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Abstract

In this paper, we introduce (quasi-)consistent spaces and (quasi-)adjacent spaces to char-
acterize convexity spaces. Firstly, we show that convexity spaces can be characterized by
quasi-consistent spaces. They can be induced by each other. In particular, each convexity
space can be quasi-consistentizable. Every quasi-consistency U can induce two hull opera-
tors and thus determine different convexities C% and Cy. And €Y = €y holds when U is a
consistency. Secondly, we use quasi-adjacent spaces to characterize convexity spaces. Each
convexity space can be quasi-adjacentizable. In both of characterizations of convexity, re-
motehood systems play an important role in inducing convexity. Finally, we show there
exists a close relation between a quasi-consistency and a quasi-adjacency. Furthermore,
there exists a one-to-one correspondence between a quasi-adjacency and a fully ordered
quasi-consistency. And we deeply study the relationships among these structures.
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1. Introduction

Uniformity is an important bridge between topology and metric, it is one of the most
vital contents in topology and also a useful tool to investigate topology. So far, there has
been a lot of work on (quasi-)uniformity in topology (see [4,5]). At first, the concept of
(quasi-)uniform space was introduced and studied by Weil [14]. He found every complete
regular space can be uniformizable. Then Bourbaki [1] gave the systematic exposition
of the theory of uniform spaces. Moreover, Fletcher and Lindgren [5] also collected and
organized work in quasi-uniformities and quasi-proximities to show the usefulness in the
study of general topology.

The concepts of a uniformity and of a proximity can be considered either as axiomatiza-
tions of some geometric notions, close to quite independent of the concept of a topological
space, or as convenient tools for an investigation of topological spaces. Efremovi¢ [3] firstly
introduced proximity space, it is a natural generalization of a metric space and a topolog-
ical group. Smirnov [9] indicated that every proximity can induce a topology and there
is a close relation between uniformities and proximities. In [7], Naimpally and Warrack
introduced the relative concept of proximity space in detail and got further developments.
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Aiming at the theory of convex structures, M.L.J. Van de Vel organized and perfected it
in [10]. Convex structure theory has been penetrated into many branches of mathematics,
such as vector space, poset, lattice, metric space and so on (see [6,8,10,11]). Further, con-
vexity also has a close relation with algebra. Wei and Shi [12,13] proved all filters on effect
algebras form a convexity. Dong and Shi [2] introduced convex structures on MV-algebras
such that the MV-operations are convexity-preserving or weak convexity-preserving. It is
a natural question to ask whether we can introduce some nice mathematical structures in
convex structure theory to deeply study such as uniformity and proximity in topology.

In this paper, we give a positive answer about the above question. There are two basic
approaches to define a quasi-uniformity: relation-based and uniform covering-based. Here
we introduce a (quasi-)consistency by a relation and a (quasi-)adjacency by a map. And
we use them to characterize convexity in terms of remotehood system. The structure of
this paper is organized as follows. In section 2, we recall some preliminary concepts and
properties of a convexity and a remotehood system. In section 3, We introduce a (quasi-)
consistency and consistent map. we show quasi-consistency and convexity can be induced
by each other. And each convexity space is quasi-consistentizable. We prove convexity
spaces category CS can be embedded in quasi-consistent spaces category QCS. Further,
a quasi-consistency U can induce two different convexities €% and €. And €Y = €y holds
when U has a symmetric base. In section 4, we study the relation of quasi-adjacency and
convexity. We show CS also can be embedded in quasi-adjacent spaces category QAS. In
section 5, we prove there is a one-to-one correspondence between a (quasi-)adjacency and
a fully ordered (quasi-)consistency. Moreover, there exists an isomorphism between QAS
and FQCS—the category of fully ordered quasi-consistent spaces.

2. Preliminaries

In this section, we recall some basic concepts and notations which are be used in the
paper (more details can be found in [10,15]).

Definition 2.1 ([10]). Let X be a nonempty set. A nonempty subset C C 2% is called a
convexity on X if it satisfies the following properties:

(C1) 0, X € G

(C2) if {A;}ier C € is nonempty, then ;c; A; € C;

(C3) if {A¢}rer C € is nonempty and totally ordered, then J;e; A; € C.
The pair (X, C) is called a convexity space.

Remark 2.2 ([10]). (C3) is equivalent to (C3'):
(C3') If {A:} C € is directed, then U, Ar € C.

For a convexity space (X, C), the (convex) hull of A € 2% is
co(A) = ﬂ{B | AC B e C}.

Definition 2.3 ([10]). A map co : 2% — 2% is called a hull operator if it satisfies the
following properties:

(H1) co(0) = 0;
A Cco(A);

(H2)
(H3) co(co(A)) = co(A);
(H4) co(A) = UBe2j;‘ co(B), where Q‘Jilm ={B € 2% | BC A and B is finite}.

Remark 2.4. (H4) is equivalent to (H4'):
(HA') ¥{A}ier € 2% , co(Uger At) = User co(Ay).
Lemma 2.5 ([10]). Let co: 2¥ — 2% be a hull operator and define €% C 2% by
0 —={Aec2¥|A=co(A)}.
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Then € is a convexity on X.

Definition 2.6 ([15]). Let (X, @) be a convexity space, z € X and A € 2%X. A is called a
remotehood of x if there exists B € C such that = ¢ B D A.

