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Linguistic expressions are widely used to reflect the decision maker's evaluations 

more easily and clearly in the decision-making problems, The Double Hierarchy 

Hesitant Fuzzy Linguistic Term Set (DHHFLTS), an extension of linguistic 

expressions, helps the decision maker to reflect their hesitant evaluations in complex 

decision making problems using two different sets of linguistic terms. Correlation 

measurements are used as an important tool in making decisions by making 

comparative evaluations in complex decision making problems based on common 

criteria. In this study, a new method is proposed to improve the existing correlation 

measurement method using DHHFLTSs. The proposed method aims to increase the 

reflective power of hesitant thoughts in the evaluation process by including fuzzy 

linguistic expressions in the calculation process. In order to prove the validity of the 

proposed method, the original problem of choosing the most suitable player for the 

positions in football sport is considered as a Multi-Attribute Decision Making 

(MADM) problem. Correlation values and assignment results obtained from the 

proposed method are compared with the current method values. Consistency of 

results and values between methods reveals the validity of the proposed method. 

 
1. Introduction 

 

The increase in factors in decision-making 

problems causes complexity in the evaluation 

and calculation processes of the problem. 

Evaluation of alternatives with their increasing 

features and factors leads to the emergence of 

Multi-Attribute Decision Making (MADM) 

problems [1]. Linguistic information is applied to 

meet the quantitative expressions that are 

insufficient in making evaluations in MADM 

problems. The fuzzy linguistic approaches 

proposed by Zadeh [2] for expressing and 

measuring linguistic information differ 

according to the characteristics of decision-

making methods.  

 

The Double Hierarchy Linguistic Term Set 

(DHLTS) is an important extension of fuzzy 

linguistic approaches and consists of two sets of 

linguistic terms that support each other [3]. In 

order to reflect the hesitancies of decision makers 

in the DHLTS evaluation, the Double Hierarchy 

Hesitant Fuzzy Linguistic Term Set (DHHFLTS) 

is developed as an extension of DHLTS [4]. 

Similarity and distance measurements developed 

based on Double Hierarchy Unstable Fuzzy 

Linguistic Elements (DHHFLE) provide new 

methods and applications for DHHFLTSs [5]. 

DHHFLTs find an important application area 

especially in decision making problems and 

provide new approaches to classical methods [4, 

6–9]. 

 

Correlation coefficient measurement, which is an 

important measurement tool in reflecting the 

strength of the linear relationship between two 

quantitative variables [10, 11], is used as an 

important solution method in decision making 

problems based on DHHFLE and DHHFLTS [3, 
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12]. The determination of correlation values 

based on fuzzy information is carried out on the 

basis of statistics and information energy 

calculation [11, 13]. While statistical-based 

correlation calculation defines the relationship 

between variables in the [-1,1] range, the 

correlation value calculated with less data based 

on information energy is defined in the [0,1] 

range. 

 

The first correlation calculation studies for fuzzy 

membership functions [14] are extended for 

fuzzy, heuristic fuzzy and hesitant fuzzy sets [13, 

15]. The extension of the application area enables 

the development of correlation coefficient 

calculations for hesitant fuzzy sets and double 

hierarchy hesitant fuzzy sets [16, 17]. The use of 

linguistic information, which is evaluated in 

terms of information entropy, in correlation 

measure constitutes an important field of study 

[18]. In this context, correlation calculations 

based on information energy are used in hesitant 

fuzzy sets [19], hesitant fuzzy linguistic terms 

[20] and dual hesitant fuzzy sets [15]. 

 

Identifying and directing talents in sports is an 

important step in achieving athletic success. 

Achieving success in team sports depends on 

positioning the player in the game position that 

best suits their characteristics and abilities [21]. 

Achieving success in football depends on 

determining the relationship between the 

characteristics of the field positions and the skills 

of the players [22]. Assigning the most suitable 

player to positions under these multiple attributes 

emerges as a multi-attribute decision-making 

problem. Evaluation of players and positions and 

assignment of players according to field 

positions are decided by qualitative evaluations 

based on the knowledge and experience of the 

coaches. 

 

DHHFLTS is an appropriate evaluation method 

in defining the characteristics and expectations of 

players and positions in player selection 

problems based on linguistic evaluation. 

Correlation coefficient measurements based on 

DHHFLTS are identified as an important 

decision-making tool in reflecting the fit between 

player and position based on assessments with 

DHHFLTS. Fuzzy linguistic expressions are 

directly converted to classical values by 

calculating the degree of membership in the 

current correlation measurement application 

based on DHHFLTSs. This method prevents 

adequately reflecting the hesitancies of the 

linguistic assessments in the correlation 

calculations. Elimination of this drawback in the 

current method constitutes the main motivation 

of the study. 

 

This study proposes a new correlation coefficient 

measurement model that integrates linguistic 

assessments into calculations with primary and 

secondary definition values of DHHFLTSs. The 

validity and applicability of the model is 

observed by considering the player selection 

problem in football, which is a novel MADM 

problem for DHHFLTSs evaluations. The case 

study aims to measure the correlation coefficient 

between the skills of the players and needs of the 

positions that are defined by DHHFLTS and to 

assign the most suitable player to the field 

positions. The proposed method and application 

case study constitute the original features of the 

study. 

 

The organization of the study is as follows: 

Section 2 mentions the basic definitions of 

DHLTS and DHHFLTS and explains their 

arithmetic operations. In Section 3, DHHFLTS-

based covariance, variance and correlation 

coefficient measurement models are discussed. 

Section 4 describes the original model proposed 

for the development of the current model based 

on DHHFLTS. Section 5 deals with the player 

selection problem to prove the validity of the 

proposed method and the results are compared 

with the current methods. The conclusion 

section, Section 6, makes an overall assessment 

based on the study results and makes 

recommendations for future studies. 

