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2m-periodic and real valued continuous functions on the real two-dimensional space with
help of the concept of triangular A-statistical convergence, which is a kind of statistical
convergence for double real sequences. Also, we analyze the rate of convergence of double
operators in this via modulus of continuity.

1. Introduction

Fast [1] (independently, Steinhaus [2]) introduced the concept of statistical convergence, which is an advantageous approach. This concept
is studied in various fields and its generalization and properties are investigated. Bardaro et al. [3], introduced the concept of triangular
A-statistical convergence which is a variant of statistical convergence in 2015. This new convergence offers another perspective as it is not
comparable to statistical convergence. In addition, there are other studies in the literature [4-7].

The Korovkin type theorem has an important place in approximation theory as it enables us to check convergence with minimum
calculations [8]. This theorem has been studied by many mathematicians in different spaces and with various types of convergence,
with the aim of obtaining more general results [9-20].

Let C* (]RZ) stands for the space of all 27-periodic and continuous functions on R2.

Our main aim in this study is to present a theorem of Korovkin type on C* (Rz) in the light of the triangular A-statistical convergence given
by Bardaro et al.

Before proceeding we recall some notation on the paper.

A double sequence x = (x,,,,) is said to be convergent in Pringsheim’s sense if, for every € > 0, there exists N = N(¢€) € N, the set of
all natural numbers, such that |x,, , — | < € whenever m,n > N, where 1 is called the Pringsheim limit of x and denoted by P —limx =1
(see [21]). We shall call such an x, as P-convergent. By a bounded double sequence we mean there exists a H > 0 such that |x,, .| < H
for all (m,n) € N> = N x N. It is worthy of note that unlike the single sequences, the double sequence does not have to be bounded.
Let A = (ay s m,) be a four-dimensional summability matrix. For a given double sequence x = (X;,,), the A-transform of x, denoted by
Ax := ((Ax)g;), is given by

(Ax)k,l = Z Akl m,nXmn
(m,n)eN?

provided the double series converges in Pringsheim’s sense for every (k,/) € N2,

If two dimensional matrix transformation of a given x = (x,, ,) sequence preserve (Ax)y ; limit, that is P —1limx = ¢ whenever P —lim(Ax); ; =1
then the matrix A = (a s ,,) is called a regular matrix.

Let’s remember a four dimensional matrix A = (ay ;) is said to be RH-regular if it maps every bounded P-convergent sequence into a
P-convergent sequence with the same P-limit. The well establish characterization of regularity for four-dimensional matrices is known as
Robison-Hamilton conditions or RH-regularity (see, [22,23]) state that a four dimensional matrix A = (ay ; », ) is RH-regular iff
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(i) P— 1]i(r}lak,l,m,n =0 for each (m,n) € N2,

)
(i) P =NmY o pyenz ailmn =
(iily P—lim ¥ |ag;mn| =0 foreachn €N,
k! meN o
(iv) P—1lim ¥ |agmp| =0 foreachm €N,
k’l neN o
)

(v Y |aximpn| is P-convergent for each (k,l) € N2,
(mp)eNz

(vi) there exist finite A, B > 0 such that Y |akﬁl7m‘,,| < A holds for every (k,1) € N2,
m,n>B '

Firstly let A = (ay ;) be a non-negative RH-regular summability matrix, and let K C N2. Then A-density of K is given as below

61% (K) =P —1lim Z akJ?m?,,
kit (m,n)eK

provided that the limit on the right-hand side exists in Pringsheim’s sense. Now recall the definiton of A-statistical convergence by considering
the concept of A-density. A real double sequence x = (x;, ) is said to be A-statistically convergent to a number L if, for every € > 0,

52 ({(m,n) eN?: pn —1] > e}) —0.

At this state, we can show it as szﬁ — limx = 1. Also, while P —limx =1, sti —limx = is true but when stﬁ — limx = 1 is not always
P —limx = 1. Furhermore, the double sequence does not require to be bounded when stﬁ —limx =1 is exist.

It is worth noting that now with the special choices of the A matrix in concept of A-statistical convergence for double sequences, the following
relations are obtained. If one replaces the matrices A the double Cesdro matrix, then A-statistical convergence coincides to the statistical
convergence i.e., st&l’l) —limx = st — limx [24].