Set R, = {A € 2% | 3B €@, such that x ¢ B D A}. Then R = {R, | * € X} is called
the remotehood system of (X, C). It is easy to check B € C < Vax ¢ B, B € R,.

Lemma 2.7 ([15]). The remotehood system R = {RS | z € X} of (X, @) satisfies the
following properties:

(CR1) Vx € X, 0 € RS;
A€ RS and BC A= B¢c RS

(CR2)
dir
(CR3) V{Ai}ier € RS, User At € RE;
(CR4) Ac RS =2 ¢ A

(CR5) A € RS = 3B € RS and A C B such that Vy ¢ B, B € R{.

Remark 2.8 ([15]). (1) (CR5) is equivalent to (CR5'):
(CR5') A € R = 3B € RS such that Vy ¢ B, A € R{.
(2) R={R, |z € X} is called a remotehood system if it satisfies (CR1)—(CR5).

Lemma 2.9 ([15]). Let R = {R, | z € X} be a remotehood system. Define
CR={Ae2¥|Va¢ A AcR,}.
Then CF is a convexity.

Definition 2.10 ([10]). A map f: (X,Cx) — (Y, Cy) between convexity spaces is called
convexity-preserving (CP, in short) if

VB e @y, fY(B)eCy.

A map f is called CP at x means: VV € R?{x), f~Y(V) e REx.

The category of convexity spaces and CP maps is denoted by CS.

3. Quasi-consistent spaces characterize convexity spaces

In this section, we will show that convexity and quasi-consistency can be induced by
each other and discuss the relation between CP maps and consistent maps. We will prove
every convexity space can be quasi-consistentizable.

Here we recall the relative concepts of a relation. A relation U is a subset of X x X,
its complement is defined by U’ = {(z,y) | (xz,y) ¢ U} and its inverse is defined by
U™t ={(y,z) | (x,y) € U}. U is called a symmetric element if U = U~1. If U and V
are two relations, its composition is given by U oV = {(x,y) | y € X such that (z,y) €
V,(y,z) € U}. Denote U(x) = {y € X | (z,y) € U}. Next we give the definition of a
(quasi-)consistency.

Definition 3.1. A nonempty subset U C 2¥*X is called a quasi-consistency on X if it
satisfies the following properties:

(QC1) VD € U,z € X, (x,x) € D;

QC2) DeUand DC E= FE cU;

(QC2)
cdir
(QC3) Y{Dt}ter € U, then (e Dy € Us
(QC4) VD € U= 3V, W € U such that VoW C D.

B C U is called a basis of U if for each D € U, there exists B € B such that B C D.



4 Y.C. Wang, F.-G. Shi

A quasi-consistency U is called consistency if U also has a basis of symmetric elements.
If U is a (quasi-)consistency on X, then the pair (X, U) is called a (quasi-)consistent space.

There is a one-to-one correspondence between a relation containing diagonal condition
and a remotehood map. For each relation D C X x X with (z,x) € D, we can define a
map fp: X — 2% as follows:

Ve e X, fp(z)=D'(z).

Then it satisfies

(1) Ve € X, x¢ fp(x):

(2) DC E = fu(x) C fp(o);

(3) {Diher € X x X, then f  p, = User fpi;

(4) foor(®) = Negsp(z) fD(2)-

fp is called a remotehood map when it satisfies (1). In Section 3, we show U, = {D’(x) |
D € U} is a remotehood system of x. So it is reasonable for fp to be called a remotehood
map. On the contrary, for a remotehood map f : X — 2%, define Dy C X x X as
follows:

Dy ={(z,y) |y € f'(x) = (f(2))'}.

Then (z,z) € Dy and fp, = f, Dy, = D.

Definition 3.2. A map f : (X,Ux) — (Y,Uy) between (quasi-)consistent spaces is
called consistent if

YWV ely, (fxf)"H(V)elx,
where (f x f)(V)(z1,22) = V(f(z1), f(x2)) for all x1,22 € X. The category of quasi-
consistent spaces and consistent maps is denoted by QCS.

Lemma 3.3. Let (X,U) be a quasi-consistent space. Define RY = {U/ | x € X}, where
W, = {D'(x) | D € U}. Then RY is a remotehood system.

Proof. 1t suffices to check RY satisfies (CR1)-(CR5’).

(CR1) X x X € U since U is an up-set. So X € U(x) for any = € X. Hence 0 € UW(z).

(CR2) Since U is an up-set, U, = {D(z) | D € U} is an up-set. If D(z) € U, and
D(z) C B, then we can construct £ = ({2} x B) U ({z} x X). It is obvious that D C F
and F(z) = B, then B € U, holds. So U, is a down-set.

(CR3) Since U is closed for all codirected intersections, we can prove U, is closed for
all codirected intersections by the above constructive way. Then U/, is closed for directed
unions.

(CR4) For any D € U, x € D(x) implies z ¢ D'(x).

(CRY) If A'(x) € U, then there exists C, B € U such that C o B C A. Next we prove
Yy ¢ B'(z), A'(x) € W,. y ¢ B'(x) implies (z,y) € B. Then

2€C(y) = (y,z) € C and (z,y) € B= (2,2) e CoBC A=z € A(x).
This proves C(y) C A(z), i.e., A'(x) C C'(y). Since Uj, is a down-set, A'(z) € Uj,.
Thus, by the above proof, RY is a remotehood system. g
Proposition 3.4. Let (X,U) be a quasi-consistent space. Define
Cu={Aec2X|Va¢ A 3D cU AC D'(z)}.
Then €y is a convexity.
Proof. 1t is straightforward to check Cy is a convexity by Lemma 2.9 and Lemma 3.3. [

Since RY satisfies (CR5'), it follows that R = {U, | x € X} is the remotehood system
of (X, Gu).