 

2. Preliminaries  

 

Linguistic terms, which are an important 

evaluation tool in complex decision making 

problems, are extended with fuzzy linguistic 

terms so that the decision maker's evaluations can 

be expressed more easily and clearly [23]. This 

section discusses extensions of linguistic term 

sets that incorporate decision-makers’ 

assessments in detail and hesitancies. 
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2.1. Double hierarchy linguistic term sets 

 

DHLTS consists of two hierarchical structures as 

the primary hierarchy being the primary 

linguistic term set (LTS) and the secondary 

hierarchy describing the primary linguistic term 

set [4]. DHLTS was developed to provide a 

detailed description of linguistic considerations 

expressed using the Hesitant Fuzzy Linguistic 

Term Set (HFLTS) [3], [23]. S={st│t=-τ,…,-

1,0,1,…,τ} first hierarchy LTS and Ot={𝑜𝑡
𝑘│k=-

ς,…,-1,0,1,…,ς } is the second hierarchy LTS of 

s_t, the mathematical definition of DHLTS is as 

follows: 

 

𝑆𝑂 = 𝑠𝑡〈𝑜𝑘〉
  | 𝑡 = −𝜏,… ,−1,0,1, … , 𝜏; 𝑘 =

−𝜍,… ,−1,0,1, … , 𝜍}       (1) 

 

in the equation st〈𝑜𝑘〉
is defined as DHLT, and ok 

defines different degrees of the linguistic term st. 

Figure 1 shows the semantic distribution of 

DHLTS for 𝜏 = 3 and 𝜍 = 3. The second 

hierarchy LTS of the first hierarchy linguistic 

term 𝑠1 is defined as O1={𝑜𝑘
1│k=-3,-2,-1,0,1,2,3} 

[24]. 

 

 
Figure 1. Definition of a linguistic term in LTS in 

the primary hierarchy with the secondary hierarchy 

LTS [24] 

 

According to the t value of the first hierarchy 

LTS, the order and expressions of the secondary 

hierarchy LTS change. For example, if t≥0 in 

Figure 1, the second hierarchy LTS is in 

ascending order (Ot≥0={o-3 = far from, o-2 = only 

a little, o-1 = a little, o0 = just right, o1=much, o2 = 

very much, o3 = extremely}), while if t≤0 the LTS 

of the second hierarchy decreases (Ot≤0={o-3 = 

extremely, o-2 = very much, o-1 = much, o0 = just 

right, o1 =a little, o2 = only a little, o3 = far from}). 

Also, when t=τ, the second hierarchy is O={ok 

|k=-ς,…,-1,0} of LTS, while t=-τ, the second 

hierarchy is considered the  O={ok |k=0, 1,…, ς} 

part of LTS [5, 8]. 

2.2.Double hierarchy hesitant fuzzy linguistic 

term sets  

 

DHHFLTS, which emerged as an extension of 

DHLTS, takes into account the hesitations of 

experts in the evaluation process in the decision-

making process [4]. The mathematical 

expression of DHHFLTS defined in X, with SO 

being DHLTS, is as follows: 

 

𝐻𝑆𝑂 = {〈𝑥𝑖, ℎ𝑆𝑂(𝑥𝑖)〉|𝑥𝑖 ∈ 𝑋}               (2) 

 

in the equation Double Hierarchy Hesitant Fuzzy 

Linguistic Element (DHHFLE) 

ℎ𝑆𝑂(xi)={𝑠𝜙𝑙〈𝑜𝜑𝑙〉
(xi)│𝑠𝜙𝑙〈𝑜𝜑𝑙〉

∈SO; l=1,…,L; ϕl=-

τ,…0,…,τ ; φl=-ς,…,0,…,ς } denotes the possible 

degree of linguistic variable from xi to SO. L 

denotes the number of DHLTs in ℎ𝑆𝑂(xi). The 

envelopment method of DHHFLEs provides a 

more comfortable understanding of DHHFLTS 

[24]. Functions that perform the conversion of 

continuous DHLTSs defined as 𝑆�̅�= 

{𝑠𝜙𝑙〈𝑜𝜑𝑙〉
(xi)|ϕl∈[-τ,τ},φl∈[-ς,ς]} to real numbers 

(f) and returning ϕl and φl of the DHLT 

equivalent to γl membership degree (f-1) are 

defined as follows [24]: 

 

𝑓: [−𝜏, 𝜏] × [−𝜍, 𝜍] → [0,1], 𝑓(𝜙𝑙, 𝜑𝑙) =

 
𝜑𝑙+(𝜏+𝜙𝑙)𝜍

2𝜏𝜍
= 𝛾𝑙      (3) 

 

𝑓−1: [0,1] → [−𝜏, 𝜏] × [−𝜍, 𝜍], 𝑓−1(𝛾𝑙)   (4) 

 

The calculations of the transformation function, 

f-1(γl) according to the values of the membership 

degree (γl) are as follows [12, 24]: 

 

• if γl =1 then  f-1(γl)=𝑠𝜏〈𝑜0〉  

 

• if 1≤2τγl-τ<τ then f-1(γl) = 

𝑠[2𝜏𝛾𝑙−𝜏]〈𝑜𝜍(2𝜏𝛾𝑙−𝜏−[2𝜏𝛾𝑙−𝜏])〉
  

 
 

• if -1≤2τγl-τ≤1 then  𝑓−1(𝛾𝑙) = 𝑠0〈𝑜𝜍(2𝜏𝛾𝑙)〉
     

 

• if -τ≤2τγl-τ≤-1 then 𝑓−1(𝛾𝑙) =
𝑠[2𝜏𝛾𝑙−𝜏]+1〈𝑜𝜍(2𝜏𝛾𝑙−𝜏−[2𝜏𝛾𝑙−𝜏]−1)〉

       

 

• if  γl=-1 then 𝑓−1(𝛾𝑙) = 𝑠−𝜏〈𝑜0〉 
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HFEs and Hesitant Fuzzy Sets (HFS) consist of 

membership degrees defined for DHHFLEs. The 

transformations between DHHFLE (ℎ𝑠𝑂) and 

HFE (hγ) are calculated with the functions F and 

F-1, respectively [6, 24]: 

 

𝐹(ℎ𝑆𝑂) = 𝐹 ({𝑠𝜙𝑙〈𝜑𝑙〉
| 𝑠𝜙𝑙〈𝜑𝑙〉

∈ 𝑆𝑂; 𝑙 = 1, . . , 𝐿; 𝜙𝑙 ∈

[−𝜏, 𝜏]; 𝜑𝑙 ∈ [−𝜍, 𝜍]})  = {𝛾𝑙| 𝛾𝑙 = 𝑓(𝜙𝑙 , 𝜑𝑙)} = ℎ𝛾 (5) 

 

𝐹−1(ℎ𝛾) = 𝐹−1({𝛾𝑙|𝛾𝑙 ∈ [0,1]; 𝑙 = 1, . . , 𝐿 }) =

{𝑠𝜙𝑙〈𝜑𝑙〉
|𝜙𝑙〈𝜑𝑙〉

= 𝑓−1(𝛾𝑙)} = ℎ𝑆𝑂   (6) 

 

3. Correlation Calculation for DHHFLTS 

 

The correlation coefficient is an important 

evaluation tool that defines the size and direction 

of the relationship between two variables [11]. 