2. Triangular Statistical Convergence

Let x = (xn,,) be a double sequence and suppose that x = (x;, ) is neither A-statistical convergent nor convergent in the Pringsheim’s sense.
On the question of whether a different convergence is considered in such a case, Bardaro et al. introduced the notion of triangular A-statistical
convergence in [3]. First, consider the regular matrix for double sequences [3].

The Silverman-Toeplitz conditions, which have an important place in the literature for the regular characterization of the two-dimensional
matrix transformation, are as follows (see, for instance, [25]).

(i) ”AH =sup ¥, |am,n‘ < oo,
m n=1
(&) limay,, =0 foreachn € N,
m
(iit) im Y, amy = 1.
m p=1

Let A = (ap,,) be a nonnegative regular summability matrix, K denotes the set {(m7n) ENZ:n<m } and K, is the m-section of K, i.e., the
set of all n € N such that (m,n) € K, then we define triangular A-density of K by

8T (K) :=lim Z Amn
m nek,

provided that the limit on the right-hand side exists [3].
Also,

(i) 8] (N) =1,
(ii) if K C Lthen 81 (K) <81 (L),
(iii) if K has triangular A-density then 6AT(N2/K) =1-81(K),
triangular A-density has the above properties.

Definition 2.1 ( [3]). Let A = (amn) be a nonnegative regular summability matrix. The number sequence x = (Xp ) is triangular
A-statistically convergent to 1 provided that for every € > 0

hnrqn Z a'n,nzoy
nek,(€)

where Ky (€) ={n€N:n<m, |xu,—1| > €} also written as st} —limx,,, = 1.
; LTy,

The case in which A = C} the Cesaro matrix of order one reduces to the triangular statistical convergence i.e., st} —limx = stgI —limx.
Triangular density 87 (K) is given by

8T(K) = lim - |Kon
m - m
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or equivalently
87 (K) =1im (C1 2k, (n)),, =lim ¥~ ek, ()
n=1

if it exists. The number sequence x = (x,, ) is triangular statistically convergent to i provided that for every € > 0, the set K := K, (€) :=
{neN:n<m, |xn,—1|>e}if 8T (K, (€)) = 0; then we can write st — limx, , = 1.
m

Let stf{ be the set of all triangular A-statistically convergent sequences. As we mentioned before, triangular A-statistical convergence is a
variant of statistical convergence. Here we give examples showing that these two convergences cannot be compared.

Example 2.2. Let A =Cj and

2, m=n=j*
L m=2j,n=2j+1
Xmpn = 3<]2-;1) . . ’ ] eN.
3542 m=2j—1,n=2(j+1)
0, otherwise
x = (xmn) be given as above. For every € > 0,
1 &, m=j*
—|{neN:n<m, |xun—0|>€}| =< J°’ ,jeN
mH - b | =&l { 0, otherwise /

clearly,
1
lim—|{neN:n<m, |xp,—0|>¢e} =0.
So, we obtain stg1 —limx,, , = 0. Nevertheless, x = (xp.5,) is not Pringsheim’s and C (1,1)-statistically convergent.
L :

Example 2.3. Take A =C(1,1) and

-2
mn m-=n=—
xmm:{ mn, J

3 i
— otherwise

,jeN.

12

X = (Xm,n) be given as above. Obviously, s con

—limxy, , = 0 but x is not Pringsheim’s and triangular statistically convergent.
m,n

Example 2.4. Let A =Cj and

) =2, m=n= j2 .
Ymn = { 0, otherwise €N.

X = (Xm,n) be given as above. Similarly, sz‘g1 —limx,, , = 0 and stg(l n limx,, , = 0.
’ m ’ ’ mpn

Example 2.5. Let A =C and

1, m=n=j2
ﬁ, m=2j+1,n=2j—1
Xmn =\ gfme m=2j,n=2(j+1) ,jeN
k, m=j2 n=j*+1
0, otherwise

X = (Xmn) be given as above. So, we can easily see that stg] —limx,, , = 0. Neither x = (Xn5,) is Pringsheim’s and C (1, 1)-statistically
m :

convergent nor bounded.

Remark 2.6. (i) Triangular statistical convergence and statistical convergence are incompatible; i.e., stg ¢ sti and stﬁ ¢ stg.
(ii) A P-convergent double sequence is A-statistically convergent and triangular A-statistically convergent to the same value but the inverse
implications are not true, i.e., stﬁ ¢ ¢ and stg ¢ 2.

