[© O]

WH

— KONURALP JOURNAL OF MATHEMATICS
VOLUME 5 No. 1 pp. 56-67 (2017) ©KJM

GENERALIZED DUAL-VARIABLE BERNSTEIN POLYNOMIALS

HATICE KUSAK SAMANCI

ABSTRACT. Bernstein polynomials are used in computer graphics for Com-
puter Aided Geometric Design (CAGD). In this paper, we introduce the con-
cept of the generalized dual-variable Bernstein polynomials and give its some
properties. In particular, we investigate the limit and derivation equations of
the dual-variable Bernstein polynomials.

1. INTRODUCTION AND PRELIMINARIES

Bernstein polynomials were initiated by Sergei Natanovich Bernstein in 1910.
The Bernstein polynomials of degree n which are represented by the formula B (t) =
(?)ti(l — )" for i = 1,2,...,n and here (7;)72 =1,2,...,n are the binomial co-
efficients. The Bernstein polynomials are useful mathematical tools for CAGD as
they are simply defined, differentiated and also calculated quickly on computer
systems. Hence one of the most appropriate way of defining curves on CAGD is
the Bernstein polynomials. One of these kinds curves are Bezier curves defined
by P. Bezier at Renault Company in 1959. The Bezier curves are introduced by
the formula b"(t) = >_7"" b (t) B " (t), where the polynomials B]'~"(t) are Bern-
stein polynomial and the vectors bl (¢) are the control points. The coefficients of

the Bernstein polynomials are satisfied the condition > BI*(¢) = 1. Some special
i=0

case of Bernstein polynomials are Bl'(t) = 0if i < 0 or 4 > n and B(t) = 1 if

i =n = 0. Also the recursion B(t) = (1 —¢)B '(t) + tB'(t) is satisfied, [1].

The further theoretical preliminaries of the Bernstein polynomials can be found in

the references [2-7].

In the other hand, we will give some properties of dual numbers and dual-variable
functions. Dual numbers were first introduced by W.K.Clifford in 1873. The num-
ber z = (z,y) = x + ey is called a dual number associated with the real unit 1 and
the dual unit € where € # 0 and €2 = 0. Therefore, the dual numbers are elements
of the set

D=Rl]={z=a+ey|(z,y) €eR?e? =0, e #0}
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generated by 1 and £2. The addition, multiplication with a scalar and multiplication
of the dual numbers are defined by

21tz = (v1+ey) + (v2 +eye) =21 + 22+ £ (Y1 + y2)
Az1 = MA@ +eyr) = Ax +edn
z1.22 = (x1+eyr). (w2 +eya) = x1.22 + € (T1y2 + Yy122)

Since (D, +,.) is commutative, associative and distributive over addition, then
the dual number set becomes an algebra. But the dual number algebra is not a
field. Because the zero division element £y, y € R has no an inverse in the algebra
D . If z = x + ey is a dual number, x and y are called the real and dual parts of of
z, respectively. Similar with complex numbers, the conguate Z of the dual number
z = x + ey is defined by Z = 2 — ey. Then 2.z = x2. Furthermore the division of
dual numbers is

2 7 wixs + e (T1ye — 2ay1)
2

22 29.29 T2
where the condition zo # ey must be satisfied. Note that the division is possible
for 5. One can verify, using the multiplication and Binomial development, that
(x +ey)” = 2™ + ena™ 1y in the references [11]. Let f : QCD — D and z = x +
ey € D. The function f (z) is called dual-variable functions. We say that the dual-
variable function f (z) is continuous at zg, if zli_)rr;() f(2) = f(z0). If the dual-variable

function f is continuous at every point of €2, the dual-variable function becomes
continuous in €2 C . The function f is said to be differentiable at zg = x¢ + yo, if

the limit % (20) = ZILIIZIO %ﬁézo) exists, then % (20) is called the derivative of f

at the point zg = zg +eyp. Also the dual-variable function can be written in terms
of its real and dual parts as f (z) = ¢ (z,y) + € (z,y). Therefore, the derivation
of the dual-variable function can be written as

df (2)  do(x,y)  dv(z,y)
dz dz te de

see in the reference [11]. More details about the dual numbers and the dual-variable
functions can be found in the refrences [8-11]. The dual numbers have lots of ap-
plications in many field of fundamental sciences; robotic, computer science, physic,
aerospace. Furthermore, the dual variable functions give us a chance for defining
the dual curves which are commonly studied in dual differential geometry. Hence,
the function f (z) describes a dual curves.

