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Abstract

In this work, traveling wave solutions of (1+1)-dimensional Landau-Ginzburg-Higgs and
Duffing nonlinear partial differential equations, which are examples of mathematical
modeling, are obtained and analyzed using the modified exponential function method. In
order to facilitate the physical interpretation of the mathematical models represented by
these equations, simulations of the behavior of the mathematical model as three-
dimensional, contour, density and two-dimensional graphics are given using a package
program with the help of appropriate parameters. It has been shown that the modified
exponential function method effectively investigates the solutions of (1+1)-dimensional
Landau-Ginzburg-Higgs and Duffing equations.

Keywords: Traveling wave solutions, (1+1)-dimensional Landau-Ginzburg-Higgs
equation, Duffing equation, the modified exponential function method.

Lineer olmayan matematiksel modellerin hareketli dalga
¢cOziimlerinin genisletilmis tistel fonksiyon metodu kullanilarak
incelenmesi

Oz

Bu ¢alismada, matematiksel modelleme érnekleri olan (1+1)-boyutlu Landau-Ginzburg-
Higgs ve Duffing dogrusal olmayan kismi diferansiyel denklemlerin yiiriiyen dalga
¢oziimleri elde edilmis ve genisletilmiy iistel fonksiyon metodu kullanilarak analiz
edilmistir. Bu denklemlerin temsil ettigi matematiksel modellerin fiziksel yorumunu
kolaylastirmak i¢in uygun parametreler yardimiyla bir paket program kullamilarak
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matematiksel modelin davranisinin ii¢ boyutlu, kontur, yogunluk ve iki boyutlu grafikleri
olarak simiilasyonlari verilmistir. Genisletilmiy tistel fonksiyon metodunun (1+1)-boyutlu
Landau-Ginzburg-Higgs ve Duffing denklemlerinin ¢oziimlerinin arastirilmasinda etkili
bir yontem oldugu gosterilmistir.

Anahtar kelimeler: Yiiriiven dalga ¢oziimleri, (1+1)-6l¢iilti Landau-Ginzburg-Higgs
denklemi, Duffing denklemi, genisletilmiy iistel fonksiyon metodu.

1. Introduction

The mathematical models, understanding and interpreting phenomena related to physics,
chemistry, biology, engineering, fluid mechanics, ocean engineering, and health have
been an advantage. By investigating the solutions of nonlinear partial differential
equations, an example of mathematical modeling, depending on different parameters, it
has become easier to comprehend and interpret various events. Therefore, the search for
analytical solutions to nonlinear partial differential equations used as mathematical
modeling has become an increasingly important research area. Various methods exist in
the literature to solve such equations [1-7].

The Landau-Ginzburg-Higgs equation founded by Lev Davidovich Landau and Vitaly
Lazarevich Ginzburg explains superconductivity in a radially inhomogeneous plasma and
entrained cyclotron waves for coherent ion-cyclotron waves [8]. The Duffing equation is
a nonlinear quadratic differential equation used to model certain damped and driven
oscillators [9]. It is important to investigate the solutions of these two important equations
with a different method and bring them to the literature. When the literature is analyzed,
solutions of (1+1) dimensional Landau-Ginzburg-Higgs equation and Duffing equation
have been obtained by various methods. (1+1)-dimensional Landau-Ginzburg-Higgs
equation: the improved Bernoulli sub-equation function method (IBSEFM) [11], first
integral method [12], the tanh function method [13], the multi-symplectic Runge-Kutta
method [14], (G'/G, 1/G)-expansion method [15], the solitary wave ansatz method [16].
Duffing equation: first integral method [12], Jacobi elliptic functions [17], Daftardar-
Jafari method (DJM) [18], exp-function method [19], improved Taylor matrix method
[20], the quotient trigonometric function expansion method [21], differential transform
method [22]. It has been observed that the solution functions get in this paper are different
from the functions found in the above studies and this has contributed to the literature to
obtain the traveling wave solutions of these equations.

