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Abstract

In this paper, we study a new nonlinear differential problem with nonlocal integral conditions and conver-
gent series. The problem involves three fractional order operators: Riemann-Liouville integral, Caputo and
Riemann-Liouville derivatives. The introduced Caputo derivatives in the problem have neither the commu-
tativity property nor the semi-group one. The considered problem can be seen as a more general case for
the problem considered in the recent paper: [Existence and Mittag-Leffler-Ulam-Stability Results for Duffing
Type Problem Involving Sequential Fractional Derivatives| that is published in the International Journal
of Applied and Computational Mathematics, (2022). We begin by proving a first auxiliary integral result.
Then, we demonstrate an existence and uniqueness result by applying Banach contraction principle. Also, we
establish a new existence result using Leray-Schauder fixed point theorem. We end our paper by presenting
some illustrative examples.
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1. Introduction

Fractional differential equations theory is attracting more popularity and increasing importance, due to
its numerous applications in various areas, such as optics, medicine, statistical physics, electrochemistry,
automatics, and control theory, see |5, 6 [7, O, 4] 5], 17, 20l 22]. To be more specific, many models are
discussed; among them: glycolysis [I1], viscous nanofluid holding [12| 24] 25], The dynamics of vector—host
infectious diseases|[13], the magnetohydrodynamic [33], The second grade fluid flow for generalized thermal
and molecular diffusion by applying the constant proportional Caputo fractional derivative [10]. Moreover,
the nonlinear case is one of the most important mathematical tools used to model real-world problems in
many domains of science. The reader is invited to consult the paper |1l 4 [8 23, 26l 27, B1] 32]. In particular,
one of these nonlinear equations called the Duffing equation that has become very important in engineering
sciences, see [3, [34]. In this context, many authors have been interested in studying the question of the
existence and uniqueness of solutions for certain types of such equations. We refer the interested reader to
[2, 16l 29] for more details.

In [2], the authors were concerned with the following sequential Duffing problem:

D (D* P + AD) x(t) + k1 fi (t, 2(t), D*x(t)) + kafo (t, 2(t), JP2(t)) = h(t),

(1) =0, D@ BApe-By1)=A*cR, 2(T)=0,
0<f<a<l 0<a+p<l, 0<p, tel,

where D®, D?>=#  are the Caputo-Hadamard fractional derivatives, J? is the Hadamard fractional integral I =
[1,T], k1, ko are real constants, and the functions fi, fo and h are continuous. The authors have investigated
the existence, uniqueness and stability of solutions for a new sequential Van der Pol-Duffing (VAPD) jerk
fractional differential oscillator with Caputo-Hadamard derivatives. Their arguments are based on Banach
contraction principle and Krasnoselskii fixed point theorem. They have also studied Ulam-Hyers stabilities
for their proposed problem.

Also in [18], Y. Gouari et al. have studied the following three sequential fractional problem of Duffing
type:
D*(DP(Dy(1)) + f(t,y(t), DPy(t)) + gt y(1). 1%(1)) + h(t,y(t)) = U(1),

y(0) = €R,
n
y(1) = [ wyls)ds, 0<n <1,
0
Iey(0) = Doy(1), 0 < u < 1,
0<C¥,5,(5,p§1, q>07 teJ?

where J := [0,1], D®, D" , D% DP are derivatives of Caputo , I¢ denotes the Riemann-Liouville fractional
integral of order ¢, and f,g : J x R? — R are two given functions, also h : J x R — R is a given function
and [ is a function which is defined on J. The authors have proved the existence and uniqueness of solutions
by application of Banach contraction principle, then, by means of Schaefer fixed point theorem, they have
studied the existence of at least one solution for the problem.

In [19], by the applications of singular differential equations in fluid dynamics, the authors have considered
the following problem:
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Du(t) + Mf(u(t),u” (t)) = dg(t, u(t), DVu(t Z Vi ®;( Lu(t)),t € (0,1],

1 " g
u (0)+u (1) :m/ u(s)ds, 0<¢ <1,
[
0
w (0) 4+ u' (1) = /{2/ u(s)ds, 0<6<1,

9
u(O)—i—u(l):/ﬁg/ u(s)ds, 0<n<l1,
0
2<a<3, 0<y<l1, Ki,Ko, k3, N0, €ER,

where we note that J := [0, 1], the functions f, h; and ®; will be specified later, g is singular at t =0, &, 6,7
are constants, the operators D% and D7 are the derivatives in the sense of Caputo.

