cwronic Jog,
<° %,

4

INTERNATIONAL ELECTRONIC ]OURNAL OF GEOMETRY
VOLUME 17 NO. 2 PAGE 348-357 (2024)

DOI: HTTPS:/ /DOIL.ORG/10.36890/1E]G.1329607

RESEARCH ARTICLE

\nterng, tio,)
Y,

al
G
4.,&8‘3

Quasi Bi-slant Submanifolds of Locally
Metallic Riemannian Manifolds

Idrees Fayaz Harry and Mehraj Ahmad Lone*

(Communicated by Arif Salimov)

ABSTRACT

In this article we investigate quasi bi-slant submanifolds of locally metallic Riemannian
manifolds. The main objective is to determine the conditions under which the distributions used
in defining these submanifolds are integrable. We also establish the necessary and sufficient
conditions for quasi bi-slant submanifold to be a totally geodesic foliation.
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1. Introduction

V. W. de Spinadel [25] introduced the metallic mean family, a generalization of the golden mean, which
consists of positive solutions to quadratic equation of the form 2? = pz + g, where p and q are positive integers.
These solutions, known as (p, q)-metallic numbers denoted by ¢, 4, are associated with various metals such
as the golden mean, silver mean, subtle mean, bronze mean, copper mean, nickel mean, and others. Well-

known metallic means include the golden mean (o1 = ® = % for p = 1 and q = 1), the silver mean

(02,0 = 04y = 1 + V2 for p =2 and q = 1), and the bronze mean (031 = o5, = 522 for p =3 and q = 1).

Crasmareanu and Hretcanu [17] introduced the concept of a metallic structure on C*°-differentiable real
manifolds, which is a specific type of polynomial structure defined by Goldberg in [16]. This metallic structure
is a generalization of geometric structures such as golden, silver, bronze, subtle, copper, and nickel structures
on C°-differentiable manifolds.

In recent years, slant submanifolds have gained importance in differential geometry. They were introduced
by Chen [6, 7] as a generalization of invariant and anti-invariant submanifolds of Kaehler manifolds. Chen
provided initial results and examples of slant submanifolds in his book [6]. A submanifold N of an almost
Hermitian manifold, involving an almost complex structure J, is called a slant submanifold if the angle
between JX, and X, is independent of the choice of point p in N and every non-zero tangent vector X,,.
Since their introduction, slant submanifolds have attracted significant attention and have been studied in
various space forms with complex, contact, and product structures ([1]-[3], [21]-[24]). Slant distributions were
introduced using the concept of slanting, and Carriazo [10] defined bi-slant submanifolds of almost Hermitian
manifolds based on slant distributions. More recently, Prasad et al. [23] studied quasi bi-slant submanifolds of
almost Hermitian manifolds.

Motivated by the desire to understand the geometry and topology of slant submanifolds in metallic
Riemannian manifolds, several research works have been conducted in this area. Various types of
submanifolds, including invariant, anti-invariant, slant, semi-slant, hemi-slant, and bi-slant submanifolds,
have been studied in metallic and golden Riemannian manifolds. Different integrability conditions for
the distributions involved in defining these submanifolds have been obtained through these studies (see,
for example, [4, 5], [8, 9], [11]-[15], [17]-[20], and the references therein). Based upon the aforementioned
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articles, we introduce the concept of quasi bi-slant submanifolds in locally metallic Riemannian manifolds,
encompassing slant, semi-slant, hemi-slant, and bi-slant submanifolds as special cases.

2. Preliminaries
If a (1,1)-type tensor field ¥ on a C*-differentiable manifold N satisfies the equation
U2 = pU + qI, (2.1)

then W is referred to as a metallic structure on N, where I denotes the identity transformation. Consider a
Riemannian manifold (XV, §) and let ¥ be a metallic structure on N, if ¥ satisfies the following equation

G(U X1, Y1) = §(X1, ¥Y1), (2.2)

then (N ., \il) is said to be ¥ compatible metallic Riemannian manifold. Furthermore if N is locally metallic
Reimannian manifold then we have

(Vx, ¥)Y; = 0. (2.3)
From (2.1) and (2.2) one can easily obtain
G(UX1, ¥Yy) = pg(VX1, Y1) + q3(X1, Y1), (24)
for all X;,Y; € I(TN). 3 }
If N is submanifold of N and If V is the induced connection on N, then the Gauss and Weingarten formulae

are given by

Vx,Y1 = Vx,Yi+h(X1,Y1) (2.5)