3. A Korovkin-Type Approximation Theorem

In this section using the concept of triangular A-statistical convergence for double sequence and test function 1, sins, coss, sint,cost, we
provide a Korovkin type theorem for positive linear operators on the space C* (Rz) .
If a function f on R? has a 27-period, then, for all (s,7) € R?,

f(s,t) = f(s+2km,t) = f(s,¢+2km)

holds for k = 0,£1,+£2, .... This space is equipped with the supremum norm

171

c@) = SP If (.01, (f ec (R2>) :



18 Universal Journal of Mathematics and Applications

Theorem 3.1 ( [26]). Let A = (ay;mn) be a non-negative RH-regular summability matrix and let (L, ) be a double sequence of positive
linear operators acting from C* (R2) into C* (Rz) . Then, for all f € C* (Rz)

st3 —lim Ly (f) = fllee 2y = O
iff the following statements hold:
St% —lim HLmJl (fr) _fr”C*(]RZ) = 0’ r= 07 17273747

where fo(s,t) =1, fi(s,1) = sins, fo(s,t) = sint, f3(s,1) = coss and fa(s,t) = cost.

Theorem 3.2. Let A = (ap;) be a nonnegative regular summability matrix and (Ly, ) be a double sequence of positive linear operators
Sfrom C* (Rz) into C* (]Rz) . Then, for all f € C* (Rz)

StZ —linI1H||Lm.,n (f) _f

C*(Rz) =0 (31)

iff the following statements hold:

stZ — linI;ﬂ L n (fr) — fr ) = 0, foreveryr=20,1,2,3,4 (3.2)
where fo(s,t) =1, fi(s,t) =sins, fo(s,t) = sint, f3(s,t) = coss and fa(s,t) = cost.

Proof. Under the hypotheses, since 1, sins, coss, sint and cost belong to C* (RZ) , the necessity is clear. Suppose that (3.2) hold and let
fec (Rz) and D, F be closed subinterval of length 27t of R. Fix (s,¢) € D x F. As in the proof of Theorem 2.1 in [17], it follows from the
continuity of f that

2M
F )= f(s.0)] < e+ -5 0 ()
s 5

which gives,

[Linn (f55,8) = £ (8,0)] <L (If (,v) = £ (5,6)]58,8) 1 (8:0) [ 1L (fo38) — fo(s,2)]

oM
S Lm7n €+.725(P(M,V);S7l
s 2

< (+My) L (f15) = fols. 1)l + 25{2|Lmn<fo,) fols.1)|

+ My |Lm,n (foss) _fO(s7t)|

+[sinx| [Lonn (f135,8) = f1(s,0) |+ \SIHY\ |Linn (f235,1) = f2(s,1)]
+[cos x| L (f335,1) = f3(s,8)| ++|cost| [Ln (fa35,1) — fa(s,1)|} + €

4
<€+NZ |Lm,n (fr;s) _fr(s7t)|

r=0

where My = || f

C(r2)> @ (u,v) = sin’ 4 sin? YLand N:=¢e+ My + 2 5 Then, taking supremum over (s,7) € R?, we obtain

4
Vo (F) = Fle oy < €48 Y o ()~ Foll gy (3:3)

Now given g > 0, choose € > 0 such that € < 81, and define

Dm::{nEN:nﬁm HLm,n(f)*f

’
C*(Rz) 2 € }7

€

—€
D), = { neN:n<m, ||Lm7n(fr)—fr\|c*(]R2) > SN}’ r=0,1,2,3,4.

It is easy see that from (3.3)

Hence, we may write
4
Z amp < Z Z Amn-

neD,, m=0 neDy,

Now taking the limit m — oo, (3.2) yield the result. O
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Example 3.3. We consider the following the double sequence of Fejer operators on C* (RZ)

T T
1
O (1) = (s s / / F(,v) Fp () Fy (v) dudv (.4)
—nT—T7
Sin2 m(u—s) 1 T .
where Fy, (u) = i and 3 J Fn(u)du=1. Analyze this
sin” 452 “r
m—1
Gm,ﬂ (f0§57l) = fO(svt)v van (fl;SJ) = m fl (S,l‘),
n—1 m—1
c;m.n (f2;57t) = sz(s7t)7 o-m,n (f?,;S,l) = m f3(s7t)7
n—1
O (fa35:) = ——=fa(s.1). (3.5)
Let A = C) and define a double sequence (up,,) by
1, m=n=k>
k
=2k+1,n=2k—1
_ ) 3+ ™M )
Ump = f B B ,keN. (3.6)
GIEE m=2k,n=2(k+1)
0, otherwise
In this case, observe that
sté —limuy, , = 0. (3.7
LMy,