Extended correlation coefficient calculations 

with fuzzy methods help to make the most 

appropriate matches in complex decision making 

problems [25]. This section discusses the 

correlation calculation method based on 

DHHFLTS defined by hesitant fuzzy linguistic 

evaluations. 

 

Correlation coefficient calculations are made 

based on the means of DHHFLE and the mean 

and variances of DHHFLTS by considering the 

degree of hesitancy, which is an important 

indicator in the evaluation process [26]. DHLTS 

SO={𝑠𝑡〈𝑜𝑘〉
│t=-τ,…,0,…,τ; k= -ς,…, 0, …,ς} 

defined for DHHFLE, ℎ𝑆𝑂 and the mean, ℎ̅𝑆𝑂 and 

the hesitancy degree, 𝜂(ℎ𝑆𝑂) are calculated as 

[24, 26]: 

 

 ℎ̅𝑆𝑂 = 𝑓−1 (
1

𝐿
∑ 𝑓(𝜙𝑙 , 𝜑𝑙 )
𝐿
𝑙=1 )    (7) 

 

𝜂(ℎ𝑆𝑂) =

√1

𝐿
∑ (𝑓(𝜙𝑙, 𝜑𝑙 ) −

1

𝐿
∑ 𝑓(𝜙𝑙, 𝜑𝑙 )
𝐿
𝑙=1 )

2
𝐿
𝑙=1      (8) 

 

Example 1: The average and hesitancy degrees of 

ℎ𝑆
1
𝑂
= {𝑠0〈𝑜−1〉

, 𝑠1〈𝑜0〉, 𝑠2〈𝑜−2〉
} and ℎ𝑆

2
𝑂
=

{𝑠−2〈𝑜2〉, 𝑠−1〈𝑜1〉, 𝑠0〈𝑜−3〉
} DHHFLEs, including 

DHLTS 𝑆𝑂 = {𝑠𝑡〈𝑜𝑘〉
|𝑡 ∈ [−3,3]; 𝑘 ∈ [−3,3]}, 

are calculated as follows: 

 

ℎ̅1𝑆𝑂 =f-1(1/3 (4/9+2/3+13/18))= 𝑠0〈2〉  

 

ℎ̅2𝑆𝑂 =f-1(1/3 (5/18+7/18+1/3))=𝑠−1〈0〉       

 

𝜂(ℎ𝑆
1
𝑂
) =

√ 1

𝐿1
∑ (𝑓(𝜙𝑙

1, 𝜑𝑙
1 ) −

1

𝐿1
∑ 𝑓(𝜙𝑙

1, 𝜑𝑙
1 )

𝐿1
𝑙=1 )

2
𝐿1
𝑙=1 =

0.120  

 

𝜂(ℎ𝑆
2
𝑂
)

= √
1

𝐿2
∑(𝑓(𝜙𝑙

2, 𝜑𝑙
2 ) −

1

𝐿1
∑𝑓(𝜙𝑙

2, 𝜑𝑙
2 )

𝐿2

𝑙=1

)

2𝐿2

𝑙=1

= 0.045 

 

The means and hesitancy degrees of DHHFLEs, 

ℎ𝑆
1
𝑂

 and ℎ𝑆
2
𝑂

 are calculated as 𝑠0〈2〉 and 𝑠−1〈0〉 and 

0.120 and 0.045, respectively. Considering the 

Euclidean distance between DHHFLEs, the 

correlation coefficient between two DHHFLTSs 

(𝐻𝑆𝑂
1 , 𝐻𝑆𝑂

2 ) is calculated as [24, 27]: 

 

𝜌(𝐻𝑆𝑂
1 , 𝐻𝑆𝑂

2 ) =
𝐶(𝐻𝑆𝑂

1 ,𝐻𝑆𝑂
2 )

√𝑉𝑎𝑟(𝐻𝑆𝑂
1 )√𝑉𝑎𝑟(𝐻𝑆𝑂

2 )
=

∑ [
1

𝐿 1
𝑖
∑ 𝑓(𝜙𝑙1

𝑖 ,𝜑𝑙1
𝑖 )

𝐿1
𝑖

𝑙 −�̅�𝑆𝑂
1 ]𝑛

𝑖=1 [
1

𝐿 2
𝑖
∑ 𝑓(𝜙𝑙2

𝑖 ,𝜑𝑙2
𝑖 )

𝐿2
𝑖

𝑙 −�̅�𝑆𝑂
2 ]

√(∑ (
1

𝐿 1
𝑖
∑ 𝑓(𝜙𝑙1

𝑖 ,𝜑𝑙1
𝑖 )

𝐿1
𝑖

𝑙 − �̅�𝑆𝑂
1 )

2
𝑛
𝑖=1 )(∑ (

1

𝐿 2
𝑖
∑ 𝑓(𝜙𝑙2

𝑖 ,𝜑𝑙2
𝑖 )

𝐿2
𝑖

𝑙 −�̅�𝑆𝑂
2 )

2
𝑛
𝑖=1 )

     

         (9) 

 

in the equation, the denominator defines the 

square root of the product of the variances of the 

hesitant sets, and the variance of �̅�𝑆𝑂
1  DHHFLTS 

is calculated as [4, 24]:  

 

