
9(a1, .y @iy s ors Qpn—1)41, P) = 0. Assume that g(a1, ..., @, s Gp(n—1)41, ) # 0. Without
loss of generality, we omit a1, that is, g(az, ..., ag(n—1)41, P) # 0. Then there is z € P such
that 0 # g(az, ..., ag(n—1)41, ) € P. Note that f(g (ag,.. Uh(n—1)41> A1), §(A2; o Ak (n—1)41, L),
0m=2) C P, namely, 0 # g(agk_l)n_kﬂ,f(al,a:,Om_Q)) C P. By the hypothesis, a g-
product containing z of the terms (k — 1)n — k + 2 of als is a subset of rad(P). With-
out loss of generality, assume that g(as, ...,ak(n_l)H,f(al,x,Om*Z)) C rad(P), that is,
f(g(a& ooy Qg(n—1)+1> al)a "'7g(a?n v A (n—1)+1> CC), 0m—2) - Tad(P)

Thus, g(as, ..., apn-1)+1,01) € f(—g(ag,...,ak(n_1)+1,x),...,Om*2) C rad(P), which is a
contradiction. Hence, g(a1, ..., @iy, -, G(n—1)+1, ) = 0. Now, we assume that the claim
holds for all positive integers which are less than ¢ > 1.

Let g(an, oy @iy s eoey @igy ey Qg ooy Us(n—1) 415 P! # 0. Without loss of generality, we elim-
inate ay,ay,...,ar, that is, g(aty1, .- agn_1)41, P ) # 0. Then, there are z{ € P such
that 0 # g(a¢41, -y Gg(n—1)41,2}) € P. By induction hypothesis, it can be seen that 0 #
9(ats1; s Qpn—1y41, far, 71, 0m=2), ..., f(as, 2¢,0m2)) C P. Again, by the hypothesis, we

get that g(at+17 o0y Ok (n—1)+1> f(a’17 Iy, 0m—2)7 Sx) f(ala Iy, Om_2)i17 Sx3) f(a27 Z2, 0m_2)i27

s flan—1,2n_1,0m=2); . f(ag, 2¢,0m2)) C rad(P) or G U1 s vy Wiy s wovy Qi gy oy
aiwn_l),...,ak(n_l)H,f(al,:vl,()m”),...,f(at,xt,Om*Z)) C rad(P) for some 1 < i < t.
Thus, g(at41; s k(n_1)41, -+ Ans -, @) € TAd(P) 0T G(At4ny oy Apln_1)415 5 A1y s At) €

7ad(P) or (@41, e Qipyysoos Gigygs @iy s o5 (n—1)+1, f (a1, 71,0 ), s
—_—

f(ala X1, 0m72)it+(k+1)> sy f(an—l—ka Tp—1—k; Om72)it+(n_1_k)a (XY f(ata xta )) C ra ( )
for some 1 < i < ¢. But it contradicts the fact that (a1, ..., ay@— 1)+1) is a (k,n)-zero
primary of P. Hence, g(a1, ..., @iy .y Qigy -vry Qiy s ---ak(n—1)+17P ) =0. O

Theorem 4.10. Let P be a strongly weakly (k,n)-absorbing primary hyperideal of H but
is not (k,n)-absorbing primary hyperideal. Then;

(1) g(PF=1DH) = 0.

(2) If (M, h, k) is an (m, n)-hypermodule over a Krasner (m,n) hyperring (H, f, g) and
M = k(P, M), then M = {0}.

Proof. By the assumption, P has a (k,n)-zero. Let (a1, ..., aym—1)+1) be a (k,n)-zero of
P.

(1) Assume that g(P*=1D+1) £ 0. Then, there are x’f(n_l)H € P such that 0 #
g(:c]f(n_l)H) € P. By Theorem 4.9, we can conclude that 0 # g(f(a,x1,0m2),
flag,x0,0m72), .., f(ak(n_l)ﬂ,:ck(n_l)ﬂ,Om_Q)) C P. As P is a strongly weakly
(k,n)-absorbing primary hyperideal, then g(f(ai,z1,0™2)k=1Dn=k+2)) C P or a
g-product of (k—1)n—k+2 of f(a;, z;,0m2)’s, other than g(f(ay,zy, 0™~ 2)k-1n—k+2
is a subset of rad( ). If g(f(ay, zy,0m2)E=Dn=k+2)y — g(f(ay, 21,0m2),
f(a27x2’ )’ ’f( (k— 1)n—k+27x(k—l)n—k+270m_2)) C P. Then,
f(g(agk Ln= k+2),g(af,mll),g(xgk_l)n_kﬁ),Om*t) C P where d+1 = (k—1)n—k+2.