In our literature research, we realized that the dual-variable Bernstein polyno-
mials had not been defined until now. So, in our present paper we introduce the
dual variable Bernstein polynomials and we study the differentiability properties of
the dual-variable Bernstein polynomials.

2. MAIN RESULT
2.1. Generalized Dual-variable Bernstein Polynomials.

Definition 2.1. Let z = z4+cy € Dand € # 0 €2 = 0, z,y € R. The dual-variable
generalized Bernstein polynomials of degree n are defined by

B;" (2) = ( ; >zi.(1 —
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where the binomial coefficients are < 7: ) = #ll), for 0 < 7 < n and otherwise

binomial coefficients are zero.

Definition 2.2. For z =2z +ecy €D, € #0, 2 =0, z,y € R, the multiplication
of two dual-variable generalized Bernstein basis is

By (). By (2) = WBW (2).
)

Definition 2.3. Let z € D. The limit of the dual-variable Bernstein polynomial
at the point zp € D is defined by

hmlﬁ%@lel(?)z“l—@W{:<?l>mql—my%.

Z—20 Z—20 1

Definition 2.4. The dual-variable generalized Bernstein polynomial is continuous
if the condition lim B;" (z) = B;" (20) is satisfied.
Z—Z20

Definition 2.5. The dual-variable Bernstein polynomial can be differentiable, if
the dual-variable Bernstein polynomial has the limit and it is continuous, then

dz z2—20 Z— 20

Lemma 2.1. Let z = z+cy € D, ¢ € R, and the Bernstein polinomials B;" (z), B;™ (2)
and By? (z) be differentiable. The dual-variable Bernstein polynomials are satisfy
following properties:

DB () +eB ()] = BN () +e By (2)

) LB (2).B;™ ()] = 2B (2) By (2) + B (2) By ()
B ABNC) BTG B ARG

a@[&mwﬂ_ (B, (2))? » BT #0

92 (B ()08, () = P (g ) BT

dz dz dz

Proof: From the properties of derivation of the dual-variable functions in [11],
above equations are obviously satisfied.

Theorem 2.1. The first order derivative of the dual-variable generalized Bernstein
polynomial at the point z = x + ey € D is obtained with

%Bln (Z) =n. (Bi_1n71 (Z) — Binil (Z)) .
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Proof: From the derivation of the Definition (2.1), we get

d%Bi” (2) = d% (( ? >zi.(1 - z)"_i>

B n! dzt nei n! cd(1—z)""
= Tmeg YA tan gt T @

RN , . 1) .
_ n.(n —1)! AL =) n.(n —1)! A1 z)n_z_l

(i— 1) (n—q) An—i—1)" "

(n—1)! i1 n—i (n—1)!
= n. {(z—l)'(n—z)'z (1—2) T m—i-1)

= n. [Biflnil (Z) — Bin71 (Z)}

PO

Theorem 2.2. Let z = x + ey € D. The second order derivatives of B;" (z) =

( Zl ) 24 (1 — z)"_i is calculated as following:

d2
@Bin (Z) =n. (TL - 1) . [Bi_gn_Q (Z) - 2Bi_1n_2 (Z) + Bin_Q (Z)}

Proof: Taking the derivative of the equation £ B;" (2) = n. (BZ-,1”71 (z) — B;"* (2)),
we can get the second order derivatives of the polynomial, i.e.

o] = L -5 o)
d n—1 d n—1
— n,£Bi_1 (Z)—’I’L.&Bi (2)

= n. {(n — 1) [Bi_gn_Q (Z) — Bi_ln_Q (Z)]}

—n.{(n—1)[B;.1"* (2) — B" % (2)]}
= n(n—1)[Bi2" " (2) = Bi—1" () = Bi-1" " (2) + B,"* (2)]
= n. (TL - 1) [Bi_2n72 (Z) - Q.Bi_1n72 (Z) + Bin72 (Z)] .
Theorem 2.3. The third order derivative of B;" (z) = ( ZL ) 20 (1—2)""" at the

point z € D is obtained

d3

B (2) =n.(n—1).(n=2)[Bs" (1) =3.Bia" 7 (2) + 3.Biy" P (2) - B (2)
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Proof: Taking the derivative of dd—;Bl—” (z), we can obtain the third-derivative
equation as following