2. Method
2.1. The modified exponential function method
In this section, information about the modified exponential function method is given and
the method is introduced:

P (U, Uy, Uy Uy Uy Uiy ) = 0, (2.1.1)
in view of the general expression of the nonlinear partial differential equation, if an

unknown function u = u(x, t) is accepted to find the wave solutions of this equation, the
wave transform is applied to the equation (2.1.1) as follows:
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u(x, t) = u(é), & =k(x — ct). (2.1.2)

In order to find the necessary derivative terms for the equation (2.1.1), the derivatives
with respect to & are taken in the wave transform (2.1.2). If these terms are substituted in
the equation (2.1.1):

N(u,u?u',u",..) =0, (2.1.3)

the general term of the nonlinear ordinary differential equation is obtained. It is assumed
that the solution function u of this equation is as follows:

P Ae™O]  Ag+ A1e70® + 4,72 + o+ 4,e7PO)

= = . 2.1.4
ST Ble PO ~ By + Bye 9@ + Bye 29®) + -+ Bye19®) (2.14)

Here, A;, B;(0 < i < p,0 < j < q) are the coefficients. To get the coefficients p and g,
the balancing principle between the highest order nonlinear term in equation (2.1.3) and
the term with the highest derivative is used. In this way, the limits of equation (2.1.4) are
determined.

The 9 function used in the method is in the form:

9'(&) = e 7@ 4 pe?® 4 ). (2.1.5)

This equation has the following families of solutions according to the states of the roots.
Where A and p are constants to be determined later. [10]:

Family 1: 22 —4u > 0,u # 0,

—JA? —4pu VA2 —4u A
9(¢) =1n Ttanh T(€+E) “2 ) (2.1.6)
Family 2: 22 —4u < 0,u # 0,
V-2 +4 VA2 +4 A
8(§) = In| £ tan Pevm) | -2, 2.1.7)
2 2 2p
Family 3: 22 —4u > 0,1 # 0,u = 0,
A
Family 4: A2 — 4 = 0,1 # 0, u # 0,
2A(E+E)+4
9(¢) = In (— TETE ) (2.1.9)
Family 5: 22 — 4 = 0,1 = 0,u = 0,
9(&) =In(E +E). (2.1.10)

Where E is an integral constant. After the limits of equation (2.1.4) are determined by the
balancing principle as explained above, the necessary derivative terms are obtained and
written into the equation (2.1.3). As a result, when the e=?®) exponential function is
classified, a system of equations consisting of Ag, Ay, A,,...Ap,,Bo, By, ..., By
coefficients is obtained. When this system of equations is solved with a package program,
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the coefficients Ay, Ay, Az, ... Ap,, Bo, By, ..., By in equation (2.1.4) are get. These
coefficients and the 9 (&) functions in the solution families are written together in the
equation (2.1.4), and the solution functions are found. It is shown with the package
program that these solution functions provide both the ordinary differential equation and
the partial differential equation. Thus, the traveling wave solution functions of the
nonlinear partial differential equation, the mathematical model are found.

3. Application of the method

3.1. (1+1)-dimensional Landau-Ginzburg-Higgs equation

In this section, by applying wave transform to (1+1)-dimensional Landau-Ginzburg-
Higgs equation, traveling wave solutions are obtained with the modified exponential
function method.

The (1+1)-dimensional Landau-Ginzburg-Higgs equation looks like this [11]:

Upe — Uy — M2u +n?ud = 0. (3.1.1)

Latertha u(x, t) = u(¢), & = k(x — ct)n wave transform is done, if the derivative terms
required for the equation (3.1.1) are found and replaced in the equation, the following
nonlinear ordinary differential equation is get to:

k%2(c? — Du" — m?u + n?ud = 0. (3.1.2)

In equation (3.1.2), if the balancing principle is used between the nonlinear highest order
term and the term with the highest order derivative:

ud =u”

p=q+1

for g = 1, p = 2 is obtained. In this case, equation (2.1.4) is as follows:
_Ag+Ae7D 4 4,072

B By + B;e=?®

u (3.1.3)

If the derivative terms in equation (3.1.2) are obtained from equation (3.1.3) and
substituted, the algebraic equation system is found. After this system of equations is
solved with the package program and the coefficients are found, the solution functions
are obtained according to the situations in the solution family. Three-dimensional,
contour, density, and two-dimensional graphics of these solution functions were also
drawn with the help of the package program.