Vi Vi = —Ap X +Vx Y, (2.6)

forall X;,Y; e (TN)and V; € F(TJ-N ), where A and h are shape operator and second fundamental form and
V= is the connection on the normal bundle of N. Furthermore the shape operator and second fundamental
form are related by

g(AV]leYl) = g(h(XhYl)a‘/l)

Let us consider for any X; € T'(TN) and V; € I'(T*N), the decomposition of ¥(X;) and ¥(V;) into tangential
and normal components as

U(X1) = [fXi+¢Xa, (2.7)

¥(V1) = BVi+CW, 2.8)

where fX, := (VX))", $X; := (IX,)*, BV, :== (UV}) " and CV; == (UV;)L.
The covariant derivative of projection morphisms in foregoing equations are defined as

(Vx, [)Y1=Vx, Y1 - f(Vx, Y1), (2.9)
(Vx,0)Y1 = Vx,6Y1 — ¢(Vx, Y1), (2.10)
Vx,BVi = Vx,BV; — B(Vx, Y1), (2.11)
(Vx,C)Vi = V%, CY1 — C(Vx, V1), (2.12)

forany X1,Y; € T(TN) and V; € I(T+N).
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3. Quasi bi-slant submanifolds of locally metallic Riemannian manifolds.

In this section, we introduce the concept of quasi bi-slant submanifolds in metallic Riemannian manifolds
and provide the necessary and sufficient conditions for their integrability. Before delving into the study of
quasi bi-slant submanifolds, we review some key results from [18]. We begin by defining slant submanifolds
in metallic Riemannian manifolds:

Definition 3.1. A submanifold NV in a metallic Riemannian manifold (N, g, \il) is called a slant submanifold if
it satisfies the condition 6(X,) = constant, where §(X,) is the angle between VX, and T, N for any = € N and
X, € T, N with ¥X; # 0. The constant angle 6 is referred to as the slant angle of N in N and is given by

_fx]
19,

cos(6)

where fX; represents the orthogonal projection of ¥X; onto 7, N. An immersion i : N — N satisfying these
conditions is called a slant immersion of NV in N.

We note that invariant and anti-invariant submanifolds are special cases of slant submanifolds with
slant angles § = 0 and 6 = 7, respectively. Slant submanifolds that are neither invariant nor anti-invariant
are referred to as proper slant submanifolds. The following proposition provides a key result for slant
submanifolds:

Proposition 3.1. If N is a slant submanifold with a slant angle 6 that is isometrically immersed in the metallic
Riemannian manifold (N, g, ¥), then the following equations hold for any X;,Y; € T'(T'N):

g(lea fYI) = COS2 eg(XlaprI + qyl)a
§(¢X1, ¢Y1) = sin”® 03(X1, pfY1 + qY1),
where § denotes the metric on N.

Definition 3.2. [18] Let N be an immersed submanifold in a metallic Riemannian manifold (N, g, ¥). We say
that IV is a bi-slant submanifold of NV if there exist two orthogonal differentiable distributions A; and A, on N
satisfying the following conditions:

1. TN can be decomposed orthogonally as TN = A; @ Ay,
2. U(A;) L Ayand U(Ay) LA,
3. The distributions A; and A, are slant with slant angles 6, # 6.

We observe that if N is a bi-slant submanifold in a metallic Riemannian manifold (N,§j, ¥) with the
decomposition TN = A & Ay and dim(Aq) - dim(Asz) # 0, where A, is the slant distribution with slant angle
6, then the following cases hold:

1. N is an invariant submanifold if 8 = 0 and A; is invariant,
2. N is an anti-invariant submanifold if § = 7 and A, is anti-invariant,

3. N is a proper semi-invariant submanifold if A; is invariant and A, is anti-invariant. Semi-invariant
submanifolds are a particular case of semi-slant submanifolds (hemi-slant submanifolds) with the slant
angle 0 = 7 (0 = 0), respectively.

These results set the stage for the introduction and study of quasi bi-slant submanifolds in metallic
Riemannian manifolds. Quasi bi-slant submanifold are defined as a submanifolds of a Riemannian manifold
that satisfies certain conditions. These conditions involve the existence of specific distributions A, A;, and A,
on N, as well as the properties of the tangent spaces and angles between subspaces.

