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Abstract

In this paper, we first define the vector product in a special analog Minkowski Geometry (R®,{,)),

which is identified with the space of spatial hybrids. Next, we derive the Frenet-Serret frame formulae
for a three dimensional non-parabolic curve by using the spatial hybrids and the vector product.

However, we present the Frenet-Serret frame formulae of a non-lightlike hybrid curve in R* and an
illustrative example for all theorems of the paper with MATLAB 2016a codes.
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1. Introduction

In literature, there are many papers for the curve theory. Especially, the properties of the curve
also can be calculated with quaternions and octonions. Bharati et. al. in [1] present the Frenet-
Serret formulae for a quaternionic curve. Coken et. al. in [2] obtain the Frenet-Serret formulae
of the curve which is identified by quaternions in E;. Moreover, Dagdeviren et. al. in [3]

calculate the Frenet-Serret formulae for dual quaternionic curves. Ohashi in [4] calculates the
properties of the spatial octonionic curves.

In literature, hybrid numbers have mostly studied like quaternions and octonions in many
different areas. Ozdemir in [5] defines the hybrid numbers H =a+bi+ce+dh, where

a,b,c,d eR,i* =-1,¢* =0,h* =1. The set of all hybrid numbers is denoted by H. The hybrid
numbers are widely studied by mathematicians or physicists, such as in [6-8]. Ozdemir in [6]
gives a new method for finding n™ roots of a 2x 2 real matrix with the help of hybrid numbers.
He finds the De Moivre's formula according to type and character of the 2x 2 real matrix.
Oztiirk in [7] examines the concept of similarity for hybrid numbers by using the solutions of

some linear equations. Akbiyik et.al. in [8] calculate the Euler’s and De Moivre’s formulas for
the 4x4 matrices associated with hybrid numbers by using trigonometric identities. Hybrid
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numbers are also studied with some special numbers such as Horadam numbers in [9],
Fibonacci numbers in [10].

In this study, we firstly define the vector product in a special analog Minkowski Geometry
(R*,{,)), which is identified with the space of spatial hybrid numbers. Secondly, we obtain
Frenet-Serret frame formula for non-parabolic spatial hybrid curve. Thirdly, we examine
Frenet-Serret frame for the curve in R, which is identified with non-lightlike hybrid. Finally,

we define some Matlab function codes. With these Matlab codes, we present an example for all
results.

2. Preliminaries

In this article, we will present some fundamental definitions and properties about hybrid
numbers. The scalar part of the hybrid number H =a+bi+ce+dheH is denoted by S, and

is defined as S,, =a. Similarly, the vector part of the hybrid number

H=a+bi+ce+dheH

is denoted V,, and it is defined by V,, =bi+ce+dh, [5]. The hybridian product of two hybrid
numbers H, and H, is defined

H,xH, = (a, +bi+ce+dh)x(a, +b,i+c,e+d,h)
=aa, —bb, +bc, +cbh,+dd,
+a,(b,i +c,e+d,h)
+a,(bi+ce+dh)
+(b1d2 _dlbz)i
+(bd, —cd, —db, +dc,)e
+(c,b, —bc,)h.

Therefore, the hybrid numbers is non-commutative but associative, [5]. The conjugate of a
hybrid number H is H =S, —V,, = a—bi—ce—dh. Moreover, by using hybridian product, we
have HxH=HxH. Additionally, char(H)=HxH =HxH =a*+(b-c)®*-c*-d? is
called the character of the hybrid number of H, [5]. In addition, we can give the following
Matlab function code for calculating the conjugate.

function p=coo (H)
z p=[H(1) ,~-H(2) ,-H(3),-H(4)]
%Here we consider the hybrid number as a vector in R™4

The hybrid number H can be classified as spacelike, timelike or lightlike hybrid number if
char(H) <0,char(H) >0 or char(H) =0, respectively. The norm of the hybrid number H,

denoted by || H ||, is calculated by /| char(H)|, [5].
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The vector ¢, =((b—c),c,d) is called the hybrid vector of the numberH =a+bi+ce+dh.

The character of the vector ¢, is given by char,(H)=—-(b—c)®+c*+d?, [5]. In this case, the

hybrid number H can be also classified as hyperbolic, elliptic or parabolic hybrid number, if
char,(H) >0,char, (H) <0 or char (H) =0, respectively. The types of the hybrid number H

are identified by using these conditions. Furthermore, the norm of the hybrid vector of H,

denoted by N(H), is calculated by ./|char.(H)|, [5].