Case-1:
iv—1+c2kABy iV—1+c2k(2By+1B;) iv2V—1+c2kB, iV=1+c2k\22—4pu
0 V2n 1 V2n 142 n ’ V2 !

with the help of the above coefficients, the solution function u given below is obtained:

iv—1+ cze‘ﬁk(z + eﬁl)

u (x, t) = (3.1.4)
V2n
Family 1: Solution of equation (3.1.1) for A2 — 4u > 0, u # 0 and its graphs:
V—=1+c2k(2> —4u+ 2
ul,l(x) t) = : ‘ ( ‘u p) ] (315)

V2n(A + p)

578



BAUN Fen Bil. Enst. Dergisi, 25(2), 575-598, (2023)

p= [\//12 — 4utanh E (E + k(—ct + x))\/)lz - 4,11”.
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Figure 1. Simulations of the behavior of the model represented by equation (3.1.5) for

k=1,c=2,/1=3,/,t=1,m=i\/§,n=1andE=0.85
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Figure 2. Simulations of the behavior of the model represented by equation (3.1.5) for

k=1,c=2,/1=3,,u=1,m=i\/%,n=1andE=0.85
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Figure 3. Simulations of the behavior of the model represented by equation (3.1.5) for

(3.1.5)fork=1,c=2,/1=3,,u=1,m=i\/%,n=1,E=0.85andt=1

Family 2: Solution of equation (3.1.1) for A2 — 4u < 0, u # 0 and its graphs:
iV—1+ c2k(A%2 — 4u — Xo)
V2n(1l — o)

o = [V dutan [} (& + (et + 1)) y=2 + ]|

Uy (x, t) = , (3.1.6)
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Re[Uy 2(x,t)]

Re[Uy 2(x.1)]

Figure 4. Simulations of the behavior of the model represented by equation (3.1.6) for

3 — —
k—1,c—2,/1—1,,u—l,m——ﬁ,n—landE—O.BS

Im[Uy 5(x,4)]

Im{Us 2(x,8] Im{Uy 2(x,t)]

Figure 5. Simulations of the behavior of the model represented by equation (3.1.6) for

3
k—1,c—2,/1—1,,u—l,m——ﬁ,n—landE—OBS

Re(U)

-5 l 5 v
-2
-4

Im(U)

Figure 6. Simulations of the behavior of the model represented by equation (3.1.6) for
k=1c=21=1pu=1,m=-=,n=1 E=085andt=1
Family 3: Solution of equation (3.1.1) for A2 — 4u > 0, A # 0, u = 0 and its graphs:

iv—1 + c%kAcoth[7]
uy3(x, t) = TIn , (3.1.7)
T = E (E + k(—ct + x))/l].
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Figure 7. Simulations of the behavior of the model represented by equation (3.1.7) for
k=1 ¢=2 1=2 u=0, m=iv6, n=1and E = 0.85
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Im{Uy 3(x.4] 1m{Ls,3(x.ti 75 sl

Figure 8. Simulations of the behavior of the model represented by equation (3.1.7) for
k=1 ¢=2 1=2 u=0, m=iv6, n=1and E = 0.85
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Figure 9. Simulations of the behavior of the model represented by equation (3.1.7) for
k=1¢c=2,1=2, u=0, m=iv6, n=1, E=085andt =1
Family 4: Solution of equation (3.1.1) for A2 — 4u = 0, 2 # 0, u # 0 and its graphs:
iV2vV—1 + c2k

n+ En — cknt + knx’ (3.1.8)

up4(x,t) =

Re[U1,4(x,t)] Re[Uy 4(x.t)]

Re[Uq 4(x.1)]

Figure 10. Simulations of the behavior of the model represented by equation (3.1.8) for
k=1, ¢c¢=2,A=2, u=1, m=0,n=1and E = 0.85

Im[Uy 4(x,t)] Im[Uy 4(x,1)] Im[Uy g(x,t)) 10
1.0 10 = ————— :