P o[
B ()= 1 | B <z>]

- % [n.(n=1). [Bia" % (2) = Bia"?(2) = Bia" 2 (2) + Bi" " (2)]]

= n.(n—1). [jBZ 2" (2) - j Bio1"(2) - d%BH" (=) + d%Bz”‘Q (z)}

— n ( Bi—2"" (2) = (Bi2"* (2) = Bia"* (2))

= ( 1 |: Z) _ Bz 1n—3 (Z)) + Bi—ln_s Z) _ Bln—3 (Z)) :|

= n(n-1) [ Bi- (z *(2) = Bia" M (2) + Bia " (2) }
B 3 ) —+ Bl 1” 3 (Z) + B;_ n—3 (Z) — Bin_3 (Z)

= n. (n — 1 [B1 3 — 3. Bl 2” 3 (Z) =+ 3.Bi,1n73 (Z) — Bin73 (Z)]

Theorem 2.4. The r th. order derivative of the generated dual-variable Bernstein
polynomial at the point z = x + ey € D is calculated by the formula

min(z,r)

d" n!

B D= (—1)** ( L )Bi—kn_r (2)

k=max(0,i+r—n)

Proof: Using the induction method, we can obtain the r th. order derivative
of the polinomial B!(z). For r = 1, the first derivative of dual variable Bernstein
polinomial is £ B (z) = n (B]"3' () — B/""* (z)). Suppose that r.th derivation of
Bj'(2)

min(%,r)

O e D SRR i G R ®

k=max(0,i+r—n)

holds. Then, we will prove that the » + 1 th. order derivative of the polinomial
dr+1

=7 Bi" (2) is equal to

min(z,r+1)
n'

s Y e () see

k=max(0,i+r+1—n)
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Now for %Bin (z), we will take the derivation of [%Bi" (z)]. Then, we obtain

drtt d | d
dzrt1 (2) dz {dz”' (Z)}
min(z,r)

_ % (n'r_l’r)' Z (_1)k+r

k=max(0,i+r—mn)

min(%,r)

(

e T—L!r)! b3 (_1)k+r< ; ) %7(2)
)
)

k=max(0,i+r—mn)
min(z,r)

_ T)' Z (_1)k+7" < ; (Bi_knfrfl (Z) _ Bi_kn7T71 (Z))

k=max(0,i+r—mn)

min(%,r)
n! (TL— T) k+r r n—r—1
S S () e
k=max(0,i+r—mn)
n!(n— 1) min(4,r) N B mr
—m Z (-1 k ( i—k (Z))
k=max(0,i+r—mn)
nl min(z,r+1) — , .
_ : . r . on—r—
=max(0,2+r+1—n

n!(n—1r) e ktr
+m > (-1)

k=max(0,i+r+1—n)
min(z,r+1)

(
(
_ (717;'1)1 3 (C1yFtH (
(

k=max(0,i+r+1—n)
min(z,r+1)

_ n! ktr+1 T+1 n—r—1
- (emr=1) P (oz;L +1- )(_1) & )Bik )

which completes the induction and proves the theorem.

Theorem 2.5. Let z = x + ey € D. Dual-variable Bernstein polynomials for can
be also written as

(2.1) Bi"(2) = (1 —2).B," " (2)+ 2.B;_1" ' (2).
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Proof: Using the definition of generated dual variable Bernstein polynomial,
the Bernstein polynomial can written also

< :L >zi.(1 )
- K ?71 >+ ( ?:11 )] 21— )"

= ( ;o ! ) 21— 2) T < ?:11 ) 21—z
= (1-2). ( ?_ ! ) A=) e ( ?__11 ) 2L (1 = )n i ED
= (1-2)B" ' (2)+2.B;1"" ' (2),

Bi" (2)

where z =z +ey € Dand € #0,,¢2 = 0.
Theorem 2.6. Let z = x +cy €D, € # 0,2 = 0. The first derivation of dual-
variable Bernstein polynomial can be also written as

Dpny = (“1).B (=) 4 (L—2). [Ba™ 7 (2) - B 2 (2)]

dz
+B1'_1n71 (Z) + z. [Bi_2n72 (Z) — Bi_1n72 (Z)] .