The scalar product of two hybrid numbers H, and H, is defined
1 _ —
g(Hy, H,)= E(H1>< H,+H,xH,)
=aa, +bb, -bc, -b,c, —dd,,

where H, =a, +bi+ce+dh and H,=a,+Db,i+c,e+dh, [5]. The vector product of two
hybrid numbers H, and H, is defined

1 _ _
Hl*HZZE(Hlez_HZXHl)’ (1)

where H, =a, +bji+ce+dh and H, =a, +b,i+c,e+d,h, [5].

Let H” ={A<cH| A+ A=0} be the spatial hybrid numbers space and let (R*,({,)) be the 3—
dimensional vector space with a inner product (a non-degenerate, symmetric bilinear form)

(v,w) =bb, —bc, —cb, —dd,, )

where v =(b,c,,d,) and w=(b,,c,,d,) e R®. The inner space (R®¢(,)) is identified with the

space of spatial hybrid numbers HP". Also, we can give the following Matlab function code
for calculating the inner product of two spatial hybrids.

function s=innerr(v,w)
2 gmy (1) ew (1) =-v (1) ww(2)-v(2)*w (1) -v(3)=w(3)
and

Moreover, we can define the vector product of any two vectors v=(b,c,d;) and
w = (b,,c,,d,) in the inner product space (R®,(,)) as follow

vaw=|-d, d, b-¢cl|¢c,| (3)

This vector product is equal to the negative sign of the vector product (1). In addition, we can
give the following Matlab function code for calculating the vector product.

121



function s=vectorproduct(v,w)
2 bl=v(1);
v clmw (2);

di=v(3);

b2=w{1);
c2=w(2);
s d2=w(3);

A=[-dl 0 bil;
-d1l di (bl-e1);

2 cl -bl 0];

: B=[b2;
c2: d42];:
s=A%B
end

The vector product has the following properties:

vav=0
VAW =—-WAYV
VA(VAW) =(V,W)V—{V,V)W.

On the other hand, by using the inner product (2) and the vector product (3) in(R%¢,)), the
hybridian product of two hybrid numbers H, and H, can be expressed as

HyxH, =S, Sy — (Vi Vi )+ S0 Vi, + S0 Vi, + Vi AV, -

In addition, we can give the following Matlab function code for calculating the hybridian
product.

function p=hproduct(a,b)
2 sa=a(1);
; sb=b(1);
va=[a(2) a(3) a(4)];
vb=[b(2) BbB(3) B(4)];
vi=gsakvh;
v2emsh#va;
= v3=transpose (vectorproduct (va,vb));
) vi=innerr(va,vb);
veyl+v2+v3;
p=[sa*sb-vi w(1) v(2) v(3)];
2 and
; % Note that here a=H_1, b=H_2.

If A,BeHP, then the hybridian product of two spatial hybrid number

AxB=—(AB)+AAB
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is obtained.
3. Frenet-Serret Formula for a Spatial Hybrid Curve

The differentiable curve a:1 < R — HP defined by «(s) = a,(S)i + a,(S)e+ a,(s)h is called
a spatial hybrid curve for | cR and sel.

Definition 3.1 Let «: 1 R — HP" be a spatial hybrid curve. If for every se |

' ' 1 ' e ’ I ’ Y
g(a'(s), a'(s)) =§(a (s)xa'(s)+a'(s)xa'(s)) =a'(s)xa'(s) = &,
where ¢, {1, -1}, then the curve is called unit speed spatial hybrid curve. If g(a'(s),a'(s)) =1

is called hyperbolic, g(a'(s),a'(s)) =-1 ellipticand g(e'(s),a'(s)) =0 parabolic curve.
In this paper we only consider frames which do not contain parabolic and lightlike vectors.

Theorem 3.2 Let a(s) =, (S)i+a,(S)e+a,(s)h be the smooth unit speed non-parabolic
spatial hybrid curve so that the tangent t(s) =«’(s) has unit length g(t(s),t(s)) =¢, for all
sel. Then

i. t'is g— orthogonal to t.
ii.  t'xt isa spatial hybrid.

