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ABSTRACT

Consider TM as the tangent bundle of a (pseudo-)Riemannian manifold A, equipped with
a Ricci quarter-symmetric metric connection V. This research article aims to accomplish two
primary objectives. Firstly, the paper undertakes the classification of specific types of vector fields,
including incompressible vector fields, harmonic vector fields, concurrent vector fields, conformal
vector fields, projective vector fields, and $(Ric) vector fields within the framework of ¥V on T'M.
Secondly, the paper establishes the necessary and sufficient conditions for the tangent bundle 7'M/
to become as a Riemannian soliton and a generalized Ricci-Yamabe soliton with regard to the

connection V.
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1. Introduction

Following the introduction of the concept of a semi-symmetric linear connection on a differentiable manifold
by Friedmann and Schouten in [2], Yano [15] extended this notion to the realm of Riemannian manifolds by
introducing what is known as a semi-symmetric metric connection, abbreviated as SSMC. Yano's inspiration
for this extension stemmed from Hayden’s work on torsional metric connections, as documented in [8]. Yano’s
contribution includes the proof that for a Riemannian manifold to possess a semi-symmetric metric connection
with a vanishing curvature tensor, it is necessary and sufficient that the manifold be conformally flat.

Subsequently, Golab introduced the concept of a quarter-symmetric connection on differentiable manifolds
in [5]. However, the most comprehensive form of quarter-symmetric metric connections on Riemannian,
Hermitian, and Kaehlerian manifolds was presented by Yano and Imai [17]. A linear connection is classified as
a quarter-symmetric connection if the torsion tensor 7' of any connection takes on the specific form:

T(&1, &) = u(&2)d&1 — u(61)PSo. (1.1)

Here, u represents a non-zero 1-form, ¢ stands for a (1, 1)— tensor, and ¢; (¢« = 1, 2) denote vector fields. Notably,
when the tensor ¢ coincides with the identity tensor (¢ = id), the quarter-symmetric connection simplifies to
the semi-symmetric connection. This reveals that the notion of a quarter-symmetric connection serves as a
broader framework encompassing the concept of a semi-symmetric connection. It is evident that a quarter-
symmetric metric connection aligns with Hayden’s connection characterized by the given torsion tensor
(1.1). This implies a connection between these different geometric structures, shedding light on the intricate
relationships among them.
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If we define the tensor ¢ as a (1, 1)-type Ricci tensor, which is specified as:

9(@€1,&2) = R(&1,82),

where R is the Ricci tensor of a Riemannian manifold, then the resulting connection, which maintains quarter-
symmetry, is referred to as a Ricci quarter-symmetric connection. In the case where a Ricci quarter-symmetric
connection V is established on a Riemannian manifold and satisfies the condition:

(Ve 9)(€2,€3) =0,

V is denoted as a Ricci quarter-symmetric metric connection, often abbreviated as RQSMC and this
characterization holds true for all vector fields &;,£;,3 on M. The concept of RQSMC was introduced and
extensively studied by Kamilya and De [10]. They also succeeded in identifying the necessary and sufficient
conditions for the symmetry of the Ricci tensor associated with an RQSMC, providing valuable insights into
this geometric structure. Furthermore, the paper [11] derives inequalities for submanifolds in real space forms
with a Ricci quarter-symmetric metric connection. These inequalities establish the interrelation among Ricci
curvature, scalar curvature, and mean curvature under the influence of the Ricci quarter-symmetric metric
connection.

The Poincaré conjecture, a famous unresolved problem in 20th-century mathematics, was first proposed by
Henri Poincaré in the early 1900s. It was based on the idea that a closed, simply connected 3-dimensional
manifold should be isomorphic to a sphere (5?). In the 1970s, William Thurston made significant contributions
to this problem, and in 1982, he introduced the Geometrization Conjecture, a broader hypothesis suggesting
that all 3-dimensional Riemannian manifolds can be classified in a similar manner. The concept of Ricci flow
gained prominence following Grigori Perelman’s proof of the Geometrization Conjecture and Richard Brendle
and Simon Schoen’s proof of the Differentiable Sphere Theorem. Ricci flow is a mathematical process that
transforms the metric (essentially, the shape) of a manifold M into a metric with a constant curvature, often
resembling a sphere, while being proportional to the Ricci tensor. Ricci flow and other geometric flows have
diverse applications across various fields, including topology, geometry, and physics. They have been utilized
in areas such as string theory, thermodynamics, the general theory of relativity and cosmology, quantum field
theory, and the uniformization theorem, among others.

Hamilton introduced the concept of the Yamabe flow to address the Yamabe problem, which aims to find
a metric on a given compact Riemannian manifold that conforms to the original metric g while maintaining
a constant scalar curvature. It's worth noting that while the Ricci and Yamabe flows are equivalent in two
dimensions, they exhibit fundamental differences in higher dimensions. In higher dimensions, the Yamabe
soliton preserves the conformal class of the metric, whereas the Ricci soliton typically does not. Hamilton’s
work on the Ricci and Yamabe flows inspired further exploration by mathematicians like Udriste, who delved
into the realm of Riemannian flows. Udriste extended the concept of the Ricci flow in a natural manner to
create a nonlinear partial differential equation (PDE) that involves the Riemannian curvature tensor. In this
framework, the metric g is interpreted as the solution to this aforementioned PDE. The notion of a Ricci soliton
is substituted with that of a Riemannian soliton in Udriste’s approach. A Riemannian soliton can be viewed
as a kinematic solution within the context of Riemannian flow, and its profile offers a broader perspective that
encompasses spaces of constant sectional curvature, as described in [19].

The foundation of the concept of the tangent bundle 7'M is rooted in Sasaki’s seminal paper from 1958, which
holds a foundational role in this field [12]. In this pioneering work, Sasaki constructed a metric, denoted as g
on T'M by leveraging the Riemannian metric g dinitially defined on a differentiable manifold M. This metric g
established on the tangent bundle 7'M is commonly referred to as the Sasaki metric. Various important metrics
on T'M have been devised through classical lifting techniques, all relying on the Riemannian metric g defined
on M. These metrics include:

1. The Sasaki metric (or the metric I + I11]);

2. The metric II + I11;

3. The complete lift metric (or the metric 11);

4. The metric I + II; where I = g;;daz'da?, I1 = 2g,;;dx'6y?, I11 = g;;0y*0y’ are all quadratic differential forms
defined on 7'M [18]. These metrics play a pivotal role in the analysis and understanding of tangent bundles
and their geometric properties.