The convexity induced by quasi-consistency and quasi-adjacency )

Proposition 3.5. For each A € 2%, co(A) = {z € X |VD € U,3y € A, s.t. y € D(z)} is
the convex hull of A in (X, Cy).

Proof. We first need to show co(A) € Cy. If © ¢ co(A), then there exists E € U such
that A C F'(z). E € U implies 3C, D € U such that C o D C E. co(A) C D'(z) can be
obtained by the following implication.
y € D(x) = Cy) € Co D) C B(x) C A = y ¢ co(A).
It follows that for any = ¢ co(A), we find D € U such that co(4) € D'(z). Hence
co(A) € Cy.
Next we need to show co(A) C C for any A C C € Cy. C € Cy implies there exists

D € U such that D(z) C C' C A’ for any = ¢ C. Thus x ¢ co(A) and then co(A) C C
holds. 0

Lemma 3.6. f: (X,Cx) — (Y,Cy) is CP if and only if f is CP at each point x € X.

Proof. Necessity: For each z € X and V' € Ry(,), there exists C € Cy such that f(x) ¢
CDOV.Sox¢ f~1(C)D f~YV). Since f is CP, f~1(C) € €x. Thus f~ (V) € R,.
Sufficiency: For any C € Cy and = ¢ f~1(C), then C € Rj(). Since f is CP at f(x), we

have f~1(C) € R,. Hence f~1(C) € Cx. O
Proposition 3.7. If f : (X,Ux) — (Y, Uy) is consistent, then f : (X, Cy, ) — (Y, Cyy )
is CP.

Proof. 1t suffices to show f~'(V) € R, for each € X and V € Ry(,). Since Ry(,) =
{D'(f(x)) | D € Uy}, there exists D € Uy such that V = D'(f(z)). So we only need to
check that f~'(D’(f(x))) € Ry. Next, we prove an equation (f x f)~'(D)= f~toDof.

(z,y) € (f x /)7 (D) = (f(2), f(y)) € D= f(y) € D(f(z)) =y € f~ oDo f(x).
Then
FHD(f(2))) = (FHD(f()))) = ((f x H7HD)) ().
We have (f x f)~%(D) € Uy since f is a consistent map and D € Uy. Hence, (f x
fI7H D) (x) € Ra. O

Lemma 3.8. Let {L;};er be a family of sets and L; = {p;, | i € I} be codirected for all
t € T. Then [[;cp Ly is codirected.

Proof. Let (I;)ier, (ki)ter € [ljer Lie and Iy, ky € Ly for all t € T'. Since Ly is codirected,
there exists my € Ly such that Iy, ky < my. Then (my)ier > (It)ter, (kt)ter- O

Proposition 3.9. Let (X, C) be a convexity space. Define

Ue = {D € 25X | 3{P}ie; C €, s.t. {Dp, Yier is codirected and ﬂ Dp, C D},
el
P, zeP,

X, pep Thenleisaquasi-consistency.

where Dp C X x X is defined by Dp(z) = {

Proof. (QC1) and (QC2) are obvious.

(QC3) Take {D;}ier C%T Ue. Then for each t € T, there exists {P; }icr, € C such
that {Dp, }ier, is codirected and (N;¢;, Dp,, € Dy. So we have (er Nier, Dp, € Dt By
Lemma 3.8, {Dp, }tericr, is codirected. Thus, (,er Dt € Ue.

(QC4) For any D € Ue, there exists {P;};cr C €, such that {Dp, }ier is codirected and
mie[ Dp, € Dy. By DpoDp = Dp, it follows that miel Dpioﬂiel Dp, C mieI(DPz'ODPi) =
Nicr Dp, € D. Let V = (;c; Dp, € Ue. Then V satisfies VoV C D. O

Proposition 3.10. If f: (X,Cx) — (Y,Cy) is CP, then f: (X,Ue, ) — (Y, Ue, ) is a
consistent map.
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Proof. If D € Ug, , then there exists {P;}icr € Cy such that {Dp, }ier is codirected and
Nicr Dp, € D. Since (f x f)~! is inf-preserving(order-preserving), we have

N (fx )1 Dp) = (f x )Y Dp,) € (f x f)"1(D).
iel el

Next, we use two equations as follows

(D) (FxHTHD)=Ff""oDof  (2)VPEeCx, (fx )7 (Dp)=Dp).

The first equation is checked in the prove of Proposition 3.7. Here we check the second
equation. Since P € Cy and f is CP, it follows that f~1(P) € Cx and

_ [P e fTUPY),
Dy (@) = { X, xefY(P).
Then we can prove (f x f)~'(Dp)(z) = f~(Dp(f(x))) = Dy-1(p)(z) for any z € X. This
implies that
N x HTHDp) = (N D-1py € (F x ))7HD).
i€l i€l
Since {P;}ier C Cy and f is CP, we know {f~1(P;) }ier € Cx. And {(f x f)"Y(Dp,) }ier is
codirected because {Dp, };c; is codirected and (f x f)~! is order-preserving. By equation
(2), {Dg-1(p, }ier is codirected. In general, (f x f)~'(D) € Ue,. Hence, f: (X,Ue,) —
(Y, Ue, ) is a consistent map. O

By Proposition 3.4 and Proposition 3.9, we have the following theorem.

