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Abstract

In the present paper, we are concerned with an inverse source Cauchy weighted problem
involving a one-dimensional diffusion equation with a time-fractional Riemann-Liouville
derivative with 0 < o < 1. We start with results on the existence and regularity of the
weak solution of the direct problem. Then, we investigate the invertibility of the input-
output mapping defined by the additional over-determination integral data in order to the
determination of the unknown time-dependent source coefficient.
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1. Introduction

Let us consider the following inverse source problem for the time-fractional diffusion
equation

Oy pul(, 1) = uga (2, 1) = c(t) f(x);  (2,t) € Qr (1.1)
along with the weighted initial condition
: l—a _ .
tl_l{%_'_t U(.CU, t) - (,0(%')7 x € [07 1] (12)

the Dirichlet boundary conditions

u(0,t) =0= u(l,t); te(0,T]; (1.3)
and the overdetermination condition
1
/ zu(z,t)de =g (t); te(0,T] (1.4)
0

where Qr = {(z,t) : 0 <2 < 1,0 <t <T}; p(z), f(x) and g (t) are given functions while
c(t) is the unknown source term to be determined and 9§, ; stands for Riemann-Liouville
time partial derivative of order 0 < o < 1.
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Our first objective is the theoretical study of the direct problem (1.1)-(1.3) by analyzing
the weak solution. The second one is the uniquely recover of the time-dependant source
term c(t) from the additional data of integral type (1.4). To achieve this, we define an
input-output mapping G (¢) = g on some admissible parameters space H via the overde-
termination data which allows us to reduce the inverse source problem to the problem of
the invertibility of the input-output mapping, see for example [2,5].

Fractional differential equations become an important tool in modeling many real-life
problems due to the nonlocal character of fractional order derivatives. They are used to
describe memory and hereditary properties of various phenomena and processes in science
and engineering such as mechanics, control and viscoelasticity. Also, fractional partial dif-
ferential equations are a good alternative in some cases when the standard diffusion equa-
tions have a disagreement with experimental data due to non Gaussian diffusion and this
in some important applications of the anomalous diffusion processes; to know more about
see [7,18]. In this context, we define a time-fractional diffusion equation as a parabolic-like
partial differential equation with the partial time derivative of fractional order. It is called
subdiffusion equation when 0 < o« < 1. There are many works on the direct problems
for subdiffusion equations such as an initial-boundary value problem [4,10-12]. Likewise,
studies of inverse problems of time-fractional partial differential equations have increased,
[1-3,8,13,14,16]. Most of these works have dealt with the fractional time derivative in the
Caputo sense and to the best of our knowledge, there are only a few works about inverse
source subdiffusion problem involving Riemann-liouville derivative with initial weighted
condition. The main reasons are the difficulty to give physical meaning to the related
initial conditions and also to work in a suitable space. In [6], the autors gave a series of
examples that it is possible to attribute physical meaning to initial conditions expressed
in terms of Riemann-Liouville fractional derivatives. They attest that it does not require
a direct experimental evaluation of these initial conditions.

The remainder of this paper is organized as following. In Section 2, we recall some
preliminaries about fractional calculus. In Section 3, we obtain existence and regularity
results for the unique weak solution of direct problem (1.1)-(1.3) using Fourier’s method
and Duhamel’s principle in the fractional case (see [17]). In section 4, we investigate the
inverse source problem by the obtained input-output mapping from the additional data

g(t).
2. Preliminaries

In the following, we recall some useful knowldge of fractional calculus which can be
found in these books [9,15].

Definition 2.1. The left-sided Riemann-Liouville fractional integral of order 0 < o < 1
of f € L' (a,T) is defined by

o Y L ()
o, f(t) = F(a)/a s >0,

where I'(«) is the Euler gamma function.