In our research article [4], we introduce an original concept: a RQSMC V on the tangent bundle T'M,
complemented by the complete lift metric ©g, defined over a Riemannian manifold M. In our investigation,
we meticulously compute all curvature tensors associated with V and conduct a comprehensive analysis of
its inherent properties. Furthermore, we define the mean connection stemming from V, which contributes to a
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deeper understanding of the connection’s behavior and characteristics. Our investigation extends to the realms
of Ricci and gradient Ricci solitons, which have been subjects of extensive recent research. Within this context,
we establish necessary and sufficient conditions that determine when the tangent bundle 7'M/ transforms into
a Ricci soliton or a gradient Ricci soliton with respect to the connection V. Finally, our study delves into the
quest for conditions under which the tangent bundle TM achieves local conformal flatness in relation to V.
This exploration enhances our grasp of the local geometric properties of the tangent bundle in the context
of the introduced RQSMC and provides valuable insights into the manifold’s behavior under this specific
connection.

The primary objective of this research article is to categorize specific types of vector fields—namely,
incompressible, harmonic, concurrent, conformal, projective, and ¢(Ric) vector fields based on their behavior
with respect to the connection V defined on the tangent bundle TM. Following this classification, our
investigation delves into the establishment of conditions that govern vector fields V on TM, rendering
them compatible with the structure (%, V', \), where g represents the complete lift metric and A denotes a
constant. Specifically, we explore the criteria under which this structure qualifies as a Riemannian soliton and
a generalized Ricci-Yamabe soliton. In essence, our study contributes to a deeper understanding of how various
vector fields interact with the tangent bundle under the influence of the connection V and sheds light on the
conditions under which certain geometric structures, such as solitons, manifest themselves in this context.

2. Preliminaries

Consider an n—dimensional differentiable manifold M. The tangent bundle 7'M/ is a construction based
on the assembly of disjoint tangent spaces, each corresponding to distinct points across M. For a given local
coordinate system {U, 2"} within M and using Cartesian coordinates (y") in each tangent space T M at a point
P € M, established through the natural basis { % |p }, we can define a local coordinate system in T'M denoted
as {7~ }(U),z", y"}. Here, 7 signifies the natural projection function defined as 7 : TM — M and P represents
an arbitrary point belonging to U. Furthermore, the coordinate system (z",y") is referred to as the induced
coordinates on 7~1(U), originating from the initial coordinate system {U, 2"} within M.

Suppose we have a vector field ¢ defined within the open subset U of M, and it can be locally expressed
as & =¢ h%. Additionally, let V be a torsion-free linear connection on M. In this context, we can respectively
define the vertical lift V¢, the horizontal lift #¢ and the complete lift Ceof ¢ by [18]

Ve =¢op,

Ae = ¢hoy, —yTh R0,
and
Ce = ey, + yo0." 0

according to the (z",y"), where 9, = 52,95 = % and I'’, are the components of the connection V.
Suppose that a (p, ¢) tensor S is given on M by

lig...

S=81 00 ©0-®di? @ .. ® dr'.
Then, we can define a (p,q — 1) tensor 7S on T'M within 7= (U). The expression for S is as follows:

VS = ('S0 ® . 0 0 @ de @ .. @ da'e
according to (z,y") (for details, see [18]).

To facilitate tensor calculus, an adapted frame denoted as {Es} can be constructed over each induced
coordinate neighborhood 7=}(U) C TM. The adapted frame {Es} on 7~ 1(U) consists of 2n-dimensional
linearly independent vector fields F; and 7, organized as follows:

Ej = 9;—y'Tyop
Ej = 8;
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The adapted frame can also be represented as {Ez} = { E}, E;.}. In the context of this adapted frame {E3}, the
vertical lift V¢, the horizontal lift ¢ and the complete lift “¢ of ¢ are respectively expressed by [18]

Vf — ng;, (2.1)
% = B +y' VL

The complete lift metric “g on TM over a Riemannian manifold (M, g) takes on the following structure:

(H&Hﬁ) _—
(FeVo) = S (VeM9) =g(0),
g(V¢Yv) = o0

for all vector fields £ and ¢ on M [18]. In the adapted local frame on T'M, the covariant and contravariant
components of g are expressed as follows:

and

The RQSMC V on T'M according to the “g is given as follows.

Proposition 2.1. [4] Given a tangent bundle TM endowed with the complete lift metric g derived from a (pseudo-
)Riemannian manifold (M, g). Then The RQSMC V on T M is defined as follows:
Vi, Bj = FZjEk +{y°R,j +y;R," — y"Ri;} Ep,
Vi By =T B, 2.2)
Vi Ej =0, Vg E; =0

according to the adapted frame {Eg}, where T}; and R, ;® respectively represent the components of the Riemannian

i

connection V and the Riemannian curvature tensor field R corresponding to the pseudo-Riemannian metric g on M.

Proposition 2.2. [4] Given a tangent bundle TM endowed with the complete lift metric ©g derived from a (pseudo-
)Riemannian manifold (M, g). The curvature tensor R of the RQSMC V of (T M. g) is given as follows:

R(E; Ej)E, = Ry +{y"ViR;} By, (2.3)
R(E;,E;)E; = R.E;,

R(E, E-)E, = {Ryk+Rud' — guR,}VEy,

R(E;, Ej)E,. = {Ryi +guwR;' — Rj101}Ey,

R(E;, B;)Ex = 0, R(E;, E;)E; =0,

R(E;,B;)E; = 0, R(E;, B;)E; =0

according to the adapted frame { Eg}.

Proposition 2.3. [4] Let K o5 = R, denote the Ricci tensor of the RQSMC V. Then, the tensor K is as follows:

Kjr = (3—n)Rj, (2.4)
Kgz =0,
K5, = 0,
Kz = 0.
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3. Special vector fields on 7'M in the context of the RQSMC V

In this section, our initial focus lies on exploring the harmonic and incompressible properties of the elevated
vector fields. Subsequently, we proceed to deduce the overarching expressions for concurrent, conformal,
projective, and #(Ric) vector fields according to the RQSMC V on TM. Through this analysis, we derive
noteworthy insights concerning these vector fields and their essential characteristics.