Theorem 3.11. Let (X,C) be a convexity space. Then we have €y, = C. i.e., each
convexity space is quasi-consistentizable.

Proof. Firstly, we prove Cy, C €. Let P € Cy,. Then for each ¢ P, there exists
D € Ue such that P C D'(x). This implies for each = ¢ P, there exists {P;}ier C
C, such that {Dp,}ics is codirected and N;c; Dp,(z) € D(x) € P'. So we have x ¢
(Niez Dp,)'(x) 2 P. Furthermore, {D% (7)}ies is directed since {Dp, }ier is codirected,
which implies (J;c; D, (z) € C. So P € C.

Secondly, we prove Cy, 2 €. Let P € C. Then D, € Ue. By the definition of Dp, it
follows that Dp(x) = P’ for any « ¢ P. Thus, P € Cy,. O

In conclusion, by Proposition 3.2-Theorem 3.11, the relation of their categories as
follows.

Theorem 3.12. Let F': CS — QCS be defined by F((X,C)) = (X,Ue). Then F' is an
embedding functor from CS to QCS.

At the end of this section, another way to induce convexity by quasi-adjacency is intro-
duced. We further study the relation of two convexities induced by different ways.

Proposition 3.13. Let (X, U) be a quasi-consistent space. Define

=1 U D@

DelzeA
Then co%(A) is a hull operator.
Proof. (H1) and (H ) are obvious.

(H3) Take { At her C 2X. Tt is obvious that col! is order-preserving. So Jeq cot(A4;) C
co'(User At) holds. It suffices to show @ ¢ co(User Ar) if ¢ Ugeq cot(A¢). This can be
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proved from the following implications.

x ¢ U cot(Ay) =Vt € T,z ¢ co(Ay)
teT
=VteT, Dy e U, st.x ¢ | Di(y).

YyEA:

Let

D;={DelU|z¢ |J D)} and Df = ] D.

yEA: DeDy
Then D} € U. Next, we prove Dy € D, and {Dj }ier is codirected.

For any D € Dy, we have x ¢ Uyea, D(y). i.e., x & Upeo, Uyea, D(y) = Uyea, Upen, D(y).
This implies = ¢ U,e4, D (y). Take any D} and D3, they correspond to A; and A re-
spectively. Since {A;}ier is directed, there exists Az such that A;, Ay C As. It follows
that @ & Uyea, D(y) and = ¢ Uyea, D(y) if 2 & Uyea, D(y). So we have D3 C Dy, Do,
which means D3 C D7, D5. Hence, {Dj}tcr is codirected. Let D* = (\,ep Df. Then
D* € U. Finally, we have for any t € T',

v¢ U Diw2 U NDiy)= U D).

yEAL yEAL teT yEAL
Then = ¢ Uper Uyea, D*(y) = UyGUteT 4, D*(y). In general, there exists D* € U such
that = ¢ UyEUteT A, D*(). Thus z ¢ co (Uyer Av). O

So there is another way to induce convexity by quasi-consistency as follows:
el = {4 € 2X | co™(A) = A}.
By the next example, we know CU and Gy are not comparable generally.

Example 3.14. Let X = {0, 1}. Define two binary relations U,V C X x X as follows:

U ={(0,0),(1,0),(1,1)}, VvV ={(0,0),(0,1),(1,0),(1,1)} = X x X.
Then U = {U, V'} is a quasi-consistency on X. And it is easy to show
eu - {®7 {0}7X}7 eu = {(2)7 {1}7X}
Hence, CY £ Cy.

By Example 3.14, if U is a quasi-consistency, C% # Cy. But if it is a consistency, then
we have the following result.

Theorem 3.15. Let (X,U) be a consistent space. Then CY = Cy.

Proof. 1t is routine to check it by Proposition 3.5 and the definition of co. g

4. Quasi-adjacency spaces characterize convexity spaces

In this section, we use quasi-adjacent spaces to characterize convexity spaces. In fact,
a proximity in topology is a binary relation. Each relation can be seen as a map. So
a proximity has a equivalent definition of maps. Here we introduce (quasi-)adjacency in
terms of maps, which is similar to classical proximity.

Definition 4.1. A quasi-adjacency on 2% is a function § : 2% x2X — {0, 1} that satisfies
the following conditions: for any A, B,C € 2%,
(A1) 3(0, X) = 6(X,0) = 0;

dir
(A2) Y{A} C 2%, 6(B,Uper Ar) = Vier 0(B, Ap), 8(Urer At, B) = Vyer 6(Ar, B);
(A3) 6(A, B) = 0 = 3C € 2% such that §(A,C) = 0 and §(C", B) = 0;
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(A4) 6(A,B)=0=ACB.
A quasi-adjacency ¢ is called adjacency if it also satisfies
(A5) 6(A,B) = 4(B, A).
If § is a (quasi-)adjacency on 2%, then the pair (X, 6) is called a (quasi-)adjacent space.

Remark 4.2. (A2) shows that (B, —) : 2% — 2% and (-, B) : 2% — 2% are order-
preserving.

Definition 4.3. A map between quasi-adjacent spaces f : (X,0x) — (Y,dy) is called
adjacent if
VA,Be?2Y, 6y(A,B)=0=dx(f1(A),f1(B)) =0.