Proposition 2.2. For the Euler gamma function T'(z) the following hold:
1

F'(z4+1)=2I'(2); /sz_l(l —s5)vlds =
0

)T
7(2) (w); Z,W E RT.
I'(z+4w)
Definition 2.3. The left-sided Riemann-Liouville fractional derivative of order 0 < o« < 1
is defined by

d

o o oy L d ot f(s)
Dgv f(t) = @—Cﬂ (t) = F(l—oz)dt/a Wd&
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for all f € L' (a,T) such that I.7*f € W'(a,T), a Sobolev space.
Proposition 2.4. For0<a <1, f € L'[a,T], I'7*f € Whi(a, T),

(t - a)a—l
I'(«)

Lemma 2.5. Let 0 < a < 1,the functions f € L'[0,T] and K (t) has a measurable
derivative K' (t) almost everywhere on [0,T), then for any t € [0,T],

19, D3 f(t) = f(t) — rzef (at); DI, () = F(O).

s—0+ 0Fys

Dg, /Otf(s)K(t—s) ds:/otf(t—s) D, K (s)ds+ f(t) lim [IT°K (s).  (2.1)

Now, let us define Cy[a,T], 0 < v < 1 the weighted space of defined functions on
(a,T) such that (t —a)” f € C[a,T] which is a Banach space with the norm lulle, o =
|(t —a)” ull¢fq,71- Then, we introduce the Mittag-Leffler functions.

Definition 2.6. A two-parameter Mittag-Leffler function is defined by the series expan-
sion

Zn

E = _ ith . 2.2
,3(2) nZ;OF(an—i-ﬁfa’ﬁ’ZECWlt Ra >0 (2.2)

In particular, for =1, E,1(2) = Eq(2) and for a = =1; Ei(z) = €*.
Lemma 2.7. The following properties hold on [0,T] for a > 0,8 >0, A € RT :

(1) Eq g(—At") is bounded positive completely monotonic function;

. 1
(2) tli%iEaﬂ(_/\t )= () and

18, (97 Bag(—At%)) = 277 B o (M%),

Definition 2.8. We define the a-Exponential function by
ea (A 2) = 22 By (M%), 0, X € C, 2 € C\ {0} with Ra > 0.

Lemma 2.9. e, (A t) is bounded positive completely monotonic function and satisfies

t

/ eq (A, s)ds < oo

0

Dg, (ea (M) = Xea(MNt), for0<a< 1.

Theorem 2.10. For a sequence of functions (f;(t));>, defined on (0,T], suppose the
following conditions are fulfilled: a

(i) For a given a > 0 the a- derivatives Dg, f;(t),i > 0; t € (0,T] ewists.

(i) 3521 fi(t) and Y721 D, fi(t) are uniformly convergent on the interval [e,T] for
any € > 0.

Then the function defined by the series Y 2, fi(t) is a— differentiable and satisfies

D(Oer Z fi(t) = Z D(Oﬂfi(t)‘
i=1 i=1

Theorem 2.11. The fractional problem of weighted Cauchy type

Dg u(t) = du(t), 0<a <1, te (aT], X€R",
lim (t—a)""%u(t) =,

t—a+

(2.3)

has a unique solution u € C1_q [a,T] given by u(t) = ' (a) eq (A, t —a) .
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3. Fractional problem of weighted Cauchy type

A crucial step in our approch is to establish the spectral representation of the solution.
Then, we etablish existence, uniqueness and some regularity results for the weak solution
of (1.1)-(1.3). Precisely, under the following assumptions

(A1) ¢ € C1_4[0,T) N LY (0,T) is positive and ¢ (t) # 0 for each ¢ € (0,77 .

(A2) f € H?(0,1) N H(0,1) with £/ (0) = f'(1).

(A3) p € H%(0,1) N H(0,1) with ¢’ (0) = ¢’ (1),

H?2(0,1) and H{(0,1) denote known Sobolev spaces.

The formal solution of initial boundary value problem (1.1)-(1.3) is written in the form
of a Fourier series

u(z,t) = Z up (1) Xy (2)5 (2,t) € Qp (3.1)
n>0

where X, (z) = sinnma;n > 1 are the eigenfunctions corresponding to the eigenvalues
An = (nm)?,n > 1 of the spectral problem

{ —X7(z) =AX (z); x€(0,1) (3.2)

X(0)=0=X(1).
(X5 (2)),,>1 forms a basis for the Hilbert space L2(0,1).

Definition 3.1. A function u (.,t) € H}(0,1) is called a weak solution of problem (1.1)-
(1.3) if it satisfies the following problem

1

[ (06 .06 (@) + sl )6, (@) = e(0)f (2) & (2)) dx = 0, for any ¢ € (0,7

0
1

lim ¢l / (u(@, ) — p(x)) & (z) dz = 0;

t—0+
0
(3.3)
for any function ¢ € H}(0,1) and for p € HE(0,1).
Remark 3.2. Problem (3.3) is a weak formulation of the direct problem (1.1)-(1.3).