Figure 11. Simulations of the behavior of the model represented by equation (3.1.8) for
k=1, ¢c=2,1=2, u=1, m=0, n=1andE = 0.85
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Figure 12. Simulations of the behavior of the model represented by equation (3.1.8) for
k=1 ¢=21=2, u=1,m=0,n=1 E=085andt=1
Family 5: Solution of equation (3.1.1) for A2 — 4y = 0, 2 = 0, u = 0 and its graphs:
iV2V—1 + c2k

us(x, t) = . (3.1.9)
n(E + k(—ct + x))
— 10
Re[Uy 5(x.t)] "  RelUgstetn . Rellysixtl

| o8 h 0.8
| =08 b; 06
[ 0.4 04
_ 02 B 0.2

-10 . — _— 10 | I —

-0 -5 0 5 10 -0 -5 0 5 10

0

Figure 13. Simulations of the behavior of the model represented by equation (3.1.9) for
k=1, ¢=2, A=0, u=0, m=0, n=1andE =0.85
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Figure 14. Simulations of the behavior of the model represented by equation (3.1.9) for
k=1, ¢c=2, A=0, u=0, m=0, n=1andE =0.85
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Figure 15. Simulations of the behavior of the model represented by equation (3.1.9) for
k=1,¢=2, 1=0, u=0,m=0,n=1, E=085andt=1

Case-2:
4 __ 2(=1+c*)k?B§ 4 _2V2y/=((-1+c2)k2)B, B — na, 1=
0" n2a, 01T n LT B (Cenry T
22/ = ((-1+c?)k2)B,

nd, !
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_ m? _ 2(=1+c*)k*B§
H= 2(—14c?)k? n2A2 !
with the help of these coefficients;

‘19\/—((—1 t e2)k2)n — 21 +A‘;2)kZB°

u,(x,t) = — , (3.1.10)
solution function is reached.
Family 1: Solution of equation (3.1.1) for A2 — 4u > 0, u # 0 and its graphs:
2\/5\/—((—1 + c2)k?2)nu
(p —
Uz, (x,t) = A rp (3.1.11)

p = [ [22 — /,ttanh[ (E + k(—ct + x)) 12 — ” @ = [ 2( 1+c2)k2Bo]

—_— 1.0

Re(Us 1(x,)] Re[Us,1(x.0)] RelUz(xtl :

Figure 16. Simulations of the behavior of the model represented by equation (3.1.11)
ford, =i, Bp=1 k=1,¢c=2 m=i n=1, 1 =26, Mz%sandE:o.ss

Im[Us,1(x,4] Im[U3,1(x,1)] =08 Im[U3 1(x,t)]

>

Figure 17. Simulations of the behavior of the model represented by equation (3.1.11)
ford, =i, By=1 k=1 c=2 m=i, n=1, 1 =26, u=%5andE=o.85

Figure 18. Simulations of the behavior of the model represented by equation (3.1.11)
ford, =i, Bo=1,k=1,c=2 m=in=1 1=2V6, u==, E = 0.85and

t=1
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Family 2: Solution of equation (3.1.1) for A2 — 4y < 0, u # 0 and its graphs:
2\/5\/—((—1 + c2)k2)nu
(p —_—
Uy (x,t) = )1 g , (3.1.12)

o= [\/—AZ + 4,utan[ (E + k(—ct + x))\/—/l2 + 4 ” o= M}_

N

-0.5

Re[Uy 7(x.t)] o Re[Uz,z(x.()l‘ . Re[U3 5(x,1)]

-1.0

Figure 19. Simulations of the behavior of the model represented by equation (3.1.12)
ford, =1, Bo=5, k=1, c=2,m=1n=11=iV6, u=—>and E = 0.85

MUy, 5(x,4)] Im[U32(x,1)] lm{Uz 2(xt)] ‘ 10

Figure 20. Simulations of the behavior of the model represented by equation (3.1.12)
ford, =1, By=7, k=1c=2m=1,n=11=iV6 p=—>and E = 0.85

NI,

Re(U)