Definition 3.3. A submanifold N of metallic Riemannian manifold N is called quasi bi-slant submanifold if
there exists distributions A, A; and A, such that:

1. The tangent bundle TN can be decomposed orthogonally as:
TN=AGA; &N,
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2. The distribution A is invariant under the metallic structure ¥, i.e., U(A) = A.
3. The transformed distribution \if(Al) is orthogonal to the distribution Ay, i.e., T(A) L A,

4. For any non-zero vector field X; € (A),, where z is a point in N, the angle ¢, between U X, and (A1),
remains constant and does not depend on the specific choice of = and X;.

5. For any non-zero vector field Z; € (Ay),, where y is a point in N, the angle 6, between ¥Z; and (A),
remains constant and does not depend on the specific choice of y and Z;.

Remark 3.1. Based on the dimensions of the distributions and the values of the slant angles ¢, and 65, different
cases can be identified:

(i) If dim(A) # 0, dim(A;) = 0, and dim(A3) = 0, the submanifold N is classified as an invariant submanifold.

(ii) If dim(A) # 0, dim(A;) # 0,0 < 01 < §, and dim(A;) = 0, the submanifold N is considered a proper semi-
slant submanifold.

(iii) If dim(A) =0, dim(A;) #0, 0 < 6; < §, and dim(A3) = 0, the submanifold N is classified as a slant
submanifold with a slant angle of 6.

@(iv) If dim(A) =0, dim(A;) =0, and dim(A;z) #0, 0 < 0 < 5, the submanifold N is considered a slant
submanifold with a slant angle of 6,.

(v) If dim(A) = 0, dim(A;) # 0, 01 = §, and dim(Az) = 0, the submanifold N is classified as an anti-invariant
submanifold.

(vi) If dim(A) # 0, dim(A;) # 0, 61 = 5, and dim(Az) = 0, the submanifold N is considered a semi-invariant
submanifold.

(vii) If dim(A) =0, dim(A;) #0, 0 < 6; < §, and dim(Ay) # 0, 62 = 7, the submanifold N is classified as a
hemi-slant submanifold.

(viii) If dim(A) = 0, dim(A;) # 0,0 < 6; < §, and dim(Az) # 0, 0 < #2 < 7, the submanifold N is considered
a bi-slant submanifold.

(ix) If dim(A) # 0and 0 < 6; = 6, < 7, the submanifold N is classified as a proper semi-slant submanifold.

(x) If dim(A) # 0, dim(A;) #0,0 < 61 < §, and dim(A3) # 0, 0 < 6 < §, the submanifold N is considered a
proper quasi bi-slant submanifold.

Thus quasi bi-slant submanifolds are generalisation of invariant, anti-invariant, slant, semi-slant, hemi-slant
and bi-slant submanifolds. In the context of a quasi bi-slant submanifold NV in a metallic Riemannian manifold
N, let X; € I'(T'N), and denote the projections of X; onto the distributions A, A, and A, by P, P;, and P5,
respectively. Then, for any X; € I'(T'N), we can express this projection as follows:

X1 =PX, +P X+ PX, (3.1)
On applying ¥ on both sides and using (2.7) we obtain
UX, = fPX1+ 6PXy + [PIX1 + 0P X1 + [P X1 + o Pa X
As UA = A, we have ¢PX; = 0, therefore we get
UXy = fPX1 + [P X1+ ¢P1 X1 + [P X1 + ¢9Pa X1
Furthermore from the foregoing equation, it is easy to verify that

fXi = fPXi+ fPX)+ fRXy,
¢X1 = oP1X1+ ¢PaXi.

This leads us to the following decomposition

U(TN) CAD fA1 B PAL & ¢As & fA,.
As ¢/, and ¢pA, are in T+ N, we have
TEN = oA ® ¢ D,

where v is the orthogonal complement of $A; + ¢A, in T+ N and ¥(v) = v. For any vector field W, € T(T+N),
we put

UW, = BW; + CW;, (3.2)
where BW; € T'(TN) and CW; € T(T+N).
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Lemma 3.1. Let N be quasi bi-slant submanifold of metallic Reimannian manifold N. Then the endomorphism f and
projection morphisms ¢, T and Q, satisfy the following identities

(i) f?+ By =pf+qlon TN

(ii) of +Co = pp on TN

(iii) B + C? = pC + ql on T+ N

(iv) fB + BC = pBonT+N

Proof. From (2.7), (3.2) and using the fact that ¥? = p¥ + ¢I, then comparing tangential and normal component,
we get the desired identities. O

Lemma 3.2. Let N be quasi bi-slant submanifold of metallic Riemannian manifold N, then
(i) f2X1 = cos? 01 (pf X1 + ¢ X1)
(ii) g(f X1, fY1) = cos® 6g(pf X1 + ¢ X1, 1)
(ii))g(p X1, pY1) = sin? 0g(pf X1 + qX1, Y1), for any X1,Y1 € T'(Ay), where 61 denotes the slant angle of A;.