𝑉𝑎𝑟(𝐻𝑆𝑂) =

√1

𝑛
(∑ (

1

𝐿 1
𝑖 ∑ 𝑓(𝜙𝑙1

𝑖 , 𝜑𝑙1
𝑖 )

𝐿1
𝑖

𝑙 − �̅�𝑆𝑂)
2

𝑛
𝑖=1 )       (10) 

 

in the equation, �̅�𝑆𝑂  defines the mean of 

DHHFLTS and is calculated as [24]: 

 

�̅�𝑆𝑂 = 𝐹−1 (
1

𝑛
∑ (

1

𝐿𝑖
∑ 𝑓(𝜙𝑙

𝑖 , 𝜑𝑙
𝑖)𝐿𝑖 

𝑙 )𝑛
𝑖=1 )        (11) 

 

The correlation value between the DHHFLTSs 

(𝐻𝑆𝑂
1 ,𝐻𝑆𝑂

2 ) is expected to meet the basic Pearson 
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correlation coefficient conditions. The expected 

conditions are as follows [12]: 

 

• 𝜌(𝐻𝑆𝑂
1 , 𝐻𝑆𝑂

2 ) = 𝜌(𝐻𝑆𝑂
2 , 𝐻𝑆𝑂

1 ) 

 

• 𝜌(𝐻𝑆𝑂
1 , 𝐻𝑆𝑂

1 ) = 1 

 

• −1 ≤ 𝜌(𝐻𝑆𝑂
1 , 𝐻𝑆𝑂

2 ) ≤ 1 

 

Example 2: In calculating the correlation 

coefficient between 𝐻𝑆𝑂
1   and 𝐻𝑆𝑂

2  DHHFLTS 

defined in 𝑆𝑂 ={𝑠𝑡〈𝑜𝑘〉
│t∈[-3,3]; k∈[-3,3] } 

DHLTS, firstly, the membership degrees of each 

DHHFLTS elements are calculated using 

Equation 3. 

 

𝐻𝑆𝑂
1 = {

{𝑠0〈𝑜−2〉
, 𝑠1〈𝑜0〉, 𝑠2〈𝑜−1〉

} ,

{𝑠1〈𝑜1〉, 𝑠2
} , {𝑠1〈𝑜−3〉, 𝑠2〈𝑜2〉, 𝑠3〈𝑜−2〉

}
} 

 

𝐻𝑆𝑂
2 = {

{𝑠−1〈𝑜0〉
} , {𝑠−2〈𝑜3〉, 𝑠−1〈𝑜−2〉, 𝑠0〈𝑜2〉

} ,

{𝑠1〈𝑜0〉, 𝑠2〈𝑜−3〉, 𝑠3〈𝑜−1〉
}

} 

 

𝑓11
1 =7/18, 𝑓12

1 =2/3, 𝑓13
1 =13/18, 𝑓1̅

1 =(1/3 

(7/8+2/3+13/18))=16/27 

   

𝑓21
1 =13/18, 𝑓22

1 =5/6, 𝑓2̅
1 =(1/2 (13/18+5/6)) 

=7/9  

 

𝑓31
1 =1/2, 𝑓32

1 =17/18, 𝑓33
1 =8/9, 𝑓3̅

1 =(1/3 

(1/2+17/18+8/9))=7/9  

 

�̅�𝑆𝑂
1
=(1/3 (16/27+7/9+7/9))=58/81  

 

𝑓11
2 =1/3, 𝑓12

2 =1/2, 𝑓13
2 =1/2, 𝑓1̅

2 =(1/3 

(1/3+1/2+1/2))=4/9  

 

𝑓21
2 =1/3= 𝑓2̅

2  

 

𝑓31
2 =2/3, 𝑓32

2 =2/3, 𝑓3̅
1 =(1/2 (2/3+2/3))=2/3  

 

�̅�𝑆𝑂
2
=(1/3 (4/9+1/3+2/3))=13/27  

 

The covariance between DHHFLTSs is 

calculated as [12, 24]: 

 

𝐶(𝐻𝑆𝑂
1 , 𝐻𝑆𝑂

2 ) =
1

𝑛
(∑ [

1

𝐿 1
𝑖 ∑ 𝑓(𝜙𝑙1

𝑖 , 𝜑𝑙1
𝑖 )

𝐿1
𝑖

𝑙 −𝑛
𝑖=1

�̅�𝑆𝑂
1 ] [

1

𝐿 2
𝑖 ∑ 𝑓(𝜙𝑙2

𝑖 , 𝜑𝑙2
𝑖 )

𝐿2
𝑖

𝑙 − �̅�𝑆𝑂
2 ])             (12) 

 

The covariance value between 𝐻𝑆𝑂
1 , 𝐻𝑆𝑂

2  is 

calculated according to Equation 12 as follows: 

 

𝐶(𝐻𝑆𝑂
1 , 𝐻𝑆𝑂

2 ) =1/3((16/27-58/81)(4/9-13/27) + 

(7/9-58/81)(1/3-13/27)+(7/9-58/81)(2/3-13/27) ) 

= 0.0023  

 

The variation values of the DHHFLTSs are 

obtained as (Eq. 10).    

 

𝑉𝑎𝑟(𝐻𝑆𝑂
1 ) =√(1/3 ((16/27-58/81)2+(7/9-

58/81)2+(7/9-58/81)2 ) )=0.0076  

  

𝑉𝑎𝑟(𝐻𝑆𝑂
2 ) =√(1/3 ((4/9-13/27)2+(1/3-

13/27)2+(2/3-13/27)2 ) )=0.0192  

 

The correlation coefficient value between 

DHHFLTSs (𝐻𝑆𝑂
1 , 𝐻𝑆𝑂

2 ) is calculated according to 

Equation 9 as follows: 

 

𝜌(𝐻𝑆𝑂
1 , 𝐻𝑆𝑂

2 )=0.0023/√(0.0076*0.192)=0.1890  

 

The correlation result shows weak positive 

correlation between 𝐻𝑆𝑂
1  and 𝐻𝑆𝑂

2  DHHFLTS. 

 

