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Abstract

In this study, we present a new generalization of the Hermite-Hadamard type inequalities for convex functions via proportional Caputo-hybrid
operator. Also, we give some new inequalities for proportional Caputo-hybrid operator using a newly developed generalized an identity,
which is rigorously proven.
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1. Introduction

Definition 1.1. The function f : [a,b] C R — R, is said to be convex if the following inequality holds

JAx+(1=2)y) SAf(x)+(1=2)f()

forallx,y € [a,b] and A € [0,1]. We say that f is concave if (—f) is convex.

The theory of convex functions is a crucial area of mathematics that has applications in a wide range of fields, including optimization theory,
control theory, operations research, geometry, functional analysis, and information theory. This theory is also highly relevant in other areas of
science, such as economics, finance, engineering, and management sciences. One of the most well-known inequalities in the literature is the
Hermite-Hadamard integral inequality (see, [5]), which is a fundamental tool for studying the properties of convex functions. This inequality
has important implications in many areas of mathematics and has been extensively studied in recent years, leading to the development of new
and powerful mathematical techniques for solving a broad range of problems.

where f: 1 C R — R is a convex function on the interval / of real numbers and a,b € I with a < b.

These inequalities were first introduced independently by Charles Hermite and Jacques Hadamard in the late 19th century and has since
found numerous applications in various fields of mathematics, including analysis, geometry, and probability theory. The inequalities state that
if a function is convex on a given interval, then the average value of the function over that interval is bounded from above by the midpoint
value of the function, multiplied by the length of the interval. These inequalities provide a powerful tool for estimating integrals and has
become a standard result in the theory of convex functions. The Hermite-Hadamard inequalities have numerous applications in mathematics.
For example, they can be used to solve problems in integral calculus, probability theory, statistics, optimization, and number theory. The
inequalities are also useful in solving physical and engineering problems that require the determination of function averages. In general, the
Hermite-Hadamard inequalities provide a powerful tool for solving a wide range of mathematical problems. They are widely studied and
used in various fields of mathematics, and their applications continue to grow as new problems are encountered. One of the most widely
applied inequalities for convex functions is Hadamard’s inequality, which has significant geometric implications. This inequality has been
extensively studied in the literature, leading to numerous directions for extension and a rich mathematical literature (see [4]-[10], [18]).
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While fractional calculus has a rich historical background, recent developments in the field, particularly in the introduction of novel fractional
derivative and integral operators by researchers, have revitalized interest in this area, particularly within applied sciences. This surge in
interest has led to the introduction of numerous new fractional operators into the literature, driven by investigations into the properties of
fractional derivative and associated integral operators, such as their singularity and locality, and modifications to their kernel structure.
Despite ongoing debates surrounding the efficacy of these operators, it is crucial to evaluate their contributions within the context of their
respective problem domains. Though each operator serves a functional purpose, some may include a memory effect or a general kernel
structure, which may make them more suitable for specific applications. As such, it is essential to consider the functionality of these
operators, alongside their potential to improve the solutions of the problems in which they are employed. It is shown that derivatives and
integrals of fractional type provide an adequate mathematical modelling of real objects and processes see [12]. Therefore, the study of
fractional differential equations need more developmental of inequalities of fractional type, for some of them, please see ( [1], [3], [11], [13]-
[17], [19]-[22]). Let us begin by introducing this type of inequality. We give some necessary definitions and mathematical preliminaries of
fractional calculus theory which are used throughout this paper.

Definition 1.2. Let f € Ly [a,b|. The Riemann-Liouville integrals J&, f and J*_f of order ot > 0 with a > 0 are defined by

IS0 = Fgs [ =" S0, x>
and

b
JEf(x) = ﬁ/ (=) f(0)dt, x<b

respectively where T(a) = [§* e "u®'du. Here is JO, f(x) =J)_f(x) = f(x).

