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Abstract

In this paper, three natural fuzzifying topologies are presented on the fuzzy real line.
Then the notion of fuzzifying pseudo-quasi-metrics is introduced. It is proved that the
three fuzzifying topologies can be induced respectively by three fuzzifying pseudo-quasi-
metrics. Our definition of fuzzifying pseudo-metric is slightly different from that of KM-
fuzzy metric. A fuzzifying pseudo-metrics can be regarded as a weak form of a KM fuzzy
metric.
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1. Introduction

The fuzzy unit interval was first presented by Hutton [7] and the L-fuzzy real line
was introduced by Hohle [5] and Gantner et al.[2]. Then Goetschel and Voxman [3]
presented the other definition of fuzzy numbers. A GV-fuzzy number can be decomposed
into two Hutton’s fuzzy numbers. In fact, a Hutton’s fuzzy number can be regarded as the
complement of a distribution function. However Hutton’s fuzzy numbers and GV-fuzzy
numbers are very important in the theory of fuzzy sets. They are important not only in
L-topology, but also in other fuzzy mathematical fields.

To reflect the characteristics of pointwise L-topology, i.e., the relation between a fuzzy
point and its Q-neighborhoods (or R-neighborhoods) [9], a theory of pointwise uniformities
and a theory of pointwise metrics were introduced on completely distributive lattices and in
L-fuzzy set theory(see [11,12]). Many ideal results in general topology were generalized to
L-topology [14,15]. It was proved that the L-fuzzy real line is pointwise pseudo-metrizable
and the pointwise pseudo-metric function on the L-fuzzy real line was given [13]. Moreover
a natural L-topology is constructed on the set of L-fuzzy numbers in the sense of [3, 6]
and it can be induced by a pointwise pseudo-metric [19].

A probabilistic metric space (or a statistical metric space) is classically defined relative
to a so-called t-norm [10]. In fact, it is also called a fuzzy metric space in the sense of
[8]. In [8], I. Kramosil and J. Michalek presented a definition of fuzzy metric. M. Grabiec
revised it as follows:
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Definition 1.1 ([4,8]). A KM fuzzy metric is a fuzzy set F : X2 x [0,00) — [0, 1] satisfies
the following conditions: Vz,y,2z € X and Vs,t > 0,

(1) F(H?,y,O) =0;

(2) F(x,y,t) =1 if and only if x = y;

(3) F(z,y,s)* F(y,z,t) < F(x,z,s +1);

(4) F(z,y,-):[0,00) — [0, 1] is left continuous;
(5) (.1‘ Y, )_ (y,x t)

(6) lim¢yoo F(z,y,t) = 1.

When % = min and L = 2, a KM fuzzy metric can be regarded as an (L, M)-fuzzy
metric [16].

As we know, a KM fuzzy metric can induce a fuzzifying topology [16]. Now we naturally
have to ask the following question:

Whether there is a topology on the set of all distribution functions such that the topology
can be induced by a probabilistic metric, or analogously whether there is a (fuzzy) topology
on the fuzzy real line such that the (fuzzy) topology can be induced by a KM-fuzzy metric?

In fact, there have been some researches about metrics and topologies on the fuzzy
real line [1,21]. In [1], the author only considers the crisp metric and does not consider
topology. In addition, Zhang only considers crisp topology but does not consider metric.

In this paper, we shall discuss the above problem. First, three natural fuzzifying topolo-
gies are presented on the fuzzy real line. Then the notion of fuzzifying pseudo-quasi-metrics
is introduced. It is proved that the three fuzzifying topologies can be induced respectively
by three fuzzifying pseudo-quasi-metrics. It is worth noting that our definition of fuzzify-
ing pseudo-metric is slightly different from that of KM-fuzzy metric.

2. Preliminaries

Throughout this paper, M always denotes a completely distributive lattice with an
order-reversing involution “ ’ 7. The smallest element and the largest element in M are
denoted by 0 and 1 respectively. We say that a is wedge-below b, denoted by a < b, if for
every subset D C M, the relation b < \/ D always implies the existence of a d € D with
a < d. A complete lattice M is completely distributive if and only if b = \/{a € M | a < b}
for each b € M [9].

