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Abstract: In this study, the solution of a variational problem that allows determining the input voltage form that provides the maximum
power factor of the battery charging process in the RLC circuit and the change character of the charging current for constant R, L, C
and charging time has been examined. The defined problem is obtained and solved in the form of a linear integro-differential equation.
A quadratic voltage criterion is proposed to analyze the convergence of the power factor to its maximum value for various modes of
charging the battery.
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Kapasitans Sarj isleminde Gii¢ Faktorii icin Varyasyonel Problem

Ozet: Bu galismada, sabit R, L, C ve sarj siiresi igin, R L C devresindeki batarya sarj isleminin maksimum gii¢ faktdriinii saglayan giris
voltaji formunu ve sarj akiminin degisim karakterini belirlemeye olanak saglayan bir varyasyonel problemin ¢6ziimii incelenmistir.
Tanimlanan problem, lineer bir integro-diferansiyel denklem bi¢iminde elde edilir ve ¢oziiliir. Bataryanin sarj etmenin ¢esitli modlari
icin, gii¢ faktoriiniin maksimum degerine yakinsamasinin analizi i¢in ikinci dereceden bir voltaj kriteri dnerilmistir.

Anahtar kelimeler: Maksimum gii¢ faktori, Sarj verimliligi, Varyasyonel problem

1. Introduction As it is known, battery packs consisting of series or parallel
connected cells are generally used as energy storage in BMSs
[1,2]. Series connections control voltage, while parallel
connections determine current and capacity. The charging of
these capacitive energy storage devices is generally provided
through either a current limiting resistor or a current limiting
inductance, depending on the operating conditions of the
device and the place of use [3-6].

In  connection with the ever-increasing technological
applications of capacitive energy storage devices with charge-
discharge cycle features, analyzing the power factor of the
charging process of devices in these device circuits attracts
great attention as important problems. There is a lack of data
in the literature about the extremal operating conditions of
circuits that provide maximum power factor at non-sinusoidal
currents and voltages. This study aims to analyze the solution of a variational

problem regarding the determination of the optimal form of the
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input voltage U, (t) and the change character of the charging
current i(t) when charging the capacitive energy storage
device C, corresponding to the upper limits of the power factor
in an R — L — C circuit. General expressions for power factor
are found at optimum U, (t) voltage and i,y (t) current
values for various charging modes. When solving the problem,
it is assumed that R, L, C circuit parameters and T charging
time are given as initial data

Since a circular wire of radius R, has a potential V > 0 and a
grounded flat ideally conducting electrode has zero potential,
the maximum electric field strength on the surface of the
cylinder will be achieved at its point P which is closest to the
grounded electrode (see Fig. 1)

2. Theory
The charging efficiency is equal to:
1 ()

N=——mps
| 4 2CRT
CcU,

where I- is the effective value of the charging current.

According to (1), with the accepted initial parameters, the
efficiency is determined only by the value of the charging
current. The problem of finding the maximum efficiency is a
variational problem on a conditional extremum and reduces to
finding the extremum of some functional.

T (2)
L =fi2(t)dt

0

Provided that the required function i(t) must satisfy the
additional condition:

T (3)
Ji(t)dt = CUL(T) 0
0

By using condition (3), as will be shown below, we determine

the constant in solving the problem posed, without resorting to
the initial conditions.

The formulated isoperimetric problem on a conditional
extremum is reduced to the usual problem of the calculus of
variations without additional conditions using Euler’s theorem
[4-8]. Euler's theorem as applied to (2) leads to varying the
functional

L= [ [i*(t) + 6 i(D)]dt “)

Let us establish the first variation of the functional (4) 6L,
while considering the extremum condition §L = 0, wich relies
on the first lemma of the calculus of variations [7-11] we have:

2i+6 =0, i=—§ )

Substituting (5) into (3), we find:

g _2CUc ©)
T

The law of change in current when charging a capacitive
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storage device in the R-L-C circuit, corresponding to the
minimum losses in ohmic resistance

0

. _CU: _
lopt = —— = const

On the other hand, if the charging circuit consists of passive
RLC elements connected in series, the input voltage will be
determined by the following integro-differential equation.

di(t)

Uin(®) = LE2 4+ R-i(t) + 2 [ i(t)de ®)

and satisfying condition (7a), then we get:

Uinope (£) = 2 (RC + ) ©)

The efficiency of the charging process with the taken initial
data and the optimal charging mode:

"=t (10
T

3. Results and Discussion

Thus, to obtain maximum efficiency when charging a
capacitance in the R — L — C circuit (see Figure 1), it is
necessary to maintain the charging current constant during the
charging cycle (7), and the shape of the input voltage must
increase according to a linear law (9)

R L
— YY" V»—
—I>
Uin C Ugut
o- 0

Figure 1. Equivalent charging circuit of series RLC elements

To analyze this case, consider a series-connected RLC circuit.
The change in voltage across the capacitor is described by the
equation [9].

