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Abstract

Leibniz algebras are nonanticommutative versions of Lie algebras. Lie algebras have many applications in
many scientific areas as well as mathematical areas. Scientists from different disciplines have used specific
examples of Lie algebras according to their needs. However, we mathematicians are more interested in
generality than in obtaining a few examples. The classification problem for Leibniz algebras has an
intrinsically wild nature as in Lie algebras. In this article, the approach of congruence classes of bilinear
forms is extended to classify certain subclasses of seven-dimensional nilpotent Leibniz algebras over
complex numbers. Certain cases of seven-dimensional complex nilpotent Leibniz algebras of those with
one-dimensional Leib ideal and derived algebra of codimension two are classified.

Keywords: Bilinear forms, Classification, Leibniz algebra, Nilpotency.

1. Introduction
Although first considered by Bloh in 1965 [1], Leibniz
algebras as nonantisymmetric (nonanticommutative)
generalization of Lie algebras were presented by Loday
[2]. A vector space L over C with a bilinear product
[,]1:LxL — L satisfying the Leibniz identity
la,[b,c]] = [[a,b],c] +[b,[a,c]]
for all a,b,c € L is said to be a Leibniz algebra. The
lower central series of a Leibniz algebra L can be defined
as L2 1?2132 where L' =L and L*F =
[L, L¥~1] for integers k > 2. If L°** = 0 whenever LS #
0 for some ¢ > 0, then L is a nilpotent Leibniz algebra of
class c. L is called odd-nilpotent if its all nontrivial ideals
of the lower central series are odd-dimensional. Leibniz
algebra L of dimension n is called filiform Leibniz
algebra if dim(l)) =n—jfor 2< j < n. Leib(L)
generated by the squares, [a, a], for all a € L is an ideal
of L, is of the utmost importance while studying structure
theory of Leibniz algebras. The center of a Leibniz
algebra L can be definedby Z(L)={b € L| [a,b]
0 =1[b,a] foralla € L}. Non-split Leibniz algebras
are those that cannot be expressed as the direct sum of
nontrivial ideals. Throughout this paper, we assume
Leibniz algebras are non-split non-Lie vector spaces over
C.

It is an important but nontrivial task to classify any kind
of nonassociative algebras. Because the classification of
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nilpotent Lie algebras is regarded as wild, the
classification of nilpotent Leibniz algebras is also wild.
In fact, the problem is more complicated for Leibniz
algebras due to a lack of anticommutativity. Many
researchers have provided numerous results on the
classification of nilpotent Leibniz algebras over C until
now (see [2-14]); however, the problem has still not been
completed. Seven-dimensional odd-nilpotent Leibniz
algebras have been classified in [14] with the congruence
classes of the bilinear forms approach. The main aim of
this paper is to apply the same technique to give the
classification of some subcases seven dimensional
nilpotent Leibniz algebras with one-dimensional Leib
ideal. The isomorphism test between the classes can be
done by using Algorithm 2.6 proposed in [5].

2. Preliminaries
We include the following useful Lemmas from [12].

Lemma?2.1. L © Z(L) if Lisaclass c nilpotent Leibniz
algebra.

Lemma 2.2. Let L be a non-split Leibniz algebra. Then,
Z(L) c I2.

Lemma 2.3. Any nilpotent Leibniz algebra L satisfies
Leib(L) € Z(L).
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Lemma 2.4. For any n-dimensional nilpotent Leibniz
algebra L; dim(Z(L)) =n—i and dim(Leib(L)) =1

imply dim(L?) < Boivz

Lemma 2.5. For any n-dimensional nilpotent Leibniz
algebra L; dim(L?) = n —i,dim(Leib(L)) =1, and
i%+i+2

dim(L®) =j imply the inequality n< j+ —
Furthermore, if Leib(L) € L3

.
,thennSj+LT“.

Lemma 2.6. For any n-dimensional nilpotent Leibniz
algebra L; dim(l?>) =n—1i and L**0 imply
dim(Z(L)) < n—i—1.