When attributes are defined with different 

weights in Multi-Attribute Decision Problems 

(MADM), the correlation coefficient between 

DHHFLTSs is found by including attribute 

weights in the calculations [24]. The weight of 

each element in the DHHFLTS defined in 

SO={𝑠𝑡〈𝑜𝑘〉
│t∈[-τ,τ], k∈[-φ,φ]} is wi∈[0,1] and 

the weights of the elements are defined as 𝑤 =
{𝑤1, 𝑤2, … , 𝑤𝑛}

𝑇 and ∑ 𝑤𝑖
𝑛
𝑖=1 = 1. The 

correlation coefficient between DHHFLTSs 

(𝐻𝑆𝑂1 , 𝐻𝑆𝑂2) based on the weighted hesitancy 

degree is calculated as follows [12, 24]: 
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𝜌𝑤(𝐻𝑆𝑂
1 , 𝐻𝑆𝑂

2 ) =
𝐶𝑤(𝐻𝑆𝑂

1 ,𝐻𝑆𝑂
2 )

√𝑉𝑎𝑟𝑤(𝐻𝑆𝑂
1 )√𝑉𝑎𝑟𝑤(𝐻𝑆𝑂

2 )
=

∑ [
𝑤𝑖

𝐿 1
𝑖
∑ 𝑓(𝜙𝑙1

𝑖 ,𝜑𝑙1
𝑖 )

𝐿1
𝑖

𝑙 −�̅�𝑆𝑂
1𝑤]𝑛

𝑖=1

[
𝑤𝑖

𝐿 2
𝑖
∑ 𝑓(𝜙𝑙2

𝑖 ,𝜑𝑙2
𝑖 )

𝐿2
𝑖

𝑙 −�̅�𝑆𝑂
2𝑤]

√
  
  
  
  
  
 

(∑ (
𝑤𝑖

𝐿 1
𝑖
∑ 𝑓(𝜙𝑙1

𝑖 ,𝜑𝑙1
𝑖 )

𝐿1
𝑖

𝑙 −�̅�𝑆𝑂
1𝑤)

2
𝑛
𝑖=1 )

(∑ (
𝑤𝑖

𝐿 2
𝑖
∑ 𝑓(𝜙𝑙2

𝑖 ,𝜑𝑙2
𝑖 )

𝐿2
𝑖

𝑙 −�̅�𝑆𝑂
2𝑤)

2
𝑛
𝑖=1 )

                        (13) 

 

in the equation, the weighted mean (�̅�𝑆𝑂
𝑤 ) and 

weighted variance (𝑉𝑎𝑟𝑤(𝐻𝑆𝑂)) for DHHFLTSs 

(𝐻𝑆𝑂
1 , 𝐻𝑆𝑂

2 ) are defined, respectively, as follows 

[24]: 

 

�̅�𝑆𝑂
𝑤 = 𝐹−1 (

1

𝑛
∑ (

𝑤𝑖

𝐿𝑖
∑ 𝑓(𝜙𝑙

𝑖 , 𝜑𝑙
𝑖)𝐿𝑖 

𝑙 )𝑛
𝑖=1 )        (14) 

 

𝑉𝑎𝑟𝑤(𝐻𝑆𝑂) =

√1

𝑛
(∑ (

𝑤𝑖

𝐿 1
𝑖 ∑ 𝑓(𝜙𝑙1

𝑖 , 𝜑𝑙1
𝑖 )

𝐿1
𝑖

𝑙 − �̅�𝑆𝑂
𝑤 )

2
𝑛
𝑖=1 )       (15) 

 

If weights are not defined for DHHFLEs, the 

elements are assumed to be equally weighted and 

the weighted correlation coefficient (pw) 

calculation is reduced to the normal correlation 

calculation (p). The conditions provided by the 

weighted correlation coefficient (pw) are as 

follows  [12]: 

 

• 𝜌𝑤(𝐻𝑆𝑂
1 , 𝐻𝑆𝑂

2 ) = 𝜌𝑤(𝐻𝑆𝑂
2 , 𝐻𝑆𝑂

1 )  

 

• 𝜌𝑤(𝐻𝑆𝑂
1 , 𝐻𝑆𝑂

1 ) = 1  

 

• −1 ≤ 𝜌𝑤(𝐻𝑆𝑂
1 , 𝐻𝑆𝑂

2 ) ≤ 1   

 

Example 3: If the weight values of the xi 

attributes of 𝐻𝑆𝑂
1  and 𝐻𝑆𝑂

2  DHHFLTS in Example 

2 are defined as w= (0.2, 0.5, 0.3)T, the weighted 

mean values �̅�𝑆𝑂
1𝑤 =0.247 and �̅�𝑆𝑂

2𝑤=0.152, 

variation values 𝑉𝑎𝑟
𝑤(𝐻𝑆𝑂

1 )
=0.123 and 

𝑉𝑎𝑟𝑤(𝐻𝑆𝑂
2 )=0.0022, covariation value 

𝐶
𝑤(𝐻𝑆𝑂

1 ,𝐻𝑆𝑂
2 )

=0.0032 and the correlation 

coefficient value is calculated as 

𝜌
𝑤(𝐻𝑆𝑂

1 ,𝐻𝑆𝑂
2 )

=0.616. According to the results of 

Example 2, the direction of the relationship does 

not change, but its size increases. 

 

4. New Correlation Coefficient 

Measurement Proposal for DHHFLTSS 

 

The proposed method aims to continue the 

correlation coefficient calculation process on real 

linguistic terms rather than the direct use of 

membership degrees of DHHFLTSs. The method 

performs aggregation operations on primary and 

secondary linguistic terms of linguistic term sets 

and obtains new DHHFLEs. Covariance, 

variance and correlation coefficient calculations 

are made by calculating the membership degrees 

of the obtained DHHFLEs. 