Theorem 3.3. Let assumptions (A1)-(A3) be satisfied. The time-fractional diffusion
problem (1.1)-(1.3) has a unique weak solution given by (3.1) where the coefficients uy, (t) ,n >
1 are given in C1_4 [0,T] by

un(t) = nT(@)ea(=An, £) + f / o(8)ea(—An, t — 5)ds: (3.4)
0

with
1
On = 2/@($)Xn ()dx,n > 1,

0
1

fo = 2/f(:c)Xn () da,n > 1.

0

Proof. Let us put
u(z,t) =v(z,t) +w(x,t) (3.5)
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where w(z,t) satisfies

O qw(w,t) = Wwag (x,1) = 0;  (2,t) € (0,1) x (0,7
3 11—« _ .
i 7w (z,t) = o(z); 2 €0, 1] (3.6)
w(0,t) =0=w(1,t); te(0,T]
and v(zx,t) satisfies

Oy 0(@,t) = vi (2,8) = c(®)f(2); (2,8) € (0,1) x (0,T]

- —_0N-
tLI% t' "% (z,t) =0; z€[0,1] (3.7)
v(0,t) = 0 = v(L,1); t € (0,7).
Then, we get w (z,t) = >7° wy,(t) X, (x), where

1
/ z)dz,n >1
0

the solutions of weighted Cauchy fractional problems

D wy(t) = =Awy (t), t€(0,T];n>1
lim 7%, (t) = pn, (3.8)

t—0+
are given in C1_, [0,7T] by
wp(t) = ppl(a)eq (—Ap,t); t € (0,T]; n > 1. (3.9)

Therefore, the solution of (3.6) has the series form

Z pnl’ )\na t) ( ) . (3'10)

n>1

Next, We put v (x,t) = /V (z,t,s)ds in (3.7) and in view of Duhamel’s principle we

0
obtain the solution of (3.7) which has the following form v (x,t) = >, 5 vn (t) Xp (z) . By
Lemma 2.5 we etablish that V' (z,t, s) is the solution of

02V (w,t,8) = Vg (w,8,5) =0; 2€(0,1); 0<s<t<T

Jim, (t—s)' "V (x,t,5) = W; € [0,1] (3.11)
V(0,t,s) =0=V(1,t,s); O0<s<t<T.

As previously, we get
V(x,t,s) ZV (t,s) X an Ayt — 8) X, (), (3.12)
n>1 n>1
1
where V,, (t,s) = 2 / V(z,t,s) X, (x)dz,n > 1 are solutions of fractional differential prob-

0
lems of weighted Cauchy type
{ DS Vi(t,s) = =AVy (t,s), te(s,T];n>1

: —a _ fac(s) (3.13)
tinsl+ U 8)1 Valt,5) = I'(a)’

given in C_4 [s,T] by
Vo(t, s) = fuc(s)ea (—An,t —s); t € (s,T]; n> 1. (3.14)
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Consequently, vy, (t),n > 1 are in C1_, [0,7T] given by

t) = /Vn (t,s)ds = fn/c(s)ea(—)\n,t—s)ds,n >1
0 0
and
v (x,t) = an/c(s) Co (<A, t — 8)ds Xy (2). (3.15)
0

Then, the sum of (3.10) and (3.15) gives the spectral representation of the solution of
problem (1.1)- (1.3) which is of the form (3.1)-(3.4). Finally, the uniqueness of the spectral
representation (3.1)- (3.4) of the weak solution u (x,t) is obtained from the uniqueness of
the solutions of (3.7) and (3.13) in view of Theorem 2.11 and (A1)-(A3). This completes
the proof. O

In the following, we are interseted in the regularity properties of u (x,t) for a fixed
coefficient source ¢ (t) in C1_4[0,7]. Let us denote,

M :=sup sup Eyol—An(t—35)"); (3.16)
n>10<s<t<T
Q1 =T(a)M; Q _ el @y, (3.17)
1= ) 2 — T (206) ) .
TQa—l T2a—1
o2 . _ 2
Q=201 Q=4 (B +1). (3.18)