The following matrices are the canonical forms for the
congruence classes of matrices associated with a bilinear
form on a complex vector space. Denoting

0 Y

X\Y = (X o)

Theorem 2.1. [15] Any complex square matrix is
congruent to a direct sum of the following canonical
forms of matrices:

01 0 0 é 0 8
P R N A
0 0 0 1 00 0
00 0 a1y [0 0 0 1
Bu@=1g % ¢ g|\o 2 §le=tt
a 1 0 O 1 a 0 O
000 OO0 0 1
/0 00 00 1 1\|
0 0 O 0O -~ ~ 0
Comy1 =10 0 0 1 1 0 O
0O 0 1 -1 0 o0 o
0 - < 0 0 0 0
1 -1 0 0 0 00
00 0 1770 0 0 1
=00 0 0 L B cnenen
1 -1 0 O 1 1 0 O
000 0O 01
/0 00 0 0 1 1\
0 0 O 0O -~ ~ 0
E,, =10 0 0 1 1 0 0
0 0 -1 1 0 0 O
0 - < 0 0 0 0
-1 1 0 0 0 0 0
0 0 0 -1 0 0 0 1
-1 1 1 1
A NI
-1 1 0 0 11 0 0
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3. Classification

Let L be 7-dimensional nilpotent Leibniz algebra with 1-
dimensional Leib ideal. Some subclasses of 7-
dimensional odd-nilpotent Leibniz algebras have been
classified in [14]. For the sake of simplicity, we will
consider Leibniz algebras with the derived algebra of
codimension two, because employing the congruence
classes of bilinear forms technique is easier in that
situation.

Choose dim(L?) =n—2 and Leib(L) = span{v,}.
Extending it to a basis {vs, v, ..., Vq_q, v} for L? and
take a subspace V in L so that L = L?> @ V. Therefore,
[w,v] = B3 vs+ Py Vs+ Pn-1Vn-q+Pnvy for 3 <
k<np,e C, for each u,ve V. The bilinear
formf(, ):V xV — C provided by f(u,v) = g, for
each u,v € V. Let {v,,v,} be a basis for V, and using
Theorem 2.1, we can easily determine that the possible
matrices of the bilinear form above are the following:

F, =(1_010 o) . @1CI=((1> Og)'l
GOG = (0 1)'E2 = (—1 1)'82 - (a 0)

where a # + 1. We only consider non-Lie Leibniz
algebras so that we can eliminate the matrix F,.In
addition, it is sufficient to focus only the matrices A; @
C, and C; @ C; since the other two matrices yield
algebras that are always isomorphic to algebras obtained
by these two matrices, as proved in Lemma 2.1 in [10].

Denote the following invariant

x(L) = (dim(L), dim(L?), dim(L3), ..., dim(L°))
where cis the class of nilpotency. Then, take a 7-
dimensional nilpotent Leibniz algebra L with
dim(Leib(L)) =1 where dim(L?) =5. Notice that
there is no Leibniz algebra for the cases dim(L3) =
0,1,2, as Lemma 2.5 suggests. Hence, we have
dim(L®) = 3. Odd-nilpotent subclasses of this case are
already classified in [14]. The remaining cases are listed
below:

ioox() =

7,5,3,2)
i.  x(L)=(7532

(
(l 11)

Theorem 3.1. There does not exist any Leibniz algebra
with Leib ideal of dimension one in the case y(L) =
(7,5,3,2).

Proof. Take a nilpotent Leibniz algebra L with y(L) =
(7,5,3,2) and dim(Leib(L)) =1. We see that
Leib(L) < Z(L) by using Lemma 2.3. Besides, from
Lemma 2.5, we obtain Leib(L) ¢ L3. Lemma 2.2
implies L* € Z(L) c L. Then, by using Lemma 2.6, we
deduce 1 < dim(Z(L)) < 4. But dim(Z(L)) cannot be
2, because otherwise L* = Z(L) implies that Leib(L) S
L* c L3 which contradicts with Leib(L) € L3. Hence,
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suppose dim(Z(L)) =3. Taking a complementary
subspace W to L3 in L?. Since L* # 0, we have L3 #
Z(L). Moreover, from L* € Z(L), we can see that the
only possibility is dim(L*n Z(L)) =2. Using
Leib(L) € L3,L* choose Leib(L) = span{w,},L* =
span{ws, wg} and, L? = span{w,, ws, wg}. Then,
Z(L) = span{ws, wg, w,} and L? =
span{ws, w,, ws, Wg, W, }. Later, take A=
span{wy, w,, Wy, Wy, Ws, W, W5 }.  Then, the nonzero
products in L are given as follows:

[wi, w1l = aywy, [wy, wy] = apw,, [wy, wy] = agws +
AW, + AsWs + agWg + a,wy, [wy, wy| = —azw; —
ayWy — AsWs — AW + agWy, [wy, ws] = Biw, +
Baws + Bzwg = —[wz, wi], [wy, w3] = Bywy + Bsws +
Bswe = —[ws, w,], [wy, wy] = y1ws + yowe =

—[wa, wy], [wa, wy] = y3ws + yuwe =

—[wa, W], [Ws, wy] = ysws + yewe = —[wy, ws].

We obtain the following equations using Leibniz
identity:

¥s=0=7Ys
Bsv1 — B1ys =0 (3.1)
Bsy2 — B1va =0 (3.2)

Assume y3; = 0. Then, y; # 0 and from Equation 3.1,
we have S, = 0. But dim(L®) = 3 with Equation 3.2
implies y, = 0 which contradicts with the fact that
dim(L*) = 2. Suppose y; # 0. Later, with the change-
of-basis X1 = VY3Wi — ViWy, Xy = Wy, X3 = W3, X4 =
Wy, X5 = Wg, Xg = W, X7, = W,, We can force y; =0.
Additionally, from Equation 3.1, we get 3, = 0. But
dim(L®) = 3 with Equation 3.2 implies y, = 0 which
contradicts with the fact that dim(L*) = 2. Therefore,
there is no Leibniz algebra in the case y(L) = (7,5, 3,2)
and dim(Leib(L)) = 1. The proof is completed. m

Suppose x(L) =(7,5,3,2,1) and dim(Leib(L)) = 1.
We have Leib(L) € Z(L) due to Lemma 2.3. Besides,
from Lemma 2.5, we obtain Leib(L) € L3.Lemma 2.2
implies L> € Z(L) c L?. Then, by using Lemma 2.6, we
deduce 1 <dim(Z(L)) < 4. If dim(Z(L)) =1, then
Leib(L) = Z(L) = L° c L3, we arrive a contradiction.
Hence, dim(Z(L)) = 2 or dim(Z(L)) = 3. We will first
consider the case dim(Z(L)) = 3.

Theorem 3.2. Let x(L)=(7,53,21),
dim(Leib(L)) =1 and dim(Z(L)) =3. Then, L is
isomorphic to one of the following algebras with
nontrivial multiplications (i? = —1):

L1 [$1,6]=4¢7161,61=75
(s = —[¢3,¢) [{1,65]1 = 6
(o= —[33,02]

=—[{2 61 [61, 4] =
=—[35, 611 [$2, (3] =
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L2 [¢1,4]=0,18.0]= (3= —[¢2, 411, [¢4, {3] =
{o =183, [62, 6] =G5 = —[{5, 41 [{2,0s] =
{6 = —[¢5, 2]

[(1 '(1] = 57! [Zl '62] = 63 = _[62' (1]' [Zl! 53] =
{s = —[83,41), [61, 451 = G6 = =185, Cal, [$2, {21 =
(7,162,851 = Ca = —[{3, 4]

(61,61 =47 [61,82] = G5 = =[5, 11, [0, 5] =
{s =—13,¢) [$1,4s] = ids =

_[55' 1182, 81 =45, [$2, 03] ==

—[¢3,421, 42,451 = {6 = —[{5, {2]

L3

L4

Proof. Take a complementary subspace W to L3 in LA2.

Since L* = 0, we have L3 = Z(L). We have

L3n Z(L) # @,since  L> < Z(L).  Furthermore,

dim(L® n Z(L)) = 1 implies W < Z(L) and since
LP=[LI*]=[LL12® W]=L*

we arrive at a contradiction. Therefore,

dim(I3n Z(L)) =2. Using Leib(L) ¢ L3, L% L5,

choose Leib(L) = span{w,}, L®> = span{wg},L* =
span{ws,we}, and L3 = span{w,, wg,we}. Then,
Z(L) = span{w,, wg, w,} and L? =
span{ws, w,, wg, Wg, W }. Later, take V=

span{w;, w,}.