Definition 2.1 ([2,5,7]). An M-fuzzy real number is an equivalence class [A] of antitone
maps A : R — M satisfying

=V A{t)=1 and M+4o0) = A A(t)
teR teR

where the equivalence identifies two such maps A, p if and only if V¢ > 0, A(t—) = p(t—).

The set of all M-fuzzy real numbers is denoted by R(M).
We shall not distinguish an M-fuzzy real number [A] from its representative function A
being left continuous.

Definition 2.2 ([20]). A map T: 2% — M is called an M-fuzzifying topology if it satisfies
the following conditions:

(FYT1) T(X)=T(0) = 1;
(FYT2) VA, B € 2%, T(ANn B) > T(A) AT(B);

(FYT3) V{A; i€ A} C 2X,T<U A) = A T4
[ISVAN [ISYAN



Fuzzifying p.q. metric topologies on the fuzzy real line 459

3. M-fuzzifying topologies on the M-fuzzy real line

In this section, we shall present three M-fuzzifying topologies on R(M). They are
natural extensions of three topologies on R.

Theorem 3.1. Let R(M) be the set of M-fuzzy real numbers. Define three mappings
R, L, T : 2RM) 5 M such that for all A C R(M),

(1) R(A) = AV [Als+H) A /\ p(s+) |

A€A seR

(2) L(A) = AV (A=A A plr=) )
AEATER ngA

B)T(A) = AV (A(8+)/\>\(r )" A /\ (n(s+)"V p(r )))-
AEA T,sER

Then R, L and T are M -fuzzifying topologzes on R(M).

Proof. We only prove that T is an M-fuzzifying topology on R(M). The other proofs
are analogous. It is obvious that T(0) = T(R(M)) = 1. Now we prove that for all
A, B € 2R(M)

T(AN B) > T(A) A T(B).

Suppose that a € M and a < T(A) AT(B). Then a < T(A) and a < T(B). Further we
have that

a<TA)= A\ V ( sH) AXr=)' A\ (u(s+)’vu(r))>

AEA s,reR BEA
and
a<TB)= N\ \ [Mst)AAr=)A N (u(s+) V=) |.
AeB s,reR négB
Hence for all A € A, there exists s, € R such that
a < AsH) A=) A A (uls+)' V u(r=))
pEA
and for all A € B, there exists u,v € R such that
a < AwH) AMu=) A A (o) V p(u=)).
n¢B
This implies for all A € AN B and for all u ¢ AN B, it follows
@ < AGs) AW A=) A=Y AN () V plr—))
HEA

a < As+) AAvE) A=) AAu=) A N\ (p(v+) V plu-)).
pgB
Thus we have
a < AF) AN A=) ANu=)' A N (u(s)V p(r=) V p(ot) v p(u-))
ngANB

< A(sVu)+) AXN(r Au)— /\ (s Vo)+) v u((r Au)-=).
ugANB
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This shows
T(ANB)
= A V (A((S Vo)) AM(r Aw)=) A A p((sVo)+) Vou((r A U)—)>
AEANB r,s,u,veER ug€ANB
> a.

Therefore we have T(AN B) > T(A) A T(B).
Next we prove that for any family of sets {A4; | i € Q} C 2R(M),

T (U Ai) > A\ T(A
1€€) 1€Q)

Suppose that a € M and a < A T(A;). Then for all ¢ € Q, it follows that

1€Q
a<T(A /\ \/ ( sH)AXNr=)' A /\ (u(s+) v u(r))) .
A€A; s,reR nEA;

This implies that for all ¢ €  and for all A\ € A;,

a=<\/ ()\(s—l—) ANr=)'N N (u(s+) \/u(r—))) :

s,reR HEA;

Hence for all \ € 'U A;, there exists k € Q and rg, s € R such that when \ € Ay, for all
wéE Ag, it followsZEQ
a < A(spt) AA(rE=)" A (u(se+)" V u(re—)) -
In particular, for all p ¢ zgg A;, we have
a < A(sp+) AX(rE=)" A (u(sk+)" V u(re=)) -
This implies

a <AspH) A=) A A (plset) Vo p(re—))
pg \J Ai

1€Q

< V [ Aot)AAu=) A N (p(vt) Vv p(u—))
u,vER ,ué.U A;

Therefore we can obtain

a < AV AR AMuY A A (o) V aus)) =?r<,u A)
/\e‘U A; u,vER u§Z_U A; i€Q

It is proved that T| J A; ] > A T(4;) is true. We complete the proof that T is an
=9) =)
M-fuzzifying topology on R(M). O

Example 3.2. For a real number 4 € R, define p € R(M) such that

1, t<u
”(t):{() t>Z.