Very recently, M. Houas et al. [2I] have studied the existence, uniqueness and Mittag-Leffler-Ulam-
stability of solutions for sequential Caputo-Riemann-Liouville fractional Duffing problem, given by

cD"[eD¥[reD%(s)]] = m(s) — Ap(s,v(s),rL D"v(s)) — q(s,v(s),re I7v(s)),

v(0) =0,
cD¥[reD%0(1)]] =0,
| reD%(1)] — gL D (B)] =0,

with s € Q:=1[0,1], n,w,0,8 € (0,1), u<6,v,a>0,4>0,

and ¢ DV, 9 € {n,w},rr D? denote the Caputo and Riemann-Liouville fractional derivatives, rrI¢,< € {7, a}
is the Riemann-Liouville fractional integral of order ¢, p,q: Q x R?> — R and m :  — R are given contin-
uous functions. A uniqueness result for solutions of the underlying Duffing problem has been presented by
the authors with the aid of Banach fixed point theorem, while the existence result has been derived from
Leray-Schauder alternative. Also the Mittag-LefHler-Ulam stability has been obtained by using generalized
singular Gronwall inequality.

The present paper deals with the existence and uniqueness of solutions to the following sequential frac-
tional problem:

cDY e D¥[cD*..[c D““ [RLDBU( NIl = A f(t u(t),re DVult))
+Aag(t, u(t), ICu(t)) + Z‘I’ (t,u(t)) +1;t)], telo,1],
u(0) =0,

oD [ D[ D*...[¢ D% [pr, Du(0)]]...]]
cD[cD¥[cD%...[c D" [RLD’BU(O)H ]
oD [c D [ D% ...[c D [rr, DPu(0)]]...]]

0, 6>0,
0,
0, (1)

c D=1 [ D g, DPu(0)]] = 0,
n
D D u(0) = [“uls)ds, 0<n<1.
0
L RLDﬁu(l) =RL D‘pu(T), O<rT<1.

For , we take J :=[0,1],0 < B, < 1,0 < a; < 157y < ey, i = 1,2,...,m, and v, A1, Ay > 0, the sequential
derivatives are in the sense of Caputo and Riemann-Liouville, I¢ denotes the Riemann-Liouville fractional
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integral of order ¢, and f,g:J x R? — R are two given functions, also h; : J x R — R is a given functions
and [;, ®; are functions which are defined on J, j € N*.

We think that our problem is more general than the problem considered in [21], since it includes several
parameters of sequential Caputo derivations. The parameters allow us to introduce a new sequential problem
with ACSG; absence of commutativity and semi group properties between Caputo derivatives. So, to study
the problem, we shall find new arguments to overcome this type of ACSG problems.

In general, the aim is to present a new contribution in this field of interest and try to fill this gap. Especially,
we study the question of existence and uniqueness of solutions by using both Banch fixed point theorem
and integral inequalities, then we pass to the investigate the existence of solutions by using Leray-Schauder
fixed point theorem. Another particularity of the above problem is the introduction of the Riemann-Liouville
derivative in both sides of the problem. Also, we introduce the Riemann-Liouville integral in one nonlinearity
of the right hand side of the sequential problem.

To the best of our knowledge this is the first time in the literature where problem, involving fractional
calculus and convergent series on Riemann-Liouville integrals and other nonlinear terms, is investigated.
The paper is organised as follow: in section 2, we recall some results and definitions that are used for the
proof of our main results. In section 3, we prove the main theorems of this paper, and we discuss some
illustrative examples.

2. Fractional Calculus
We recall some definitions and lemmas [28].

Definition 2.1. Let a > 0, and f : [0,1] — R be a continuous function. The Riemann-Liouville integral of
order a > 0 is defined by:

19f(t) = P(la) /0 (t — 7)* " f(r)dr,

where, T'(a) := [7° e “u*du.

