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ABSTRACT

In this paper, we consider two special ruled surfaces associated to a Bertrand curve ¢ and Bertrand mate ¢ . First,
Bertrandian Darboux Ruled surface with the base curve ¢ has been defined and examined in terms of the Frenet-

Serret apparatus of the curve ¢, in E*. Later, the differential geometric elements such as, Weingarten map S,
Gaussian curvature K and mean curvature H, of Bertrandian Darboux Ruled the surface and Darboux ruled surface has
been examined relative to each other. Further, first, second and third fundamental forms of Bertrandian Darboux Ruled
surface have been investigated in terms of the Frenet apparatus of Bertrand curve ¢« , too.
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OKklid uzayinda bertrandian darboux regle yiizeyin diferensiyel geometrik
elemanlar

0z

Bu ¢aligmada Bertrand egrisi ve Bertrand esi olan egriler {izerinde Darboux vektorleri ile iiretilen iki 6zel regle yiizeyi
gdzoniine alindi. 1k olarak, & egrisinin Bertrand Darboux regle yiizeyi, Bertrand egrisinin Frenet-Serret aparatlar
cinsinden tanimlandi ve arastirildi. Daha sonra, Bertrand Darboux regle yiizeyi ile Darboux regle yiizeyinin
Weingarten doniistimii, Gauss egriligi ve ortalama egriligi gibi diferensiyel geometrik degismezleri birbirleri ile iligkili
olarak incelendi. Son olarak, Bertrand Darboux regle yiizeyinin birinci, ikinci ve tigiincii temel formlar ¢ Bertrand
egrisinin Frenet-Serret aparatlar cinsinden ifadeleri verildi.

Anahtar Kelimeler: Regle yiizey, Darboux vektorii, Bertrand egrileri
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1. (INTRODUCTION AND PRELIMINARIES)

The set, whose elements are frame vectors and curvatures
of a curve «, is called Frenet-Serret apparatus of the

curve. Let Frenet-Serret apparatus of the curve «(S) be

{Vl,VZ,Vs, ki, kz} , collectively. The Darboux vector is

the areal velocity vector of the Frenet frame of a space
curve. It was named after Gaston Darboux who
discovered it. It is also called angular momentum vector,
because it is directly proportional to angular momentum.
For any unit speed curve ¢ , in terms of the Frenet-Serret

apparatus the Darboux vector D can be expressed as

D(s) =k, (s)V, (s) +k,(s)V4(s).[2] (1)
Let a vector field be
D(s) = %(S)Vl(s) +V,(s), o)

along «(s) under the condition that K, (S) # 0 and itis

called the modified Darboux vector field of ¢, [4]. The
Bertrand mate of a given curve is a well- known concept
in Euclidean 3-space. Bertrand curves have the
following fundamental properties; which are given in
more detail in, [4]. Two curves which have a common
principal normal vector at any point are called Bertrand

curves. If K,(S)#0 along «(s), then «a(s) is a
Bertrand curve ifand only if A #0,#0eR

Ak (8) + Bk, (s) =1 (3)

where A and /3 are constants forany S € | . From the
fact that

k() _1-4p
k,(s) K, (s)
if K, and K, # O are constants then it is easily seen that

a circular helix is a Bertrand curve. Let o, a" < E®
and o be a unit-speed curve with the position vector
a(S), where s is the arc length parameter, if the curve

o is Bertrand mate of ¢, then we may write that
o’ (s) = a(s)+ AV,(s) ()
1- gk,

1

and |ﬂ.| = gives the distance between the

unit-speed curves & and a . Also, it is known that
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ds _, sin@ _ cosé

ds Ak, (1-4k)

or

ds”*

— =k, A*+ . 6
4 e p (6)

The following result shows that we can write the Frenet
apparatus of the Bertrand mate based on the Frenet

apparatus of the Bertrand curve, [3]. Let " be the
Bertrand mate of the curve . The quantities

{Vl*,Vz*,V;,kl* ,k;} are, collectively, Frenet-Serret

apparatus of the Bertrand mate «" and they satisfy the
relations,

Vl* — IBV1 ﬂ’VS

JA2+ B AR+
V, =V, @)
V.= _/1\/1 :BVQ,

The first and second curvatures of the offset curve «”
are given by

k*: ﬂkl_ﬂ’kz
' (/12+ﬁ2)k2
(8)
. 1
e = (/12 +ﬂ2)k2'

Here A and S are constants such that Ak, + Sk, =1
for any S € | . The product of the torsions of Bertrand

curves is a constant, that is, K.k, = is non-

1
(/LZ + ,82)
negative constant, where K; is the torsion of «". The
offset curve constitutes another Bertrand curve, since
AK + Pk, =1, A" =-A, B =p, itistrivial.
A ruled surface is one which can be generated by the

motion of a straight line in Euclidean 3 -space, [1].
Choosing a directrix on the surface, i.e. a smooth unit

speed curve 05(5) orthogonal to the straight lines and
then choosing V(S) to be unit vectors along the curve in

the direction of the lines, the velocity vector & and V

satisfy <a ,V> = 0. A Frenet ruled surface is a ruled

surfaces generated by Frenet vectors of the base curve.
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For more detail [5]. The differential see geometric
elements of Mannheim Darboux ruled surface are
examined in [7].

Definition 1.1 The ruled surface
@(s,u) = a(s)+uD(s)

= a(s) + U tﬁ)) V,(S) +UV,(s) ©

is the parametrization of the ruled surface which is called
rectifying developable surface of the curve ¢, in [4].