Fuzzifying p.q. metric topologies on the fuzzy real line 461

Then p is an M-fuzzy number. In this case, Vs, € R with s < ¢, we have

L((=o0,t)) = AV (A(u—)//\ /\u(u—)>

R((s,+2)) = AV (A(Wr)/\ A (U+)’>
n<s

AE(s,400) ueR

AE(s,+00) u<s

> A (/\(SJF)A A M(8+)’> =1

T((s,t) = AV (/\(er)A/\(u—)’A A (M(v+)’/\u(u—))>

AE(s,t) u,vER pé(s,t)
> A (/\(S+) AAE=)A A (ps+) A M(t—))> =1
Ae(s,t) B (s,t)

Let R = {u | v € R}. Then R (or R) can be regarded as a subset of R(M). The
restrictions of £ and R to R can be regarded as {(—o0,t) | t € R} and {(s,+00) | s € R}.
The restriction of T to R can be regarded as the usual topology on R.

4. Fuzzifying pseudo-quasi-metrics on the [0, 1|-fuzzy real line

In this section, we take M = I = [0, 1] and present the definition of [0, 1]-fuzzifying
pseudo-quasi-metrics (fuzzifying pseudo-quasi-metrics for short). Moreover we also present
the expression forms of fuzzifying pseudo-quasi-metrics on the [0, 1]-fuzzy real line (fuzzy
real line for short).

Lemma 4.1. Let R(I) be the fuzzifying real line. Define two maps e,o : (0,1] xR(I) — R
such that for all a € (0,1] and for all x € R(I),

e(a,z) =sup{t|a<z(t—)}, o(a,z)=inf{t|a<z(t+)}.
Then we have the following results.

(1) e(a,z) = max{t | a < z(t—)}, o(a,z) =min{t|a < z(t+)'}.
(2) For all a € (0,1] and for all x € R(I),

e(a,z) = /\ e(b,z), o(a,x)=\ o(b,z).

b<a b<a
(3) For all a,b € (0,1] and for all z,y € R(I),
e(b,y) < \/ e(e,z) +r if and only if o(a,z) > /\ ole,y) —r.
c>al e>b!
Proof. (1) is obvious. It is easy to see that
6(0,, .’IJ) < /\ E(b,l‘), U(aa .’IJ) > \/ J(ba JJ)
b<a b<a
Thus in order to prove (2) we need only to prove that
e(a,x) > /\ e(b,x), o(a,x) <V o(b,z).
b<a b<a

Suppose that e(a,xz) < A e(b,x). Then there exists s € R such that
b<a

g(a,z) =max{t|a < z(t)} <s< /\ e(b,x).
b<a
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This implies that a € z(s). Further there exists ¢ < a such that ¢ € z(s). Thus we

have that £(c,z) < s. By s < A e(b,x) we obtain a contradiction. Therefore e(a,z) >
b<a
A e(b,z). Similarly we can prove the other inequalities. (2) is shown.
b<a
In order to prove (3), for all a,b € (0,1] and for all z,y € R(I), suppose

e(b,y) < \/ e(c,x) + .
c>a’
Then there exists ¢ > a’ such that £(b,y) < (c,z) + r. Then there is ¢ > 0 such that
e(b,y) < e(e,z) +r —t. This implies that
b£ylele,x)+r—t) or yle(c,z)+r—t) £V
So there exists e < y(e(c,xz) +r —t)’ such that e £ ¥’ (i.e., e > V'). We can obtain
ole,y) <e(c,z)+r—t or ole,y) —r+t<celcx)
since y(e(c,z) +r —t) < yle(e,z) +r —t+)". By ¢ < z(e(e, z)) again we know that
a>c >z(e(c,z)) > x(ole,y) —r+t) >x(o(e,y) —r+).

Therefore o(a,z) > o(e,y) — r. Further we have that o(a,z) > A o(e,y) —r.
e>b’
The inverse of the above proof is obvious. O

Now we present a new kind of fuzzy metric.