 

SO is DHLTS and the aggregation operations of 

primary and secondary hierarchical degrees of 

DHHFLEs, ℎ𝑆𝑂(𝑥𝑖) ={𝑠𝜙𝑙〈𝑜𝜑𝑙〉
(xi) | 𝑠𝜙𝑙〈𝑜𝜑𝑙〉

∈ SO; 

l=1,…,L; ϕl=-τ,…0,…,τ; φl=-ς,…,0,…,ς} of 

DHHFLTS defined in X and the combined 

DHHFLTS definitions are applied as follows: 

 

𝜙′ =
1

𝐿
∑ 𝜙𝑙
𝐿
𝑙=1 𝑎𝑛𝑑 𝜑′ =

1

𝐿
∑ 𝜑𝑙
𝐿
𝑙=1                (16) 

 

ℎ̇𝑆𝑂 = ⋃ {𝑠𝜙〈𝑜
𝜑′

〉
′ |𝜙′ ≤ 𝜏; 𝜑′ ≤ 𝜍}𝑠𝜙𝑙〈𝑜𝜑𝑙〉

∈ℎ𝑆𝑂
    (17) 

 

in the equation, L represents the number of 

DHLTs in ℎ𝑆𝑂(𝑥𝑖). The covariance 

(𝐶(�̇�𝑆𝑂
1 , �̇�𝑆𝑂

2 )), variance (𝑉𝑎𝑟(�̇�𝑆𝑂)) and 

correlation coefficient (𝜌′(�̇�𝑆𝑂
1 , �̇�𝑆𝑂

2 ) ) among the 

combined DHHFLEs obtained from DHHFLTSs 

(�̇�𝑆𝑂
1 ,�̇�𝑆𝑂

2 ) are calculated as follows: 

 

𝐶(�̇�𝑆𝑂
1 , �̇�𝑆𝑂

2 ) =
1

𝑛
(∑ [𝑓 ((𝜙′

1

𝑖
, 𝜑′

1

𝑖
) −𝑛

𝑖=1

�̅̇�𝑆𝑂
1 )] [𝑓 ((𝜙′

2

𝑖
, 𝜑′

2

𝑖
) − �̅̇�𝑆𝑂

2 )])               (18) 

 

𝑉𝑎𝑟(�̇�𝑆𝑂) = √
1

𝑛
(∑ (𝑓 ((𝜙′𝑖 , 𝜑′𝑖) − �̇̅�𝑆𝑂))

2
𝑛
𝑖=1 )      (19) 

  

𝜌′(�̇�𝑆𝑂
1 , �̇�𝑆𝑂

2 ) =
𝐶(�̇�𝑆𝑂

1 ,�̇�𝑆𝑂
2 )

√𝑉𝑎𝑟(�̇�𝑆𝑂
1 ,�̇�𝑆𝑂

2 )
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=
∑ [𝑓((𝜙′1

𝑖
,𝜑′1

𝑖
)− �̅̇�𝑆𝑂

1
)]𝑛

𝑖=1 [𝑓((𝜙′2
𝑖
,𝜑′2

𝑖
)− �̅̇�𝑆𝑂

2
)]

√
  
  
  
  
  
  
 
 

(∑ (𝑓((𝜙′1
𝑖
,𝜑′1

𝑖
)−�̅̇�𝑆𝑂

1
))

2

𝑛
𝑖=1 )

 (∑ (𝑓((𝜙′2
𝑖
,𝜑′2

𝑖
)−�̅̇�𝑆𝑂

2
))

2

𝑛
𝑖=1 )

               (20) 

 

in the equation, the mean of DHHFLTS, �̅̇�𝑆𝑂, is 

defined as: 

 

 �̅̇�𝑆𝑂 = (
1

𝑛
∑ 𝜙′𝑖𝑛
𝑖=1 ,

1

𝑛
∑ 𝜑′𝑖𝑛
𝑖=1 )                     (21) 

 

The proposed method meets the basic Pearson 

correlation coefficient conditions, and the 

conditions for DHHFLTSs (�̇�𝑆𝑂
1 , �̇�𝑆𝑂

2 ) are 

expressed as: 

• 𝜌′(�̇�𝑆𝑂
1 , �̇�𝑆𝑂

2 ) = 𝜌′(�̇�𝑆𝑂
2 , �̇�𝑆𝑂

1 )  

 

• 𝜌′(�̇�𝑆𝑂
1 , �̇�𝑆𝑂

1 ) = 1    

 

• −1 ≤ 𝜌′(�̇�𝑆𝑂
1 , �̇�𝑆𝑂

2 ) ≤ 1       

 

If the attributes are weighted, the weighted 

correlation coefficient calculation method for 

DHHFLTSs (𝐻𝑆𝑂1 , 𝐻𝑆𝑂2) is recommended as 

follows: 

 

𝜌𝑤
′ (�̇�𝑆𝑂

1 , �̇�𝑆𝑂
2 ) =

𝐶𝑤(�̇�𝑆𝑂
1 ,�̇�𝑆𝑂

2 )

√𝑉𝑎𝑟𝑤(�̇�𝑆𝑂
1 ,�̇�𝑆𝑂

2 )

=

∑ [𝑤𝑖𝑓((𝜙
′
1

𝑖
,𝜑′1

𝑖
)−�̅̇�𝑆𝑂

1 )]𝑛
𝑖=1 [𝑤𝑖𝑓((𝜙

′
2

𝑖
,𝜑′2

𝑖
)−�̅̇�𝑆𝑂

2 )]

√∑ (𝑤𝑖𝑓((𝜙
′
1
𝑖
,𝜑′1

𝑖
)−�̅̇�𝑆𝑂

1 ))

2
𝑛
𝑖=1 ∑ (𝑤𝑖𝑓((𝜙

′
2
𝑖
,𝜑′2

𝑖
)− �̅̇�𝑆𝑂

2 ))

2
𝑛
𝑖=1

          (22) 

 

The basic correlation coefficient conditions 

provided by the proposed weighted method (𝑝𝑤
′ ) 

are as follows: 

 

• 𝜌𝑤
′ (𝐻𝑆𝑂

1 , 𝐻𝑆𝑂
2 ) = 𝜌𝑤

′ (𝐻𝑆𝑂
2 , 𝐻𝑆𝑂

1 )  

 

• 𝜌𝑤
′ (𝐻𝑆𝑂

1 , 𝐻𝑆𝑂
1 ) = 1  

 

• −1 ≤ 𝜌𝑤
′ (𝐻𝑆𝑂

1 , 𝐻𝑆𝑂
2 ) ≤ 1  

 

The proposed method is applied in the case study 

and its application steps are explained in the 

Section 5. The validity of the method is proved 

by comparing with the current method. 