Figure 21. Simulations of the behavior of the model represented by equation (3.1.12)
ford, =1, By=7, k=1 c=2m=1,n=11=iV6 p=—3, £ =085and
t=1
Family 3: Solution of equation (3.1.1) for A2 — 4y > 0, 1 # 0, u = 0 and its graphs:

\/7\/—((—1 + cz)kz)n/’l

-1+ e(E—ckt+kx)A +o

) (3.1.13)

Up3(x, t) =
2(- 1+c2)k230]

Az

n2

0=
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RelUz 3061 _ Refaatutl _ Rellzatet)

Figure 22. Simulations of the behavior of the model represented by equation (3.1.13)
ford, =1, By=i, k=1, ¢c=2 m=6i,n=1, A=-2V6, u=0and E = 0.85
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Figure 23. Simulations of the behavior of the model represented by equation (3.1.13)
ford, =1, By=i, k=1, ¢c=2 m=6i,n=1, A=-2V6, u=0and E = 0.85
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Figure 24. Simulations of the behavior of the model represented by equation (3.1.13)
ford, =1, By=i, k=1, c=2 m=6i,n=1, A=-2V6, =0, E=0.85and
t=1

Family 4: Solution of equation (3.1.1) for A> — 4u = 0, 2 # 0, u # 0 and its graphs:

16\/7\/—((—1 + c2)k2)n(E + k(—ct + x))

- +o
4 + 8i(E + k(—ct + x)
Uy 4(x,t) = ( 2 ) , (3.1.14)
_ [ 2(=1+c?)k*Bo
¢ = [ Ay ]
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Figure 25. Simulations of the behavior of the model represented by equation (3.1.14)

forA, =1, By = \/g' k=1, ¢c=2, m=0,n=1, A=4i, u=—4andE =0.85

Im[Up 4(x,t)] Im[Uz 4(x,1)] o ."‘"‘[uz".(x.'!.)]‘ o
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Figure 26. Simulations of the behavior of the model represented by equation (3.1.14)

ford, =1, BO_T' k=1c=2 m=0,n=1 1=4i, u=—-4andE =0.85
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1
o Im(U)

-5 5 10 Re(U)
1
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Figure 27. Simulations of the behavior of the model represented by equation (3.1.14)

ford, =1, By = \/_,k=1,c=2,m=0,n=1,/1=4i,u=—4,E=0.85and
t=1

Family 5: Solution of equation (3.1.1) for A2 — 4y = 0, 2 = 0, u = 0 and its graphs:

\/f\/—((—l + c2)k?)n
E —ckt + kx 4
nZ

Uy s(x,t) = , (3.1.15)
2(- 1+c2)k230]

Az

o=
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Figure 28. Simulations of the behavior of the model represented by equation (3.1.15)
forA, =1, Bb=0, k=1, c=2, m=0,n=1,A=0, u=0and E =0.85
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Figure 29. Simulations of the behavior of the model represented by equation (3.1.15)
ford, =1, By=0,k=1,¢c=2, m=0,n=1,1=0, u=0and E = 0.85

15
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Im(U)

-10 -5 | 5 10 Re)

Figure 30. Simulations of the behavior of the model represented by equation (3.1.15)
forA, =1, By=0, k=1,¢c=2 m=0,n=1,1=0, u=0, E=085andt =
1

3.2. Duffing equation
In this section, traveling wave solutions are found by using the extended exponential
function method by making wave transformation to the Duffing equation.

Uy + au + bu = 0. (3.2.1)
Duffing equation is as above [12].

Afterapplying the u(x, t) = u(¢), é = k(x — ct) wave transform, if the derivative terms
needed for the equation (3.2.1) are obtained and written in the equation:

k?c?u” + au + bu3 = 0, (3.2.2)
it is degraded to its nonlinear ordinary differential form.
In the equation (3.2.2), if the balancing principle between the nonlinear highest order term

and the term with the highest order derivative is analyzed:
ud ="
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p=q+1

for g = 1, p = 2 is assumed. In this case, equation (3.1.4) becomes:
_Ag+A1e7® 4 4,72

B By + Bje 9

u (3.2.3)

By finding the derivative terms in equation (3.2.2) from equation (3.2.3) and writing them
in equation (3.2.2), the algebraic equation system is solved and the solution functions u
are obtained according to the solution family. Three-dimensional, contour, density and
two-dimensional graphics of these solution functions were also drawn with the package
program.