Definition 4.2. A fuzzifying pseudo-quasi-metric on a set X is a fuzzy set D : X? x
[0,00) — [0,1] which satisfies the following (FM1)—(FM5): Vz,y,z € X and Vr,s €
(0, +00),

1.
0.5;
) =0;

FM4) D(z,y)(r) = A D(z,y)(s), i.e., D(z,y) : [0,00) — [0, 1] is left continuous;
s<r

FM5) D(z,z)(s+ 1) < D(x,y)(s) + D(y, z)(r).

A fuzzifying pseudo-quasi-metric D is said to be a fuzzifying pseudo-metric if it
satisfies the following (FMG6):

(FM6) D(z,y)(r) = D(y,z)(r).

Remark 4.3. Suppose that F'is a KM fuzzy metric on X and * is a Lukasiewicz T-norm.
Let D(z,y)(r) = F(z,y,r). Then D is a fuzzifying pseudo-metric. But it is easy to check
that the inverse is not true.

Theorem 4.4. Let R(I) be the fuzzy real line. For all z,y € R(I) and for all r € R,
define

Di(z,y)(r) =V<sa€ (0,1] | max<e(a,y) — V s(c,x),O}Zr},

c>a’

c>a’

D(z,y)(r) = Di(x,y)(r) V D2z, y)(r).

Dy(y,z)(r) =V<a€ (0,1] | maxs A o(c,y) — o(a,x),O} > r},

Then
(1) ¥b € (0,1], b < Dy(z,y)(r) = max {a(b,y) -V ele, x),O} > 7.

c>b

(2) Vb€ (0,1], b < Da(y,z)(r) = max{ é\b/a(c,y) — U(b,x),()} >r.
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(3) D1, Do are fuzzifying pseudo-quasi-metrics.
(4) D is a fuzzifying pseudo-metric.

Proof. (1) Suppose b € (0,1] and b < Di(x,y)(r). By the definition of D;(x,y)(r) we
know that there exists a € (0, 1] such that b < a and

max {E(a,y) - \/ a(c,x),O} >

c>a’l

Hence by Lemma 4.1 we have

max {E(b,y) - \/ 6(0,.7}),0} > max {E(a,y) - \/ e(e, x),O}

c>b c>b

> max {6(a,y) — \/ 5(0,:1:),0} >

c>a’

(2) Suppose b € (0,1] and b < Da(y,z)(r). By the definition of Ds(y,z)(r) we know
that there exists a € (0, 1] such that b < a and

max{ /\ o(c,y) —J(a,x),O} >

c>a’

Hence we have

max{ /\ o(e,y) — O'(b,.CE),O} > max{ /\ o(c,y) —o(b, m),()}
c>b

c>a’

v

max{ /\ olc,y) — a(a,m),O} >r.

c>a’

(3) (i) We first prove that D; is a fuzzifying pseudo-quasi-metric.
(FM1) Obviously for all z,y, we have D;(z,y)(0) = 1.
(FM2) For all a € (0.5,1], it holds a > a’. Thus Vx € R(I) and for all r € (0, +0c0), by

max {s(a,x) -V e(e, ), O} =0, we know
c>a’

max {e(a,a:) = \/ 5(c,x),0} > r} <0.5.

c>a’

Dy(z,x)(r) = \/ {a € (0,1]

(FM3) It is obvious that A Di(z,y)(r) =0.
r>0

(FM4) Obviously Dj(z,y) is an antitone map from R — [0,1]. Now we prove that
Di(z,y) is left continuous, i.e.,

Dy (z,y)(r /\Dlxy ), Vrel0,4o00).
s<r

Obviously Vr € [0, 4+00), it follows

Di(z,y)(r) < /\ Di(z,y)(s).
s<r
We need only to prove that
Di(z,y)(r) > A Di(z,y)(s).

s<r
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Let b < A Di(z,y)(s). Then Vs < r, we have
s<r

b < Di(z,y)(s), ie., max {e(b, y) — \/ 5(0,3:),0} > s.

c>b!

Hence max<e(b,y) — V s(c,x),()} > sup{s | s < r} = r. This implies that b <
c>b
Dy (x,y)(r). Therefore

Di(z,y)(r) > N\ Di(z,y)(s).

s<r

As a result, Di(x,y) is a fuzzy number.