Definition 2.2. For a function f € C"([0,1],R) and n — 1 < o < n, the Caputo fractional derivative is
defined by:
dn
n—o

DUt = I ()

_ 1 ! _ g)yn—a-1 (n)s s
e [ = s

Definition 2.3. For a function f € C™(]0,1],R), the Riemann-Liouville fractional derivative of f is defined

by:
D50 = s () [ e
=— | — — s s)ds
RL F(n — Oé) dt 0 ’
where, n = [a] + 1 and [a] denotes the integer part of «.
To study (L)), we need the following lemmas [28]:

Lemma 2.4. Let n € N*, and n—1 < o < n. Then, the solutions of the equation D*y(t) = 0,t € [0, 1] are:

n—1
y(t) =Y et e €Ri=0,1,2,..,n— 1.
=0
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Lemma 2.5. Ifn e N*, and n—1 < a <n, then, we have
n—1 ]
I“Doy(t) = y(t) + Y _ cit’,
i=0

such that c; e R, i =0,1,2,..,n — 1.
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Lemma 2.6. Suppose that 0 < A\ < 1. Then for y € C(0,1) N L1(0,1) and prD*y € C(0,1) N L1(0,1), we
have
IMrLDMy()] = y(t) + et

Lemma 2.7. Let B: W — W be a completely continuous operator and
F(B):={x € W:x =0 Bz,o €]0,1[}.

Then either the set F(B) is unbounded, or B has at least one fized point.

Now, we prove the following auxiliary integral result.

Lemma 2.8. Let Y in C(]0,1]), (V;)j=1,..r and (®;)j=1,. . in C(J),r € N*, such that My = Z [|P;]l00 <
j=1
+00.

Then, the differential problem

oD oD [ D% ... [ D [pr DPu(s)]]...]] = Y(t) + Z ()W, (1), te]0,1],
u(0) =0, -

oD [¢ D[ D*...[c D [rr DPu(0)]]..]] = 6, 6 >0,

oD [c D[ D ...[c D% [rr D u(0)]]...]] = 0,

oD [ D [ D% ...[c D [pr DPu(0)]]...]] = 0,

c D=1 Do [RLDfBu(O)]] =0,
n
oD [rr DPu(0)] = / u(s)ds, 0<n<1,
0
RLDBu(l) =RL DS"u(T)7 0<71<1,
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has as an integral solution the following expression:

ﬁ‘f'zaz 00 5"'2@2 0tﬂ+;ai
u(ty =1 =1 Y@+ > T =1 [ D01, (t)] + "
7= LB+ ai+1)

j=1

tB+an - -
XHF(B+an+1)+[ I (IH HORDI L

n
<p+,3+§ Q; 0o <p+b’+§ Q;
i=1

+1
j=1

n
n B+Zai
7 =1

n
D e

+ [Ii=1 (1)

TE+I T T [BOI(0)] + e+ (P -

8
X Y(s)ds —|—/ I =1 [®(s)IW(s))ds + x3 ;
</0 (5) 0 & J i ﬂ (3 +1)
where,
<P+/3+Zaz’ 6+Za¢+1
6 0T =2 On =2
X1 r s X2 = n s X3 = n )
') i +1) T(p+B8+> ai+1) B+ ai+2)
=2 i=2 i=2
o8B Btantl . T(B+2
Ql = - 17 Q? =1- 7 ) = %7
e+ 6+1) LB+ an+2) n
II=. + — ,
Ot T TS T T+ 1)
and

(L*Qlef(an +1)+ 1)F(B + oy +2) # 77T (q, + 1).

Proof. We apply Lemma and Lemma to . So, we find that
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B+ ai ~ B+ ozl a; + 08
Z Z ¢ Co Z:
u(t) =1 =1 +ZI =l [ ()R (1)] + — ti=2
I> ai+pB+1)
i=2
Z a; + 3 Z a; + B (4)
C1 : c2 °
+ ti=3 + ti=4 + ...
Za,+ﬁ+1) Zaz+5+1)
Cn 2
+— ot 4 ol ntﬂ L
T(an+ B +1) TB+1) °
The initial conditions allow us to write:
u(0)=0=1¢,=0
o D[ D[ D%...[c D% [p DPu(0)]]..]] = 0 = co = 6,
oD% [c D[ D*...[c DY [rr DPu(0)]]..]] =0 = ¢; = 0,
D[ D[ D%...[c DY [r DPu(0)]]...]] = 0 = ca = 0, 5)
oD =1 D* [rr, DPu(0)]] = 0 = ¢,_3 = 0.
Thanks to the following conditions
n
oD [ DPu(0)] = / u(s)ds, 0<n<l,
0
RLD’BU(l) = prrD¥u(r),
we end the proof.
O