3.1. Lifting vector field being incompressible and harmonic

Definition 3.1. Consider T'M as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the

RQSMC V. A vector field V on TM is termed incompressible in accordance with the RQSMC V if it meets the
following criterion:

tr(VV) =V, V* = B,V* + T,V =0,
where V is expressed as V = v" E), + vﬁEﬁ.

Proposition 3.1. Consider T M as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the RQSMC
V. Then, for any vector field V on M the following statements hold:

i) V'V is classified as an incompressible vector field in accordance with the RQSMC V;

it) 1V or €V qualifies as an incompressible vector field on T M in accordance with the RQSMC V if and only if V
stands as an incompressible vector field on M in accordance with the Riemannian connection V.

Proof. By making use (2.1) and (2.2), we achieve the following;:

tr(VVV) = ¥V, "V* =V =0;
tr(VHEV) = V,Hv* =V,"
= (Oh —y°TT Om) " + fh];n o™
= Vol =tr(VV);
tr(VEV) = V,V*=Vp"+V; ot
= (On — YT 50m) 0" + Ty, 0™ + 0 (4°V ")
= 2V, = 2tr(VV),

from which it is easy to see that the results (i) and (ii). O

Definition 3.2. Consider 7'M as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the
RQSMC V. A vector field V on TM is termed a harmonic vector field according to the RQSMC V if it fulfills
the condition:

(ViV) g~ (V57) i =0

according to the adapted frame. In here, g;; represents the components of the complete lift metric on 7'M and
V =v"E, + UhEﬁ.

The following lemma is derived directly from straightforward calculations.
Lemma 3.1. Consider T M as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the RQSMC V.

Then
i) For V'V, we obtain

v €\ = 7 €\~ vz i —V; 7 0
(va VV )géﬁ - (vﬁ VV )gea - ( Y 0 3v 0 > ; (31)
ii) For 7V, we obtain
(Vo "V)Ges — (Vs V) Gea (3.2)
_ Y° [Rsiaj — Rsjai + 9siRja — gsj Ria) v* Viv; '\
—VjUi 0 ’
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iii) For €V, we obtain

(3.3)
(ﬁo{ CVE) aeﬁ - (ﬁﬂ CVG) geoz
_ y* [Vs (Vivg = Vjvi) + (Rsiaj — Rsjai + 9siRja — gsjRia) v*] Vivj — Vjv;
Vz"Uj - Vj’l)i 0 ’

Therefore, as a consequence of Lemma 3.1, we arrive at the subsequent result.

Proposition 3.2. Consider T'M as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the RQSMC
V. Then, for any vector field V on M we establish the followings:

i) V'V is a harmonic vector field on TM in accordance with the RQSMC V if and only if V qualifies as a harmonic
vector field in accordance with the Riemannian connection V;

it) €V is a harmonic vector field on TM in accordance with the RQSMC V if and only if V is a harmonic vector field
according to the Riemannian connection V and satisfies the condition Rg;q; — Rsjai + 9siRja — gsjRia = 0;

iii) 'V is a harmonic vector field on T M in accordance with the RQSMC V if and only if V is parallel in accordance
with the Riemannian connection V and satisfies the condition Rgiq; — Rsjai + 9siRja — gsjRia = 0.

3.2. Concurrent vector field

Consider a vector field V = v"E), + UEEE on TM. If v" depend solely on the base manifold’s coordinates
(z"), V is termed a fiber-preserving vector field on TM.

Deﬁnitiog 3.3. A vector field V on TM is referred to as a concurrent vector field in accordance with the
RQSMC V if it adheres to the condition:

VsV =Vg, Ve =kdj, (3.4)

where k represents a function defined on TM, 45 denotes the Kronecker delta symbol and V is expressed as
V= v E), + UEEE.

Proposition 3.3. Consider T M as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the RQSMC
V. The vector field V on T M is identified as a fiber-preserving concurrent vector field in accordance with the RQSMC V
if and only if it takes the form:

"= (Gevie)

and satisfies the subsequent condition:

[v] (tr (VV)) yh] + (ySRth(«L + yaR? - th] ) Ua — O

S|

Proof. Initially, by considering € = h, 3 = j in (3.4) within the adapted frame, we obtain:

oo  h L TP e T @ Tch
Vit = Bt +T5,0% + Tjgu® = ko3
6;1;” =0

oh = vt (zh) .

oy

Similarly, when considering e = h, 3 = j and € = h, 8 = j, we respectively acquire the following:
Ejoh + f?av“ + f?ava = Eé;l

ol + I‘?av“ = E&;-L

Vit =kl (b )

<
<.
<
>
Il

b

1 . ~
—Vjvj =k
n
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and

<
<

Bl
[

<.

Eo TR T T _ sk
E5u® 4+ T5,0% 4+ Tjgv® = ko7

= 6;1)}" = ijvjéﬁ’

= 9l = % [tr (V)]

J J

1
= o= - [tr (VV)] y".
Finally, by putting e = h, 8 = j, we arrive at:
ﬁjvﬁ = Ejvﬁ + f?ava + f?avﬁ = Eéjﬁ

Ej [+ [tr (V)] y"] + (v°RyJs + ya RY — y" Rja) v°

- +Ih (L[t (VV)] 2] =0
N (0; = y*Ti0m) [ [tr (VV)]y"]
+ (' RyJo + vaR) — " Rja) v* + 9Tl [ [t (VV)]] =0
N L0y (tr (VV) ¢ — Tl [ 2 [tr (VV)]]
+ (ysst}fz + yaR;'L - thja) v + y“F?G [% [t?" (VV)]] =0
1
= [0, (r (VY)Y + (W RyJu +yaR) —y" Rja) v =0
1
= —[Vi@r (YV)Y'] + (v"Ryja + vaRj — y" Rja) v* = 0.