Now, let’s recall the basic expressions of Hermite-Hadamard inequality for fractional integrals is proved by Sarikaya et al. in [15] as follows:

Theorem 1.3. Let f : [a,b] — R be a function witha < b and f € Li([a,b]). If f is a convex function on [a,b), then the following inequalities

for fractional integrals hold:

a+b C(o+1) (4 o fla)+f(b)
7(%57) < s s v (@) < HO 0 (12)
with o0 > 0.

The following definition is very important for fractional calculus (see [12]).

Definition 1.4. Let ¢ >0and oo ¢ {1,2,..}, n=[at]+1, f € AC"[a, D], the space of functions having n-th derivatives absolutely continuous.
The left-sided and right-sided Caputo fractional derivatives of order & are defined as follows:

‘DY f (x) = ﬁ/: (x=0)"" % W (dt, x>a
and

1 b
CDg,f()C) = m /{ (l —X)n7a71 f(n) (l)dt, x <b.

If o =n e {1,2,..} and usual derivative f") (x) of order n exists, then Caputo fractional derivative CDgif(x) coincides with £ (x)

whereas CDg‘, f (x) with exactness to a constant multiplier (—1)". In particular we have

DY f(x) = DY f(x) = f(x)
where n =1 and o« = 0.

The Caputo derivative operator is a fractional derivative operator that is widely used in the field of fractional calculus. It is defined as the
fractional derivative of a function with respect to time, where the order of the derivative is a non-integer value. The Riemann-Liouville
integral operator, on the other hand, is a fractional integral operator that is also commonly used in fractional calculus.

The proportional Caputo hybrid operator is a mathematical operation that has been proposed as a non-local and singular operator, incorporating
both derivative and integral operator components in its definition. It can be expressed as a straightforward linear combination of the Riemann-
Liouville integral and Caputo derivative operators, see ([2] and [6]).

Definition 1.5. Let f: 1 C RT — R be differentiable function on I° and f, f' € L (I). Then the proportional Caputo-hybrid operator may
be defined as

D0 = g o (K (@0 £+ Ko(awn) () =) s

where o € |0,1] and Ky and K are functions satisfing

lim Ky (a,7) = 0; limKy(e,7)=1; Ko(at,7) #0, o € (0,1];
a—0" a—1

limK; (a,7) = 0; lim K;(et,7)=0; K| (a,7) #0, ¢ €[0,1).
a—0 a—1-
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In this study, let’s redefine the above definition by new defining the K and K functions as follows:

Definition 1.6. Ler f : 1 C RY — R be differentiable function on I° and f , f' € LI(I ). The left-sided and right-sided proportional
Caputo-hybrid operator of order o are defined as follows:

b
DS ) = e | (K (b= () + Koab =) (2)] (b= “ae
and

b
"CDef (a) = I“(%—a)/ [Ki (o, t—a) f(t)+ Ko (o, t—a) f (7)] (t—a)"%dt

where o € [0,1] and Ko (at,1) = (1 — &0)* 1'% and K; (1) = 0%,

In this paper, we introduce a novel extension of the Hermite-Hadamard inequalities for convex functions via proportional Caputo-hybrid
operator. In order to exemplify its principal findings, a novel identity will be derived, and on the basis of said identity, some new integral
inequalities will be presented. Additionally, we derive new inequalities that have strong connections with the right-hand sides of the
Hermite-Hadamard inequalities for proportional Caputo-hybrid operator. Our findings not only expand upon previous research but also offer
valuable insights and techniques for addressing a broad range of mathematical and scientific problems.

2. Main Result

First, let’s start our article by obtaining the Hermite-Hadamard inequality for the proportional Caputo-hybrid operator.

Theorem 2.1. Let f : I C RT™ — R be differentiable function on I°, the interior of the interval I, where a,b € I° witha < b and f, f' be

convex functions on I. Then the following inequalities hold:

az(b—a)"‘f(a;rb)+%(1—oc)(b—a)'_af’(a;b) @1
< o ara (PR O)+ Dt @]
< @ - [HOEIO] (g pq o[22 0

Proof. Since f, f’ are convex functions on [a,b], then

a+b 1. . .
7(“37) < Ut (=047 -na+m)

2
and
7(52) < 51 @+ =08+ (=),

By multiplying the results by a2 (b—a)® and (1 — a)? (b —a)' %! -2@

az(bfa)o‘f(a;b>

[az (b—a)® f(at+(1—1)b) +a® (b—a)® £((1 —z)a+zb)}

, respectively, we have

N =

and
(1 7&)2 (bia)lf(xtl—Zaf/ <#)
1

5 [(1 @) (b—a) " 2 (a4 (1—1)b)

F—a)?(b—a) %2 (1 —t)a+tb)] .