Proof. (i) For any X; € I'(A1), we have

50, — I¥X1, [X)
XL F Xl
Using equation (2.2) and as cos§; = Il\‘ \JIf’);;llll“ we get
g(X1, f2X
cos? 0, = g( 1, 1)

9(pf X1 +qX1, X1)
from the foregoing equation it is easy to see that
X1 = cos® 01 (pf X1+ qX1)
(ii) From (2.7) we have
X1 =UX; — ¢X;.

Taking innerproduct of foregoing equation with fX;, then using (2.2) and part (i) of the lemma we get the
desired identity.
(iii) Using equation (2.2), (2.7) and part (ii) of the lemma we get the desired result. O

Lemma 3.3. Let N be a quasi bi-slant submanifold of metallic Riemannian manifold N, then
(i) f2W1 = cos? 01 (pfWh + qWr1)
(ii) G(fZ1, fWh) = cos® 04 (pf Z1 + qZ1, W)
(iii)g(¢Zy, oWh) = sin® 03 (pf Zy + ¢Z1, W),
forany Z,, W1 € T'(Ay), where 05 denotes the slant angle of A.

Lemma 3.4. Let N be submanifold of locally metallic Riemannian manifold then for any X,,Y, € I'(TN), we have

Vx, fY1— Ay, X1 — fVx, Y1 — Bh(X1,Y1) = 0,
WX, Y1) + Vi, oY1 — ¢(Vx, Y1) = Ch(X1,Y1) = 0.

Proof. Using (2.3), (2.5), (2.6), (2.7), (2.8), then comparing tangential and normal components we have the
lemma. O

Lemma 3.5. Let N be quasi slant-submanifold of locally metallic Riemannian manifold then for any X,,Y, € I'(TN),
we have

(Vx, /)1 = A, X1+ Bh(X1, 1),
(Vx,9)Y1 = Ch(X1,Y1) - h(X1, fY1).

O

Proof. Using equation (2.9) and (2.10) in forgoing lemma we get the desired identities.
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Example 3.1. Consider an Euclidean space R® with Euclidean metric, define an immersion i : N — R® by
. o . q .
i(w,y,2) = (x,ycosty, y% sinty, zg costy, zsints).

where N = {(z,y, 2)|z,y,z > 0}, 01,02 € (0, 7). We can easily find an orthogonal frame as

0 0 o 0
Wy =— Wy = ti1— + —sint; — d
1 (%El’ 9 = COS 1(,%2 + \/gsm 1ax3,an
Wgzﬁcost2i+sint2 .
o 0xy Oxs

Now we define an endomorphism ¥ : R® — R® by

G(2 0 0 9 0N _ (0 0 0o o 0
8x1’8x2’8x3’8x4’8m5 o ({91’1) 8x2’ 8x3’ 31'4, 81'5 '
It is easy to see that U is metallic structure.
Now as

~ 0

\IIW1 = 0—811

W, = ocost ﬁ—\fsint 9 and
2 = 1ax2 q 153:3’

W, = t 9 + Fsint 92
2 = /qcos 28x4 0s 2815'

Now consider the distributions A = span{Wi}, Ay = span{W>} and A, = span{W3}. It is easy to verify
that the distribution A is invariant and A; and A, are slant distributions with slant angles 6; =

— o cos 2t _
cos ™! v L and 6, = cos™! - 94 cos 2t )
\/a(q+pa sin? t1)(oc—psin? t1) \/U(q+pa sin2 t3)(5—p cos? ta)

Theorem 3.1. Let N be quasi bi-slant submanifold of locally metallic Riemannian manifold N. Then the invaraiant
distribution A is integrable if and only if