We shall use fixed point theory to study the above problem. So, we consider the space
X ={zeC(J,R),D"z € C(J,R)},

and the norm:
|zllx = Maz{||z|o , D72},

where,
[#]loc = sup |z ()] , | D7z[loc = sup [D7x(t)].
teJ teJ
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Then, we take the nonlinear operator Hg« : X — X that is defined by:

n
n n
S
5”2%‘ ©0 B*JFZO” i=2

Hout) =T = o) +30 = [0 ()5(0)] + —
i=1 DB+ ai+1)
=2

Z i % Z Qi P+B+ Z Q;

+[1i:1 Yo+ I=0 [ @I +xi—T =1 Ti(7)

o BT Y B
DI VO AHCIERERCI A HOT

0 Ir(s* + ap + 1) I

n
> o D0 prBt Y o

(=0 )+ Y0 @I+ T L T

j=1
00 §9+5+Zai L*2 5+Zai
+0 H e ce) + (EEe-)([11F
j=1
) B+Zai 8*
Tids+ [T T @)+ )| g

where

T(t) = A f(t u(t),re DVu(t)) + Aog(t, u(t) prlu(t)), (U5)5(t) = hy(t,u(t) +1;(t).

Remark 2.9. We have rr DY Hpgu(t) = Hg_u(t).

Now, we are ready to prove our main results.
3. Main Results
We need the following hypotheses:
(A1) : The given functions of (I)) are continuous.
(A2) : There exist nonnegative real wyy, w o, wgy1, wy2 such that, for any t € J, s;, 57 € R,
|f(t,s1,82) — f(t, 817, 82")| < wpils1 — 17| + wpals2 — 527, (6)

9(t, 51, 52) — g(t, 517, 82")| < w181 — 817| + wgals2 — 827, (7)
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and there exists positive numbers K; such that, for any ¢t € J, s, s €R,

|hj(t,s) = hi(t,s)| < Kjls—s], (8)
and -
YK < K (9)
j=1
We take:
wy = Max(wyp, @), wr = Max(wgr,wyo). (10)

o0
(A3) : We take: > |lljlloo = Or.
j=1
(A4) : There exist real constants €;,¢; > 0 (i = 0,1, 2) such that for any x,y € R, we have
[f(t, 2, y)| < €0 + er|z] + eyl
l9(t, 2, y)| < eo +erlz| +ealyl,
and, there exist real constants p;, Pjs such that for any x € R, we have

o0 00

j=1 j=1
Also, we consider the quantity:

@,8* — |:2A1w1+AQ(WQ+F(7ﬂjl))+M<bK_ P 1 + m 1
TTQ i+ 8 +1) T ai+1)
=1 =1
1 Qu'n | 1
+ n + S | |H’F(,8* +ap, + 1) + |:2A1’W1
IO ai+B+e+1) T ai+1)
=1 =1
+ Az(wz + F&) + M<I>K] [|Q2|L*< n . * n 1 > "
(€+1)
IO ai+1l) TO a+pB+e+1)
i=1 =1
*\ 2
e o N, ] ‘Hm;* it
IO ai+pB+1)
=1

The first main result is given by the following theorem:

Theorem 3.1. Let the conditions (Ai)i—12 be satisfied and © < 1, where, © := max {©g,05_,}. Then, the
problem has a unique solution on J.

Proof. It is sufficient for us to prove that Hg is a contraction mapping.
Let (z,y) € X2. Then, we can write
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w 1
HHB*Z/_HE*JUHOO < |:2A1W1+A2(W2+F(<_{2_1)) +M¢K:| |: n
T} i+ B +1)
i=1
1 1 Q1L'n
F(Zaﬁ— 1) F(Zaﬁ—ﬁ—i—go—i— 1) F(Zai—i— 1)
i=1 i=1 i=1
X Y — x| x
T (s* + an + 1) H | , (12)
w *
=+ 2A1W1+A2(w2+r(gi1))+M¢K:| |:‘Q2’L < n
IO ai+1)
i=1
1 L 2
v T e
P ai+B+9+1) ') ai+8+1)
i=1 i=1
X ———|ly — x| x.
We deduce that
[Hgy — Hpzllw < Opsllz —yllx.
Thanks to , we obtain
[Hgy — Hpzllos < Opllz —yllx,
|Hp—y — Hg—rzlloc < Op—yllz —yllx,
and
IrRLDVHgy —pr DVHpzloo < Op—yllz —yllx.
Thus,
|Hgy — Hpzl|x < Ollz—yllx.
The proof is thus achieved.
O

We prove also the following theorem that guarantees the existence of at least one solution.