The category of quasi-adjacent spaces and adjacent maps is denoted by QAS.

In the following content, we show a quasi-adjacent space can induce a convex hull
operator, and then it can induce a convexity space.

Proposition 4.4. Let (X,0) be a quasi-adjacenct space. For any A € 2%, define
co’(A) = ({B €2¥ | §(4, B') = 0}.
Then
(1) 6(A,B") =0 = co’(A) C B.
(2) 2 ¢ co®(A) & §(A, {z}) = 0.

(3) co® : 2% — 2% is a hull operator.

Proof. (1) is obvious.

(2) Necessity. If x ¢ co’(A), then there exists B € 2% such that §(A4,B’) = 0 and
x ¢ B. i.e., {} C B’. This shows 6(A,{z}) < (A, B") =0.

Sufficiency. If §(A, {z}) = 0, then co’(A) C {x}'. This implies x ¢ co’(A).

(3) Tt suffices to show co® satisfies (H1)—(H4').

(H1) By 6(, X) = 0 and (1), co®(0) =  holds.

(H2) If §(A, B') = 0, then A C B. Tt implies A C co®(A).

(H3) Firstly, we prove co® is order—preserving. If A C B and §(B,C') = 0, then
d(A,C") = 0. This guarantees co (A) C co®(B). By (H2), co®(A) C co®(co’(A)). Next we
prove the inverse direction. If 2 ¢ co®(A), then 6(A, {z}) =0 by (2). By (A3) there exists
B € 2% such that 6(A,B) =0 and (5( ' {x}) = 0. Hence, co’(A) C B’ and = ¢ co’(B').
Since co® is order-preserving, co®(co®(A )) C co®(B') holds. Thus z ¢ co®(co’(A)).

(H4') Tt suffices to show that co’ preserves directed joins. Take {A;}ier dér 2X,

Uier c0®(Ar) € co®(Uier Ar) is obvious. For the inverse direction, suppose that z ¢
User co®(Ay), then = & co®(A;) for all t € T. ie., 6(Ay,{z}) =0 for all t € T. By (A2),

d(User A, {z}) = Vier 0(As, {z}) = 0. This means x ¢ 005(UteT Ayp). O

Remark 4.5. In section 3, we know a quasi-consistency can induce two hull operators.
Similar to it, a quasi-adjacency ¢ also can induce two hull operators. Another hull operator
cos : 2% — 2% is defined as follows:

cos(A) =B €2¥|4(B,A)=0}.

If § also satisfies symmetric condition, then co® = cos.

Proposition 4.6. Let (X, 6) be a quasi-adjacenct space. Thus Cs = {A € 2% | co®(A) =
A} is a convexity induced by 6. Then R® = {RS | x € X} is the remotehood system,
where RS = {A € 2X | §(A,{z}) = 0}.

Proof. The proof can be obtained by the following implications.
AcCso A=cl®(A) oVr ¢ Az ¢ co®(A) eVed A §(A{z})=0oVr ¢ A, Ac R.
O
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Next, we prove a quasi-adjacency can be induced by a remotehood system, so a quasi-
adjacent space can be induced by a convexity space in terms of its remotehood system.

Proposition 4.7. Let R = {R, | z € X} be a remotehood system. Define dr : 2% x
2X — {0,1} as follows:
VA,Be€2X, 6p(A,B)=0<VYereB,AcR,.

Then dg is a quasi-adjacency.
Proof. (A1) Vx e X, 0 € R, = 6r(0, X) = 0. dr(X,0) =0 is obvious.

dir

(A2) Take {A;} C 2X. We first show dg(B,—) : 2¥ — {0,1} and 0gr(—, B) : 2% —

{0,1} are order-preserving. If A C C and 6r(B,C) = 0, then we have

Vre C,Be R, =Vxe A BeR,= dr(B,A) =0.

This implies 0g(B, A) < dr(B,C). If 6gr(C,B) = 0, then Vx € B, it holds C € R,. i.e.,
0r(A,B) = 0. Since R, is a down-set, it follows A € R, for any x € B. This implies
6R(A’ B) < 5R(A’ C) Thus, VtET 6R(B7At) < 6R(B’UteT At) and VtET 6R(AtaB) <
dr(User At, B) hold. Next we prove 0r(B, Uyer At) < Vier Or(B, A¢). This can be proved
by the following implications.

\/ 6r(B,A;) = 0=Vt e T,0p(B,A) =0
teT
=>VteT, Vee A, BER,

=Vee|J)A, BER,
teT
= 0r(B, | J 4) = 0.
teT
Finally, 0r(U;cr A1, B) < Vier 0r(A¢, B) can be obtained from the following implications.
\/ 6r(A¢,B) = 0=Vt € T,0p(A;, B) =0
teT
=>VteT, Vxe B, A; € R,

=VeeB, VteT, A€ R,
=Vz € B, | J A €R, (By (CR3))
teT

= 5R(U At,B) =0.
teT

(A3) can be proved by the following implications.
r(A,B)=0=Vre B,Ac R,
= Vx € B,3F, € R,, such that Vy ¢ F,, A< R, (By (CRY))

=Ve€B, IF = (| FL €R,, andVy ¢ F, A€ R,
r€EB
= 6p(F,B) =0, dr(A, F') =0.
Let C = F’. This shows that there exists C' € 2% such that 6g(A4,C) = 0, dr(C’, B) = 0.
(A4) can be showed from the following implications.
r(A,B)=0=Vzxe B, Ac R,
=Vre B, ¢ A (By (CR4))
= BCA. ie , ACB.