IN

Adding these two expressions by side to side, we get

o? (b—a)af(a+b) F— ) (b—a) @2y (LH?)

2 2

< 2 [az (b—a)*t*f (at+(1—1)b)

2

1)t (b—a) % (- (1 fz)b)] e
w3 [ ot -natm)
+1-a)(b—a) % e (1 —z)a+tb)] .
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Integrates both sides of the inequality according to the parameter 7 on [0, 1], it follows that
b 1 b
oa?(b—a)*f (“’ZL > +5(1-a) (b—a)'=f <%)

1
%/ (@2 ()%  (ar+ (1 -1)b)

IN

0
+(1f(x)z(bfa)“”‘tl_af’(awr(lft)b)}z_“dz
1
%/ (b—a)®1%f (1 —t)a+1b)
0

+ (1—a) (b—a) "% ((1—t)a+tb)]t’“dt4

Using the change of the variable we obtain that

a;b>+%(1_a)(b—a)““f’<#)

b
+ 2(b— al oc/ (t—a)* +(1— )Z(T—a)lfaf’(r)](r—a)’”‘dr
b(l
= s a/ Ky (o,b—71)f(t)+Ko(a,b—71) f (7)] (b—1)"*%dt

b
+2(b—1a)1"‘a/ [Ki (@ t—a) £ (7) + Ko (.1 —a) [ (7)] (t—a) *dT

_ TI'l-«a) PC pyat PCpa £ (4
= 72(%“)1,“[“ 57 (b)+ $DES (@)

This is the first part of equality (2.1). On the other hand, since f and f’ are convex functions on [a, b], we have
[f(at+ (1 =)b)+ f((1 =t)a+1b)] < f(a) + f (D)

and

[f (at+(1=0)b) + f (1 =t)a+1b)] < f'(a) + f' ()

By multiplying the result by a2 (b—a)® and (1 — a)? (b—a)' "% 172 we have

a?(b—a)* flat+(1—1)b)+a?(b—a)* f((1—1)a+1b)

< a(b—a)*[f(a)+f(b)]
and

(1—a)?*(b—a) "2 f (@t + (1 —1)b)+ (1 — @) (b—a) "%t 2% f (1 =) a+1b)

S (lfa)z(b*d)liat]_za [fl(a)+f/(b)] .

If these two expressions are summed up side by side, we get

% [az (b—a)*1%f (at + (1 —1)b)

-0 (b—a) %% (a4 (1 7:)1;)] @
+% (@26 @) (1)t 1)
F(1—a)2b—a) %= (1 —t)a+tb)] e

o (b—a)® {f(a)‘Ff(b)} - (h—a) 2 {f’ (a)+f'(b)} .

IN

2 2
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Integrates both sides of the inequality according to the parameter 7 on [0, 1], it follows that

1
%/ %% f (ar 4 (1—1)b)

J’_

0
(1—a)?(b—a) " %l=op (at+(1—t)b)]fadz
1
5/ (b—a)*1%f((1—t)a+1b)
0

+ (- (b—a) % (1 t)a+zb)]z—adz

S aZ(b_a)O( |:f(a);f(b):| +(] _a) (b_a)lfa [fl(a):f,(b):| .
Using the change of the variable we obtain that

I'l—o) o
W[a D f (b) + CDaf(a)}

§ az(bfa)a{f(a)Jrf(b)]Hlfa)(bfa)l_a[f’(a)+f’(b)]

2 4

Thus, we obtain desired the second part of equality (2.1). O

To prove our other main results, we require the following lemma:

Lemma 2.2. Let f :1 C RT — R be differentiable function on I°, the interior of the interval I, where a,b € I° witha < b, and f', f"' € L|a,b].
Then the following identity holds,

1+<x 1
(1’7“/ 2 1) f (1 —t)a+tb)dt 2.2)
0

+(1—oc)(b a)> @

1
- / 22“ —(1-1)* 2‘J‘]f”((l f)a+1b)dt

- az(ba)“(f();;())ﬂ ) (p-a) o (L0

I'l-o) o .
T2b—a) [5CDbf(b) + f,)CDaf(a)] :

Proof. By integration by parts, we have

~

(b) _

1
/tf’((l—t)a+tb)dt:b7 (1=t)a+tb)dt
0

Q
=}

and

1 , 1
/t2—2°‘f”((1 —1)a+1b)dt = J;Eba) - Zb__2: /z“z"‘f’((l —t)a+tib)dt
0 0

Usi . o o?(b—a)' ™ (1—-a)(b—a)** . . .
sing the change of the variable, by multiplying the results by 5 and 7 and adding by side to side we have
@ b-a)" | (1—0) (b= [,
f/zf’((l 4)a+tb)dr++/z 201 (1 _f)atth)dt 2.3)
0
o’ (b—a)* (1—a)(b—a)*
= L)+ )
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Using a similar method, we have

1+o | 2-a |
Ll [1p as (1 -0pyarr T=0CO L [z (1 pypya 2.4
0 0
a2 (b—a)® (1-a)(b—a)* ,
= _ 3 f(a)— 1 [ (a)

b
1 " _ _
+7H/ (@2 (b= 0)% (D) + (1 @) (b—) £ ()] (b~ ) *ar.
2(b—a) J
By doing the extraction (2.4) from (2.3), we obtain that

062 (bia)lﬂx 1.
f/t[f/((l_z)a+zb)—f/(m+(1—:)b)}dt

0
o 1
(1-@) k-0 /r2 22 [ ((L=t)a+1tb) — " (ta+ (1 —1)b)] dt
0
F(I—OC) [04 o
_W [aPCDbf(b)+ chaf(“)}
which is desired equality (2.2). O

Remark 2.3. In Lemma 2.2,

i) we choose & = 1, then the equality (2.2) becomes the following equality,

b 1
f(“>;f(b) bla/f(x)dxzb;ao/(l2[)f'(at+(1t)b)dz

which is proved by Dragomir and Agarwal in [4],
ii) we choose o = 0, then the equality (2.2) becomes the following equality

VA B e g
(b - ) /(172t)fu((17;)a+tb)dt:ff(b,a)wy
0

iii) we choose o0 = %, then the equality (2.2) becomes the following equality

1
—a) /t[f’((lft)a+tb)ff’(ta+(lfz)b)]dz
0

(1—t)a+1tb)— " (ta+ (1 —1)b)| dt

+
&
o _
By

fl@+fb) fb)—fla)  fla) +f’
2 T b= 2(b Cb— a/f

Theorem 2.4. With the assumptations in Lemma 2.2. If | f'| and | f"'| are convex on [a,b], then we have the following inequality

-0t (LOLLD) 4 (1)t (L)) 03

_ I'(l-oa PCpa PCpe £,
S e DRSO+ 508 ()]

a?(b—a)'** (| (a)|+|f ()| (1-a)(b—a)* 1 L (@)l + 1" (b)]
= 2 ( 4 )+ (3—2a)? {1_23*2“]( 2 )
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Proof. We take absolute value of (2.2) and by using the convexities of |f/| and |f”|, we have

0= (1010 1y p-ay-e (L0 0))

2 4
- ﬁ [ 2CDg )+ fCDZ‘f(a)]’
< W}Zt—l”f’((l—t)a—ktbﬂdl
'
L[l _/l\t““—m 22— at )| di
!
< W/’zt—1|[1—z ) (@) 411 0]