Theorem 3.2. Under the hypotheses (A1), (A3) and (A4), if
Aj(e1 4+ €2) + Aa(e1 +€2) + Mapr < EE}, where Zg« are given by , then problem has at least one
solution u(t),t € J.

Proof. Let us prove the result by considering the following three steps:
Step 1. Firstly, we will prove that the operator Hg : X — X is completely continuous.

Let ¥ C X be bounded. Then there exist positive constants My, My, My, such that, for any t € J, = €
R? y € R, we take

‘f(t, z)| < Of7 lg(t,z)| < Ogvz ’hj(tay)‘ < Op,

j=1
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Thus, for any u € X, we observe that

— 0
Hpule < 8105+ 420, + My(On +0)[E + ’
DB+ a;i+1) (13)
i=2
X1,2,3 X123
+ = + — < 400,
T (3" +an+ 1)  IOT(B* + 1)
where,
1 1 1 Q1t*n
=g = n + n + n + n
PO ai+p +1) TO ai+1l) TO ai+B+e+1) T aitl)
i=1 i=1 i=1 i=1
x : | 1Qaler (———+ !
21(L
[T (B* + an +1) - . 14
! IO ai+1) T ai+f+e+1) (14)
i=1 i=1
_HQle(L*)Q o n 1
i n T+ 1)
IO ai+p+1)
i=1
X123 = X1+ x2+ Qi xs, )
. . Q1Q2(c" .
Xias = [Q2[t (Xl +X2) + ‘H( ) —t*|xs.
which yields to the following inequalities:
[ Hpuloo < 400,

HHB*’YU’HOO S +OO7

and
|rLDY Hpul|oo < +00.

We conclude that

|Hpu|lx < +o0.

Thus, it follows from the above inequalities that the operator Hg is uniformly bounded.
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Step 2. Now we show that the operator Hg is equicontinuous. For t1,%2 € [0, 1] with t; < t2, we obtain

[Hg-u(tz) — Hp-u(t1)|l

MO;f + As0y + Ma (O, + Oy) B 2
< )| (t2 —t1)

n =1 + |t2 =1
LB+ i +1
=1

n n
n
(DIt
B*+ Zai ‘
=2
=1

: ot, " -t |
-t ] + - + [ [MOf + A0, + Mg
DB+ a;i+1)
=2
1 1 * 15
x(On + Oy) D +—= + 7?1“7 19)
IO ai+1l) TO a+B+e+1) TO ai+l)
=1 =1 =1
+ 2 " = (1) s 00, + Ma(On 1 00 [1Qale®
1 1 *\2
X( — + - >+|Q1Q12_[(L ) —L*‘
IO ai+1) IO ai+B+e+1)
=1 =1
8 n by 5 —#7|
= B2 JI(r(Bs + 1)
IO ai+pB+1)

=1

Thanks to the above inequality, we can state that ||Hgu(t2) — Hgu(t1)||x —0 as s — s; — 0. Therefore,
Hpg : X — X is completely continuous by application of the Arzeld-Ascoli theorem.

Step 3. We show that A, :== {u € X : u= ¢ Hgu, p €]0,1[} is bounded.
Let u € A,. Then we have u = oHgu, for some 0 < ¢ < 1. Hence, we have

Julloo < ([Al(el +e2) + Ag(er +22) + Mo [ulloo + €0 + 20 + M@ﬂo) =

* 1

. 0 n X1,2,3 X123 (16)
u T8 +a,+1) [T +1)
LB+ ai+1)
=2
and
|lrLDVulloo < [Al(el +€2) + Aa(e1 +e2) + Mcbpl] |rRLD " ul|oc + €0 + €0 + M@PO) Hg_n