Proof: By using the Theorem (2.5), we can obtain a different way of the deriv-
ative of the dual-variable Bernstein polynomial. If we take the first differentiation
of the Equation (2.1), we obtain the following equations

d%Bin ) = diz (1= 2).B" 7 (2) + 281" (2)]
_ d% [(1—2).B," (2)] eriz B ()]
= 10 B @)+ (- 2) BT ()
+%.Bi_1”*1 (2) + Z.%Bi_lnﬂ )
= (=1).B" ' (2)+(1—2) 'd%BiM )
+Bi1" 7 (2) + L e )

dz
Unifying d%Bi" (z) =n.[B;-1" " (2) — B" " (2)] and
4 B," ' (2) =n. [Bi—1"?(z) — B;"? (2)], we calculate the first derivative
—B;" (2) = (=1).B;" ' (2) + (1 —2). [Bi_1" % (2) = B," *(2)]
+B; "t (z) + 2. [Bi,gn_z (2) — B;_ "2 (z)] .
Theorem 2.7. Let z = x +¢cy € D and for e # 0,62 = 0. Then

n—1

Y Bi"(2)=>_ Bi"'(2).
=0

=0
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Proof: Subsituting the Theorem (2.5), we obtain the sum of Bernstein polyno-
mials as following;

Z B;" (Z) = Z 1 — Z Bin_l (Z) + Z.Bifln_l (Z)]

n [

= (1-2)

ZB’I’L 1

=0
= (1-2) D B" () + B, (= ZBH 2)+B-1" (2)
=0
= (1-2). ZBZ-”_l (2) + 2. i Bi" ! (2)
=0 1=0
= Z_: Bin71 (Z) )
=0

here B," * (z) = B_1" (2) = 0.

Corollary 2.1. For the dual-variable Bernstein ploynomials, the following equa-
tions

n n—1 n—2 1
ZBin(Z):ZBin_l() ZBn 2 Z
=0 =0 =0 =0

are satisfied.

2.2. The Dual-variable Bernstein Polynomials with Real and Dual Parts.
Now we will denote the dual-variable Bernstein polinomials with real and dual
parts.

Theorem 2.8. From the properties of the dual numbers we can calculate another
form of the dual-variable Bernstein polinomials as

(2.2) B (2) = Bi" (z) + 5y%Bi" ().
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Proof: By using the Equation to the dual-variable Bernstein polynomials, the
equations

B"(z) = ( ; )z (1-2)""
= (7 )@raia-g-ar
- ( ; ) (2 +i.a'ey) [(1 —2)" — (n—1).(1 —x)"*i*.y.g}
- ( ! ) e =2 e iy (=2 = (=) et (- 2) T
_ < ’ ) 2l (1—2)" ey [i.xifl.u )" i (n—i).(1— z)"—i—l]
= ( ; ) 2 (1—2)" " +ey LZC () (1 —2)" " + xf%u - x)"_l}
— B"(2) +sy.%3ﬁ ()
are found.

Theorem 2.9. If we use alternative method (2.2), the derivative of the Bernstein
polynomial can be obtain following equation

—Bi"(2) = n.[Bi-i" ' (z)—B;""" ()]
+ey [n. (n—1) (Bi—2" % (2) = 2.B;i_1" % (2) + B," 2 ()] .
Proof: From the Equation (2.2);

%Bin (r) = n.(Bia" " (2) = B (2))

d2
—B;"
dx? " ()

n.(n—1) (Bi—2" () —2.Bi_1" () + B," % (x))

Using the above equations, we get the first derivative of the polynomial by the
following equation

d . d _ ., d d .
—B"(2) = %Bl (x) + T [ysdsz (x)]
2

d d
= —B" —B;"
dr ¢ (x)+€ydx2 i (2)

= n. [Bi_ln_l (l‘) — Bin_l (Z‘)]
+5y |:’fl (n — 1) (Bi_2n—2 (a:) — 2.Bi_1n_2 (J?) + Bin_Q (.73))]
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Theorem 2.10. If we use the alternative method, the derivative of the Bernstein
polynomial formed by the Equation (2.2) can be obtain following equation

d ol min(4,1)

O D G A S L

k=max(0,i+1—n)

| min(%,2)
n

(n _2)' Z (_1)k+2 < i )Bikn_z ((E)

k=max(0,i+2—n)

