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The generalizations of the Carathéodory Inequality for the holomorphic functions
Biilent Nafi Ornek™', Tugba Akyel?
ABSTRACT

In this paper, the results of the Carathéodory inequality have been generalized. C. T. Rajagopal further
strengthened the inequality (1.8) by considering the zeros of the function f(z). We will obtain more

general results for the inequalities (1.8) and (1.9) by considering both the zeros and the poles of the function

f(@).
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Holomorfik fonksiyonlar icin Carathéodory esitsizliginin genellemesi
(0Y/

Bu makalede, Carathéodory esitsizliginin sonuglar1 genellestirilmistir. C. T. Rajagopal (1.8) esitsizligini,
f(z) fonksiyonun sifirlarin1 da goz oniine alarak daha da giliclendirmistir. Biz f(z) fonksiyonun hem
stfirlarint hem de kutuplarini g6z 6niinde bulundurarak, (1 .8) ve (1 .9) esitsizlikleri i¢in daha genel sonuglar

elde edecegiz.

Anahtar Kelimeler: Holomorfik fonksiyon, Kutuplar ve sifirlar

1. INTRODUCTION ,,
If(Z)*f(O)ISl—sup%(f(c)*f(O)),IZIZF (1.1

o : : . —7 Kk
Estimation of the holomorphic functions and their

derivatives have a significant place in complex

analysis and its applications. The real part of the |7(2) <
holomorphic functions gets involved in the
estimation of majorant. Among these inequalities
are the Hadamard-Borel Carathéodory inequality
for holomorphic functions in D ={z:|z|<1} with

R/ (z) bounded from above

and

1 2
1t:|f(0)|+ﬁ‘5?11’%(f(§)),|Z|=r (1.2)
frequently called the Borel-Carathéodory
inequality [4].
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Similarly, if the function f(z)is holomorphic on
the unit disc D with f(0)=0and Rf(z)< 4 for
|2| <1, then we have

24|

|/(2)| < 1 (1.3)
—4
holds for all z € oD, and moreover
|£'(0)|<24. (1.4)

Equality is achieved in (1.3) (for some nonzero
zedD)orin (1.4)ifand only if f(z)is the function

of the form
2A4zé"
f(Z)i l—|—zei0 B
where 6 is a real number ([4], p.3-4).
Sometimes, (1.1)and (1.2), as well as the related

inequality for Rf(z)

7

1—r 2
%f(Z)S1+r|f(0)|+1—r\sgl\§1)§R(f(g)) (1.5)
Hadamard-Borel-Carathéodory

are called
inequality.
Introducing the notation

A=supRf(z), M = 51‘1p|f(z)| .

‘z‘<l ‘z <1

Lindel6f [6] obtained the following two-sided

inequality similar  to Hadamard-Borel-
Carathéodory inequality.

1—-r 2r -7, 2r

VO ASW @ S RO+ (1.6)

Theorem 1. Let f(z) be a bounded holomorphic
and has no zeros in D with £(0)=1 and let
M =sup|f(z)|. Then for any z with |z|=r<1 two-

‘z‘<1

sided inequality
—2r

M <|f(@) < MT (1.7)
holds ([4], p.14).

A similar estimate for |f(z)| with f(0)=1 can be

obtained from (1.7) with f(z) replaced by %
That is; .
£ <] O M (1.8)

Similarly, from (1.7), we take

14+r —2r
|f@)| =] f O M. (1.9)
C. T. Rajagopal [5] further strengthened the
inequality (1.8) by considering the zeros of the

function f(z).
Consider the following product:

m

Bz =[[—=2.

A=1 l—aAz
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B(z) is called a finite Blaschke product, where
a,,a,,...a, € C. B(z) is holomorphic in the unit disc
D, and

|B(z)| =1 forz€dD,

—a,

l—a,z

since

=1 when |f=1. Therefore, the

Maximum Modul Principle implies
|B(z)| <1 forzeD.
Similarly, the extremal function is often given by
the Blaschke function
" 1—bz
B — k
b(Z) H z —bk )

k=1

which is generally defined for any set 5,,5,,...,5, of
poles.