Case-1:
p iN2ckBg 2iN2ckB, p iv2ckB, 2¢2k?(B2 — uB?) 4 2Bo
=T = == =—F,a= Y = )
VBB, ' Vb TP b B} B,
the following solution function is found by means of the coefficients:

: -9 9
s Cx, ) = Y2e€ Jkﬁ(; Bo+B1) (3.2.4)

Family 1: For A2 — 4u > 0, u # 0 the solution of the equation (3.2.1) and its graphs
are:

iv2ck(—2uBy + Bo(A + p))
\/531(/1 +p)

p= [wMZ — 4utanh E (E + k(—ct+ x))\/)lz - 4u]].

usq1(x,t) = (3.2.5)

Re[U3 4 (x,t)

Re{U 1] o o -

Yl — 08 |

T 5] | 5 |
5 | po08 I | 06

| of of |
7 [ | 0.4 04

-5 | -5
I 0.2 I ! 02

10! | 10
10 5 0 5 10 10 -5 0 5 10

0

Figure 31. Simulations of the behavior of the model represented by equation (3.2.5) for
By=2 Bi=1k=1,c¢c=1, u=1a=6 1=4 b=1andE = 0.85
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Figure 32. Simulations of the behavior of the model represented by equation (3.2.5) for
Bo=2 B;=1,k=1¢c=1,u=1a=6,A=4, b=1andE = 0.85
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Figure 33. Simulations of the behavior of the model represented by equation (3.2.5) for

Bo=2 B,=1,k=1,¢c=1,u=1a=61=4b=1 E=085andt =1
Family 2: For A2 — 4u < 0, u # 0 the solution of the equation (3.2.1) and its graphs
are:

ivV2ck(—2uB; + By(A — 0))

,t) = , 3.2.6
uz 7 (x, t) \/EBl()l—a) ( )
o= [\/—/12 + 4utan E (E + k(—ct + x))w/—/’lz + 4,11”.
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Figure 34. Simulations of the behavior of the model represented by equation (3.2.6) for
Bo=1 B,=1,k=1,¢c=1, u=2 a=-2 A=2 b=1andE = 0.85
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Figure 35. Simulations of the behavior of the model represented by equation (3.2.6) for
By=1, B, =1 k=1 c¢c=1, u=2 a=-2 1=2 b=1andE = 0.85
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Figure 36. Simulations of the behavior of the model represented by equation (3.2.6) for
By=1 Bi=1,k=1,c¢c=1, u=2 a=-2 1=2,b=1 E=085andt =1
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Family 3: For 12 — 4u > 0, 2 # 0, u = 0 the solution of the equation (3.2.1) and its
graphs are:

. A B
l\/ECk (_1 + e(E—ckt+kx)A + B_g)
uzs(x,t) = b

. (3.2.7)

Re[U3 3(x,4
Re[Us3 3(x.1)] Waaeth

Sy
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Lboo:
P
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Figure 37. Simulations of the behavior of the model represented by equation (3.2.7) for
By=1 B,=1k=1,¢c=1, u=0,a=2 1=2 b=1andE = 0.85
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Figure 38. Simulations of the behavior of the model represented by equation (3.2.7) for
By=1 Bi=1k=1¢c=1, u=0,a=2 1=2 b=1andE = 0.85

Im(U)
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Figure 39. Simulations of the behavior of the model represented by equation (3.2.7) for

By=1 Bi=1,k=1,¢c=1, uy=0,a=2, 1=2,b=1, E=085andt =1
Family 4: For A2 — 4u = 0, 2 # 0, u # 0 the solution of the equation (3.2.1) and its
graphs are:

. 1 B,
‘ﬁCk(1_1+E—ckt+kx_B_1)
u3‘4(x, t) = — \/E . (328)
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Re[Us,4(x.0)]