I(Vw, fZy =Nz fZ1, [PiX1 + [P X1 — pX))
= —g(W(Zy1, fW1) — h(Wh, fZ1),pP1 X1 + ¢ P2 X 1),

fO?’ any Wi,Z1 € F(A) and X1 = P X, + P, X, € F(Al D Ag),

Proof. For any W1,Z; € T'(A) and X; = P1 X1 + P>X; € (A1 @ Ay), from (2.4) we have

a9([Wh, Z1], X1) GOV[Wh, 1], W X1) — pg(W[Wh, Z1], X1)
= g(vWIfZ17 \IJXI) - g(lefWh \I}Xl)
= pi(Vw, 21, X1) = §(Vz, fW1, Xq).
On further solvation we get
ag((Wh, Z1], X1) = §(Vw, [Z1 = Vz, Wi, [PiX1 + [RX4)
g(h(Wh fZl) - h(Zl7 le)a oP1 X1 + (Z)PQXI)
— pg(Vwr fZ1 — V7, fW1, X1).
This completes the proof. O
Theorem 3.2. Let N be a proper quasi bi-slant submanifold of locally metallic Riemannian manifold. Then the
distribution A, is integrable if and only if
9(Agw, 21 — Apz, Wi, [ X1) = §(Agrz, Wi — Agyw, Z1, X1)
9(Vir,0Z1 = V7,6W1, 0P X1)
+ pg(Vw, Z1 — V7, Wi, fX1),

forany Wh,Z; € T(Ay) and X1 e T(A @ Ay)
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Proof. For any Wy, Z; € T'(A;) and X,

qg([Wh Zl]’Xl)

g(u
(v
9(Vz
pg

Using (2.2) and part(i) of lemma (4.4) we get

qg([W1, Z1], X1)

=PX; + P,X; e (A& Ay), using (2.4), (2.3) and (2.7), we have

(W, Z1], X1) — pg(¥([Wh, Z1], X1)
fZl,\Ile) g(VquSZl,\I/Xl)
le,\I/Xl) g(vzquWl,\Ile)

(VW1Z1,\I’X1) ( Wl,\I’Xl)

cos®0(pf + qI)g([W1, Z1], X1)

G(Apsz, W1 — Agrw, Z1, X1)
— g(Agz W1 — Ayw, Z1, ¥ X,)
+  §(Viy,oWh — Vz, oW1, ¥ X)),
— p§(Vw, Z1 — V7, W1, U Xy)
which leads to
(cos? O1pfI —sin® 01¢1)G([Wh, Z1], X1) = §(Agsrz, Wi — Agpw, Z1, X1)
+ 9(Apz, Wi — Agw, Z1, [ X1)
— §(Viy, 021 — Vg, oW1, 0P, X1)
+ pg(Vw,Z1 — Vz, W1, fXy).
Thus the proof follows. O

Corollary 3.1. Let N be a proper quasi bi-slant submanifold of locally metallic Riemannian manifold. If

Vii,6Z1 — VoW1 € ¢A D,
Appz,Wi — Agpwi 21 € Ay,

Apz, Wi — Apw, Z1 € Aq,and
Vw,Z1 =V Wi € Ay,

forany W1, Z1 € T'(Ay), then slant distribution A, is integrable.

From the forgoing theorem we obtain the following theorem

Theorem 3.3. Let N be a proper quasi bi-slant submanifold of locally metallic Riemannian manifold. Then the
distribution A, is integrable if and only if

Agrw, 21, X1)

V%, oW1, 6P X1)
Vz, Wi, fX1)

G(Agw, Z1 — Az, W1, FX1) 9(Appz, Wi —
9(Viy, 071 —

pg(VW1 Zl -

forany Wh,Z; € T'(Ag) and X; e T(A @ Aq).
Corollary 3.2. Let N be a proper quasi bi-slant submanifold of locally metallic Riemannian manifold. If

Vi, 0Z1 — Vg oW1 € oA @,
AprzWh — Agpw 21 € Ao,

Apz, Wi — Apw, Z1 € Ag,and
Vw,Zy =V Wi, € A

for any W1, Z1 € T'(Ay), then slant distribution A, is integrable.
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4. Foliation determined by the distributions.

In this section we present some results regarding the foliations determined by the distributions.

Theorem 4.1. Let N be a proper quasi bi-slant submanifold of locally metallic Riemannian manifold N. Then N is totally
geodesic if and only if

(1—p)g(h(X1, PY1), Vi) + cos®0i(pf + ql)g(h(X1, P1Y2), VA1)

+ cos?Oa(pf + ql)g(h(X1, Y1), VA)
—§(Vx,6fP1Y1 + Vy, 6fP2Y1, V1)
§(Agvi, BV1) = §(Vx,6Y1,CV1 — W)
pg (W( X1, fPY1) + h(Xy, fP2Y1), V1)),

+ +

forany X1,Y, € T(TN) and V; € T(T+N).
Proof. For any X;,Y; € I'(T'N)and V; € I'(T*N), using (3.1) we have