Case 1. If the bilinear form matrix is A; @ C;, then the
nonzero products in L can be given as:

(Wi, wi] = wy, [wy, wy] = a;ws + aaw, + azws +

aywe = —[wy, wil, [wy, w3] = Bywy + Bows + Bawg =
—[wz, w1, [wz, ws] = Bawy + Bsws + Bews =

—[ws, Wy, [wy, ws] = yiwe = —[ws, wy], [wa, ws] =
Y2We = —[ws, W], [ws, ws] = y3we = —[ws, ws].

From Leibniz identity, we get the following equations:

Y3 =0

Bsyr = B2y2 =0 (3.3)

First, suppose y, = 0. Then, y; # 0 and from Equation
3.3, we have B = 0. Using dim(L3) = 3, we can see that
B2, B, # 0. Then, the change of basis {; =w,,{, =
Wy, (3 = ayWz + aaWy + azWs + auWe, {4 =

a1 (BaWy + BsWe), (5 = a1 (B1wy + Bows + Baws) +
aA3V1We, (¢ = A1 P2V1We, {7 = w5 Shows L is isomorphic
to L1. Next, suppose y, # 0. Applying the change of
basis X1 =YWy — YiWq, Xy = Wy, X3 = W3, X, =
Wy, X5 = Ws, Xg = We, X; = y2w,, We can force y; = 0.
Then, from Equation 3.3, we get B, = 0. Therefore,
B1, Bs # 0 since dim (L) = 3. The change of basis {; =
Wy, { = Wy, {3 = ayW3 + aWy + a3Ws + ayWe, {4 =
ay (Biwy + Bawe), (s = a1 (Baws + Bsws + Bews) +
A3V, We, G = 1 B5Y2We, {7 = W, shows L is isomorphic
to L2.

Case 2. If the bilinear form matrix is C; @ C,, then the
nonzero products in L can be given as:
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[wy, wi] = wy, [wy, w,] = a;ws + a,w, + asws +

aywe = —[wy, wy], [wy, wy] = wy, [wy, ws] = Byw, +
Baws + Bswg = —[ws, wy], [wy, ws] = Baw, + Bsws +
Bewe = —[ws, wy], [wy, ws] = yywg =

Again, Leibniz identity yields same equations as in
Casel.Lety, = 0.Then,y; # 0 sincedim(Z(L)) =
3. From Equation 3.3, we have Bz = 0. Using
dim(L?) = 3, we obtain ,, 8, # 0. Then, the change
of basis §=w;,{=wy, {3 =a,w; +a,w, +
azws + auWe, {4 = a1 (BaWy + BsWs), {5 =

ay (B1wy + Baws + Bawe) + azy1We, (6 =

a1 B,Y1We, {7 = w, shows L is isomorphic to L3.
Further, take y, = 0. If y; =0, then x; = w,,x, =
Wi, X3 = W3, X4 = Wy, X5 = Wg, Xg = Wg, X7 = Wy IS
the change of basis forces y, = 0. Therefore, L is
isomorphic to L3. Lety; # 0. Assume that y2 + y2 #
0. Then x; = y3wy + oWy, X = ¥V2 Wy — Y1Wp, X3 =
W3, Xy = Wy, X5 = W5, Xg = We, X7 = (¥{ +¥3)wy IS
the change of basis that forces y, =0 and
consequently L is isomorphic to L3. Take yZ + y2 =
0. Then, from Equation 3.3, we obtain g2 + 52 = 0.
Notice that f? + B2 # 0 due to dim(L3) = 3. When
B? + B2 # 0, applying the change of basis x; =
Bawy — BiWa, X3 = Piwy + BaWa, X3 = W3, X, =

Wy, Xs = Ws, Xg = We, X; = (BZ + B2)w, forces

B1 = 0. Thus, without loss of generality, we can take
By = 0. Finally, the change of basis {; = w;,{, =
Wy, (3 = ayWz + aaW, + azWs + auWe, {4 =

ay (BaWy + Bsws + BsWe) + a3y, We, (5 =

a1, ws + (@13 + azy1)we, {6 = a1 B2Y2We, {7 =
w shows L is isomorphic to L4. m

We obtain 4 single algebras. Similarly, the
classification of the case x(L) =
(7,5,3,2,1),dim(Leib(L)) = 1 and dim(Z(L)) = 2
can be obtained by applying the aforementioned
technique above.