(FM5) Now we prove Di(z,2)(r +s) < Di(x,y)(r) + D1(y, 2)(s), Vz,y € R(I),Vr,s €
[0, +00).

If r = 0 or s = 0, then the above inequality is obvious. If Dy (z,y)(r)+ D1(y,2)(s) > 1,
then the above inequality is also obvious.

Now we let r,s € (0,400) and suppose Di(x,y)(r) + D1(y, 2)(s) < 1. Take b,b1,bs €
(0,1] such that 1 > b = by + be, by > Di(z,y)(r) and be > Di(y,z)(s). Then by (1) we
know that

max { (5(b1,y) - \/ s(c,:):)) ,O} <r and max { (s(bg,z) - \/ e(c, y)) ,0} < s.
c>by e>b)

This implies that

max | £(b, z) e(e,x),0

c>b’

< max {5 (b, 2) e(c, :U),O}
c>b’

< max {5 ba, z) E(C,:B),O}
c>by

< {( b2; (Cv y)) + (\/ E(Ca y) - \/ 5(671.)) 70}

c>b’ c>bl, c>b)

< max {e by, 2) e(e, y),()} + max {E(bé,y) - \/ e(c,x),O}

c>b’ c>b)

< max {5(b2,z) - \/ E(c,y),O} + max { (5(b1,y) - \/ s(c,m)) ,O}
c>bl, c>b)

< r+s.

Thus we have b > Di(x, z)(r + s), (FM5) is proved.
So D; is a fuzzifying pseudo-quasi-metric.
(ii) Now we prove that Ds is a fuzzifying pseudo-quasi-metric.
(FM1) Obviously for all z,y, it holds Dy(y,x)(0) = 1.
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(FM2) For all a € (0.5,1], it holds a > a’. Thus Vx € R(I) and for all r € (0, +0c0), by
max{ N\ o(e,x) — a(a,x),()} =0, we know

c>a’

Dy(z,z)(r) = \/ {a € (0,1]

Inax{ /\ o(c,x) —O’((L,ZL‘),O} > 7‘} <0.5.

(FM3) A Daz(y,x)(r) =0 is obvious.
r>0

(FM4) It is clear that Ds(y,x) is an antitone map from [0, +o00) — [0, 1]. Now we prove
that Dy(y, ) is left continuous, i.e.,

Dsy(y,z)(r) = /\ Dy(y,x)(s), Vr e [0,+00).

s<r

It is obvious that Vr € [0, 4+00),

Da(y,z)(r) < A\ Da(y,z)(s).

s<r

We need only to prove that

Da(y,z)(r) = \ Da(y,z)(s).

s<r

Let b < A Da2(y,z)(s). Then Vs < r, we have
s<r

b < Dy(y,x)(s), ie., max{ /\ o(e,y) — o(b, x),O} > s.

c>b

Hence max{ A o(e,y) —o(b, ac),O} > sup{s | s < r} = r. This implies that b <
c>Y
Dy (y,x)(r). Therefore

Da(y,z)(r) = N\ Daly,z)(s).

s<t

As a result, Ds(y,x) is a fuzzy number.

(FM5) Now we prove Da(y,z)(r +s) < Da(y, z)(r) + Da(z,z)(s), Vz,y € R(I),Vr,s €
[0, +00).

If r = 0 or s = 0, then the above inequality is obvious. If Da(y, 2)(r) + Da(z,x)(s) > 1,
then the above inequality is also obvious.

Now we let r,s € (0,400) and suppose Da(y, 2)(r) + Da(z,z)(s) < 1. Take b,b1,bs €
(0,1] such that 1 > b = by + be, by > Da(y, 2)(r) and by > Da(z,x)(s). Then by (2) we
know that

max{ /\ o(e,y) —O’(bl,Z),O} <r and max{ /\ o(c, z) —O'(bg,:L‘),O} < s.

e>b] c>bl,
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This implies that

IN
=
&
"

IA
=
&
"

IN
=
IS
"

IN
B
I
»

IN
=
15
»

o(c,y) — o(b1,2),0 ¢ + max {o(by, 2) — o(be,x),0}

< max{ o(e,y) — O‘(bl,Z),O} —l—max{ /\ o(c,z) — 0(b2,$),0}
c>bl

c>bl
< r+s.