Proof. Let a(s) = o, (S)i + o, (S)e+ a;(s)h be a non-parabolic unit speed hybrid curve. Then
t(s) = ()i + a(S)e +(s)h and t = —a/(s)i—al(s)e —al(s)h. It can be verify that ¢ =t.
The condition g(t(s), t(s)) = ¢, implies that txt =¢, and

xt+txt =0, 4)
I. By using equation (4) and g(t(s),t(s)) =¢,, we find

g(t,t) :l(txt_'th’xE) =l(t'><£+t><;) =0, which proves the condition i.

ii. By using equatlon (4) and the propertles of conjugate, we find
t'xt+t'xt=txt+txt' =t'xt+txt =0, which proves ii.

Now, we can define the unit spatial hybrid n, and the non-negative scalar function «, by the
equations

t'=¢xn,g(n,n)=¢,¢ {1, -1} (5)

and x, =ll t'Il since t is a spatial hybrid. From the property i of the Theorem 3.2, we find that
g(nl,t):ig(t’,t)zo which implies that n, is g—orthogonal to t. Differentiating the

ST
equation g(t,n;)=0, we find
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g(t',n)+g(t,n)=0. (6)

From the equation (5), we get g(t',n) =g(gx;n,,n) =x; and substituting this equation into
equation (6), we obtain

g(n,t) = ;. (7)

Next, we put n, =txn,. By the property ii of the Theorem 3.2, we find that n, is a spatial
hybrid and

txn, =—(t,n,)—tAn, =—tAn, =—tA(tAan) = n)t—(t, HHn =—¢n,
nxn,=nAn, =—n A At)=—(n,H)n, —(n,nHt) =¢t.

We also find that g(n,,t)=0 and g(n,,n,)=0. Sot,n,n, are mutually orthogonal spatial
hybridand €, = g(n,,n,) =g(txn,n,)=g(t,n xn,) =g(t,gt) =¢¢, where e, e{-1,1}. Thus,
we can construct the following multiplication table for the orthonormal set of spatial hybrids
tn,n,. }.

Table 1. Products of {t,n;,n,,}

LAt [ m | m |
t —€) Up) —€plty
T —T1a —€q Elt
7o €phy *Elf —€9

By taking the g -inner product with t and n;, we find that the vector
N — &gy, Ht—eg(n,n)n,
is perpendicular to t and n,, so it is parallel to n,. Thus for some scalar «,
&K;N, =N —69g(ng, )t —eg(n,n)n;,
where g(n,,n,) =¢,. By using equation (7), we obtain

€
n, =—=2(ny +6it),
K.

2
or
N, = —¢€,k,t +€,k,N, (8)

and x, =ll n, + ekt Il . Let differentiate to the both side ofn, = txn, , then we have
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n,=t'xn +txn. n,=t'xn +txn.
By using the equations (5) and (8), we have
N, = kN, XN, + tx (6Kt + €,k,N,) = —€,6,K,N,.
Now we can give the following theorem without proof.

Theorem 3.3 Let «:1 « R — HP" be a non-parabolic spatial hybrid curve with «;, x, > 0.
The associated Frenet-Serret frame field (t,n;,n,) along « satisfies

3 0 ex, O]t
nl’ =| ~&k 0 SLONIRURE 9
n, 0 -5k, 0 |In,

where ¢, = g(t,t),¢ =g(n,n,) and ¢, = g(n,,n,).

4. Frenet-Serret Formulae for a Hybrid Curve

Let B(S) = 5,(S)+ B,(S)i+ B,(s)e+ S;(s)h be a curve in H over the interval | such that the
tangent T7(s) = B'(s). If g(B'(s), B'(s)) =1 is called spacelike, g(B'(s), B'(s)) =—1 timelike
and g(g'(s), 5'(s)) =0 lightlike curve.

From now on, we will study the non-lightlike curve. So, we consider T#(s) = A'(s) with a unit
magnitude I T” lI=1.