Theorem 3.3. Let x(L)=(7,53,21),
dim(Leib(L)) =1 and dim(Z(L)) = 2. Then, L is
isomorphic to one of the following algebras with
nontrivial multiplications (here i? = —1):

LY [¢1,6] =47 [6,8] =8 = —[82, 4] [61, G5] =
G="160) 60l = =
—[¢s &1l [¢1,45] = {6 = —[{5,¢a]

L2 [¢1,84] =076, 8] =3 = —[82,4) [6,G5] =
Z4- = _[53! (1]! [61154—] = (5 =
_[54—! Zl]! [51, (5] = (6 = _[(5' 51]' [(2!(3] =
{6 = —[(3'{2]

L3 [¢1,6] =716, 8] =85 = —[82, 4] [61, 651 =
o =—100]) [ =4 =
_[{4—' Zl]' [{1' (5] = (6 = _[(5' {1]' [(2' (3] =
(s = =103, 021,62, {al = {6 = —[{4, (2]

L4 [¢1, 4] =0¢710,8] = (3= —[¢2, 411, [6h, (3] =
G=-184) [Cud]=0=
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—[ws, w1], [wa, ws] = y,we = —[ws, W], [ws, ws] =
YaWe = —[ws, ws].

=44 81 [61,¢s] = C6 = =105, ¢1), [$2, 5] =
{5+ 46 = —[3,021,[$2, Ca]l = {6 = —[{4, 2]

LS [(1,6] =47 [0, 8] =85 = =182, $1) [§1, (5] =
G=-100) GGl ==
—[¢a 441, [(2'(3] ={= _[{3’(2]’ [(2:(5] =
$6 = =105, 021, (33, 8al = =06 = —[44, 5]

L6 [¢1,0]=070¢.0]1=0G=-[00]1[¢,0] =
G=-184) [$1dl ==
=081 (62 3] =45 + 4 =
_[(3’(2]’ [(2'(5] ={ = _[55,(2], [(3’(4] =
—(6 = —[G4 (3]

L7 [¢1,84]=0,1¢,0]1= (3= —[¢2, 411, [(1’(3] =
s+ =—[0 016Gl =4 =
=64 011 [62, 831 = o = =[5, 021, [0, 4al =
(s = =184, 821, [$2, 451 = G6 = —[{5, 0]

L8 [{1,61] =37 [1,8] =85 = =182, 41l [§1, (51 =
{5+ 36 =—1030][{1, 81 =4 =
_[(5:51]: [(2'(3] =0 = _[{3’(2]’ [02,0a] =
(s = —[¢s {2l, [¢3,0a] = {6 = —[{4, (5]

L9 [¢1,0] =070¢,0] =G =~[0041[¢, 4] =
(s +ads =—[03,01],[1,45]1 = {6 =
=45, 611 [62,G3] = Ca = =[5, 021, [, 4al =
(s = _[(4' (2]' [(2»(5] ={s =
—[(5:52]: [¢5,0a] = 6 = —[¢4, (5]

L10[¢1, 6] =47 [61, 8] = {5 = —[2, G4), [61, G3] =
(=180 [6104] =4 =
—[¢a 611, [51:(5] == _[{5’(1], [02,8]1=14¢;

L11[¢1, 8] = 37061, 0] = 5 = =[5, ¢4, [¢1, G3] =
(4 = _[(3'61]' [{11 (4-] = (5 =
=64 811 [61, 45 = C6 = =[5, ¢ul, [S2, (2] =
{7, (62,431 = {6 = —[{3, ]

L12[¢1, 6] =47 (61, 8] = {5 = =[5, G4, [61, G3] =
(=180 [6104] =4 =
—[¢a 611, [51:(5] ={s = _[{5’(1]’ [02,0] =
(7,062,831 = {5 + als = —[{5, 821, [$2,4u] =
{6 = —[¢s {2l

L13[¢1, 6] =47 [0, 8] = 85 = =182, $a) [§1, (51 =
G==180)[61,8] = =
=461, 11,85 = BGe = =185, 611 [2,C2] =
(7,062,831 = {5 + als = —[{5, 821, [62, 451 =
{6 = —[¢s,42], [¢3,Ca] = =6 = —[{4, (5]