Theorem 3.4. The unique weak solution of (1.1)-(1.8) is in C1_o([0,T); L?(0,1)) and
satisfies the following estimate

||UHcl,a([o,T};L2(o,1)) < @1 H<P||L2(0,1) + Q2 HC”CFQ[O,T] HfHL2(o,1) ) (3.19)

for some positive constants Q1 and Q2 given by (3.17).
Moreover, we have lim Htl “u(.,t) — <PHL2(0 ) = 0.
t—0 )

Remark 3.5. Note that u (z,t) is in C((0,T]; L?(0,1)) and has a singularity at ¢ = 0 and
this justifies the use of weighted space.

Proof. 1t’s known that the L?-norm of w (x,t) with respect to z, satisfies the parseval
identity for each ¢t € (0,7,

Jw (.t HL2 0,1) = Z |wy, (t

n>1

We conclude that, for ¢ € (0,77,

I (a
0 (D) € T @2 fea (A, 1)
n>1
I'(a a—112 o
< é)[Mt 73 02 < 2D (a) M2 @]z 0,

n>1
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where M is given by (3.16). In the same way, we get from (3.15) for each ¢ € (0,7

lo (- D)lZ201) = *Z!’vn

n>1

. 2
M2 oa— o—
- ||CH2*1_Q[O,T} > | fal? [/5 Lt —s)*! dS]
0

n>1
S <

In view of the L?-norm of (3.5), we get for each t € (0,77,

o ae11? (@)
lu (D)l 2 0,0) < 17 T (@M [l 2oy + 1 lr(éa) lelley_aory M Il L2 01y (3-20)

IN

2
) lell2, oz M 11220 -

which leads to the result (3.19).
Now, for the initial condition, we have

Htl_a <70’1:2(01 - T;‘tl tu 90”‘2
< ‘gpn (tlfaf(a)ea(—)\n,t) — 1) ‘2
n>1
2
+Z = O‘fn/ s)ea(—An,t — s)ds
n>1

From the defintion of the a—exponential Mittag-Leffler function and its [ integral, we
obtain

[tu =l = X lon (@) Eaa(-Aut) = DI

n>1

2
+ 3 [ Fallelle, oo 2% Bagal=Aat®)]

n>1
< Y 1en (D(@) Ega(—Aat®) — 1)
n>1
+2 [lelZ, oy O LnPaza(—Ant®)]?.

n>1
By (A2)-(A3) and Lemma (2.7), applying the limit, we get

lirn Htlia 80} L2(0,1)

t—0+

which completes the proof. O

Remark 3.6. Remark that in (3.20) we have singularities when ¢ = 0 and when 0 < a <
1/2 .This is overcome by using the weighted norm.

Next, we will give results concerning more regularity of the solution.

Theorem 3.7. The unique weak solution u (z,t) of (1.1)-(1.3) is in C1_4 ([0, T]; HE (0,1)N
H?(0,1)) such that 0§, yu € C1_o([0,T); L*(0,1)) and satisfies the following estimates

”UHcl,a([o,T];H(}(oJ)) < @1 ”SOHH(}(OJ) + Q2 HCHlea[O,T] Hf||H3(o,1) (3:21)
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and

lulle,_ o, m3 0.0)nm2(0,1)) + Hafﬁ,tu‘ < 2Q1[lell g2,y (322)
+ Q2+ 1) llelle, o1 152 (0,1y -
for Q1, Q2 given by (3.17)
Moreover, O, yu € L2((0,T) x (0,1)) for < a <1 and satisfies

Ik 2 2
Hao+,tu L2((0,7)%(0,1)) < Q3 H<P||L2(0,1) + Q4 HCHcl,a[o,T] Hf||H2(o,1) ) (3.23)

C1-a([0,T;L?(0,1))

for some positive constants Qs , Q4 given by (3.18).