Thus we have b > Da(y, x)(r + s), (FM5) is proved.

So D5 is a fuzzifying pseudo-quasi-metric.

(4) From the above (3) we can easily check that D is a fuzzifying pseudo-quasi-metric.
In order to prove that D is a fuzzifying pseudo-metric, we need only to check D(z,y)(r) =
D(y,z)(r) for all x,y € R(I) and r € (0, +00).

Suppose a > D(z,y)(r) = Di(z,y)(r) V Da(z,y)(r). Then a > Di(z,y)(r) and a >
Dy (z,y)(r). Thus we have

max{s(a,y) - \/ 5(0,1‘),0} <r and max{ /\ o(c,x) —a(a,y),()} <.

c>a’ c>a’

From Lemma 4.1(3) we obtain

max{ /\ o(c,y) —a(a,x),O} <r and max{s(a x) \/ e(e,y) ,O}
(r)-
)-

c>a’

By (1) and (2) this implies a > Di(y,z)(r) V Da(y,z)(r) = D(y,z)(r). This shows
D(z,y)(r) > D(y,x)(r). Analogously we can prove D(z,y)(r) < D( (7“

The proof is completed. U

Remark 4.5. In Theorem 4.4, D(z,z)(r) < 0.5 can not be replaced by D(z,z)(r) = 0.
In fact, we take x € R(I) which is defined as

\/

1, »<3
z(r)=14 05, 3<r<7,
0, 7<r.
Then we can check the following results. £(0.5,x) = 7,0(0.5,2) = 3. When ¢ > 0.5, we can
check e(c,x) = 3,0(c,x) = 7. Thus it follows D;(x,x)(4) = Da(z,z)(4) = D(x,z)(4) =
0.5 #0.
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5. The fuzzifying topologies induced by the fuzzifying pseudo-quasi-metrics

In this section, we can check that when M = I = [0, 1], three fuzzifying topologies £,R
and T in Theorem 3.1 can be respectively induced by three fuzzifying pseudo-quasi-metrics
Dl, D2 and D.

Theorem 5.1. Let Dy, Do be respectively the above fuzzifying pseudo-quasi-metrics on
R(I) and let D be the above fuzzifying pseudo-metric on R(I). Then YA C R(I),

(1) L(A) = A V A Di(z,y)(s);
zEA s>0 ygA

(2) R(A) = AV A Da(z,y)(s);
€A s>0y¢A

(3) T(A) = A V. A D(z,y)(s).
2€A s>0 y¢ A

Proof. (1) In order to prove VA C R([),
L) = A\ V A Dilz,y)(s),

z€As>0ygA

we need to prove

AV (:v(r—)’A A y(r—)) = AV A Di(z,y)(s).

zeAreR ygA z€A s>0ygA

Supposea < L(A)= A V [(z(r—=) A A y(r—) | . Then for all z € A, there exists r € R
ze€AreR ygA

such that
a<z(r=) = \/ 2(s) and a < y(r—),vVy & A.

s<r
This implies that there exists ¢t < r such that x(t) = z(t—) < @’ and
e(a,y) =sup{t e R |a < y(t—)} >r, Yy & A.

From z(t—) < a’ we know that Ve > d/, it follows e(¢, x) < t < r which implies V (¢, z) <
c>a’
t<r. Let s=r— \ e(c,x) >0. Then

c>a’

e(a,y) — \/ ele,z) >r— \/ e(c,z) =s>0.

c>a’ c>a’

{s(a,y) - \/ s(c,x),O} > s} > a.

Hence we obtaina < A\ A Di(x,y)(s). Therefore it follows

This shows

Dy (z,y)(s) = \/ {a € (0,1]

r€A s>0ygA
LA)=AV {w(T—)'A A y(?‘—)} < AV A Di(z,9)(s).
zEATER ygA 2€A >0 ygA
Conversely suppose a < A\ A Di(z,y)(s). Then for all x € A, there exists s € R

r€As>0ygA
with s > 0 such that a < D;(x,y)(s) holds for all y ¢ A. This implies

e(a,y) — \/ e(e, x) :\/{tG]R la <y(t—)} — \/ \/{tER |e<z(t—)} > s.