L14 [Zl !(1] = (7' [(1 '(2] = (3 = _[(2’61]’ [{11 (3] =
(4 = _[(3'61]' [{11 (4-] = (5 =
=64 811 [61, 451 = C6 = =145, ¢ul, [S2, (o] =
{7, (62,431 = 184 + als + Bls = —[{5, 2],
[$2, 44l = i85 + ¥{6 = —[$4, (2], [(2, Gs] = ids =
_[ZS' (2]

L15(¢;, 8] =37, [¢1,0] = 5 = =[5, 411, [¢1, G3] =
(=001 GlI =4 =
_[54-' (1]' [51165] = 56 = _[ZS'Zl]' [62 152] =
{7,[62,43] = 184 + als + Bls = —[{5, 2],
[$2, 44l = i85 +¥{6 = =144, (2], (2,451 = 06 =
—[(5:(2]: [¢3,Ca]l = 606 = —[$4, (5]
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Proof. By Lemma 2.1 and Lemma 2.3, we see that
Leib(L),L°> € Z(L). Then by using Leib(L) &
L3,1* 1%,  choose  Leib(L) = span{w,},L°
span{wg}, L* = span{ws, wg} and L=
span{w,, ws, we}. Therefore, Z(L) = span{wg, w,}
and L? = span{ws, w,, ws, wg,w;}. Take V =
span{w;, w,}.

Case 1. If the bilinear form matrix is A; @ Cj, then
the nonzero products in L can be given as:

(w1, w1l = wy, [wy, w,] = a;ws + ayw, + azws +

a,we = —[wy, w1, [wy, wz] = Byw, + Bows +
Bswe = —[ws, wy ], [wa, wz] = Byw, + Bsws +
PsWs = —[ws, W], [y, wy] = yiws + y,we =

—[wy, w1, [Wa, wu] = y3ws + yawe =
—[wy, wy], [Ws, ws] = ysws + yews =
—[wy, w3, [wy, ws] = 01w = —[ws, wy], [wp, ws] =

aba,
aba, a’ba,fB,

o]

A

Il
Soooc oonQ
cocoocooc oo

o Ify,=pB,=0,thentakinga=5b=1inB,,
we get the algebra L1.
o Ify,=0and s # 0, then takinga =1,b =

Binbs in g | we obtain L2.
6

o If y,#0 and y,8¢ — Bov. = 0, then taking
a=1b= y;—el in B, we get the algebra L3.
4

o If y, #0 and y,B¢ — B2vs # 0, then taking
_ YBe=Bava o _ (Y1Be—B2va)? in B
B1v$6% BEvi63va L
arrive the algebra L4.

we

aba,

OO OO0 o O

a

(o

| 0

B, =|0
0

\0

0 0 0

o If a;B4+ @30, =0, then taking a =1,b =

% in B,, we get the algebra L5.
5

o If afg+az0,+0, then taking a=

a1Bstazbs a1fstazbsy -
/ b = in B,, we get the
a181v162 a1B562 2 g

algebra L6.

abas a’b(aif, + azy1)
abay  a?b(a;fs + az0,) a*b(a B, + azy1)0;  a*baifiy,6; 0 /
0 0 0 2

aba, a’ba,B,
abas a’b(a,B; + azy:)
aba, a?b(a,f; + as6,)

0,we = —[ws, W], [ws, ws] = 03w = —[ws, ws],
[ws, ws] = O,we = —[ws, w3].

From Leibniz identity, we get the following equations:

0y, =03=y5=0

Bav1i—P1ys =0 (3.4)
Y361 — 110, —a176 =0 (3.5
Bay2 + Bs(81 — 05) — Brya + a2y = 0(3.6)

First, suppose y; = 0. Since y; # 0 and from
Equation 3.4, we have S, = 0. Using dim(L®) = 3,
we can see that §; # 0. Suppose 8, = 0. Then, from
Equations 3.5 and 3.6, we obtain y, =0 = 6, —
B1v4- With the following change of basis x; = y,w; —
YiW2, X3 = Wp, X3 = W3, Xy = Wy, X5 = W5, Xg =

wg, X, = Y2w,, we can force y, = 0. The following is
a transition matrix switching the basis W =