The following Theorem 2 is a simple example of
the application of the maximum principle for
holomorphic functions.

Theorem 2. Let f(z) be a holomorphic function
in the unit disc D except at the poles 5,5,,...,b, .
Suppose that none of the limiting values of |/(z)|

as z approaches the boundary of the unit disc D
exceed 1. Then

" 1—=b.z
<| | k
|f(Z)| T z—b,

Equality at a point z (not a pole) is attained only
if f(z) is the function of the form
o= =22,

w1 2—b,

where || =1 and |b| <1, k=12,...,n ([1], p.286).

,zeD. (1.10)

2. MAIN RESULTS

In this section, we will make this kind of
improvement for the inequalities (1.8) and (1.9) by

considering both the zeros and the poles of the
function f(z).

Theorem 3. Let f(z) be a holomorphic function
in the unit disc D except at the poles 4,,5,,....5, and
a,a,,....,a, are zeros of f(z) in the unit disc D.

Suppose that none of the limiting values of |/(2)|

as z approaches the boundary of the unit disc D
exceed 1. Then for any |z|=r, we obtain
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B rolTel| =
\f@\gn‘lzf;j} }H{} il VN @.1)

k=1 % [A=1 A ];[1‘%
Proof. Consider the auxiliary function

f(z) z—b,
4
= =4 H 1 fb z
A=1 1 — a)\Z

¢(z) is a holomorphic function in D and |¢(z)| <1

for ze D . That is; the function

W(Z)ff(Z)Hl b
is a holomorphic in D. As z approaches the
boundary of D, the modulus of the limiting values
of (z) does not exceed 1. Applying the maximum
principle implies that for each ze D we have
lo(2)| <1 (see, Theoreml). Now, consider the

function
©(2)
- 2.2
(z)= B’ (2.2)
where B(z):ﬁzfﬁA B(z) is a holomorphic
A=11—a,z

function in D, and |B(z)| <1 for ze D. Therefore,

the the maximum principle implies that for each
ze D we obtain the inequality |¢(z)| <|B(z)| ([3],

p.192-193). Thus, we have |¢(z) <1 for ze D and
if we apply inequality (1.8) to the function ¢(z),
we obtain inequality (2.1).

Theorem 4. Under the hypotheses of the Theorem
3 and let z =0 be a simple zero in addition to the
zeros in Theorem 3. Then we obtain

O
1— bz z— Lo =
EER = }Hil_aﬁ;} M e (23)
A 1Tl
Proof. Consider the function
z noz—b
P(z) = mf() [[—=. 2.4)
z Zﬁﬁ)\ /(:117ka
)\:11—0)\2

Y(z) is a holomorphic function in D and ¢ (z)| <1
for z € D from proof of the Theorem 3. If we apply
inequality (1.8) to the function (z), we obtain
inequality (2.4).

Theorem 5. Under the hypotheses of the Theorem
3, we have

Dl \f(O)\H\b\ ar
\f(z)\zl‘[}lz‘_”[f}l‘[‘z 4] M7 zeD. (2.5)
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Proof. Applying the inequality (1.9) to the
function ¢(z) which is defined in (2.2), we obtain
inequality (2.5).

Theorem 6. Under the hypotheses of the Theorem
3 and let z =0 be a simple zero in addition to the

zeros 1n Theorem 3. Then we obtain
[ z]ee | - ‘\f(o)\l_[\b\ o
‘f(z)‘>‘z‘H‘z ‘H‘l—a;‘ = \MzeD. (2.6)
s I

Proof. Applying the inequality (1.9) to the
function (z) which is defined in (2.4), we obtain
inequality (2.6).

Now, we will make this kind of improvement for
the inequalities (1.3) and (1.4) by considering both
the zeros and the poles of the function f(z).