c>a’ e>al
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Thus we have e(a,y) > V e(c,x) +s. Let r = V e(c,z) + % Then for all ¢ > d/, it
c>a’ c>a’

holds the inequality (¢, z) < 7 < £(a,y). This implies that for all y ¢ A, ¢ > z(r—) and
a < y(r—). Hence we obtain

a<xz(r-) and a<y(r-),Vy ¢ A.
Therefore it holds

a < \/ {a:(r—)'/\ /\ y(r—) |re R} .

ygA
Further it follows

a< AV (x(r—)’/\ A y(r—)) = L(A).

ygA
This shows

LAay= AV (96(7“—)’A A y(r—)) > AV A Dilz,y)(s).

r€EATER yg€A r€As>0ygA

Thus we complete the proof of the following formula

L) =AYV (%‘(T—)'A A y(r—)) = AV A Di(z,y)(s).

re€ATrER ygA z€As>0ygA
(2) In order to prove VA C R(I),
R(A) = N\ N Da(z.y)(s),
z€A s>0ygA

we need to prove

/\ \/ (m(H—)/\ /\ y(H—)') = /\ \/ /\ Do(z,9)(s).

z€AreR ygA z€As>0ygA

Suppose

a<RA)=A\V (w(r—i—) A y(r—i—)’) :

z€ATER ygA
Then for all € A, there exists » € R such that
a<z(r+)=\/z(t+) and a<y(r+),Vy & A.
t>r

This implies there exists ¢ > r such that a < z(t+) and
o(a,y) =inf{t e R|a <y(t+)} <.
From a < z(t+) we know that for all ¢ > o/, it holds ¢ > z(¢+)’, which implies A o(c,z) >

c>a’
t>r. Let s= A o(c,x) —r >0. Then

c>a’

/\ o(e,z) —o(a,y) > /\ o(c,z) —r=s>0.

c>a’ c>al

This shows

Da(z,y)(s) = \/ {a € (0,1]

max{ /\ o(e, ) —U(a,y),O} > s} > a.

c>al
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Hence we obtain a < A\ A Da(x,y)(s). Therefore it follows

z€A s>0ygA
R(A) = N\ V {z)A Ay < AV A Dala,n)(s).
€A TrER y€A €A s>0ygA
Conversely suppose a < A \/ A Da(x,y)(s). Then for all x € A, there exists s € R
r€A s>0ygA

with s > 0 such that a < Da(x,y)(s) holds for all y & A. This implies
/\ o(e,x) —o(a,y) = /\ /\{t ER|c<a(t+)} — /\{t ER|a<yt+)}>s.

c>a’ c>a’

Thus we have A o(c,z) —s > o(a,y). Let r = A o(c,x) — % Then

c>a’ c>a’

/\ o(e,z) >r>o(a,y).

c>a’
This implies that for all ¢ > d/, it follows ¢ > z(r+)" and a < y(r+)’, that is,

a<x(r+) and a <y(r+),Vy & A.
Therefore it holds
a< \/ [ztr+)A N\ yir+) |-
reR ygA

Further it follows

a< AV (:c(t+)/\ A y(t+)’> = R(A).

z€ATER ygA
This shows

RA) = AV (af(H)A A y(t+)’) > AV A Dala,y)(s).

z€EATrER ygA TEA s>0 ygA

Thus we complete the proof of the following formula

RA) = AV (aﬁ(H)A A y(t+)’) = AV A Da(z.y)(s).

€A TER yZA r€A s>0ygZA

(3) The proof can be obtained from the results of (1) and (2). O

6. Conclusions

A statistical metric space can be regarded as a KM fuzzy metric space and the set of all
distribution function can be regarded as a special M-fuzzy real line. In this paper we first
presented three fuzzifying topologies on the M-fuzzy real line. Then we constructed three
fuzzifying pseudo-quasi-metrics on the fuzzy real line. Finally, we proved that the three
fuzzifying topologies can exactly be induced by the three fuzzifying pseudo-quasi-metrics.
A fuzzifying pseudo-metric can be regarded as a weak form of a KM fuzzy metric.

In future work, we will consider the fuzzifying convex structure (see [17,18]), the fuzzi-
fying convergence, the fuzzifying completeness, and others on the M-fuzzy real line.
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