Let us write
T = KN/ K = TN/ D=1, (10)

where 2 =g(N/,N/). If we calculate the derivative of I T” ll=1 with respect to s and by
using the equation (10), we find N/ xTP +T7 xN_f =0. This givesthat N/ is g— orthogonal
to T/ and N/ xT7 is consider as a spatial hybrid denoted by t. Because of the fact that T/
and N/ are unit hybrids, t is a unit hybrid, too. And by using some algebraic operation, we
have txT” = (N/ xTP)xT = (N xTPNxT? = u,N/, where g, =g(T”,T”). So, we can also
define N/ as

pN{ = txT7, (11)
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where t = N/ xT# along «. Note that t is determined uniquely as a smooth unit spatial hybrid
by the equation (11). By differentiating the equation (11) with respect to s and using the
equations (9), (10), (11), we obtain the derivative of the vector N/ as

Nlﬁ’ = —tiop KyegT” + tyei N,

where N/ =n xT”. Moreover, N/ (s) is a smooth hybrid function of s and the norm of the
vector N7 is I N2 I=1. Also, T”,N/ and N/ are g-orthogonal to each other. Because t
and n, are g— orthogonal. Now, if we calculate the derivative of N/ with respect to s and
by using the equations (9), (10) and (11), we obtain the derivative of the vector N/ as

Nég’ :_EOKlNlﬁ + (&K, _MKl)Naﬂv

where N/ =n,xT”. In addition to this, NZ(s) is a smooth hybrid function of s with
INZlI=1. Also, T”,N/,N/ and N/ are g- orthogonal to each other. Because t,n, and n,
are g— orthogonal. If we calculate the derivative of N/ with respect to s and by using the
equations (9), (10) and (11), we find similarly the derivative of the vector N/ as

Nsﬂ’ = ¢ (14K, =6, )N
Thus, we can give following theorem:

Theorem 4.4 Let B:1 c R — I be a non-lightlike hybrid curve with «,,x, >0 and K, > 0.
The associated non-lightlike Frenet-Serret frame field (T”,N/,N/,N/) along S satisfies

T” 0 wK, 0 0 T/

N/ _| THoth& K, 0 Ho&\ 5y 0 N/

NZ 0 —6,K; 0 6k, — K[| N7 |

N/ 0 0 (K, —6k,) 0 NJ
5. Application

Let's given the curve

J2

a(s) = Q (cosh(s) —sinh(s))i —ﬁ sinh(s)e———sh
2 2 2
and

7z 7z

p(s)= TSinh(s) +si+0e+ 7cosh sh.
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By using the following Matlab codes,

1 cle;:

2 clear all;

| Syms s

1 alpha=[sqrt(2)/2*(-sinh(s)+cosh(s)),-sqrt(2) /2*xsinh(s), -sqrt(2)/2==s]
5 MR e N

i Vo=diff (alpha,s)

T norma=sqrt(abs (innerr (VO,V0)))
+« al0=gubs (innerr (V0 ,V0),s,0)

9 t=V0
10 t0=subs (V0 ,s,0)

11 RRANEnLNRL

12 tu=diff(t,s)

14 kl=sgrt{abs (innerr (tu,tul)))

14 ki0=subs (ki ,s,0)

15 Vil=1/kl%tu

1 el=subs (innerr (Vii ,Vii),s,0)
17 nl=al=*xV11

15 ni0=subs(nl,s,0)

1o KRN 2 R
i a2=transpose (vectorproduct (t,nl))
21 n20=subs(n2,s5,0)
22 e2=innerr (n20,n20)

24 RRRAENLRRUE £ 0UY

25 ttu=subs (diff(t,s),=s,0) %We check the correctness!!
26 ttuc=al=*xkl0#*nl0

27 BRNEAAAALEn1u

:# nlu=vpa(subs(diff(nl,s),=,0),6)

v k2d=vpa(nlu+e0*ki0*t0 ,6)

i k2=vpa(sqrt(abs (innarr (k2d,k2d4))) ,6)

1 nlue=vpa(-el+k10+t0+a2+k2+n20 ,6)

L RAARLEEA A 2
5 n2n=vpa(subs (diff(n2,s),s,0),6)
i n2uc=vpa(-el*e2+k2+nl0 ,6)

s RRRNENARREL Example 2 R0 RN AN BN SO0 N K

v bata=1/=sqrt (2)+[2inh(s),s,0, cosh(=s)]
11 BN e A N

12 VO0=diff (beta,s)

17 mu0=subs (innerh(V0,V0),s,0)

11 T=V0;

15 TO=subs (V0,s,0)

16 REANENLENY

17 Ta=diff(T,s);

1= Ki=sqrt (abs (innerh (Tu,Tul)));

15 K10=vpa(subs (K1,=,0) ,6)

127



s Nll=vpa(1/K1+Tu,6);

51 mul=vpa{subs(innerh(N11,N11),s,0) ,6)
52 Nl=mul=N11;