Therefore, dr is a quasi-adjacency. O
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By Proposition 4.7, a convexity € can induce a quasi-adjacency de : 2% x 2% — {0,1}
in terms of remotehood system as follows:

VA,Be2X 6e(A,B)=0=VzeB AcRéeVreB, 3PcC, st.x¢ PD A.
Theorem 4.8. Let € be a convexity. Then Cs, = C.
Proof. This proof obtained by the following implications.
AcCs, oVrd Ade(A{z})=0Veg A, AcRE < Ace.
O

Proposition 4.9. If f : (X,0x) — (Y,dy) is a adjacent map, then f : (X,Cs5,) —
(Y, Cs, ) is CP.

Proof. We need to check that f~1(P) € Cs, for any P € Cs,. If z ¢ f~1(P), then
we have f(z) ¢ co’(P) by P € Cs,. It follows that 6y (P, {f(z)}) = 0. And since f is
adjacent, dx (f~1(P),{z}) = 0 is true. Hence f is CP. O

Proposition 4.10. If f : (X,Cx) — (Y,Cy) is a CP map, then f : (X, de, ) — (Y, de, )
is adjacent.

Proof. We need to prove that e, (f~1(A), f~1(B)) = 0 if de, (A, B) = 0 for any A, B €

2V 1f 8¢, (A, B) = 0 and f(z) € B, then we have A € R?éﬁ). Since f is CP, f~1(A) € R%x.

Thus de, (f~'(4), f~1(B)) = 0. O
By Theorem 4.8, Proposition 4.9 and Proposition 4.10, we have the following conclusion.

Theorem 4.11. Let G : CS — QAS be defined by G((X,€)) = (X, d¢). Then G is an
embedding functor from CS to QAS.

5. The relation between (quasi-)consistency and (quasi-)adjacency

In this section, we study the relation between (quasi-)consistency and (quasi-)adjacency.
They can be induced by each other and there exists a one-to-one correspondence between
quasi-adjacency and fully ordered quasi-consistency.

By Lemma 3.3, a quasi-consistency U can induce a remotehood system R = {U, | x €
X}, where U, = {D'(x) | D € U}. And then by the Proposition 4.7, RY can induce a
quasi-adjacency &y : 2% x 2% — {0,1} as follows:

VA,Be2¥, 6y(A,B)=0<VzeB, 3D, s.t. AC D'(z).

U can induce a convexity Cy and a quasi-adjacency dy. Moreover, &y can induce a

convexity. This result shows U and dy; induce the same convexity.
Theorem 5.1. Let U be a quasi-consistency. Then U and dy; induce the same convexity.
ie., C5, = Cy.
Proof. The equality can be obtained by the following implications.
AcCs &Vr g A, Ac R Vo ¢ A dy(A {z})=0
&Vré¢ AIAD e U, st. AC D'(z)
< A e Cy.
O

Proposition 5.2. If f: (X,Ux) — (Y,Uy) is a consistent map, then f : (X,dy,) —
(Y, oy, ) is a adjacent map.
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Proof. If &y, (A, B) =0 for A, B € 2¥, then for all y € B, there exists D € Uy such that
A C D'(y). Next, we need to show that there exists E € Uy such that f~1(A) C E'(z)
for any z € f~1(B). It follows that A C D'(f(x)). And

F7HA) S FHD (f(@) = (f x )7HD)() = (f x £)7H(D) (x)
holds because f~! is order-preserving. Since D € Uy and f is a consistent map, (f x
f)~YD) €Uy. Let E = (f x f)~YD). Then f~1(A) C E'(x). O

Next we show that a quasi-adjacency ¢ can induce a quasi-consistency Us. In addition,
if § also satisfies symmetry condition, then Us is also a consistency. We first prove the
following lemma.

Lemma 5.3. Let (X,6) be a quasi-adjacenct space. Consider the set As = {(A4,B) €
2% x 2% | 6(A, B) = 0}, define D4 g C X x X for any pair (A, B) € A;s as follows:

A, x € B,
DAvB(“"”):{ X, x¢B.

Then (1) if {(A¢, Bi)her € As and {Aihier, {Bilier are directed respectively, then
DUtET At’UtET By < mtET DAt’Bt;
(2) if {(A¢, Bt) }er C As, then DﬂteT AeVyer Be — Uter Da,,B,-

Proof. (1) It is straightforward to show that if (A1, By), (A2, B2) € As and (A1, By) C
(A2, Bo), ie., Ay C Ay, By C By, then Dy, B, € Da, B,- Next we only need to prove
(Uier At, Uger Br) € As if {Aiter, {Bi}ier are directed respectively. Since

5(U Ay, U By) = \/ 6(A¢, Br) =0 (By (A2))
teT  teT teT
holds, the proof is obvious.
(2) is obvious. O

Proposition 5.4. Let (X, ) be a quasi-adjacenct space. Define

Us ={D C X x X |3(A,B) € As, s.t. Dy p C D}.
Then Us is a quasi-consistency. Moreover, if § is a adjacency, then Uy is a consistency.
Proof. (QC1) and (QCQ) are obvious. It remains to show that (QC3) and (QC4).