3.3. Conformal vector fields

This section focuses on the study of fiber-preserving conformal vector fields on the tangent bundle 7'M
over a (pseudo-)Riemannian manifold (M, g) using the the RQSMC V. These vector fields are a special class
of transformations defined on a Riemannian manifold (M, g). A conformal transformation is a vector field V'
on M such that its local flows ¢, preserve the conformal class of the metric g for every ¢. Moreover, when the
tangent bundle T'M is equipped with a Riemannian metric g, a conformal transformation V' of g is considered
fiber-preserving if its local flows also preserve the fibers of T'M. This section provides a characterization of
infinitesimal fiber-preserving conformal transformations, often referred to as conformal vector fields, on the
tangent bundle T'M. It establishes a necessary and sufficient condition for a vector field V' to be an infinitesimal
fiber-preserving conformal transformation concerning the RQSMC V. This condition is expressed through a
set of relationships involving specific tensor fields on M with type (1,0) and (1.1). It’s worth noting that for
fiber-preserving conformal vector fields on 7'M concerning the complete lift metric “g and the synectic lift
metric, we can refer to the papers [3] and [13].

Definition 3.4. Consider T'M as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the
RQSMC V. A vector field V = v"E}, + v"E;- on TM is a fiber-preserving conformal vector field in accordance
with the RQSMC V if it satisfies

LyGas = (VaV)ges + (VoV)gea = 200as. (3.5)

In here, L;;g is the Lie derivative of the Riemannian metric g according to V and Q is a scalar function on T'M.
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When we consider the indices («, 3) = (4,7), (i,j) and (4,7) in the previous equation (3.5), the following
relationships can be written:

i) (V") gnj + (E;Uh> ni = 20095,
i) (E;vh) anj + (V01 gni = 29g,;,
[Eivﬁ + (YR + ya R — y" Rig) v + Fifvﬂ Ihj
B+ (0 R+ vaRE — " Rya) 0 + T 007 g

(3.6)
i) = 0.

Proposition 3.4. The scalar function ( on TM depends only on the variables (z") according to (", y").

Proof. Applying the operator E; to each side of the equation (ii) in (3.6), we arrive at:
g}LjEEE,LT’Uﬁ = QEE (ﬁ) gij .
From this, we deduce:
B (9) 915 = 5 () 915,
which further leads to:
(n—1)E; (2) =0.

This conclusion implies that the scalar function Q2 on T'M is exclusively dependent on the variables (z") in
terms of the coordinates (z",y"). As a consequence, we can treat 2 as a function on M. For the sake of clarity,
we will denote 2 by p in the subsequent discussions. O

Drawing upon equation (3.6), Proposition 3.4, and the observation that E; (vﬁ> only depends on the

variables (2"), we can express the following:
ot = y* Al 4 B, (3.7)

where A} and B" are certain functions which depend only on the variable (z").
In the context of a (pseudo-)Riemannian manifold (M, g), a vector field V is referred to as a Killing vector
field if it satisfies:
LVgij = VZ‘U]' + Vj’Ui =0.

This condition implies that the Lie derivative of the metric tensor g with respect to the vector field V' vanishes,
indicating that ' generates an isometry, i.e., it preserves the metric structure of the manifold under its flow.

Proposition 3.5. If we consider
0

_ ph_ Y
B=5 oxh’
then the vector field B is a Killing vector field in accordance with the Riemannian connection ¥V on M.
Proof. Substituting (3.7) into the equation (iii) in (3.6) we get
V:B; +V;B; =0 (3.8)

and
V" (Rgiaj + Rsjai + gsaRij — 9sjRia + 9saRji — gsiRja) + ViAs; + VjAg =0, (3.9)

where B; = g;,, B™ and A; = gi; A". Hence, by (3.8) it follows
LBgij = ViBj + VjBi =0.

This demonstrates that the vector field B is a Killing vector field on M according to the Riemannian connection
V. O
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Substituting (3.7) into the equation (7i) in (3.6), we have

E; (Uﬁ) gnj + (V;0") gni = 2pgij (3.10)
= 0; (ySAQ + Bh) ghj + (Vjvh) Ini = 20G;j

= Al'gn; + (Vv") gni = 2095

= gnj ALY = 2pgi; — gni (Vo) .

Given a linear connection V on a manifold M, a vector field V on M is classified as a projective vector field
if there exists a 1-form @ such that for any vector fields X and Y on M, the following condition holds:

(LyV)(X,Y) = 0(X)Y + 6(Y)X.
In this context, 6 is referred to as the associated 1-form of V. Locally, it can be expressed as:
LyT} = 0,67 + 60,6/
Here, I'}; represents the Christoffel symbols associated with the connection V, and 4} is the Kronecker delta.

Proposition 3.6. The vector field V', represented by its components as (v"), is a projective vector field on M in accordance
with the Riemannian connection V if the following equation holds: 26} Ri; — Riq0! — Rja6} = 0.

Proof. Taking the covariant derivative V, of both sides of equation (3.10), we obtain
g VAl = Vi [2pgi; — gni (Vj0")] (3.11)
= 2(Vip) gij — gniVi V0"
= 2pkYij — Gni (LVFk}} - Ral?jva)
Vidi; = 2prgij — LVFk};'ghi — Rakijv®.

When we substitute equation (3.11) into equation (3.9), we obtain:
V" (Rgiaj + Rsjai + gsaRij — 9sjRia + 9saRji — gsiRja) + ViAs; + VjAg =0

Ua(Rsiaj + stai + gsaRij - gszia + gsaRji - gsiRja)

=0
+2pigsj - LVF”}LQhS - Raisjva + 2pjgsi - L\/Fj?ghs - Rajsiva

=

= v? (gsaRij - gszia + gsaRJz - gszRJa) +2 (ngb_/ + p]gél) = QLVFi]hghs
1
= LvFi]}»l = pl(S;l + pjézh + §’Ua (2(52R” — Riaéél — Rjaéf) s

where p; = V,p. Hence, V is a projective vector field on M in accordance with the Riemannian connection V if
20" R;; — Ria0? — Rjo0l = 0. O

Now, let us examine the converse problem. Suppose that the manifold A/ admits a projective vector field
V =v"5% in accordance with the Riemannian connection V. In this context, we can state the following
proposition:

Proposition 3.7. The vector field V on T M, defined as
V =v"E, + (y° Al + B") By,

constitutes a fiber-preserving conformal vector field on TM in accordance with the RQSMC V, where Al = g"*A,,,
Aij = 2pgij + Vivj — Lvgij, and g;;B7 = B;, ViBj = Lpgij — V;B;.