1 N1O=vpa(subs(N1,s,0) ,6)

5 NUAAAYt=N1+=CONI (T UL LRY
tt=vpa(hproduet (N1,co0(T}) ,6);
57 ttO=vpa(subs(tt,s,0) ,6)

N10CHECKK=vpa(muO+hproduct (tt0,T0) ,6);
0 N10;
i1 ni=[0, ni{1),n1(2), ni1d(3)]1;
2 n2=[0, n2{1),n2(2), n2(3)]1;
i N2=vwpa(hproduct(nl,T) ,6);
4 N20=vpa(subs(N2,s,0) ,6)
5 M3=wpa(hproduet(n2,T) ,6);
N30=vpa(subs (N3 ,=,0) ,8)
7 A¥EHL Curvatures and Derivative Formunlaa
i ARREAEEENL
o Niu=diff (N1,s);
70 Nld=-mul*+mul=Kl*e0*T+mul+alskl+N2;
71 NluO=vpa(subs (Niu,s,0) ,6);
72 N1dO=vwpa(subs (Nid,s,0) ,6);
71 NiunOdecimal=arrayfun{(@(Niu0) sprintf('¥.6f° Niu0d), Niuwd, ‘uniferm’, 0)
71 NidOdecimal=arrayfun{@{(N1d0) sprintf(*}.6f° N1d0), Nid0, ‘uniferm®, 0)
75 RARNXRRENZ
7o N2u=diff (N2,s);

77 N2d=-al*ki+Ni+(a2*k2-mul=K1)*N3;

7 N2ub=vwpa(subs (N2u,s,0) ,8);

o N2d0=vwpa (subs (N2d,s,0) ,6);

s N2uOdecimal=arrayfun(@(N2u0) sprintf(*'¥.6f° N2ul0), N2u0, ’uniferm’, Q)
51 N2d0decimal=arrayfun(@({N2d0) sprintf(’'¥.6f°',N2d0), N2d0, ‘'uniform’, 0)

s KRUEANNLNZ

51 N3u=diff (N3,s);

“5 N3d=alO*(mul+Kl-a2+k2)*N2;

s HN3ub=wpa (subs (N3u,s,0) ,6);

57 N3dO=vpa(subs (N3d,s,0) ,6);

s# N3uOdecimal=arrayfun(@(N3ul) sprintf(’'¥.6f°',N3ul), N3uld, ‘'unifeorm’, 0)
s N3dO0decimal=arrayfun(@(N3d0) sprintf(’'%.6f°',N3d0), N3d0, ‘'uniform’, 0)

we have the Frenet-Serret frame fields along « and g at s=0. Finally, all results for the
curve ¢ are listed from the output of the program above as follow:
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V2. V2 2

(Oy=_Nej N2, N2y
O)=-Z-i-Ze—=
x,(0) = % —0.707107,
n,(0) =1i + Og + Oh,

x,(0) = V2 _ 0.707107,
? 2
and
0 Q 0
t 2 ¢
n’ |= % 0 —% n |,
nz' \/E nz
0 —7 0

where ¢, =—1,¢ =1 and ¢, =-1. Similarly, if running the program continue, we have following
results:

Tﬁ(O):—% V2,

— 7 i1+0g+ Oh,
K, (0) = 0.707107,
N/ (0) =0+0i+0g—h,
Nzﬁ(O) =-0.707107 +0.707107i + Og + Oh,
N/ (0) =0+1i+1c+0h

and
T’ 0o  -0707207 0  OT”
N/"| | -0.707107 0 0.707107 0| N/
NS | 0 0.707107 0 0| NZ |
N2 0 0 0 0| N/

where y, =1 and g, =—1. Note that we use the properties of the first curve & when calculating

the properties of the second curve f. In addition, the above Matlab codes also check the
correctness of the derivative formulas for these examples.
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4. Conclusion

Spatial hybrid-valued functions of a single real variable determine a curve in a special analog
Minkowski Geometry. The Frenet-Serret frame formulae for non-parabolic curve, is derived
with the help of the vector product which we define in the special Minkowski space and the
spatial hybrids. Also, we presents Frenet-Serret frame for the non-lightlike hybrid curve with
the help of the Frenet formula for non-parabolic spatial hybrid curves.

As a result of this article, the beginning of the curve theory for hybrid numbers are constructed.
Thus, the special curves with hybrid numbers can be studied by the light of this article in the

future.
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