J-a)b-a™7 /‘tz 2 (g g2 2a‘[(I,t)‘f”(a)|+t|f“(b)ﬂdt

_ o« (b;af*“ (\f’(a)lj‘rlf’( )\)+< g)_(l;afz)m {1723}206] (\f”(a)\;rlf”(b)l)

Note that

1

1
/(1721)(14)4::/(2[71 idt = / (1—20)ds = /(2171)(17t)dt=%,

0 0

5

[(1 —r)* e —12’2"‘} (1—1)dt

—_ O\,m\~

1
4—20 (3—20)23-20°

- /[12*2"‘ —(1 ft)z‘za] tdt =

1
2

{(1 _ e _tzfza} tdt

L 20 _ 1 !
{tz 200 _(1—1)*? }(1—t)dt7 G-2a)(d-2a) (-2a)23 2"

= \ _ C\M_

This proves the inequality (2.5).
Remark 2.5. In Theorem 2.4,

i) we choose o = 1, then the inequality (2.5) becomes the following inequality,

b
fla+rp) 1
5 —b_a[f(x)dx

<tze (Lo

which is proved by Dragomir and Agarwal in [4],

ii) we choose o = 0, then the inequality (2.5) becomes the following inequality

f(b)—f(a) f@+f®)]_10-a? (|f" @+ ®)
‘ (-9 4 ‘S 72 ( 2 )
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Theorem 2.6. With the assumptations in Lemma 2.2. If | f'|? and | f"|? are convex on [a,b] for some fixed q > 1, then we have the following

inequality
a2 (b—a)a (f(a);f(b)) +(1 _a) (b_a)lf(x (f, (a)?:f,(b)) (26)
F(l_a) o o
2ot [5CDbf(b)+ IbJCDaf(a)]'

<

a2 (b—a)'t® <|f’ (@ +1f' (b)|q);
2(p+1)71’ 2

S U S PO @ L B\
T e—2apr ) <2 2(2’2“””‘) ( 2 )

1,1 _
wherep-i-qfl,

Proof. We take absolute value of (2.2), by using the convexities of | f'| and | f”| and the well-known Hélder’s inequality, we have

o -0t (LOLLD) 4 (1) oyt (L 0))

_ M {aPCDgf(b)Jr IIJ’CDgtf(a)}’

2(b—a)l™®
l+a 1
< M/pzfl"f’((l—[)athb)‘dl
1 2 o !
Jr( - - /‘[2 2o _ t)2*2“’|f”((lfz)a+zb)\dt
0
< M (/1|211|”d1); (/l|f’((lz)a+zb)qdz>;
< > / J
1 vl ‘
by (/ e d’) (/ !f”<<1—r>a+tb>|th)
0 0
@ (b—a)" [ 1\ (If @+ If (b))
< (pH) (7o)

A (i () ) (PO

Note that

1 3

1
1
/|2t—1|"dt:/(1—2t)pdt+/(2t—1)pdt: L
{ 1

p+1
0 0

[(lz)zzatz—za}”dt+/l {t2—20€,(1,,)2*206]”d,

O\,.M~

1
p
/‘t2—2a7(171)272(x‘ di  —
0

=

I
/ 2 20)p _ (2-2a)p dt+/ (2 2000 _ (1 l)(Z*Z(x)p:| dt
0

IA

1 1
= 2— .
2-2a)p+1 < 2(2—20‘)19—])
Here, we use
(A—B)? <AP —PBP

for anyA > B > 0 and p > 1. This proves the inequality (2.6).
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Remark 2.7. In Theorem 2.6,
i) we choose o = 1, then the inequality (2.6) becomes the following inequality,

2 2

(p+1)7

b 1
fla+r®) 1 [ (b—a) (Iff' (@ +If" B
_baa/f(x)dx = 2 ( )

which is proved by Dragomir and Agarwal in [4],

ii) we choose o = 0, then the inequality (2.6) becomes the following inequality

f ()~ f(a)

—(b—-a)

f’(a)+f’(b)‘§ (b—a)? (2 1 )L<|f”(a)|q+|f”(b)lq);.

2 4 a@2p+1yr N 27 2
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