Proof. Given By, v and Al that satisfy the conditions outlined above, it is evident that the vector field
V =v"E), + (y* A" + B") Ey- qualifies as a fiber-preserving conformal vector field on TM in accordance with
the RQSMC V. The detailed calculations supporting this assertion are omitted for brevity. O
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3.4. Projective vector fields

In [14], a comprehensive classification of fiber-preserving projective vector fields on TM was presented
based on the complete lift metric “g by Yamauchi. Additionally, Hasegawa and Yamauchi, [7], provided a
classification of projective vector fields considering the lift connections. In the upcoming section, we will delve
into the examination of fiber-preserving projective vector fields on classified fiber-preserving projective vector
fields on TM according to the RQSMC V. To begin, let us introduce the following lemma, which will be
essential for our subsequent analysis:

Lemma 3.2. The Lie derivations of the adapted frame in accordance with the fiber-preserving vector field V =v"E), +
v Ex- are given as follows [13]:

LBy = ~(0n0") Ea + {40 Ry — 0Ty, — (Eno” } Ea,
Ly By = {o'Tg, — (E70") } Eg.
Definition 3.5. Consider 7'M as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the
RQSMC V. A vector field V = v"Ej, + v"Ey- on TM is a fiber-preserving projective vector field in accordance
with the RQSMC V if and only if there exist a 1-form § = (57 , bl) onT'M such that

(3

(LeV)(V.2) = Ly(V32) -Vy(ly2) -V, 52

= 0Y)Z+6(2)Y (3.12)
for any vector fields Y and Z on T'M.
In accordance with the RQSMC V, the general expression for fiber-preserving projective vector fields on TM
can be stated as follows:
Theorem 3.1. Consider TM as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the RQSMC

V. A vector field V = v"Ej, + vﬁEﬁ on TM is a fiber-preserving projective vector field with the associated 1-form 6 on
T M in accordance with the RQSMC V if and only if V takes the form

V=V B4+~4,

where the vector fields V = (v), B = (B"), the (1,1) —tensor field A = (Al) and 1-form 0 satisfy the following
conditions _ .
(Z) 0= Hida:",
(ii) Vi = 0,
(iii) VAl = 0,61 —v°R, ],
(iv) R,}sB* = B"R;; — B; R},
() Ly Th = 0,6 + 0,67

Proof. With help of (3.12) , we can write the following system
(LyV) (B, B5) = Ly(Ve.E;) — ?Ej(L;/E;) — Vi, g E; (3.13)

(LgV) (B E)) = Lg(VE;) =V, (LyE) = Vi, 5B (3.14)

= 0(B7)E; +0(E;)E;,

(LyV) (Bi,Bj) = Ly(VeEyj) =V, (LyEy) =V, ) E) (3.15)
— 0(E)E; +0(E;)E;.
From (3.13), by virtue of (2.2) and Lemma 3.2 we get

{0007} Bg = 0B + 6. (3.16)
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Similarly, from (3.14) we obtain

(=0 Ry + (BP0, + By(Bjo™) | Be = B, + B, B, (3.17)
from which we have _
6; = 0. (3.18)
Due to 5; =0, (3.16) reduces to B
9(0;0%) =0
and we obtain B
v =y* A% + B?, (3.19)

where A? and B” are certain functions which depend only (z"). Hence, the fiber-preserving projective vector
field V on TM can be expressed as

V = "B, +0"E; = o"E), + {y°A° + B*} E; (3.20)
= v +V B+1A

Substituting (3.19) into (3.17), we obtain

R, +v,; Al = 50, (3.21)

CL]Z

Substituting (3.19) and (3.21) into (3.15), we have

{ViVo" + R, v} Ey + {V:V;B" + (3.22)
Raz};Ba + Bj Rh BhRij +v° [VV 'Ah + AaRaz}; Rs;JLAh

VIV RS — 0" ViR + Vi R+ VR,

—0Mv Vo Rij + Viv® Raj + V0" Ria] +v°gs; Vo RE
+V 0 gsa Ry + Viv gsj Ry + Alga; R — gsj Ry AR} By

— 0,E; +0,E;.
From (3.22), we have - ~
V.Vt 4 Ry = G6" + 007, (3:23)
V.V, B" 4+ R\ + BRE — B'"Ry; =0, (3.24)
V.V Al 4+ A“Rm’; s;;Ah + vV R/
v, R+, v“Rm + ViR J, (3.25)

—oh LVR” +v gS]V R + Vv gsaR
+V-v“g§th + Aagaj g‘,.]R“Ah =0.

From the equation (3.23), we can say that the induced vector field V = v" ;2 denotes a projective vector field
in accordance with the Riemannian connection V. By using the relation on the Lie derivative of the curvature
tensor, we get

Ly Rk = Vi(LTji) — V(Lo Tir)

LvR;; = —(n—1)V,0;. (3.26)
Contracting h and s in (3.25) and using (3.21) and (3.26), we find for n # 2,
V0; =0. (3.27)
This showes 6,6 = ¢ (constant). By using (3.27) in (3.24), we get

R,'B* = B"R;; — B;R}"

Conversely, without prejudice to the above steps, if B",v",0), and A" are taken to satisfy (i)-(vi), we obtain

X ="V +V B +~A is a fiber-preserving projective vector field on TM in accordance with the RQSMC V.
Hence, the proof is completed. O
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It is a well-established fact that every fiber-preserving vector field V induces a vector field V on M with
components (v"), where V = (v", v") represents the fiber-preserving vector field on 7M. The following result
directly emerges from Theorem 3.1 and its proof.

Corollary 3.1. Consider T'M as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the RQSMC
V. Every fiber-preserving projective vector field V' is of the form (3.20) and it naturally induces a projective vector field
Von M.