Re[Us 4(x.] _ Rellsatxty

Figure 40. Simulations of the behavior of the model represented by equation (3.2.8) for
Bo=1B;=1, k=1, ¢c=1, u=1,a=0, A1=2, b=1and E = 0.85
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Figure 41. Simulations of the behavior of the model represented by equation (3.2.8) for
By=1 Bi=1k=1,¢c=1, u=1a=0, 1=2 b=1andE = 0.85
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Figure 42. Simulations of the behavior of the model represented by equation (3.2.8) for

By=1 B=1,k=1,¢c=1,u=1,a=0,1=2,b=1, E=085andt =1
Family 5: For 12 — 4u = 0, 2 = 0, u = 0 the solution of the equation (3.2.1) and its
graphs are:

iv2ck ((E + k(—ct +x))B, + Bl)
VB(E + k(—ct + x))B;

(3.2.9)

u3,5 (x, t) =

Re[h‘s,g(x.t)] Re[U3 5(x,1)]

Re[U; 5(x.t)]

o

=)

Figure 43. Simulations of the behavior of the model represented by equation (3.2.9) for
By=0 B;=1k=1,¢=1, 4u=0,a=0,1=0, b=1andE = 0.85
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Im[Us 5(x,)] 15

Im[U3 5(x,)] — Im[U3 5(x,t)]

Figure 44. Simulations of the behavior of the model represented by equation (3.2.9) for
By=0, B,=1k=1,¢c=1, 4u=0,a=0,1=0, b=1andE = 0.85

Figure 45. Simulations of the behavior of the model represented by equation (3.2.9) for
By=0,B;=1k=1¢c=1,u=0,a=0,1=0,b=1 E=085andt=1
Case-2:

Ao =- ba, 1T Vb ’Bl:ﬁck’ - Vba, T T aczkz b A2
using the coefficients, the following solution function u is reached:

ck (—i\/i\/ge‘19 - —2(;]1(30)

2¢2k2B§ _ 2iv2ckBy b4, , _ 2iV2ckBy a 2c?k2B§

)

u,(x,t) = p Z (3.2.10)
Family 1: For A2 — 4u > 0, u # 0 the solution of the equation (3.2.1) and its graphs
are:
2¢ckB, | 2iv2bu
ck <— 7, T r;
Uy 1 (x, t) = 5 ) (3.2.11)

p= [wMZ — 4utanh E (E + k(—ct+ x))\M2 — 4;1”.
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Figure 46. Simulations of the behavior of the model represented by equation (3.2.11)
forBo=-1,A,=1, k=1, c=1,a=2b=1, A=2iV2, uy=-3andE =
0.85
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Im[Uy 1(x,4)] Im[Us 1(x,8)] ‘ ) Im[Uy 1(x,t)

Figure 47. Simulations of the behavior of the model represented by equation (3.2.11)
forBo=-1,A,=1, k=1, c=1,a=2,b=1, 1=2iV2, y=-3andE =
0.85
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Figure 48. Simulations of the behavior of the model represented by equation (3.2.11)
forBo=—1, A4,=1, k=1,¢c=1,a=2b=1 1=2iV/2, u=-3, E=0.85
andt =1

Family 2: For A2 — 4u < 0, u # 0 the solution of the equation (3.2.1) and its graphs

are:
” _2ckBO+21\/_\/_,u
A, A—o
Uy (x, t) = , (3.2.12)

- [\Wtan[ (E + k(=ct +x))y _Az+4 ”
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Figure 49. Simulations of the behavior of the model represented by equation (3.2.12)
forBy=-1,A4,=1, k=1, c=1a=—-6,b=1, 1=2iV2, uy=1andE =
0.85
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Figure 50. Simulations of the behavior of the model represented by equation (3.2.12)
forBo=-1,A,=1, k=1, c=1,a=-6, b=1, A =2iV2, uy=1andE =
0.85
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Figure 51. Simulations of the behavior of the model represented by equation (3.2.12)
forBy=-1, A, =1, k=1, c=1,a=-6 b=1, A=2ivV2, u=1, E=0.85
andt =1
Family 3: For 12 — 4u > 0, 2 # 0, u = 0 the solution of the equation (3.2.1) and its