" 1

0 L+ X1,2,3 X123 (17)

+ .
” T8 — 7 + an T (5 —

PB—7+3 e+ 1) HT(E =y +an+1)  [HI(E -y +1)
=2
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Therefore,
[foa [
o X1,2,3 X123
M E 1<y 14y
oot Mapo J=5 Z TG +an+1) T ATB+1) (18)
T(B+Y ai+1)
< =2 :
1-— [Al(el + 62) + AQ(El + 62) + M¢p1] Eg
and
|rRLDVu| o
= 9 X1,2, Xz,
€0 +eo+ Mepo | Zp—y + n + WG tan¥D) T W7D (19)
PB—t Y o+ 1)
< =2

1- [Al(el +€2) + Ao(e1 +e2) + M@Pl}aﬁ—v

These show that A, is bounded. Thus, the operator Hg has at least one fixed point. Hence, problem (1)
has at least one solution on J. The proof is complete. O

In what follows, we present two examples to illustrate the validity of the main results.

Example 3.3. We consider the following problem:

;

1
CDO.B[CDO.S[CDO.Q[CDO.G[RLDO.E)U(S)HH _ 15<c02§7igt)) + |[rL D2 u(t)] ; + 6t)

) (t) 200(1+| rz D2 u(t)|
0 u(t 1
T <( + cos([ 10 u(t))>

OO 12+|U(t)’) ‘ o jt2—2
e It" 1 e Itu(t e I"

+j; Grr L (15j2 [(12 4+ 1) + |u(t)]

u(0) =0,

Do DO DR, DO )] = 2

CDO'g[CDO'G[RLD(mU(O)H =0,

0.6 0.5,,(0)] = %us s
¢ DO DOu(0)] /0 (s)ds,

2
RLDO'Su(l) =RL Dﬁu(%o),
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where,

flt,x1,x9) C();(f;) + 200(|1zj||x2|) +,

1 |1
Tl COS("’””) ’

g(ta ZIZ‘l,LL‘Q) =

h‘ t €Tr) = —e*jt|$| s
i(t:) 1552 | (£241)+ |
e—Jit? =2

and
a1 =05, ag=0.8, a3=0.9, ay =0.6, 3 =0.5, § =2,

y =3, 7=

I

D=

[S{1\)
N[ =

(=15 T=15) =
01 = 0.6487, ©2 = 0.6440,

© = max {0.6487,0.6440} = 0.6487.
So, thanks to Theorem we confirm that this example has a unique solution on [0, 1].

Example 3.4. As a second illustrative example, we consider the following problem.:

D oD DY [eDE D [0 D} oD} [ D [cDOQ[RLDw ==
cos(u(t 5u(t 30 1
x(—( T +t2> R vy (cos(ﬁt) + 55t + ﬁlzu >
> 12 1/ u(t 1
+; Gl (30j(22jt A 1)), te0,1],
u(0) =0,
¢Di[eD3[eDi oD (oD (oD [eD[e D [r Diu(O)] ] = 3,
cD3[eD3 [¢D10 D3 [0 D[ D3 [ D% [rr Dsu(0)]]])))] = 0, (21)
cD3[eD15 (oD (D3 (0D [0D* [ DS u(O)]J]]] =0,
cD1 D5 [ D3 [cD3 [ D™ [r Dsu(0)]]]]] = 0,
cD3[eD3[cDi[c D™ [r Du(0)]]] = 0,
cDi[cD1 D[ D3 u(0)]]] = 0,
cDi [cD0-9[RLD%u(0>H1 =0,
oD° Q[RLD%U(O)] = / u(s)ds,
0
rrDsu(l) =g D%u(%)’

where,
f(t,x1,22) = % + 2,
1 1 1
g(t, w1, 72) = m cos(mt) + 20! + 3072 )
hj(t,z) = 303 Tl

() = ).

For this example, we have:
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01 =0.0133, ©2 = 0.0139,

© = max {0.0133,0.0139} = 0.0139.

Also, by Theorem |3.1], our example has a unique solution.

4. Conclusion

We have introduced a new sequential nonlinear differential problem with nonlocal integral conditions. The

problem involves Riemann-Liouville integrals and convergent series on its right-hand side. It involves also
n sequential Caputo derivatives combined to a Riemann Liouville derivative. An existence and uniqueness
result has been established by means of Banach contraction principle. Then, by Leray-Schauder alternative
fixed point theorem, another main result for the existence of one solution has been discussed. At the end,
two illustrative examples have been presented to show the applicability of the main results.

In the future, we will be concerned with the stability analysis and numerical simulations of the problem.
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