Nevertheless, the sequence (um ) is not statistically convergent. Also using (3.4) and (3.6), we define the following double positive linear
operators on C* (Rz) as follows:

Lm,n (f;SJ):(1+um7n)dm,n(f;syt)~ 3.8)

Then, observe that the double sequence of positive linear operators (L, ) defined by (3.8) satisfy all hypotheses of Theorem 3.2. Therefore,
by (3.5) and (3.7), we have, for all f € C* (R?),

Sl‘g — lirzn ||Lm.n (f) -f

c:(r2) =0-
Since (um ») is not statistically convergent, the Theorem 3.1 does not work for our operators (L, ) defined by (3.8).

Example 3.4. Fejer operators be the same in Example 3.3. Now let A = C (1,1) and define a double sequence (B ) by

— oy — 12
ﬁm,n:{ \/%7 m=n=k ' (39)

1 .
o otherwise.
Obviously
$1(1,1) = imBn.n =0. (3.10)

Combing (3.4) and (3.9), we define the following positive linear operators on C (]RZ) as follows:

Linn(f35,) = (14 Binn) O (f35,1). (3.11)

So, by the Theorem 3.1 and (3.10), we are seeing this

sty —Um [ Ly (f) — f
m,n

Also, since (Bm,n) is not triangular statistical convergent, here we can explain that the Korovkin theorem in triangular statistical sense does
not work for operators defined by (3.11).

4. Rate of Triangular A-Statistical Convergence

Definition 4.1 ( [3]). Let A = (am n) be a nonnegative regular summability matrix and let (04,) be a positive non-increasing sequence. A
double sequence x = (X,) is triangular A-statistically convergent to a number 1 with the rate of o(0y,) if for every € > 0,

limL Z amp =0,

SO
where

Kn(€):={neN:n<m, |[xu,—1|>¢€}.
We may write

Xmp — 1= Sl‘; - O(Qm) as m — oo,
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Definition 4.2 ( [3]). Let A = (amn) and () be the same as in Definition 4.1. Then, a double sequence x = (X ) is triangular
A-statistically bounded with the rate of O(04y,) if for every € > 0,

supL Z amp < 0,

m O n€L, (&)
where
Lu(e):={neN:in<m, |xual>€}.
In this case, we write X, , = stg —O0(04y) as m— oo,

We now use the modulus of continuity @(f;8), expressed as below:
0(738) = sup {If (1) = £ 5:) 5 (1), () € B2 5+ (00 < 5

where f € C* (R?) and § > 0. We will use the fundamental inequality to obtain our main result, for all f € C* (R?) and for 1,8 > 0,
o(F:48) < (1+ (W] 0 (f:8) @)

where [A] is defined to be the greatest integer less than or equal to A.
To obtain our main result we require the following theorem.

Theorem 4.3. Let (L, ) be a double sequence of positive linear operators acting from C* (Rz) into itself and let A = (ap,,) be a nonnegative
regular summability matrix, and let (04,) and (By) be positive non-increasing sequences. Then, for all f € C* (R2) ,

”Lm,n(f) _f

cR) = st —o( Yn), as m — oo, with Yy, := max { G, B} for each m € N
provided that the following conditions hold:

() [1Zmn (f0) —follerm2) = sty —o(04) as m — oo, with fo(u,v) =1,

(@) o (f;6mn) = stZ —0(Bm) asm— o, where 8y := , /||Linn(¥)

Also, analogue results holds when the symbol “0” is replaced by “O”.

‘C*(RZ) with W(u,v) = sin’ St sin’ YL for each (s,t), (u,v) € R2.

Proof. To express it, we first assume that (s,¢) € [~7,7] x [~7, 7] and f € C* (R?) be fixed, and that (i) and (ii) hold. Let § > 0. Also, it
is as in the the proof Theorem 9 in [26]. Using the definition of modulus of continuity and the linearity and the positivity of the operators
L for all (m,n) € N2, we get

Lo (f58:0) = f (8,0)] Lo (|f (wv) = f (5,0)[38,0) + 7 (5,0)| [ Lonn (fo35,8) = Fo(s:1)]

w(g;;a)lzm,n (¥ss,1) + ‘f(SJ)‘ |Lm,n (fo,8,8) = fo (s,1)].