+ey

Proof: The real and dual part of the B;" (z) are

d ! [ min(i,1)

. ! (1 e
I e I T G A S L1

| k=max(0,i+1—-n)

d2 ol min(%,2)

n : 2 2 n—
e 1 G A G L s

| k=max(0,i+2—n)

Then substitution of above equations on the Eq.(2.2) we get

d ol min(z,1)

n . 1 1 n—1
5B (2) = 1) > (- (k )Bz‘—k (z)

k=max(0,i+1—n)

| min(,2)
n

X (R ) et

k=max(0,i+2—n)

+ey

Theorem 2.11. The second order derivative of B;" (z) can be also written as

&2 nl min(z,2)

@Bin (Z) _ (n _2)' Z (_1)k+2 < z ) Bi—k:n_Q (l‘)

k=max(0,i+2—n)

min(z,3)
n'

(n 73)| Z (_1)k+3 ( z )Bi—kn_g (l‘)

k=max(0,i+3—n)

+-ey

Proof: The proof is obvious from Theorem (2.10).

Theorem 2.12. The r*" order derivative of the dual-variable polynomial formed
with B;" (z) = B;" () + ey dB;m(g”) is calculated by the formula

LB (2) = =) >

k=max(0,i+r—n)

() B

dar ol min(z,r)
(

| min(z,r+1)
n

. r+1 r 1 n—(r+1
= aeon |2 OO T e

k=max(0,i+r+1—n)

Proof: From the induction method, the theorem can be obviously proven.
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Theorem 2.13. By taking the Eq.(2.2), written the Bernstein polynomial in a
special form can be written as:

Bi"(z) = (1-2).B" '(z)+zB;_," ' (2)

(-1).B," ' (z)+ (1 —=z). LBi,ln_Q (z) — B" 2 (z)]

+B;i "M (@) + 2. [Bims" % (2) — Bit" P ()]

Proof: If we take B;" () = (1 —z).B;" ' (z) + .B;_1" ' (z) and

d

%Bin ()= (=1).B" *(z)+ (1 —x). [Bi,ln_g (z) — B;" 2 ()]
—&-Bi,ln_l (.’13) Iz [Bi72n—2 (.T) _ Bi,1n_2 (.’17)} ,

then by substitution above equations on the Eq.(2.2), we obtain

dB;" (x)

dx c
= (1-2).B" " (2) +&.B;i1""" (x)

(= )B” 1() +(1—-2). L 2 (x) = Bi" " (v)]
+B;_ z. [Bi—o"~ —31_1"—2 (2)]

+e.9y.

B"(z) = B"(z)+y——"

+ye[

n n—1 n—1 a1
Theorem 2.14. Y. B;" (2) = 3. B" ' (z) +ey. 3 lT(gc)
i=0 i=0 i=0

Proof: For i =1,2,...,n the sum of B;" (2) is

S B (2)
=0

n

t dB;"™
; B;" (z) + Zz:; 6y7dx(x)
; x) + ey ; —a x

. 4y B ()
= Z B;" (z) + syilzodx

n—1
d ( > B (:v))
— Z B n— 1 +5y 1=0
dx

= ZBi”_l +6yz Bn i )
i=0

n n—1
here Y. B;" (z) = 3. B" ! (z).
i=0 i=0

Theorem 2.15. The multiplication of two dual-variable Bernstein polynomials is

Bi" (2) .By™ (2) = W&M"*m ()
(1)

+ eyln. (Bi_lnfl (x) — B;"* (z)) By™ (z) + B;" (). (Bk_lmfl (z) — By™ ! (2))]
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Proof: By using the multiplication properties of the dual-variable functions, we

get

Bi" (2).B,™ (2) = B;" (x) .By™ () + €ydBi" (xc)ikam (2)
— Bipy™" (2) + ey | =B (@) By (@) + Bi" (z) By (x)

+ eyln. (Bi,ln_l (x) — B;"* (z)) By™ (z) + B;" (z). (Bk,lm_l (z) — By™* (2))] .

3. CONCLUSION

In our study, we defined a generalized dual-variable Bernstein polynomials in the

dual space, and calculated many usefull properties of the dual-variable Bernstein
polynomials. In the future, the concept of the dual-variable Bernstein polynomials
will be lead a new kind of the Bezier curves which can be called ”the Bezier curve
with dual-variable Bernstein basis”.
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