(QC3) Take {D;}ier C Us. Then for all ¢ € T, there exists (A¢, By) € Ag such that
DAz,Bt g Dt Let
Dy = {(At, Bt) € As | Da,.B, € Dt}

and
(45,Bf)= [ (AuB)=([) 4, [ B)-
(A¢,Bt)€Dy Ar€Dy BieDy
Then (A}, Bf) < 0(A¢, B:) = 0. This implies (A}, Bf) € A;. Next we prove that
{(AF,Bf) | t € T} is directed. Take (A, Bf,) and (Aj,, Bf,), they correspond to Dy, Dy,
respectively. Since {D;}ier is codirected, there exists Dy, C Dy, Dy,. This guarantees
Dis € D4y, Dy,. And then (Af,, Bf)) 2 (Az‘l,Bz‘l) (A}, Bf,). Furthermore, since Dy, , €

Dy for all (A¢, Bt) € Dy, by Lemma 5.3, we have

DBy = Dﬂ p, (At,Bt) — U Dap, € Dr.
(A¢,Bt)€Dy (A¢,B1)ED
t,Bt)€Dy

5
By the above proof, we know for all ¢ € T, there exists {(Af,B}) |t € T} f Ag, such
that DA;‘,B;‘ C D;. Then

DUteT At ’UteT ﬂ DA* B* ﬂ Dt7

teT teT
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which implies (e Dy € Us.
(QC4) If D € Us, there exists (A, B) € A such that Dqp C D. By (A4), 6(A,B) =0
implies that there exists C' such that §(A4,C) =0 and §(C’, B) = 0. We can check
Al xe€B,
DA,C ODC”,B(x) = U DA,C(Z) == { X, x ¢ B == DA7B({I,‘).
ZEDC/‘B(ZB)

This shows Dac o Dcr g = Dy p.

In addition, if § satisfies symmetry condition (A5) and D € Us, then there exists
(A,B) € A; such that Dy p C D. Therefore, we have DZ}B C D~'. By the definition
of Dy g, we know Dyp = (Bx A)U (B’ x X) and Dpa = (Ax B)U (4" x X). So
D'y = (A'x B)U(X x B') and D 4 = D'5. Tt follows that B = {Dap | (A, B) € As}
is a symmetric base of U since (B, A) = §(A, B) = 0. Hence, Us is a adjacency. 0

A quasi-adjacency § can induce a convexity Cs and a quasi-consistency Us. Furthermore,
Us also can induce a convexity. The following theorem shows that § and Us induce the
same convexity.

Theorem 5.5. Let § be a quasi-adjacency. Then § and Us induce the same convexity.
ie., C5 = Cyy.

Proof. We first show Cy, C Cs5. If A € €y, then Vo ¢ A,3D € Us such that A C D'(z).
By D € Uy, there exists (E, F') € As such that Dg p C D. Then we consider the following
case.

(1) If x € F, then D p(x) = E' C D(z) C A’. This implies A C E. Then it follows
that 0(A,{z}) <4(E,F)=0.

(2) If x ¢ F, then Dg p(z) = X. D(z) = X since Dg p C D. This guarantees A = 0,
which means 0(A, {z}) = 0. Thus, Vo ¢ A, 6(A,{z}) =0.

Next we prove C5 C Cy,. If A € G5, then Vo ¢ A, 6(A,{z}) =0. ie., (A, {z}) € As. It
follows from the construction of Us that Dy r,3 € Us. Then D;l,{x} (x) = A. O

Proposition 5.6. If f : (X,0x) — (Y, dy) is a adjacent map, then (X, Us, ) — (Y, Uy, )
is a consistent map.

Proof. Our aim is to show that (f x f)~! € Us, for all D € Us,. This means we need
to find (F,G) € Asy such that Dpg C (f x f)~Y(D). If D € Uy, then there exists
A, B € 2Y such that 6y (A, B) = 0and D4 g C D. Since dy (A, B) = 0 and f is a adjacent
map, we have 6x (f~1(A4), f~1(B)) = 0. ie. (f_l(A),f_l(B)) € As,. Next, we consider
the following cases to verify Dg-1(4) s (x) (f x f)~Y(D)(x) for all z € X.

(1) If € f7Y(B) and z € Dy~ 1(A)f gy (), then Dy—1(q) p-1(p)(x) = f7H(A") and
f(z) € A'. By f(z) € B, we have D4 p(f(x)) = A’. Since

C

f(2) € Dap(f(2) = (z,2) € (f x /)1 (Dap) € (f x f)~H(D) =z € (f x /)" (D)(x),

we obtain D ;- St B)(@) € (f x f)~1(D)(2).

(2) If x ¢ f~YB), then Dy1ay,5-1(p)(w) = X. It follows that Dy p(f(z)) =Y for
any f(x) ¢ B. Forall z € X, f(z) € Y D4 g(f(x)). This implies (f (x) f(2)) € Dap.
And then (z,z) € (f x f)*l(DAB) C (f x f) YD). ie., z € (f x f)"1(D)(x). Hence
(f % /)" (D)(x) = X.

In general, take F = f~!(A) and G = f~!(B). Then it satisfies what we want. O

Theorem 5.7. Let 6 be a quasi-adjacency. Then &y, = 6.
Proof. We first need to show oy, < 6. If 6(A4, B) =0, then Dy g € Us and

A, z € B,
DAvB(“""’):{ X, z¢B.
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This assures that for all # € B, there exists Da p € Us such that A = D'y p(z). This
shows &y, (A, B) = 0.