Proof. Using the spectral form (3.1)-(3.4), we obtain the partial derivative ug (z,t) =
wy (z,t) + vy (x,t). Then, under (A3), we get

me ('7t)||%2 01 — 5 Z )\”w
n>1
< Z | n’ An ea )\mt)]2
n>1
M2T2(a t2(a—1)
n>1
a— 2
< 1)M2F2(a) H90/||L2(0,1);
where M is given by (3.16). Also, we have
low (5 t)ll72 0,1y < ZA [l ellé, . omy
n>1
t 2
X [/ s teg (< Ap,t — ) ds]
0

2
. I? (@) 9
2a—1 2 2
< (t T (2a)> lelley_apory M7 N z20,) -
Recall that the norm of H} (0,1) is defined by

HUHHol(O,l) = ||UxHL2(0,1)'
Then, we obtain

o2 ()
lulle, o qomymi o,y < MT(@) €] 2,0y + MT WHCHQ,Q[O,ﬂ 1 200y - (3:24)

Thus, u € C1_4([0,T]; H} (0,1)) and we get estimate (3.21).
Following the same argument, we get

lwss (S )12 01y = *Z;lk t) < 2CTVMT () 97 a0,
2 20-117 () ’ 2 20| 22
vz (T2 01) = *;A (t F(2a)> lelley wiory M7 20,0 -
Hence,
I?(a)

[taa () 22 (0,1) < " MT () 107l £2(0,1) +77 1F( )M” ley oo, 17 ||L2(01
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which implies that u (.,t) € H?(0,1) for t € (0,T] and we get

” O[P2 (a) ” 2
Hux;z:HCl_a([&T];L? (0,1)) < MI(a) [l¢ HL2(0,1) +T I‘(Qa)M ||C”cl_a[0,T] I f HL2(071)

(3.25)

The a—derivative of wu, (t), n > 1 exist for ¢ € (0,7 and satisfy
t
Dgytin () = @al(0)DE,; e (—An,t) + /O fac (t = 5) DGy s €a(Any 5) ds
+fne(t) 11rn+1'1+ ea (—An, )

t
= —ppl(@)\ eq (—Ap,t) — / fnc(t —35) Ap eq (An, s)ds
0
+fnc (t) 81_1>%1+Ea,1(_)\n3 )

Consequently, we get

> Dfyun (1) Xy (2)
n>1
< tDMD(e) |- > ApnX
n>1
— S AfuX / c(t—s)ds+c(t) |3 fuX
n>1 n>1
< UMY 0" X, (2)| T(e)
n>1
I (a ) vt

D X (2)| +

n>1

+ ! lelley oo 1 ()]

20 11“( o) Mlele,_.om

Thus, the series -, - D, up (t) Xy, (z) is uniformly convergent for ¢ € [¢,T], e > 0 and in
view of Theorem 2.10

Z Dy uy (t) X5 (2) = Dgy Z Up (1) X, ()

n>1 n>1

From equation (1.1), we have for ¢ € (0,7

|8 el )| < et s Ol 20,0y + 1) 1 20,0y - (3.26)

L2 (0,1)

In view of the approximation of u,,(z,t) we get

06 0] 2 o0y < HOTVMI(@) 0720, (3.27)
I (a)
200—1 9
R (2a)M lelle, oo 172 0,0y + @I 22(0,1) »

which yields

|8 vl oy < Qe ez + (111200 + Q2 1 Na20)) lelo,_yjom-

lea([O?Thlp( 5 (3 28)
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Then, between (3.19), (3.24), (3.25), (3.28), we obtain

lulle, o o, m3 0.)nm2(0,1)) + "83-1-715“’ Cr([0TL2(0.1))

< @ (||80HL2(0,1) +2 ||‘PIHL2(0,1) +2 ||‘P”||L2(071)>
+Qz llelle,_oor (1200 + 201 201 + 205 2200y
+llelley ooy 11 2201 -

Recall that the norm of H? (0,1) is

2 2 2 1/2
lull 20,1y = (HUHL2(0,1) + [[uallz2(0,0) + Hum||L2(0,1)> ;

then we conclude (3.22). Next, from (3.27), we get

T N 9 9 o T20471 9
/0 H60+7tu(.,t)’ L o) dt < 2M°T (a)Qa 1 [l 20,1
T4a71 F4 (a) 9 9 9
+44 70 (QQ)M lelley oo 1 20,0

2a0—1 9 )
+42047—1 HCHCka[O,T] ||f||L2(0,1) .