 

 

5. Case Study: Assignment of Players to The 

Positions in Football 
 

Identifying the right player in the right position, 

which ensures success in team games, cannot be 

done with mathematical calculations [22]. The 

assignment of the player to the position takes 

place with the expertise gained from the 

experience and observations of the coaches [28]. 

This case study aims to identify and assign the 

most suitable players for goal, defender, 

midfielder and forward football positions 

according to their physical, technical and mental 

characteristics [22, 29]. The skills required for 

the positions and the level of players to have 

these skills are defined by the expert coach with 

DHHFLTs. The most suitable player for the 

position is selected based on the highest level of 

correlation with the position requirements. The 

proposed correlation coefficient method based on 

the DHHFLTS is used to define the fit between 

positions and players. The positive and highest 

correlation coefficient value (∈ [-1,1]) defines 

the player most suitable for the position. 

 

The basic skills used in determining the 

relationship between the position and the football 

players are defined in the main titles as physical, 

mental and technical. Characteristics of basic 

skills are as follows [22, 29, 30]:  

 

• Physical: speed, agility, jumping, 

acceleration, height, strength 

• Mental: ability to read the game, 

leadership, creativity, calmness, courage, 

belief in decision 

• Technical: finishing, passing, shooting, 

heading, tackle, dribbling. 

 

The basic skills expected for the positions are as 

follows [22, 29, 30]: 

• Goal: height, reflex, high jump, 

flexibility, balance, playmaking 

• Defender: strong physics, effectiveness 

in airballs, speed, move timing, passing 

ability 

• Midfield: ability to read the game, 

passing ability, ball control, possession of 

the ball, calmness 

• Forward: shooting, power, passing 

ability, speed, ball efficiency, ball 

control, reading the game. 
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Table 1. Double hierarchy linguistic expressions of expected properties for positions 
 Physical Mental Technical 

Goal  only a little good far from very good 
between a little medium 

and a little very good 

Defender 
between only a little very 

good and a little perfect 
just right good 

between good and far from 

perfect 

Midfielder  only a little good 
between a little very good 

and far from perfect 
just right very good 

Forward  
between very much good 

and only a little perfect 

between extremely medium 

and very much very good 
a little very good 

The case study aims to assign four player (A1, 

Burak; A2, Mehmet; A3, Servet; A4, Umut) 

candidates to four game positions (R1,Goal; 

R2,Defense; R3,Midfielder; R4,Forward) based 

on three general characteristics (P1, Physical; P2, 

Mental; O3,Technical). The primary (S) and 

secondary (O) hierarchical LTSs of DHHLTS, 

𝐻𝑆𝑂={〈xi, ℎ(𝑆𝑂)(xi)〉| xi∈X} defined in X used in 

DHHFLEs, ℎ𝑆𝑂(xi)={𝑠𝜙𝑙〈𝑜𝜑𝑙〉
 (xi)|𝑠𝜙𝑙〈𝑜𝜑𝑙〉

∈SO; 

l=1,…,L; ϕl=-τ,…0,…,τ; φl=-ς,…,0,…,ς} to 

define the position and characteristics of the 

players are as follows. 

S={s-3= none, s-2= very bad, s-1= bad, s0= 

medium, s1= good, s2= very good, s3= perfect} 

 

O-= {o-3= extremely, o-2= very much, o-1= 

much, o0= just right, o1= a little, o2= only a 

little, o3= far from; ϕl≤0} 

 

O+= {o-3= far from, o-2= only a little, o-1= a little, 

o0= just right, o1= much, o2= very much, o3= 

extremely; ϕl≥0} 

 

 

Table 2. Double hierarchy linguistic expressions of player skills 
 Physical Mental Technical 

Burak 
between far from medium 

and only a little medium 

between a little medium and 

a little good 
just right good 

Mehmet much very good 
between very much medium 

and extremely very good 

between just right good and 

far from perfect 

Servet 
between only a little medium 

and good 
only a little perfect 

between medium and 

extremely good 

Umut extremely very good 
between extremely medium 

and a little very good 
between good and perfect 

 
Table 3. Definition position properties with DHHFLTS and transformations to HFLTEs  

 Physical Mental Technical Physical Mental Technical 

Goal  {𝑠1〈𝑜−2〉
} {𝑠2〈𝑜−3〉

} {𝑠0〈𝑜−1〉
, 𝑠1, 𝑠2〈𝑜−1〉

} {𝑠1〈𝑜−2〉
} {𝑠2〈𝑜−3〉

} {𝑠1〈𝑜−1〉
} 

Defender {𝑠2〈𝑜−2〉
, 𝑠3〈𝑜−1〉

} {𝑠1〈𝑜0〉
} {𝑠1〈𝑜0〉

, 𝑠2, 𝑠3〈𝑜−3〉
} {𝑠2,5〈𝑜−1,5〉

} {𝑠1〈𝑜0〉
} {𝑠2〈𝑜−3〉

} 

Midfielder  {𝑠1〈𝑜−2〉
} {𝑠2〈𝑜−1〉

, 𝑠3〈𝑜−3〉
} {𝑠2〈𝑜0〉

} {𝑠1〈𝑜−2〉
} {𝑠2,5〈𝑜−2〉

} {𝑠2〈𝑜0〉
} 

Forward  {𝑠1〈𝑜2〉
, 𝑠2, 𝑠3〈𝑜−2〉

} {𝑠0〈𝑜3〉
, 𝑠1, 𝑠2〈𝑜2〉

} {𝑠2〈𝑜−1〉
} {𝑠2〈𝑜0〉

} {𝑠1〈𝑜2,5〉
} {𝑠2〈𝑜−1〉

} 

 

Table 4. Definition player skills with DHHFLTS and transformations to HFLTEs  
 Physical Mental Technical Physical Mental Technical 

