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Abstract

In this paper, we study the generalized von Neumann-Jordan constant C’%’?,(X ) for the

generalized Banas-Fraczek space and improve related results on the Banas-Fraczek space.
The exact value of C](\%(X ) will be calculated for X to be the generalized Banas-Fraczek

space Rg’b’pl in the case p > 2 such that py >p>2orp>p; > 1.
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1. Introduction

The geometric constants have received widespread attention, for the reason that it can
essentially reflect the geometric properties of a space. Recall that the von Neumann-
Jordan constant Cn(X) of a Banach space X was introduced by Clarkson [2] as the
smallest constant C for which

1_ eyl eyl _
¢ 2(fzP+ 1wl —
holds for all z,y € X with |z||*> + ||ly||*> # 0. Several studies on the constant Cy;(X)
have been conducted by many authors (see, for example, [1,4-13,18,19]), and they play
an important role in the geometric theory of Banach spaces. Therefore the calculation of

geometric constants for some concrete spaces is very important.
Recently, a generalized form of this constant was introduced as follows (see [3])

T —
c“%x>=mm{”x . aye X, (ny) £ 0.0),
N L (|l + [9]7)

where p > 1.

Now let us collect some properties of this constant (see [3,14-16,20,21]).
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() 1<CP(X) <2
(ii) X is uniformly non-square if and only if C’%’?,(w) < 2.
(iii) Let 7 € (1,2] and £ + & = 1. Then for X = L,[0.1], we have

227P 1< p<r
OO (L,[0,1]) = 277+ p < p <
1, r < p < oo;

iv) If p > 2, then C%)(X) < J(X).

v) For the regular octagon space X, we have
a) If p > 2, then C](\Z;()](X) =1+ (vV2-1)%
)

(
(
(
(b) I 1< p <2, then C)(X) = 2277 [1 4 (v2 = 1)71]

p—1

Recently, C. Yang et al. introduced the Banas-Fraczek space X, in [17], i.e., R?
endowed with the norm
(@, y)lxp = max{Alz], [[(z,y),},

where A > 1 and p > 1. In [17], they showed that if p > 2 and (\? — 1)P~2(\2 —1)P > 1,
then
1.2
Ons(Xnp) =14+ (1= 5)r.
Also, Mitani and Stito and Takahashi introduced generalized Banas-Fraczek space Ra b
which is R? endowed with the norm
(2, y)|| = max{alz],blyl, [|(z,y)llp}-

And for a > 1 and a > b > 1 with a™ 4+ b7P > 1, they consider the Cn (X)) for this space
in [8,9] as follows:

(i) If p>2 and b < a(a? — 1)%, then
CNJ(Ribp) —1+0%(1—a?)r. (1.1)

(ii) If p>2and b > a(a? — 1) 27 & , then

2\ 177
CWJ(Rihp)::EZ<1%-<Z)2p) . (1.2)

2 2
(ifi) If 1 < p < 2 and a? % + b7 2 < 1, then

Cn(RZ, ) =1+ 0%(1 —a P)s. (1.3)
(p)

In this paper, we consider the constant C;(X) for the generalized Banas-Fraczek space
and obtain the following results:

(1)Fora>1a>b>1andp1>p>2vv1tha P4 p7Pt > 1.
(i) If b < a(aP* —1) s , then

(p) — bP —Pp1 o
CNJ(Rabpl)_1+ (1_a )pl

(i) I b > a(a? — 1) , then

pP1 -
b\ r—p1 P1
C}\?}(Rabpl) P (1 + <)p m) '
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pp PP
(2)Fora>1,a>b>1,p>2andp >p; > 1witha P +b7P > 1. Ifaf’l—lp —}-bpl—lp <1,
then
(p) _ _ . P1 -
CNJ(Rabpl)_1+bp(1 a )pl

2. Main results

Recall that the norm || - || on R? is said to be absolute if ||(x,y)|| = ||(|z], |y|)|| for each
(z,y) € R2. Before describing the main results, we give some lemmas.

Lemma 2.1. Let p > 2 and || - ||, || - ||~ be two absolute norms on R? satisfying the
following conditions:

(i) [lu+ol2, + lu —v||2, < 227 (Juf|2 + [[v]|2) for any u,v € R?.

(i) [|(z, y) |2 = [ Gz, )2 + (0, y)|[2, for any .y € R.

(iit) ||(z, y)|| < [[(z, y) ||~ for any z,y € R.