If we have V = (v",v") as a vector field on TM accordlng to {Esg} and v" =0, V is referred to as a
vertical vector field on TM. In the present case, the vector field V in Theorem 3.1 simplifies to V =" B + yA.
Consequently, based on Theorem 3.1, we can draw the following conclusion.

Corollary 3.2. Consider T M as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the RQSMC
V. If T M possesses a vertical projective vector field V, then the vector field V can be expressed as:

Vv=YB+ YA,
where the vector field B = (B"), the (1,1)-tensor field A = (Al') and 1-form  satisfy the following conditions
(id) V.0, = 0,
(133)V; Al = 0,60,
(iv) R,:B* = B"R;; — B;RI".

aij

3.5. @(Ric) vector fields

The vector field ¢, locally represented as ¢ = <pm <= on a Riemannian manifold M, is identified as a ¢ (Ric)
vector field under the condition:

V(@) = ARic,
where ) is a non-zero scalar function,V signifies the Riemannian connection associated with the metric g, Ric
represents the Ricci tensor of (M, g) and g(p, £) = @¢. This equation can be expressed locally as:

Vg, = AMRyj, (3.28)
where @, = g;m ™ and R;; is the Ricci tensor [9].
Definition 3.6. A vector field ¢ = ¢"E), + <Z’7Eﬁ on TM is said to be a ¢(Ric)-vector field in accordance with
the RQSMC V if it satisfies B L
VE®y = ARk,
where ) is a non-zero scalar function and EK r is the Ricci tensor on TM. Here §,; = gurpX.

Proposition 3.8. Consider T'M as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the RQSMC
V. The vector field ¢ on T'M is a fiber-preserving @(Ric)-vector field in accordance with the RQSMC V if and only if ¢

has the form
~_ [ #"E")
o= ()

() Vig" =0,
(1) Vip7 = ARyj,
(iii) (R, + gsaRh 6" Ria)P* = 0.

Proof. By using (2.4) if we take K = i, M = j in (3.28), it follows that
Vit; = ARg = Vi@Gg) =0
Vi (&hﬁm) 0
(V? )th =0
(Bs" + T, + T4 gn; =0
(Ez@")gn; =0

B =G ("),

and the following conditions are satisfied

R
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Similarly putting K = i, M = j and K = i, M = j, we respectively get

Vigi = ARy = Vi3Gg) =0
= V; (Ghﬁm) 0
= (Vi")gr, =0
= (B@" +TE g7+ T2 5%, =0
= (B:g")gn; =0
= §"=F"@a"
and
Vig; = AR;= V(@55 =0
=V, (Szhghj) 0
= (Vi@ )9n; =0
= (B@" + 150" + T )gn; =0
= (3" +T5¢")gn; =0
= (Vig")gn; = 0.
Finally putting K =i, M = j, we find
Vig; = ARij = Vi(3Gg) = ARy
= Vi(@"g5;) = A3 - n)Ry;
= (Vig")g; = A3~ n)Ry,
= (B T+ ff’aaﬁ)ghj — 33— )Ry
= [( yTL0p)@" + (V° Rl + YaRY — ¥ Ria) " + T}, " } ni

A3 —n)R;

- [8 ¢+ Ffﬁ;@“ +(y° Rlio + ya R — thm)@“} 9nj

= X(?) — n)R”

= (Vz@h)ghj + [ys(Rsi’zlz + gsaR:;L - 52Ria)[§a:| hj

= X(S — TL)R”

= v 90 - )‘( )RU and Y ( sia + gsaRh é?Ria)sZa = 0
= Vlcpj = AR;;.

4. Soliton structures on 7'M in the context of the RQSMC V

4.1. Generalized Ricci-Yamabe soliton structure

The concept of Ricci solitons emerged after Hamilton introduced the Ricci flow in 1982. The Ricci flow is
represented as:

£ g(t) = ~2Ric(g(1)).

where g is the Riemannian metric, ¢ denotes time, and Ric signifies the Ricci tensor of M. Ricci solitons
correspond to self-similar solutions of the Ricci flow and provide a model for understanding the development
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of singularities in the flow. A smooth vector field V' on a Riemannian manifold (), g) is considered to define a
Ricci soliton if it fulfills:

1
§ng + Ric = Ag,

where Ly g represents the Lie derivative of the metric tensor g with respect to V, Ric is the Ricci tensor of (M, g)
and ) is a constant. The vector field V is termed the potential vector field of the Ricci soliton.

Hamilton introduced the notion of Yamabe flow inspired by Yamabe’s conjecture, which states that a metric
of a complete Riemannian manifold can be conformally related to a metric with constant scalar curvature. The
Yamabe flow takes the form: 5

590 = =r()g(),

where r(t) denotes the scalar curvature of the metric g(¢). This flow is employed to find solutions for the Yamabe
problem. Yamabe solitons are special solutions of the Yamabe flow. A smooth vector field V on a Riemannian
manifold (M, g) defines a Yamabe soliton if it satisfies:

1

slvy= (r—=Ng,

where 7 is the scalar curvature of M. A Yamabe soliton (or Ricci soliton) is categorized as shrinking, steady or
expanding based on whether A > 0, A =0, or A < 0, respectively.

In recent decades, geometric flows and their associated solitons have captured the attention of numerous
geometers. In 2018, Chen and Deshmukh [1] introduced the concept of quasi-Yamabe solitons, defined on a
Riemannian manifold as follows:

(Lvg)(X,Y) =2(A = r)g(X,Y) + 20V (X)VF(Y),

where V7 is the dual 1—form of V, \ is a constant and p is a smooth function.
In 2019, Giiler and Crasmareanu [6] introduced a novel geometric flow named the Ricci-Yamabe map on a
Riemannian manifold (M, g). This flow is a combination of the Ricci flow and the Yamabe flow, formulated as:

99 .

E(t) + 2aRic(t) + Br(t)g(t) =0, 4.1)
where g, Ric, r are the (pseudo-)Riemannian metric, Ricci tensor and scalar curvature, respectively. Also, o and
(3 are two constants whose signs can be chosen arbitrarily. Depending on the signs of the associated scalars,
the Ricci-Yamabe flow can be Riemannian, semi-Riemannian or singular Riemannian. This variety of options
is very useful in differential geometry and theory of relativity.