{W1' Wy, ...,W7} to the baSiS { = {Zl’ Zz, ...,(7}

00 00
00 00
00 00
0 0 0

a’ba,fiv: 00

a

Take 6, # 0. The following change of basis x; =
O,w; — 0 Wy, Xy = Wy, X3 = W3, X, = O,W, —
YaWs, Xs = Ws, Xg = W, X; = 82w, forcesy, = 6, =
0. Notice that Equation 3.5 do not allow y, to be zero.
Then, the change of basis x; = ysw; — yoWs, X, =
Wy, X3 = W3, X4 = Wy, X5 = Ws,Xg = W, X7 = YWy
forces y, = 0. Choose the transition matrix switching
the basis W = {w;,w,,...,w,;} to the basis { =
{C1,Gar s G7} S

00 0 0
0000 \
0000 |
0 0 0 |
a®ba,fiv1 00
0 a®b?a,$,v.0, O}
0 0 a?

Later, suppose y5; # 0. With the change of basis x; =
Y3W1 — ViWa, Xy = Wy, X3 = W3, Xy = Wy, X5 =

Ws, Xg = Wg, X; = y2w,, We can force y; = 0. Then,
by Equation 3.4, we have B; =0. Choose the
transition matrix switching the basis W =
{wy,wy, ...,w;} to the basis { = {{3,{, ..., {7} as the
following
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aba,
aba,
abas
aba,

0 0

ab%a,f,
ab?(a,Bs + azys3)

By

SO OO OO Q
SO O OC o o

Il
—

If y¢ =0, then Equation 3.5 imply 6, = 0. Then,

. Y30 .
taking a=h>=2 while b=
Y2
\/(a1,83+a2y2) ¥262—(a1B4yata1Bs0r+a2y362)y2Y362 in B
@1B4y2 V5603 3

we arrive the algebra L7. Let y¢ # 0. Then, with the
changes of bases x; = ygw; — yowg, X3 = Wy, x5 =
W3, X, = Wy, X5 = Ws, Xg = We, X; = Yiw, and x; =
W1, Xy = VeW2 — VaW3, X3 = W3, Xy = Wy, X5 =

Ws, Xg = Wg, X; = Yaw, make y, =0 and y, =0,
respectively.

o 1f 6, =0, then letting a = bZ% while b =
2

(@1B3+a3601)B% v5—(a1B4¥a)B2Bayvs
in B;, we
\] “%ﬁf 1’321’5 3
obtain the algebra L8.
; B263 B26;
If 6, # 0, then taking a = b=
° 2 g Bay367 Bay3by
in By, we get the algebra L9.
a 0 0
/0 a 0
0 0 a’my
B, :| 0 0 d?a, ada,f;
0 0 a?az a*(aif, +ayyr)
0 0 a?a,
0 0 0 0

First, let y; = 0. Then, Equation 3.4 imply 8, =
0, 81,71 # 0. Suppose 8, = 0. Then, from the

o If y,=p=0, then plugging a=1 in B,
results with the algebra L10.
o If y,=0and B¢ # 0, then plugging a =

Be
Boyio; " B,, we get the algebra L11.
e Ify, # 0, thenby takinga = yyg in B, we get
1Y1
the algebra L12.

Now suppose 6, # 0. Then, with the change of basis
X1 = W1, Xy = Wa, X3 = W3, Xy = O,Wy — V4Ws, X5 =
Ws, Xg = We, X, =W,, We can make vy, =0.
Consequently, by taking a =1 in B,, we get the
algebra L13.

Finally, consider the case y; # 0. If y; = 0, then the
change of basis x; = wy, X, = Wy, X3 = W3, X, =
Wy, x5 = Ws, x6 = Weg, X7 = w5 fOI’CES ]/3 = 0 and

ab®a;B.y;
ab?(a1Bs + az¥s + a36;)  ab’(a;Bvs + 156, + ayy36,)6,

0

o oo
o oo
[= NN ]
o oo

I
0 0 0 |
00
ab*a, By, (or a’b3a,f,y36,) 0/
0 0

a2

Case 2. If the bilinear form matrix is C; @ C;, then
the nonzero products in L can be given as:

[wi, wi] = wy, [wy, wy] = ayws + aw, + azws +
aywe = —[wy, wil, [wy, wy] = wy, [wy, ws] =

Biws + Bows + Bzwg = —[wz, wy], [y, ws] =

Bawy + Bsws + Bews = —[ws, wy], [wy, wy] =

YiWs + ¥aWe = —[wy, wy], [wa, wy] = y3ws +

YaWe = —[wy, wy], [w3, wy] = ysws + yewe =
—[wa, ws], [wy, ws] = 01w = —[ws, wy], [wy, ws] =
O,we = —[ws, wy], [ws, ws] = Oz3wg = —[ws, ws],
[ws, ws] = O,we = —[ws, ws].