() I(1,0)[] = [I(1, 0)[|~ and [|(0, 1)[| = [|(0, 1)~

Then

C)(E, |- D) = 87, where 5 = max { ”,(( ))””N (#.9) € B2, (@) £ 0,0}

Proof. By || - || < |- [~ <8I - [l and (i), we have

u+ || + |lu—o|P
O, 1) (ol el =

201 (flull? + [ollP)
s {IIU+UII” +lu—vl2
20 ([l + flollR)

v €R? (u,v) # (0,0)}

IN

u,v € R%, (u, v);é(o,o)}
< B~

On the other hand, for any positive number ¢, we can take (zg,10) € R? such that

7‘%(@037’;0)”[ >  —e. Thus by (ii),

(220, 0)[I” + 1I(0, 2y0) |
207 1(|[(zo, yo) 1P + [l (w0, —y0)[IP)
[l (0, 0)[[2, 4 1/(0, y0)IIZ I|(z0, yo)lIZ.
[ (0, yo)[[% | (0, yo)?

> (B-e)

CO(R% 1) =

Hence, C)((R2, | - 1)) = A7.
]

Ifa>1,a>b>1and a P + 0P <1, by taking u = (é, %) and v = (%, —%) , then

[u 4 vfP + flu =[P _
20~ (Jlul? + [|v]I?)

Thus, C}V}( : bpl) = 2. Therefore, we only to consider the case a™P* + b7 > 1.

CV(R2,. ) >

a7b7p1

Lemma 2.2. Leta>1a>b>1andp1>p>1wzthap1+bp1>1 If

1
f(t) _ M t = (apl _ 1) Pty = (b)pl P and t3 = (bpl — 1)1’1 then
(14471) 71

(i) f is non-decreasing on (0,t2) and is non-increasing on (t2,00). Hence f has the
mazximum at to.
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(it) f(t3) < f(t1)-
p1—p
(iii) If b < a(aP* — 1) vr1 | then tz3 < t; <3 and

3=

max{f(t) :ty <t <t} = f(t) = (1+0° (1 —a ™))

P1=p
(iv) If b > a(aP* — 1) »r1 | then t3 <ty < t1 and

max{f(t) : ts St < tr} = f(t2) = b (1 T (b)> "

Proof. (i) Since f'(t) = (aPtP + bp)%_l(l + tpl)_ﬁ_ltp_l[ap — bPtP17P]) we have (i).

(ii) It is easy to see that

sy = (14 (L) @ - %)’

a

fts) = (1+ (Z)p(bm - 1)75’1);.

1
f(t1) if and only if g(apl - 1)i > (0Pt — 1)P1, that is (BP* — aP')(aP* +
0

. Thus it follow from a > b and a Pt +b7P1 > 1.

and

Hence f(t3) <
pP1 — aplbm) <
p1-p
(iii) Since b < a(aP* — 1) »p1 | we obtain t; < t3. By a ™ +b7P1 > 1, we can get
(aPr —1)(bP* — 1) < 1, and this implies t3 < t;. Thus it follows from (i) that (iii) is valid.
p1— pP1—
(iv) From b > a(aP* — 1) T8 , we see that t; > t9 and a > b > a(aP* — 1) e Thus,
b1 —1<aPt —1<1andts <1<ty <t;. Hence (iv) can also be obtained from (i).

([l
Theorem 2.3. a >1,a>b>1andp; > p>2 witha P +b7Pt > 1.
P1—P
(i) If b < a(aP* — 1) »»1 |, then
P
C}\?}(Rabpl) :1_’_bp(1_a—171)p1‘ (2.1)

(ii) If b > a(aP* — 1) — , then

C](\?)](Rabpl)

b (1 + <2) ppp;1>1£ . (2.2)

Proof. We define the norm || - |~ on R? by ||(z,y)||~ = ||(az, by) ||,
By Clarkson’s inequality, for any u,v € R?, we have

[u+vl|2, + [lu = v]|2 < 227 ([luf|? + [v]|2).
Also, ||(z,y)[[2. = aP|z[P + bP|y[P = ||(z,0)|[2. + [|(0,y)|[2 for any z,y € R. It is clear that
1(x, )|l < [l(x,y)||~ for any (z,y) € R* by a >b>1and p; >p > 1.

Put 8 = max { ”ﬁé’:y;gl”w (x,y) € R (z,y) # (0, O)}

(i) If b < a(aPr — 1) T , then we can show that § = f(t1).
In the case where z = 0 or y =0, since f(t1) > 1, we can assume that x # 0 and y # 0.