We deduce that 8§, ;u € L*((0,T) x (0,1)) for a > tand satisfies (3.23). O

4. Inverse source subdiffusion problem

In this section, we consider the inverse problem of finding the time dependent source
term ¢ (t) of the subdiffusion equation (1.1) from the given data (1.4). We will study the
monotonicity and distinguishability of the input-output mapping.

In addition to the assumptions (A1)-(A3), we assume the following :

(Ad) g € C1-,[0, TN L' (0,T); D§, g € C1-4[0,T) N L' (0,T)

and lim t'=g(t) = [ zp(z)dz.

t—0+

1
(A5) (~1)" f > 0;n > 1 and /xf(x)dx —F 40,
0

(A6) pp > 0;n > 1 and /:rgo(x)d:c # 0.

0
When multiplying (3.1) by x and integrating over [0, 1], g (t) can be determined by an
analytical series , for ¢t € (0,77,

0 = ¥ r@)en (A (11)
= —F—  Pnl (O)€q (—An, .
g = N 12
n+1 t
—|—Z /c(s) eq (—An,t —s)ds,
n>1 0
Indeed, in view of (A1)-(A3) with A, > 772, (A4) is satisfied and
MT(«
||9||Cl,a[o,T] < 7r( [Z lonl +llelle, 0,7] T (9 I‘ Z | fnl
n>1
< o0

Next, we define the set of admissible time-dependent source terms ¢ (t) by
H={ceCr1—o[0,T]: 0<Cy<c(t) <Ci,te(0,T] } CC1_[0,T]
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and by GCC1_4[0,7] N L1(0,T) the set of measured free noisy output data g (¢). Hence,
we introduce the input-output mapping G (.) : X — G as follows :

Ge)=wy+v.=9, (4.2)

where w,, and v, are the part of (4.1) depending of ¢ and c respectively given by t € (0,7

1 _1\ntl
wy (t) = /xw (x,t)dx = Z (:l)ﬂgonf(a)ea (= An,t); (4.3)
0 n>1
and
1 (_1)n+1 t
ve (1) = /xv (x,t)de = Z Tfn/c (8) eq (—An,t — s)ds. (4.4)
0 n>1 0

Remark 4.1. We can note G (¢) = wy, + @ (¢) where @ is a linear well defined mapping
on } and w, is constant with respect to c.

As a result, the inverse problem of determination of the time-source term ¢ (¢) in (1.1)-
(1.4) is reduced to the problem of invertibility of G.

Note that w (z,t) the solution of (3.6) does not depend on the source term c(t), but
it influences its uniqueness compared to the initial data. So, we give a uniqueness result
concerning w,, related on the input data ¢.

Lemma 4.2. Let wy (z,t), wa (x,t) be the solutions of the direct problem (3.6) related to
the initial conditions ¢ (x), ¥ (z) and wy, , wy be the part of (1.2) related to the input
data ¢ (x), 1 (x) respectively given by (4.3) where ¢ (x), ¥ () satisfy assumptions (A3)
and (A6). If

wy (1) =wy (1), 0<t < T,
then,
p(r) = (2) (4.5)
almost everywhere on [0, 1].

Proof. wy, wy € C1_q ([0,T];L?[0,1]) the solutions of the direct problem (3.6) related
to the initial conditions ¢ (x) and v () are given by (3.10), respectively. It is clear that
wy (t) ,wy (t) are in C1—o [0,T]. Let us suppose that we, (t) = wy (t), 0 <t < T and

w(x) > Y(z); =z€(zzig1),i=1,...m
p(x) = 1 (x); otherwise,

for some z; € [0,1],i =1,...,m + 1. Then, we get

m:p¢+1 1
0 zlo(x)—yY(z)|dr= | x x) — Y (x)|dx
< / o (@)~ (2)] O/M) b (@)

1
< 0/ xglm — hn] X, () da.

Thus , by the fact that

lim 17717 (@) Eqo(—At®) = 1, (4.6)

t—0t
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we get

1
0 < n — U] im ' (@) Eg 0 (—Ant®) Xy (2) d
O/xZ[so u] Jim, () Eava(~Mat®) Xo, (2) do

n>1

1
< sup tl_o‘/l‘ ’w@ (z,t) — Wy (z,t)|dz = ngo - wchl,a[oj} = 0.
te[0,7T

This gives us a contradiction. Then, ¢ () = 1 (z) almost everywhere on [0, 1]. O

Let u (x,t), u(z,t) be two solutions of the direct problem (1.1)-(1.3) and ¢ (¢), g (¢) be
the overdetermination data corresponding to the admissible time-source terms ¢, ¢ € H
respectively. Now, to ensure the existence of the solution of the inverse problem let’s show
the monotonicity of G.