3(Vx,Y1,Vi) = §(Vx, PY1, Vi) + §(Vx, Y1, Vi) + §(Vx, P2Y1, V). (4.1)
Using (2.4), (2.3) and (2.2) we get

(1-p)
q

i(Vx,PY1,V1) = G(h(X1, PY1), V1), (4.2)

Simmilarly from (2.4), (2.3), (2.2) and (2.8) we have

qi(Vx, P1Y1, V1) = cos®01(pf + ¢D)G(h(X1, P1Y1), V1) + §(Vx, ¢ f P1Y1, V1)
+ §(—=Agpyi, BV1) + §(Vx, oP1 Y1, CVi — pVi)
- pg(M( Xy, fPY1, V1), (4.3)

and

q3(Vx, PY1,V1) = cos Oz(pf + ¢I)g(h(X1, Y1), V1) + §(Vx, 8 P2Y1, V1)
+  §(—Agp,y,. BV1) + §(Vx, ¢ PY1,CVi — pWy)
= pg(h(X1, fP2Y1, V1). 4.4)

Using (4.2), (4.3) and (4.4) in (4.1) we get the desired result. O

Theorem 4.2. Let N be a proper quasi bi-slant submanifold of locally metallic Riemannian manifold N. Then the
distribution A defines a totally geodesic foliation on N if and only if

I(Vx, fY1, Wi —pWi) = —g(h(Xy, fY),oW1), 4.5)
9(Vx, fY1,B) = g(h(Xy, fY1),C¢ - pf),

forany X1,Y1 € T(A), Wy = PLW; + PaW; € T(A1 & Ag) and € € T(TN).
Proof. For any vector field X1,Y; € T'(A), W1 = PLW; + P,W; € I'(A1 & Ag), using (2.4) and ¢Y; = 0 we have
a@@(Vx,Y1,W1) = §(Vx, fY1, fW1) + (X1, fY1), 6W1)
- pg(lethWl)
Which proves (4.5). Now for any ¢ € T(T+ N) and X;,Y; € T'(A), we have
0(Vx,Y1,6) = §(Vx, fY¥1,9€) - pg(Vx, V1, U).
Using (2.8) we get

0(Vx,Y1,6) = §(Vx, /Y1, BE) + h(X1, fY1), C¢)
pg(h(Xla fyl)vg)

Thus the proof follows. O
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Theorem 4.3. Let N be a proper quasi bi-slant submanifold of locally metallic Riemannian manifold N. Then the slant
distribution A, defines a totally geodesic foliation on N if and only if

3(Vx,0Y1,0PaW1) = §(Appvi X1, W1) + §(Agy, X1, fW7)
+ pi(Vx, fY1 — Apy, X1, W),

§(Am X1, BE) = 3(Vx,fY1,€) +§(Vx, oY1, C¢)
— pi(Vx, Y1 + h(X1, Y1), 6),
forany X1,Y1 € T(Ay), W1 € T(A & Ag) and £ e T(THN).
Proof. for any X1,Y7 € I'(A1), Wi = PW; + P,W; € T(A & Az) and using (2.2), (2.4), and (2.7), we get
gi(Vx, Y1, Wh) = §(Vx, fY1,W1) = §(Agpy, X1, W) — G(Agy, X1, UW)
+ GV, 0Y1, YWh) = pg(Vix, fY1 = Ay, X1, W)
On further solvation we get
(sin® 61g1 — cos® O1pf1)G(Vx, Y1, W1) = §(Vx,¢Y1, 6PaW1) — §(Agpy, X1, W1)

pg(Vx, fY1 — Agy, X1, W1)
- §(Agy, X1, f)

Simmilarly we obtain
(sin”1al —cos® O1pfN)3(Vx,Y1,€) = §(Vx, 6fY1,€) = §(Agv, X1, BE)

— pi(Vx, Y1 +h(X1, fY71),€)
+ §(Vx, oY1, C¢)

Thus the proof follows from foregoing equations. O

Theorem 4.4. Let N be a proper quasi bi-slant submanifold of locally metallic Riemannian manifold N. Then the slant
distribution A, defines a totally geodesic foliation on N if and only if

§(Vx,0Y1,6PiW1) = G(Agpy, X1, Wh) +pg(Vx, [Y1 — Agy, X1, Wh)
+ (A¢Y1X17fW1)

J(Apy, X1, BE) = §(Vx,0fY1,€) — pig(Vx, oY1 + h(X1, fY1),€)
+ §(Vx,¢Y1,C8),

forany X1,Y1 € T(Ag), W1 € (A @ Ay) and £ € T(THN).
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