Taking supremum over (s,7) on the both-sides of the above inequality and & := Oy := | /|| Linn ()| c+(r2)» then we get

Sw(f;é)Lm,n (f07371)+772

1L (F) = Flle ey < @ (£38) L (f0) = ol ey + (14 72) @ (£38) + M| L (fo) = foll - ) “2)

where the quantity M := Hf||c*(R2) is a finite number since f € C* (Rz) . Then, given € > 0, define the following sets:

Dy = { neN:n<m, La(f)~ flle- g 28},

€
Drln5: { neN:n<m, w(f§5)”Lm,n(f0)—f0||c*(R2) > g},

€
D% := N:n< S>> o
m {ne n—m7w(f’ )—3(1_"_7[2)}7

3. . €
D= {neNin<m, Ly (fo) = folle-ue, = W}
Then, thanks to (4.2) that D,, C D}, UD2 UD3,. Also, defining

€

D :={n€N:n§m,w(f;3)2 f},

IS+

3

3
Dgl L= { neN:n<m, HLm,n (fO) _f()”C*(RZ) > \/;},

we have D}, C D}, UD},, which yields

5
D, C | D,
r=2
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Therefore, since ¥, := max{ay,, By}, we get the result for all m € N,

1

Z amp < Z amn+ Z ampn + o~ Z amn+ Z Amn- 4.3)
ﬁﬂl ﬁﬂl n

Ym n€Dy, neD?, M neD3, ey ™ neD3

m

Letting m — oo on both sides of (4.3), we get

lim L Y amn=0.

m=> Y neD,,
Thus ends the proof. O

Now, having experienced from Theorem 4.3, we can introduce the ordinary rates of convergence of a sequence of positive linear operators
defined on the space C* (]Rz) . Firstly, we should point out if we choose ¢4, = B, = 1 for all m € N, then Theorem 3.2 is get from Theorem
4.3 at once. So our theorem gives us the rate of triangular A-statistical convergence in Theorem 3.2.

5. An Application to Theorem 4.3

Let A = (am,») be a nonnegative regular summability matrix. Then, we consider the following operators defined by (3.8) on C* (Rz) :
Liyu(f35,t) = (1 +tmn) Omn(f;s,1). 5.1)

Then, we take A = C| := (cpu,n) , the Cesédro matrix. Then, setting (o) = (%) we get, for any € > 0,

L Z Cmn = ﬂ Z —< Zf i ©2)

O [ nlugze™ M VM

Taking the limit as m — oo in (5.2), we get, for any € > 0,

which gives,
T 1
U = Sty —o(ﬁ) as m — oo, (5.3)
Also, observe that

Linn (fo:8:8) = (1 +tmn),

—1
Lm,n(fl;syt):(l"'um,n)m fi (S,t),

Lm,n (f2§syt) :(1 +Mm,n) n%le (S,l‘),
Lm,’l (f3;s7t) :(1 +’4m,n) m771f3 (S7l)>
Lmqn (f4;S,t) :(1 +’4m,n) nn;lf“ (57[)7

where fo(s,1) =1, fi(s,7) =sins, fa(s,t) =sint, f3(s,t) =cossand fy(s,t) = cost. Since || Ly (fo) _fOHC*(]RZ) = U, We obtain from
(5.3)

1L (fo) = follcre) = sth — 0(0m) as m — eo. (5.4
Now, we calculate the quantity Ly, ,(¥;s,), where ¥(u,v) = sin? RS sin? Y51, After some calculations, we have
T dtpn (11
Ly (Wss,t) = ——4+-.
man(3s.1) 2 m * n
So, we get & := y /| L (V)| - (g2) = Hzﬂ (L + 1) In this case, setting (Bn) = (%) we have, for any € > 0,

1 1 2¥m 2
F Z Cklmn = W Z —< i = 473
M1 S| >E 1S 26 m m

which gives that

1
lim— Y crimn=0.

m
M 1| 8| >
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Hence, we obtain §,,,, = sz‘gl - o(i) as m — co. By the uniform continuity of f on RZ, we can write as follows:

Y
1
O (f:8mn) = stf, —o(%) as m — oo. (5.5)
Then, the sequence of positive linear operators (L, ,) satisfy all hypotheses of Theorem 4.3 from (5.4) and (5.5). So, we have, for all
fect (R?),

||Lm.n (f) 7f‘

T 1
C*(Rz) :Stcl *0(%) as m — oo,
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