t
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We obtain that g(ai" " ™"*%) € f(=g(af,a}), —g(a]"" ") 0m=t1) < P,

t—1

that is, g(agk_l)n_Hz) € P, a contradiction. Now, assume that a g-product of (k—

Dn—k+2 of f(a;, z;,0™2)’s, other than g(f (a1, x1,0™~2)(k=Dn=k+2)) ‘is a4 subset
of rad(P). Without loss of generality, consider g(f(ag,z2,0™~2), f(as,z3,0™?),
...,f(a(k_l)n_k+3,x(k_l)n_k+3,Om’Q)) C rad(P). Then,

Flg(al ™" g(ag, at), g(af* ") 0 C rad(P) where d +1 = (k —

t
1)n—k+2. We obtain that g(aékil)n*kﬁ) € f(—g(ad,z}), _g(xgkfl)”*k“), gm—t+1)
t—1
C rad(P), that is, g(al" " %) € rad(P), a contradiction. Thus, g(P*n—1+1) =
0.
(2) The proof can be easily obtained in a similar manner to Theorem 4.4.

O

A proper hyperideal P of H has the property g(P*"~1)+1) = 0 but it does not need to
be a weakly (k,n)-absorbing primary hyperideal. For an instance, see Example 4.5.

Corollary 4.11. Let P be a strongly weakly (k,n)-absorbing primary hyperideal of H but
is not (k,n)-absorbing primary hyperideal. Then rad(P) = rad(0).

5. On cartesian product of commutative Krasner (m,n)-hyperrings

Let (Hi, f1,91) and (Ha, f2,92) be two commutative Krasner (m,n)-hyperrings with
scalar identities. In [7], we have that the cartesian product of H = H; x Hj is a Krasner
(m, n)-hyperring and for z; € Hy and y; € Ha:
f= (fl X f2)((w17y1>7 ) ('rmaym) = {(a7b)‘a € f1($7171)7b S fQ(yin)}?
9= (91 X 92)((21,91), -, (Tns yn) = (92(27), 92(y7))-

Theorem 5.1. Let H = Hy X ... X Hgp_py1 where each H; is a commutative Krasner
(m, n)-hyperring for i € {1,....,kn — k + 1} with m, n-hyperoperations f;, g;, respectively
and P = P} X ... X Py _g11 be a hyperideal of H where P; is a proper hyperideal of H;. If P
is a weakly (k + 1,n)-absorbing hyperideal, then P; is a weakly (k,n)-absorbing hyperideal
of H; for each i€ {1,...kn —k+1}.

Proof. Let P be a weakly (k + 1, n)-absorbing hyperideal of H. Assume that P; is not a
weakly (k,n)-absorbing hyperideal of H; and 0 # gi(acf"—kﬂ) € P, for some :z:]f"_k'H € H;.
Let y1 = (1917 oy lgi gy 1, 19i+17 i 1gkn—k+1)7 Y2 = (1917 oy lg g5 %2, 19i+17 s 1gkn—k+1) )

oo Ukl = (Lgys oo Lgi 1y Thonkr 1 Lgias oo Lgpniin )s Ukn—t = (Lgys o dgp i) yeens
Y(k+1)n—(k+1)+1 = (Oa s 0, 1gia 0,..., 0)

It is clear that 0 # g(y1, ...,y(k+1)n_(k+1)+1) € P. Notice that every g-product that does
not contain Y4 1)n—(k+1)+1 is not in P because 1y, ¢ P; for every i € {1,2,...,kn —k+1}.
Then, one of other g-products, containing the element y(x1)—(k+1)+1, must be in P due to

the hypothesis that P is weakly (k + 1, n)-absorbing hyperideal. Thus, g,-(a:l(k_l)n_kﬂ) €

P;, a contradiction because of the assumption. Therefore, P; must be a weakly (k,n)-
absorbing hyperideal of H; for every i € {1,....,kn — k + 1}. O

Theorem 5.2. Let H = Hy X ... X Hygp_py1 where each H; is a commutative Krasner
(m,n)-hyperring for i € {1,....,kn — k + 1} with m, n-hyperoperations f;, g;, respectively
and P = Py X ... X Pyp_g11 be a hyperideal of H where P; is a proper hyperideal of H;. If
P is a weakly (k4 1,n)-absorbing primary hyperideal, then P; is a weakly (k,n)-absorbing
primary hyperideal of H; for each i € {1,...,kn — k + 1}.
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Proof. It can be seen similarly to Theorem 5.1. U

Future Work In this paper, the concept of strongly weakly (k,n)-absorbing (primary)
hyperideal is defined and the Nakayama’s Lemma is applied to Krasner (m,n)-hyperring
with this concept. If that each weakly (k,n)-absorbing (primary) hyperideal is strongly
weakly (k,n)-absorbing (primary) hyperideal is proved, then these ideas are proved for
weakly (k,n)-absorbing (primary) hyperideal.
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