2. BERTRANDIAN DARBOUX VECTOR

In this section, we will define and study on Bertrandian
Darboux ruled surface, which is known as rectifying

developable ruled surface D -scroll. First, we will find
Darboux vector field of the Bertrand mate «".

Theorem 2.1 Let ¢ be a Bertrand curve with the
Bertrand mate «”. The modified Darboux vector fields

ofacurve @ and Bertrand mate ™ are lineary
dependent.

Proof. In the same point of view of the equation (2)
Darboux vector field of the Bertrand mate is given as
follows;

k* * *
=2V,
kl
and from the equation (8) it is easily seen that
k1
ki Bk,
From the last two equation, we obtain
~. + AV, -V, +
D" = N, 32 =+ :'3\2/3.(10)
(Bk — 2,22+ B2 AP+
From the offset property of Bertrand curves

Ak, + Pk, =1, the modified Darboux vector field of
the Bertrand mate " is
_kJA+ B 5

" (5K, /u<)

This complete the proof.

(11)

Corollary 2.1 The angle between the modified Darboux
vector fields of a cylindrical helix ¢ and Bertrand mate

a” is the function

Proof.
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0= arccos(—*‘/f;{jz)(d 241)

where the constant d is the Lancret invariant of ¢ .
Considering the equations (2) and (11) completes the
proof.

Definition 2.1 Let the curve o be Bertrand mate of o
, the parametrization of the Bertrandian Darboux ruled
surface with base curve ¢, according to the Frenet-
Serret apparatus of the curve & is

) _ 12 +,Bz

@ (s,V) = a(s) +k,(s)v k,(5)— Ak ( S)Vl(s)
A%+ B
+ AV, (s) + k,(S)v 7 .(5) Ak, (S)V3(s),
(12)
or

: k224 7
o' (5.v) = a(8)+ AV, (5) +v (ﬂTZfZ)D

(13)

Corollary 2.2 A Darboux ruled surface and a
Bertrandian Darboux ruled surface are not intersect each

other, excluding the case of 4 =0 and U = Fv.

Proof. The common solution of the equation (9) and (12),
we have

,2 2
ﬂ:Oandu:ka

lﬂkl_/lkzl

Hence,

5

u:vk—:>u—¢v
kl

Theorem 2.2 The normal vector field N of a Darboux
ruled surface with base curve ¢ is parallel to the

normal vector field N of a Bertrandian Darboux ruled
surface with the same base curve « .

Proof. Since the normal vector field N of a Darboux
ruled surface of curve & is

= OA
ool

and the normal vector field N* of a Bertrandian
Darboux ruled surface of the curve & is
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Jeing

Since the principal normal vector of o and " is
common desired result is trivial.

N* — ¢5A¢v _V*.

Theorem 2.3 The matrix corresponding to the

Weingarten map (Shape Operator) S* of a Bertrandian
Darboux ruled surface of curve ¢ is

—( Bk, — Ak, )’

S7=| Kk, (K, — Ak, )* —v( Bk, — Ak, )
0 0

- 0

(14)

Proof. The matrix form of the Weingarten map (Shape
Operator) S of a Darboux ruled surface of curve o is

given [6] as
_—kl‘_ oT
k
=||{1+u| 2
° ’ (klj
0 0]

In a similar manner, the matrix form of the Weingarten

map S* of a Bertrandian Darboux ruled surface with
base curve & is

1+ u[sz
k1
0 0

If we substituté the equations (6) ar;d (8), into the last
equation, we obtain

S

—pk, + 1K,
(zhﬂf)kz .
S* = [ 1 ] 1
1+u
Bk, — 2k, k,A° + B
. 0 0_

Corollary 2.3 The Gaussian curvature and mean
curvature of a Bertrandian Darboux ruled surface of
curve ¢ are, respectively

K=detS" =0, (15)
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“(B-2k)
kz (:Bk1 _ﬂ“kz )2 _V(ﬂkl _lkz)

The fundamental forms are extremely important and
useful in determining the metric properties of a surface,
such as line element, area element, normal curvature,
Gaussian curvature and mean curvature. The third
fundamental form is given according to the first and

H =

(16)

second forms by Il —2HII + KI =0 where [2]
| = dsds + dudu, (%))
Il = —k,dsds + k,dsdu, (18)
1= (K +k3 ) dsds. (19)

Theorem 2.4 The first fundamental form of a
Bertrandian Darboux ruled surface with the base curve

a , is given by
1" =k? (22 + ﬂz)dsds + dvdv (20)

Proof. In a similar way from the equation (17), we can
write the first fundamental form of Bertrandian Darboux
ruled surface as

I* =ds"ds” + dvdv. (21)
If we substitute the equation (6) into the last equation,
we get

1" = k3 (4% + ) dsds + dvdv

Theorem 2.5 The second fundamental form of a
Bertrandian Darboux ruled surface of the curve & is

1= (ﬂ,kzz _ﬂklkz)deS-’_ﬁ

Proof. Considering the equation (18) we can write the
second fundamental form of Bertrandian Darboux ruled
surface as

11" = —k/ds*ds" + k,ds dv,
here the equation (6) given as

1" = (k] — Bk, )dsds +

dsdv. (22)

1
————dsdv.
«//12 +
Theorem 2.6 The third fundamental form of a ruled
surface a Bertrandian Darboux ruled surface is denoted

by 1™ and
* _1+(:Bk1_/1k2)2

i ()

dsds.

(23)
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Proof. Taking the equation (19) we can write the third
fundamental form of Bertrandian Darboux ruled surface

as

™ = (k? +k;?) ds"ds”.

The equation (6) and the last equation completes the

proof.
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