Burak {𝑠0〈𝑜−3〉
, 𝑠0〈𝑜−2〉

} {𝑠0〈𝑜−1〉
, 𝑠1〈𝑜−1〉

} {𝑠1〈𝑜0〉
} {𝑠0〈𝑜−2,5〉

} {𝑠0,5〈𝑜−1〉
} {𝑠1〈𝑜0〉

} 

Mehmet {𝑠2〈𝑜1〉
} {𝑠0〈𝑜2〉

, 𝑠1, 𝑠2〈𝑜3〉
} {𝑠1〈𝑜0〉

, 𝑠2, 𝑠3〈𝑜−3〉
} {𝑠2〈𝑜1〉

} {𝑠1〈𝑜2,5〉
} {𝑠2〈𝑜−1,5〉

} 

Servet {𝑠0〈𝑜−2〉
, 𝑠1〈𝑜0〉

} {𝑠3〈𝑜−2〉
} {𝑠0〈𝑜0〉

, 𝑠1〈𝑜3〉
} {𝑠0,5〈𝑜−2〉

} {𝑠3〈𝑜−2〉
} {𝑠0,5〈𝑜3〉

} 

Umut {𝑠2〈𝑜3〉
} {𝑠0〈𝑜3〉

, 𝑠1, 𝑠2〈𝑜−1〉
} {𝑠1〈𝑜0〉

, 𝑠2, 𝑠3〈𝑜0〉
} {𝑠2〈𝑜3〉

} {𝑠1〈𝑜1〉
} {𝑠2〈𝑜0〉

} 
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The application steps of the proposed correlation 

coefficient measurement method based on 

DHHFLTS are as follows: 

Step 1. The skill characteristics expected for the 

positions and the characteristics of the players are 

defined in Table 1 and Table 2, respectively, 

using hesitant linguistic expressions. 

 

Step 2. The linguistic domains defined in Table 1 

and Table 2 are transformed to the DHHFLTSs 

in Table 3 and Table 4, respectively. 

 

Step 3. The DHHFLTSs defined in Table 3 and 

Table 4 are aggregated using Equation 16, and 

mean HFLEs are calculated for each position and 

player using Equation 21 (Table 3, Table 4). 

 

Step 4. The membership degrees of the 

difference of the HFLTEs from the average 

HFLTEs are calculated using Equation 3. 

Variance values are calculated over the 

difference between positions and players from 

the average HFLTE using Equation 19 (Table 5, 

Table 6). 

Step 5. Correlation coefficient values reflecting 

the relationship between positions and players 

are defined using Equation 20 (Table 7). 

 
Table 5. Membership degrees and variance values 

of positions 
 Physical Mental Technical Variance 

Goal  0.556 0.667 0.611 0.0021 

Defender 0.833 0.667 0.667 0.0062 

Midfielder  0.556 0.806 0.833 0.0156 

Forward  0.833 0.806 0.778 0.0005 

 

Table 6. Membership degrees and variance values 

of players 
 Physical Mental Technical Variance 

Burak 0.361 0.528 0.667 0.0156 

Mehmet 0.889 0.806 0.750 0.0033 

Servet 0.472 0.889 0.750 0.0300 

Umut 1.000 0.722 0.833 0.0130 

 

According to the results of Table 7 and Figure 2, 

which reflect the relations between positions and  

players, Servet is assigned to goal, Umut to 

defender, Burak to midfielder and Mehmet to 

forward. Umut is determined as the most 

unsuitable player for the goal position. Although 

Mehmet and Umut have equal similarity values 

for the defender, the most suitable person for the 

forward is determined as Mehmet and Umut is 

assigned to the defender position.  
 

 
Figure 1. The Relationship between positions and 

players 

 

While Burak is chosen as the most suitable 

person in the midfield, Mehmet is seen as the 

most unsuitable player for the midfield position. 

While Mehmet is assigned with the highest 

correlation value for the forward position, the 

most inappropriate player is determined as 

Burak. 

 

 
Figure 3. Position player relationship according to 

current method 

 

The consistency and validity of the proposed 

method are revealed by comparing the proposed 

method with the current method (Figure 3). 

While Servet (0.948) is the most suitable player 

for the goal position, Umut (-0.993) and Mehmet 

(-0.980) are the most unsuitable players. Burak is 

the most suitable player for midfield (0.929) with  
 

Table 7. Correlation coefficient matrix reflecting position and player relationship  

 Goal Defender Midfielder Forward Position 

Burak 0.545 -0.891 0.929 -0.999 Midfielder 

Mehmet -0.596 0.918 -0.950 0.993 Forward 

Servet 0.982 -0.945 0.911 -0.655 Goal 

Umut -0.993 0.918 -0.878 0.596 Defender 
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While it is necessary to choose between Mehmet 

and Umut between the forward and the defender, 

Mehmet is chosen with the highest correlation 

value (0.994) with the forward position and 

Umut (0.966) is appointed as the most suitable 

player for the defender. 

 

Comparative evaluations show that the new 

method, which proposes to continue with the 

fuzzy calculation method, is consistent with the 

current method. By continuing the process with 

fuzzy calculations, the efficiency of hesitancy 

evaluations in calculations is increased and the 

power of reflecting the evaluations of the experts 

to the result increases. 

6. Conclusion 

 

Linguistic terms are an important tool in 

reflecting the evaluations of experts more easily 

in complex decision making problems. This 

study deals with the correlation coefficient-based 

decision making method using DHHFLTSs, 

which are an important tool in reflecting complex 

linguistic assessments. In the current method, the 

direct correlation coefficient calculation over the 

membership degrees of fuzzy evaluations based 

on DHFLTs is seen as an important shortcoming.  

 

The proposed method continues the calculation 

process of the correlation degree with hesitant 

linguistic evaluations, and hesitancy evaluations 

are included in the calculations. The proposed 

method deals with the original decision making 

problem as assigning the most suitable player to 

the positions in football. The existing and 

proposed new method are compared based on 

this decision-making problem and the 

consistency of the proposed method is revealed 

with the results. 

 

Future studies may include incorporating HFLTs 

with different aggregation methods in correlation 

calculations based on DHHFLTS. Thus, hesitant 

expressions are transferred to evaluation 

processes more comprehensively. In addition, the 

proposed method can be applied to different and 

comprehensive decision making problems. 
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