Now, we aim to extend these concepts to a more generalized framework as follows:

Definition 4.1. A (pseudo-)Riemannian manifold (M, g) of dimension n > 2 is deemed to admit a generalized
Ricci-Yamabe soliton (g, V, A, «, 8, p) if it satisfies the following equation:

Lyg + 2aRic = 2\ — Br)g + 2pV# @ V#, 4.2)

where A, a, 3,p € R and V# is the 1-form dual to V. This notion provides a generalization encompassing a
broad class of soliton-like equations. Specifically, a generalized Ricci-Yamabe soliton can be categorized as:
* proper Ricci-Yamabe soliton if p = 0 and o # 0, 1;
* Ricci solitonifa =1, f=p=0;
* Yamabe solitonif a =p =10, 8 =2;
* Quasi-Yamabe soliton if « =0and 5 = 2;
* Einstein soliton if a =1, f=—1and p =0;
* e—Einstein solitonif « = 1, 8 = —2e and p = 0.
Theorem 4.1. Consider TM as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the RQSMC
V. The (°g,V, A, , 3, p) is a generalized Ricci-Yamabe soliton if and only if following conditions are satisfying:
NV = (v2,0%) = (v2,y*Vv?),
i) A = L[Vpo" — p(y*Vev;)vi],
iii)Ri; = 0,
w)(ViVuh + Ry v gn; + (V; V0" + Ry o) gni = 0,
v)stinvj = O,

where the potential vector field is the complete lift ©V of a vector field V on M to the tangent bundle T M.
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Proof. To establish the existence of the scalar A\, we start from the definition (4.2) and proceed as follows:
LiGes + 20R_, = 2\ — Br)ges + 20(VH# @ VH#) | (4.3)
If we consider (¢,d) = (4, j), the previous equation gives
Lygi; + zaﬁﬂ = (2A = Br)g,, +2p(VF @ V#)_
and from the expression of L g in (3.6) we have

(Eﬂﬁ) gn; + (V;0") gni = 22gi + 20(VH# @ V#) (4.4)

i’

where the potential vector field “V and 1—form dual to “V are written as

v-()-( )

and
V= V1G5 = 0'giy +v'gs; = 0" .0+ y*V'ay = y* Vo,
V= V1G5 =g+ 0'g5 =v' g, +0 =,
i gIJ - gz] gz] =V .Gij = Vy,
from which
s )
(V#) = ( vV > : (4.6)
J

If equations (4.5) and (4.6) are used in (4.4), we get
[B5(y* V50" )gns + (V50") gni = 20955 + 2p(y° V s05)vs,
which gives
5f(sth)ghj + (Vj'l)h) Gni = 2Xgi5 + 2p(y°*Vsv))v;.

Contracting with g/ both sides of the last equation we have
A= %[thh — p(y*Vsv;)v7].
If we consider (¢,0) = (4, j) in (4.3), we write
LyGij +20Ri; = (20 = Br)g, +2p(VF @ VF),;.

From (3.6), we have
[Eivh + (v R, + yo R — thia) v+ Fifva] 9hj
+ [Ejvﬁ + (ysst'ﬁl + yaR? —y"Rjo) v + Fjgvﬂ Ghi
+20(3 = n)Rij = 2p(y" Vi) (y' Viv;)
and it follows
[y ViVl + (YR + ya R — y" Ria) v*] gn;
+ [ySVjVSvh + (ysRsﬁl + yaR? - thja) Ua] Ghi
+2a(3 — n) Ry = 2py°y* (Vsvi)(Vevy),
from which we get
n # 37 R(¥5 = 07
(Vi) (Viv;) =0
and
(ViVoo" + R0 ) gn; + (V; Vo + R 0" ) g = 0.
If we reverse the above calculations, it becomes evident that the sufficiency of the theorem can be readily
demonstrated. O
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Theorem 4.2. Consider TM as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the RQSMC
V. (%, V, X\ a, B, p) is a generalized Ricci-Yamabe soliton if and only if following conditions are satisfying:

’L’LZ) (ng)ij = 2|pvjv; — a(3 - n)RijL

BN

where the potential vector field is the vertical lift V'V of a vector field V on M to the tangent bundle T M.
Proof. We will show the existence of the scalar . From the definition (4.2) we write
L Ges + 2R _; = (2 — Br)es + 2p(V# @ V#) . 4.7)
If we consider (¢, §) = (4,5), from the previous equation we find

Lyg + 2041%%_ = (2= Br)g, + 2p(V¥ @ VF)

W

and using the expression of L g in (3.6) we have

<E5UE) gni + (V;0") gni = 2Xgi; + 20(VF @ VF) (4.8)

57

where the potential vector field V'V and 1—form dual to V'V are written as

v-(3)-( )

‘/j# = Vlgjj = ’Uigij + ’U;g;j =0+ ’Uigij = vy,

and

VF = V15 =v'g5 +v'g5 =0+ 0=0,

from which
v = (%) @10
If equations (4.9) and (4.10) are used in (4.8), we get
2Agi; + 2p.0 = 0

A=0.
When we consider (¢,0) = (4, j) in (4.7), we get
LX~/§ZJ + 20[&1']' = (2)\ — 6T)§ij =+ 2,0(V# ® V#)ij~
From (3.6) we have
[Ez‘vh + (ySRsi}fz + yaR? - thia) v+ Figvﬂ Ghj
T [B 4 (0 Rl + vaRE = " Ra) v + T 207 g
+2a(3 — n)R;; = 2pv;v;

and it follows
[Eivh + I’ifv“]ghj + [Ejvh’ + Fija]ghi + 2a(3 = n)R;j = 2pv;v;.

From above equation we obtain
Vivj + Vj’Ui + 2&(3 — TL)RZ] = 2[)’(}in

and
(Lvg)ij = 2[pviv; — a(3 — n)Ryj].