Next we prove the inverse direction >. Suppose that dy, (A, B) = 0. Then for all z € B,
there exists D € Us such that A C D'(z). For D € Uy, there exists (E, F') € As such that
Dg r C D. Next, we have the following cases.

(1) If BC F and x € B, then x € F and Df; p(z) = E. This implies A C D'(z)
D p(z) = E. Since ¢ is order-preserving on each variables, then we have §(A, B)
0(E,B)<(E,F)=0.

(2) If BZ F, then 3z € B but z ¢ F. Here D'(z) C D p(z) = 0. This implies A = (.
Then 6(A,B) =06(0,B) <46(0,X) =0. O

C
<

Theorem 5.8. Let U be a quasi-consistency. Then Us, € U.

Proof. If D € Us,, then there exists (A, B) € Ag, such that Dy p C D. §y(A,B) =0
implies for all z € B, there exists E € U such that A C E’(z). Then E(z) C A’ =
Dy g(x) C D(z) for any « € B. However, if ¢ B, then Dy p(z) = X and D(z) = X.
This shows E C D. By (QC2), D € U. O

Then we consider whether Us, = U holds if U satisfies extra condition. Next we
introduce fully ordered quasi-consistency.

Definition 5.9. A quasi-consistency U is said to be fully ordered if there exists a basis B
of U such that for any D € B, the family {D(z) | x € X} is totally ordered.

The category of fully ordered quasi-consistent spaces and consistent maps is denoted

by FQCS.
Proposition 5.10. Let § be a quasi-adjacency. Then Uy is fully ordered.

Proof. By the definition of Us, we know {D4 g | (A4, B) € As} is a basis of Us. It holds
{Dap(z)|ze X} ={A X} for any (A, B) € As. O

Theorem 5.11. Let U be a fully ordered quasi-consistency. Then Us, = U.

Proof. We only need to show that U C Us, from Proposition 5.8. Since U is a fully
ordered quasi-consistency, there exists a basis B of U such that for any D € B, the family
{D(x) | © € X} is fully ordered. It is easy to check that there exists E,F € B such
that E o F' C D for the given D € B. Let A, = D'(z) and B, = F(x). Next we prove
o (Ay, By) = 0. It suffices to verify A, = D'(x) C E’(z) for each z € B, = F(x). This
can be obtained by the following implications.

ye E(z) = (z,y) € Fand (z,2) € F = (z,y) € Eo F =y € D(z).
So E(z) € D(x). Then 6y(Az, By) = 0 and Da, B, € Us,. {Az | 2 € X} and {B; |
x € X} are directed since they are fully ordered. By the proof of Lemma 5.3, we know
(UwGX Ax,U$€X Bx) S 'A6U' Then DUzgx A‘T’Uzex B, S U5u and DUIEX Aw’UzeX Ba g

MNeex Pa,,B,- Since Us, is an up-set, (N,cx Da, B, € Us,-
Let H = (ex Da,,B,. It follows that z € B, = F(z) for each z € X. This implies
Neex Da,.B.(2) € Da, B, (2) = A, = D(2). Thus, H C D and D € Uy,. O

Theorem 5.12. Let H: QAS — QCS be defined by H((X,0)) = (X, Us). Then H is
an embedding functor from QAS to QS. And the functor K : FQCS — QAS which is
defined by K((X,U)) = (X, dy) is an isomorphism, in this case its inverse is the restrict
domain functor H: QAS — FQCS.

Next we deeply consider the relation among convexity €, quasi-consistency U and quasi-
adjacency §.



14 Y.C. Wang, F.-G. Shi

Theorem 5.13. Let U be a quasi-consistency. Then U and €y induce the same quasi-
adjacency. i.e., oy = de,,-

Proof. &y = de, can be obtained by the following implications. For any A, B € 2X | we
have

ey (A,B) =0 Vo€ B,A€ Rt & Vo € B,AD € U, s.t. AC D'(z) & (A, B) = 0.
]

Theorem 5.14. Let € be a convexity. Then € and Ue induce the same quasi-adjacency.
i.e., (5@ = (5ue.

Proof. 1t is obvious by Theorem 5.13 and Theorem 3.11. U
Theorem 5.15. Let C be a convexity. Then Us, C Ue.

Proof. If D € Uy, then there exists 4, B € 2% such that de(A4, B) = 0 and Dap C D.
Since d¢(A, B) = 0, there exists P, € Cand z ¢ P, O A for any = € B. Let P = (\,cp Ps.
Then we have P € C and = ¢ P D A. Furthermore,

P, zeP, [ A, zeB,

Dp(z) _{ x, zep d Das() _{ X, z=¢B.
It is obvious that € P’ when x € B. Further, Dp(z) = P’ C A’ = D4 g(z). Otherwise,
Dp(x) € X = Dy p(x) when « ¢ B. Hence, Dp C Dy p is true and then D € Ue. O

Conclusions

In this paper, we introduce (quasi-)consistency and (quasi-)adjacency to characterize
convexity. We study the relation among convexity €, quasi-consistency U and quasi-
adjacency 0. They can be induced by each other. In the mutual induction, remotehood
systems play an vital role. Moreover, there is a close relation among their categories.
These results show that there has many nice structures in convex spaces.

In general topology, every topological space can be uniformizable when it is complete
regular. So let us end this paper with a question for further study. Whether convex space
can be consistentizable when it satisfies some higher separation axioms.
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