Put t = % We first consider the case ||(z,y)| = a|z|. Since a|z| > ||(x,y)||p,, we have
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1
t > (aP* —1) Pt =t;. Hence

Iz ll~ _ [I(az, by)lp b b
= =||(1, — < |[(1, — = f(t1).
H(x7y)” a|x! H( ?at)HP— H( 7at1)Hp f( 1)
Next, we consider the case |[(z,y)|| = bly|. Since bly| > |[(z,y)||p,, we have t <

1
(bPr — 1)71 = t3. Hence by Lemma 2.2

@)~ ez by)ll,  at B
@l oyl =13 LDl < ICE2 D)l = F(t) < Fit).

Finally we consider the case ||(z,y)|| = H(xv Y)lp:- Slnce (@, 9)llp, > alz|and [|(z,y)lp, >
bly|, it follows that t3 < ¢ < t;. Then by Lemma 2.2, we also have
(@, y)ll~ _ lI(az, by)llp
= = f(t) < f(ta).
@yl 1@ y)lp,

Thus, 8 < f(t1). Moreover, we have ”ﬁ(’y)ylr = f(t1) for (z,y) = (t1,1). Hence 8 = f(t1)

at3
(=~

and (i) is valid by Lemma 2.1.

(ii) If b > a(aP* — 1) Pf'lp, similar to (i), then we can get 8 = f(t2). Hence (ii) is also
valid by Lemma 2.1.
O

Remark 2.4. By taking p = 2 and p; = p in Theorem 2.3, we can see that (2.1) and (2.2)
can imply (1.1) and (1.2) respectively.

Next, we consider the case p > p;.
Lemma 2.5. Leta > 1l,a >b>1andp > p > 1 with a™P +b67P > 1. If

1 P 1
f(t) = M tr=(aP —1) 71 ty = ()7 and tg = (bP* — 1)71, then
(14491) 71

(i) f is non-increasing on (0,t2) and is non-decreasing on (t2,00). Hence f has the
minimum at to.

(i) f(ts) < f(t1).
1
Proof. (i) Since f'(t) = (aPt? + b”)%_l(l + tpl)fﬁfltplfl[aptp*pl — bP], we have (i).
(ii) The same as the proof of (ii) in Lemma 2.2.
([l
Theorem 26 a>1la>b>1p>2andp > py > 1 with a P +b7P1 > 1. If

pp1

apri—p —l—bpl z <1, then

P
Pl

C](\;;)()](Rabpl) =1+ bp(l —a pl)
Proof. We define the norm || - || on R? by ||(z,y)||~ = ||(az, by) ||,
By Clarkson’s inequality, for any u,v € R?, we have
lu+ o2+ flu = v]|2, < 227 ([[ul2 + [jo]|2).

Also, [|[(z, y)[|2, = a|z|P? + bP[y|P = || (2, 0)[[Z + [|(0,y)||]X for any z,y € R.
By Holder’s inequality, we have

(2.3)

PP P1

pp
(@, y)llpy = laxPta™ + +[by[P1o™" < (lax|” + Ibylp)%(aﬁ +bmnr) T

pp1

which implies ||(z,y)|| < ||(x,y)|/~ for any (z,y) € R? by - +br-r < 1.

Put § = max { Ll - (2, ) € R, (2,9) # (0,0)}.

Firstly, we show that 8 < f(t1).
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In the case where x = 0 or y = 0, since f(¢1) > 1, we can assume that x # 0 and y # 0.
Put t = % We first consider the case ||(x,y)| = alz|. Since a|z| > ||(z,y)|/p,, we have

_1
t > (aP* —1) 71 =t;. Hence

I, )ll~ ez, b)llp — ,p b b
@l — ax gl <G Zole = Ft).

Next, we consider the case ||(z,y)|| = bly|. Since bly| > ||(z,y)|p,, we have t <
1
(bPr — 1)1 = t3. Hence by Lemma 2.5

@ ll~ _ a2, by)ly _, at ats
el = oyl NG Dl < IEE Dl = f(ts) < f(1).

Finally, we consider the case [|(z, y)|| = [|(z, y)lp, - Since ||(z,y)|p, > alz|and |[(z,y)|»,
bly|, it follows that t3 < ¢ < ¢;. Then by Lemma 2.5, we also have

Vv

I, )~ _ llaz, o)l _
Il @yl Ft) < f(t).

Thus, 5 < f(t1). Moreover, we have % = f(t1) for (z,y) = (t1,1). Hence 8 = f(t1)
and (2.3) is valid by Lemma 2.1.

O

Remark 2.7. By taking p = 2 and p; = p in Theorem 2.6, we can see that (2.3) can
imply (1.3).
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