If the above calculations are followed in reverse, the sufficiency of the theorem can be easily proved. O
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Theorem 4.3. Consider T'M as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the RQSMC
V. (g, V, X\ «, B, p) is a generalized Ricci-Yamabe soliton if and only if following conditions are satisfying:

) HV = (07,0) = (19,0),
i) A = 5=(Vpoh),
Z’LZ) Forn # 3, Rij = O,
7;7}) Ua(Rsiaj + stai) = 07
where the potential vector field is the horizontal lift 'V of a vector field V on M to the tangent bundle TM.
Proof. Let us demonstrate the existence of the scalar A. Starting from the definition (4.2) we have:
L\7§65 + QQRE(; = (2A = Br)ges + Qp(V# ® V#)aa'
Considering (¢, ) = (i, j), we obtain:
Lygs; + 2a}§% = (2A = Br)g, +2p(VF @ V#)_.
Using the expression of L;g in (3.6) we have

(E;zﬁ) gn; + (V;0") ghi = 22gij + 20(VH# @ VH) 4.11)

50

where the potential vector field 7V and 1—form dual to #V are written as

Hy ( e ) — < " ) (4.12)

V= Vg =g +vgy =0,

and

V= V1555 = 0G5 +v'g;5 = v'gi; +0 = v,
which yields
0
#\ —
(V#) = ( o ) (4.13)

By substituting equations (4.13) and (4.12) into equation (4.11), we get
(Efvh) 9hj + (vjvh) i = 2Agij +2p.0

(Vj’Uh) 9hi = 2)\g¢j.
Contracting both sides of the last equation with ¢%/, we obtain

_ 1 h
A= 2n(th )

Now, considering (¢, ) = (i, j) in equation (4.7), we find

Lygij + 20R;; = (2\ — pr)g, + 20(VF @ V¥)y;.
From (3.6), we have

[Eivh + (YR + ya Rl — y" Rig) v + I’i(ljva] Gh;

+ [Ejvﬁ + (ySRsf; + ya R — Y Rjq) v + Fjgvﬂ Ghi
+2a(3 — n)R;; = 2pv;v;,
which gives
I:(ysRsiZ + yaR? - thia) va] 9hj

+ [(v° R+ ya R — y"Rja) v] gni + 20(3 — n) Ry
- 0.
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From the above equation, for n # 3, we deduce:

Rij =0
and
Ua(Rsiaj + stai) = 0.
If we follow the above calculations in reverse, we can easily establish the sufficiency of the theorem. O

4.2. Riemannian soliton

A natural generalization of the Hamilton-Ricci flow is the concept of a Riemannian flow, defined by:
%G (t) = —2Rg(t), G = 1g A g, where R is the Riemannian curvature tensor and A represents the Kulkarni-
Nomizu product. For C, D € 39 (M), the Kulkarni-Nomizu product is defined as:

(CAD)(W,X,Y,Z) = C(W,Z)D(X,Y)+C(X,Y)D(W,Z)
—C(W,Y)D(X,Z)—C(X,Z)D(W,Y).

In local coordinates, this can be expressed as:
CAND=CyDj,+ Cijp Dy — CiyDj; — CyDiy.

The notion of a Riemannian soliton, similar to the Ricci soliton, was introduced by Hirica and Udriste [20]. A
Riemannian metric g on a smooth manifold M is considered a Riemannian soliton if there exists a differentiable
vector field X and a real constant A such that

1
R+ §g/\LXg:)\G,

where Ly is the Lie derivative along X, ) is a constant and R is the Riemannian tensor of g. Such a vector field
X is known as the potential of the soliton. A Riemannian soliton is referred to as the potential of the soliton. A
Riemannian soliton can further be classified as shrinking, steady, or expanding depending on whether A > 0,
A=0,0or A<, respectively. Moreover, R = R;ji is the Riemannian curvature tensor and G = Gijri=9gNg=
9it95k — 9ik9ji-

Theorem 4.4. Consider TM as the tangent bundle of a (pseudo-)Riemannian manifold M equipped with the RQSMC
V.The (TM,C g, X, \) is a Riemannian soliton if and only if the following conditions are satisfying:

)X = (v!,0!) = (v, y° A, + BY),
iA=L (Vi + B,

191) Vs Rijr = 0,

where X = v*E, + v®Ej be a fiber-preserving vector field on TM, X € R, B = (B') and A = (A") are the (1,0) and
(1,1) tensor fields on M, respectively.

Proof. We will begin by stating that we will only calculate the expressions:

. 1 _
i) Riji + §(Cg)z‘j A (Lg Cg)kl = AGijl,
e .

i) R+ 5( Cg)ij A (Lg ) v = AG g

These calculations will suffice for our purposes, as the other components beyond these will yield the same
results as these equations. Therefore, it is adequate for us to work with these expressions.

Given that G = Gyyxr = (°9)1.(%9) sk — (C9)1x(%9) s1., the Kulkarni-Nomizu products we will employ in
our proof are as follows:

Gijm = 9udix = 9ikGits Gy = —9ikgit, Gigua = Gitgjn
Gl = 995k — 9ik951,  Gijp = 9udsk,  Gigp = —9ik9jl

and other components are zero.
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Starting from:

we derive:

(L5 %)+ (%9)s0 (L g S0
—(%g)n(Ls S9)5 — ()L o]
= Agilgjk

[9i(Lz “9)5, + 956 (L g ©9) 7] = 2Agarg-
Contracting both sides with g/, we obtain:
0 (Lx “9)3i + k(L x “9) = 278] gy
and using the expression of (L ¢ “g) in (3.6):
(B gns + (Viv")gns] + LI Ep™)gni + (Vo™ ) gni) = 2Agun.
Contracting both sides with ¢'*, we get:
SL(E7™)8, + (Vav")gnsg'*] + 01 [(Ep™)gnig™ + (Vio")3f] = 22n,

which leads to: _
2(Bro" + Vio") = 2Xn

and ) B
A== (Bl + Vioh). (4.14)
n
Applying E;- to both sides in the equation (4.14), we obtain
ol = y* Al + B

Furthermore, starting from:

we can derive:

1
Y VaRiju + 5 [(“9)a (Lx 9) ;1 + (“9)in (L ),
—(“g)ir (Lx Cg)jl — (%9, (Lx “9),,)
= 0
and it follows that:
VsRijkl =0.

This is easily derived from the obtained results, completing the proof of the necessity of the theorem. It
demonstrates that the base manifold M is a local symmetric manifold (V,R;ji = 0). The sufficiency of the
theorem can be easily proven by reversing the above calculations. O
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