LCU{ +RCU.+ U, =u (11)

and the magnitude of the current in this case is equal to:

i(t) = CUL() (12)

taking into account expressions (11) and (12), the functional
takes the form:

Tu@®i®) dt = ¢ [T[Lcurul + ReU + U ULlde - (13)
0 0

The minimum of functional (13) is provided by the function
u(t) satisfying the Euler equation, which in this case has the
form:

Ug(t)=0. (14)

Considering the law of switching in an electrical circuit,
according to which the current value i(t) = CU/(t), at the
initial moment should be equal to zero. Therefore, Euler’s
equation (14) must satisfy the conditions:
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U.(0)=0 (15)
U.(T)=U
UL(0) =0

Since the general solution of the second-order equation (14)
depends only on two arbitrary constants. Therefore, it is
impossible to subject it to the three specified conditions. It
follows that if there is inductance in the circuit, it is impossible
to change the voltage on the capacitor, giving maximum
efficiency

To clarify the physical meaning of the result obtained, let us

consider the following law of voltage change on the capacitor:

U-(exp(—at) +at —1) (16)
exp(—aT) +aT — 1

Uc ) =

where a is some parameter. Note that for any value of the
parameter @ # 0, conditions (15) are satisfied. Based on this
formula, taking into account the values of the parameters
included in it, for two different values of a, the calculated
values of U, are shown in the Figure 2.
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Figure 2. Change in voltage on the capacitor at different
values of the alpha parameter

Obviously, function (16) is a solution to equation (11) if its
right-hand side is defined as:

. 2_ — —
u(t) _ U-[(LCa?-RCa+1)exp(—at)+at+RCa—1] (17)
exp(—aT)+aT—1
As can be seen from figure 2, as the parameter « increases, the
function u.(t) approaches the linear function U.(t) = %t,

satisfying conditions (16).

But with increasing o, the initial value of the function u(0)
increases without limit (see Fig. 3), i.e. in the limit as a—oo the
initial value of the function u(0)—o. This explains the
impossibility of creating a corresponding law for changing the
voltage of the current source.
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Figure 3. Changes in current source voltage at different values
of the alpha parameter

The found solution to the problem is valid for i,,; = const at
all points, including for t = 0. However, under zero initial
conditions i(t)|;=o = 0, due to the presence of inductance in
the charging circuit, the solution to the problem can be
obtained only in the class of generalized functions. To
determine the input voltage shape that provides maximum
efficiency at zero initial conditions, we use the passage to the
limit. Let the current be described by the expression:

i(0) = ippe(1 — exp(—pD)) (18)

In the limit as § — oo (18) becomes a singular function

lopt » t>0 (19)

i® ={o, t=0

The input voltage shape corresponding to (19) under condition
(8) has the form:

Uin.opt , t> 0 (20)
0, t=0

Uan(®) = |

In the practice of using capacitive storage devices, the law of
change in the charging current and the shape of the input
voltage are different from the obtained optimal ones (7), (19),
(9), (20) and are adjustable. The shape of the input voltage is
determined by the rectification circuit adopted, and the shape
of the charging current, in addition, depends on the parameters
R, L, C and charging modes. It is known [7-11] that if F(t) is a
controlled variable, then the integral:

JCIF@®12dt

It is a so-called quadratic criterion for the quality of regulation.
One of the optimization methods in control technology is to
give this criterion a minimum value. In our case, to assess the
degree of optimization of the capacity charging process in the
R-L-C boiler, we have a quadratic criterion for current

T
7 = [ ][0 - tope )] e
0

where i, (t) is the change in current according to (7), i(t) is
the law of change in current for one charging cycle in the
circuit at a given mode.

For charging modes of capacitor banks, in which the value of
the charging current i, (t) is less than the value oy (t), it is
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appropriate to estimate y using the formula

T

y = CUC—J-i(t)dt
0

(22)

We analyzed the process of charging the capacitance in the
circuit for various forms of input voltage and circuit
parameters. Efficiency rating and y for different modes of
charging the capacity was carried out subject to condition (3).
Equation (8) was taken as the initial equation, which was
replaced during the analysis by a finite-difference equation of
the form:

i(tr) = i6) + 5 [Un(©) = R-i(6) = 2 30, (8 (23)

Based on this formula, the calculated results of the charging
current for given parameters are presented in Figure 4.

charging current . A

logt.s

Figure 4. Charging current variation at different RC values

Summarizing the above, we can draw the following
conclusions.

4. Conclusions

1. Let's find the optimal charging mode for a capacitive energy
storage device in the R-L-C circuit. From the analysis of (7),
(19), (9), (20) it is clear that in order to obtain the maximum
possible efficiency for given R, L, C, T, Ug, it is necessary to
have an initial current i(t) in the circuit i(t)|;=o = % and the
shape of the input voltage should change according to (9).

2. A quadratic criterion for current has been obtained, which

makes it possible to compare different modes of charging the
capacity.
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