Theorem 4.3. Let assumptions (A1)-(A6) hold and u (x,t,c) be a unique solution of the

direct problem (1.1)-(1.3). If the admissible coefficients ¢, ¢ € H satisfy the condition

< c(t) < e(t); t € (0,T] then, the input-output mapping satisfies G (¢ (t)) < G (¢(t));
€(0,7] .

Proof. Given ¢, ¢ € H such that 0 < ¢(t) < c¢(t) for each ¢ € (0,7] and set c(t) —
c(t) = Ac(t) then z(z,t) =u(x,t,c) —u(x,t,c) is a solution of the direct problem

b4 12(2,t) — 2zw = Ac(t) f(2);  (x,t) € Q(0,1) x (0,T]

: -« —0-
tin&+t z(xz,t) =0; z€]0,1] (4.7)
z(0,t) =0 = 2(1,¢); te (0,7].
In view of (3.1)-(3.4), z is given by
t
= Z /Ac(s)ea(—)\n,t — 8)dsfnXn (). (4.8)
n>1y

Then, the corresponding input data g (t) — g (t) = Ag(t); t € (0,T], is given by
1

and satisfies for ¢t € (0,7 ,

n>1
/Ac (=An,t—35) (=1)" frds >0
n>1
This implies the monotonicity of G. The proof is complete. g

Next, we will study the distinguishability of the unknown function ¢ (¢) via the input-
output mapping G in the sense that G (¢) # G (¢) implies ¢ # ¢ and this means the
injectivity of its inverse G~1. This yields to identify ¢ (¢) uniquely

Theorem 4.4. Assume that assumptions (A1)-(A6) hold. Then, the input-output map-
ping G (¢) corresponding to the additional data (1.4), has the distinguishability property
in the class of admissible source parameters H.
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Proof. Let ¢, ¢ € H such that ¢ (t) — ¢ (t) = Ac(t) # 0 then z (x,t) = u (z,t,¢)—u (z,t,¢)
is a solution of the direct problem (4.7) and z is given by (4.8). Then, for the corresponding
input data Ag (t) , we get for ¢t € (0,7,

/ann ) dx

n>1

|Ag (t)] <

18l jo.m M / — )" ds

Therefore, in view of (A2) and (A5) we obtain

TT? ()

1G(c) =G @), o) < Mﬁ [F[lle = ¢lley_ 0,17

Hence, G (c) is Lipschitz continuous on .
Consequently, if G (c¢) # G (¢) for each ¢, ¢ € H then ¢(t) # ¢(t) on (0,7] which is the
wanted property. ]

Theorem 4.5. The source term ¢ can be determined uniquely by the input data (1.4).
Proof. For any ¢, ¢ € H such that c¢(t) > ¢(t) > 0 on (0,T], we have in view of (4.7)

1
DG, (Bg (1) = 2 (1.6) = Ac(t) [ af (@)do
0
with

(1) =Y (=1)" \/Efn/Ac(s) ea (=Anst —s)ds > 0
0

n>1

then
1

1
Ac(t) / 2f(2)dr < 2 (1,1) + Ac(t) / of(z)dz = Dg, (Ag (t)).
0 0

Then, we conclude that

1
[Aclley_ 0.1y < i 1064 (AD)le, 0.1 - (4.10)
We note that the data of Ag(t) = 0 implies that Df, (Ag(t)) = 0. So, c(t) is obtained
uniquely on (0,7 by the input data g (¢) and the proof is complete. O

Conclusion. In this work, we considered an inverse source problem for the time-
fractional of Riemann-Liouville type diffusion problem (1.1)-(1.3) with an integral over-
detemination data (1.4).

In summary, the weighted initial condition required a suitable weighted space C1_, [0, T
as a solution space and the unique determination of the unknown time dependent term
source ¢ (t) was reduced to the invertibility of the input-output mapping G (¢) obtained
explicitely from the series representation of the output data g ().
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