Theorem 7. Let f(z) be a holomorphic function
in the unit disc D except at the poles 5,b,,...,b, ,

f(0)=0 and a,,a,,...,a, are zeros of f(z) in the unit
disc D that are different zero. Suppose that none
of the limiting values of %f(z) az z approaches the

boundary of the unit disc D exceed 4. Then, we
obtain

2A\z\ﬁ1_az T
o) s — S E A 2.7)
- |1 —=b.z|y zfﬁA
‘Z[[, z—b a|l—a,z
and
zAﬁ\aA\
(0 < —=— (2.8)
H\ |

Equality at a point z (which is not a pole) is
achieved in (2.7) or in (2.8) if and only if f(z) is
the function of the form

o z—a, Y1 —b,z
ze
l_[,l aAzH z—b,

f(z)=24

H_Zeﬁ z—a, y7l— bz

i l— aAZ,,z b

where |a,| <1, |b|<1 and ¢ is a real number.

Proof. Let
- Zfb/:
f)  iil-bz
f@)—2415z—a,

wil—az

T(z) =

Y(z) is a holomorphic function in D and [Y(z)| <1
for z e D . That is; the function

@) b
ST mey] § Fas

1256



B.N.Ornek, T.Akyel /The generalizations of the Carathéodory Inequality for the holomorphic functions

is a holomorphic in D . Assume that any of limiting
values of %f(z) do not exceed 4 when =z
approaches the boundary of the unit disc D.
Applying the maximum principle implies that for
each ze D we have |w(z)<1. Now, consider the
function

Y(z)= ﬂ

m :
z—a,

A=1 1*(1)\2
The maximum principle implies that for each
z € D, we obtain the inequality

] < T2

=1 17 AZ

Therefore, we have |Y(z)| <1 for ze D and Y(0)=0

. From the Schwarz lemma ([2], p.329), we take
IY(2)| <[ and |7"(0)|<1. So, we get

n
z—b

f(2) /(—11*}7/:2 <‘Z‘
f@—2dtrz—a|”

vil—ayz

and

2Alﬂ“aA\
70 < —2=2—
H\ |

Thus, we obtain the inequality (2.7) and (2.8).
Now, we shall show that the inequality (2.7) and
(2.8) are sharp. Introducing the notation

"z, —a L lfb_z
k: 0 _)\ , (S: k<0 .
=1 17€ZAZO g Zy _bk
k6 |z,
:2A
If | f(z,)| kol then
|/ (z)| = k|zo|| f(20)| + 24Kz, . (2.9)
We known that,
trzy—b
‘ Sf(z) 1 bz, <|z|
f(z)— 27 Z—a |
‘ Sl—a,z
and

|/ (20)| S k6|2,]| £ (20) — 24| < +2.4kb|z,| +kb|z,|| £ (2,)] -
From (2.9), we take
|f (o) = kb=, || (z)—24].

Therefore, we obtain
- b
‘ f(zy) 1_[1 b,\z0
‘f(zo) 241 20— 4,

vil—a,z,

=1

and since z, is arbitrary
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zeHz a, Pr1—bz
laAz,(,z b

f(z)=24

1+ze€ z—a, 7rl= bz'
o1 1— aAz,\lz b

The sharpness of (2.8) can be shown analogously.

REFERENCES

[1]  V.N. Dubinin, On application of conformal
maps to inequalities for rational function,
Izv. Math. 66, 285-297, 2002.

[2] G.M. Goluzin, Geometric Theory of
Functions of a Complex Variable, 2nd ed.
[in Russian], Moscow, 1966.

[3] L.S. Hahn and B. Epstein, Clasical
Complex Analysis, Jones and Bartlett
Publishers International, 1996.

[4] G. Kresin and V. Maz'ya , Sharp real-part
theorems. A unified approach, Translated
from the Russian and edited by T.
Shaposhnikova.  Lecture = Notes in
Mathematics, 1903. Springer, Berlin, 2007.

[5] C.T. Rajagopal, Carath¢odory's inequality
and allied results, Math. Student, 9, 73-77,
1941.

[6] E. Lindelof, Meémoire sur certaines
inegalites dans la théorie des fonctions
monogenes et sur quelques propriet’es
nouvelles de ces fonctions dans le
voisinage d'un point singulier essentiel,
Acta Soc. Sci. Fennicae, 35, 1-35, 1908.

1257