Then, again from the Leibniz identity, we arrive
Equations that obtained in case 1. Take a transition
matrix switching the basis W = {w;, w,, ..., w;} to the

baSiS ( = {(1! ZZ' L 67}

\

00 |

(=Nl
o oo
o oo
o oo

a*a; By

348

0

0 0
a(arf; + az0;) a*(aBiy, + aifp0; + ayy16;)  aPa Byy,6,(or a®a;B1y46,) 0)

0 a?

equations 3.4 and 3.5, we get y, = 0 and 850, —
B1va = 0.

therefore L is isomorphic to L10,L11,L12 or L13.
Hence, let y; # 0. Note that when yZ + y2 # 0 with
the following change of basis x; =yw; +
V3W2, Xz = V3W1 — V1W2, X3 = W3, Xy = Wy, X5 =

Ws, Xg = Wg, X; = (Y2 + y2)w,, we can force y; = 0
and again L is isomorphic to L10,L11,L12 or L13.
Thus, y? +y2 = 0. From Equation 3.4 we obtain

Bt +pi =0

o |If y, =0, then from Equation 3.5, we obtain
0% + 6% = 0. Hence, by taking a = 1 in B,,
we get the algebra L14.

e If yo # 0, then by taking a = 1 in the change
of basis matrix B,, we obtain the algebra L15.

This completes the proof. m
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4, Conclusion

We reached the complete classification of nilpotent
Leibniz algebras of dimension seven, whose derived
algebra is of dimension five, while the Leib ideal is
one dimensional with the restriction dim(L®) < 4.
The classifications given in this paper and in [14]
achieve that result. There exist 19 single algebras, 4
one-parameter continuous families, 2 two-parameter
continuous families, 1 three-parameter continuous
family, and 1 one-parameter continuous family. It is
left to look at the case dim(L3) =4 in order to
complete the classification of nilpotent Leibniz
algebra of dimension seven, whose derived algebra is
of dimension five while Leib ideal is one dimensional.
Notice that y(L) = (7,5,4, 3,2,1) is filiform Leibniz
algebra, and the classification of this subclass with
one-dimensional Leib ideal can be obtained by
Theorem 2.2 in [4]. TLb, in that Theorem will
produce desired algebras. In fact, the classification of
the subclass TLb, is given in [6]. According to that
classification, there are 13 single algebras and 9 one-
parameter continuous families of filiform non-Lie
Leibniz algebras of dimension seven. Furthermore,
there is no Leibniz algebra for the case y(L) =
(7,5,4), because here L3 = Z(L) with the Lemma 2.4
give dim(L?) < 4, which contradicts L?> being a 5-
dimensional ideal. Hence, we have the following six
cases to classify:

i x(L)=(7,5432)
i. (L) =(75431)
ii.  x(L)=(7,5,4,3)

V. x(L) =(7,5,4,2,1)
2 x(L) =(7,5,4,2)
Vi. x(L)=(7,541)

Our approach of bilinear forms can also be utilized to
classify these cases. It is known that there are 119
single algebras and six one-parameter continuous
families of Lie algebra of dimension seven over an
algebraically closed field [16]. Even though, we
restrict our attention to seven-dimensional nilpotent
Leibniz algebras whose Leib ideal is one dimensional
and derived algebra is of dimension five, we get 32
single algebras, 13 one-parameter continuous families,
two two-parameter continuous families, one three-
parameter continuous family, and one one-parameter
continuous family so far and there are still some cases
to cover. As a future work, classification of higher
dimensional nilpotent Leibniz algebras with one
dimensional Leib ideal and/or classification of
nilpotent Leibniz algebras of higher dimensions with
the derived algebra of codimension two can be
obtained by the congruence classes of bilinear forms
method.
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