graphs are:
" iv2v/b A 2ckB,
Ck\ — —1 + e(E—ckt+kx)A - A,
U.4_'3(x, t) == b . (3213)
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Figure 52. Simulations of the behavior of the model represented by equation (3.2.13)
forBy=—-v2, Ay, =i, k=1, ¢c=1,a=8 b=1 1=4, u=0and E = 0.85
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Figure 53. Simulations of the behavior of the model represented by equation (3.2.13)
forBy=—V2, A, =i, k=1, ¢c=1,a=8 b=1 1=4, u=0andE = 0.85
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Figure 54. Simulations of the behavior of the model represented by equation (3.2.13)
forBy=—V2, A, =i, k=1 c=1,a=8 b=1 1=4, u=0, E=0.85and
t=1
Family 4: For A2 — 4u = 0, 2 # 0, u # 0 the solution of the equation (3.2.1) and its

graphs are:
el - 4\/?\/3(E + k(—ct + x)) _ 2ckBy
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Figure 55. Simulations of the behavior of the model represented by equation (3.2.14)
forBy=—-V2, A, =i, k=1, c=1,a=8 b=1, A=4i,u=—4andE = 0.85
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Figure 56. Simulations of the behavior of the model represented by equation (3.2.14)
forBy=—-V2, A, =i, k=1, c=1,a=8 b=1, A=4i,u=—4andE = 0.85
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Figure 57. Simulations of the behavior of the model represented by equation (3.2.14)
forBy=—V2, Ay =i, k=1, c=1,a=8 b=1, 1 =4i,u=—4, E=0.85and
t=1
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Family 5: For A2 —4u = 0, 2 = 0, u = 0 the solution of the equation (3.2.1) and its

graphs are:
- iV2Vb __ 2ckBq
N\ E+k(=ct+x) 4

= - . (3.2.15)
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Figure 58. Simulations of the behavior of the model represented by equation (3.2.15)
forBy=0,4,=1, k=1, c=1,a=0,b=1,1=0, u=0andE = 0.85
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Figure 59. Simulations of the behavior of the model represented by equation (3.2.15)
forBy=0,4,=1k=1¢=1,a=0,b=1,1=0, pu=0andE = 0.85
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Figure 60. Simulations of the behavior of the model represented by equation (3.2.15)
forBy=0,4,=1k=1,¢c=1,a=0,b=1,1=0, u=0, E=0.85andt=1

5. Conclusion

This paper applied the modified exponential function method to the (1+1)-dimensional
Landau-Ginzburg-Higgs and Duffing nonlinear partial differential equations to reach and
analyze the traveling wave solutions. The solution functions of the (1+1)-dimensional
Landau-Ginzburg-Higgs equation, in case-1 and case-2, family 1, family 2 and family 3
are hyperbolic, trigonometric and exponential functions and show periodic properties.
Again in case-1 and case-2, family 4 and family 5 rational solutions have been get. In the
solutions of the Duffing equation, hyperbolic, trigonometric and exponential functions
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were reached in case-1 and case-2, family 1, family 2 and family 3. These solution
functions also have periodic properties. In case-1 and case-2, family 4 and family 5 are
found to be rational functions. It is an important point in interpreting the behavior of the
wave motion, especially in understanding the physical phenomenon behind the two
models discussed, to achieve periodic solution functions with the help of appropriate
wave transform. In the literature, the solutions of these equations have been obtained by
using various methods. In this study, it has been observed that the solution functions get
with the modified exponential function method are different and new. By giving the
appropriate parameters to the solution functions found, simulations of the behavior of the
mathematical model as three-dimensional, contour, density and two-dimensional
graphics were get with the help of the package program. Thus, it provided a prospective
advantage for researchers to physically interpret the behavior of these two important
mathematical models. As a result, it is emphasized that the modified exponential function
method is an effective method in investigating the solutions of nonlinear partial
differential equations, which is an example of mathematical modeling.
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