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Abstract

In this article, first of all, the definition of fuzzy sets was made, and the different aspects of fuzzy sets from
classical sets are underlined. The operations in fuzzy sets are shown. Fuzzy numbers formed by fuzzy sets and
fuzzy sequences are emphasized. Fuzzy norm and fuzzy ultranorm definitions are made. The a-cut sequences
of fuzzy numbers are shown in figures, and various sequences of fuzzy numbers are given. The definition of
ultrametric space is created in fuzzy sets, it is proved that the fuzzy number set is ultrametric space and that it
is a complete ultrametric space by researching their completeness. Finally, some fuzzy ultra-sequence sets are
defined. Then the set of fuzzy ultra-convergent, fuzzy ultra-null, and fuzzy ultra-bounded sequences are denoted
and their coverage states are examined. The differences between fuzzy sequences and fuzzy ultra-sequences are
emphasized. In addition, the properties of some fuzzy ultra-sequences created are shown. Fuzzy ultra-bounded
sequence spaces are proven to be complete and ultra-isomorphic.

Keywords: Fuzzy set, fuzzy ultrametric spaces, fuzzy ultranorm, fuzzy ultra-sequence, ultra-isomorphic.

Bazi1 Bulanik Ultranorm Uzaylarin Olusturulmasi ve Ozelliklerinin incelenmesi

Oz

Bu makalede baslangigta bulanik kiimeler agiklanmis, bulanik kiimeler ve klasik kiimelerin birbirinden farkli
yonlerinin altr ¢izilmistir. Bulanik kiimelerdeki islemler gosterilmistir. Bulanik kiimeler ve bulanik dizilerden
olusan bulanik sayilar {izerinde durulmustur. Bulanik norm ve bulanik ultranorm tanimlari yapilmistir. Bulanik
sayilarin a-kesim dizileri sekillerde gosterilmis ve ¢esitli bulanik say1 dizileri verilmistir. Ultrametrik uzayin
tanim1 bulanik kiimeler halinde yapilmis olup, bulanik say1 kiimesinin ultrametrik uzay oldugu ve tamliklar
arastirilarak tam bir ultrametrik uzay oldugu kanitlanmistir. Son olarak bazi bulanik ultra dizi kiimeleri
tanimlanmigtir. Daha sonra bulanik ultra-yakinsak, bulanik ultra-sifir ve bulanik ultra-sinirli diziler kiimesi
belirtilmis ve kapsam durumlar incelenmistir. Bulanik diziler ve bulanik ultra diziler arasindaki farklar
vurgulanmistir. Ayrica olusturulan bazi bulanik ultra dizilerin 6zellikleri gosterilmistir. Bulanik ultra sinirlt dizi
uzaylarinin tam ve ultra izomorfik oldugu kanitlanmistir.

Anahtar Kelimeler: Bulanik kiime, bulanik ultrametrik uzaylar, bulanik ultranorm, bulanik ultra diziler, ultra
izomorfiklik.
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1. Introduction

The concept of fuzzy sets was considered as a generalization of crisp sets and has continued to
evolve over time and it has begun to be used in many areas. Because it paved the way for graded
evaluation by taking into account the membership degree assigned to each member. Fuzzy logic
has been studied by Lukasiewicz and Tarski [1] since the 1920s. Then, the Fuzzy set theory
was proposed by Zadeh [2] in 1965. Kaleva [3], Seikkala [4] and Matloka [5] examined fuzzy
metric spaces and their properties and obtained significant results. Katsaras [6], C. Felbin [7],
and Cheng-Mordeson [8], on the other hand, studied fuzzy metric spaces and fuzzy normed
spaces and tried to improve them by Kramosil, Michalek [9]. Bag and Samanta [10] studied
fuzzy-bounded linear operators on fuzzy normed spaces in 2005. Fuzzy normed spaces and
their topological properties were studied by Kia and Sadeqi [11] in 2009. Xia and Guo [12]
investigated the completeness of fuzzy metric space and fuzzy closed set cases. Some new fuzzy
sequence spaces were studied by Vakeel A. Khan, Mobeen Ahmad, and Masood Alam [13].
Maria Manuel Clementino and Andrea Montoli were researched and interested in ultrametric
groups [14]. Thus, many researchers have developed fuzzy functional analysis and its
applications.

Cases of some consequences of metrics induced by a fuzzy ultrametric method were studied by
Li [25]. Regarding probability measurement in the category of fuzzy ultrametric spaces, it was
examined by Savchenko et al. [26]. Additionally, the completeness of fuzzy metric spaces was
examined by Gregori et al. [27]. Fuzzy ultametric spaces and their applications were also
encountered in the decision process, Khameneh et al. [28] worked on the subject. The properties
of ultranormed spaces were introduced and studied by Sanlibaba [29,30]. Intuitionistic fuzzy
normed rings and the generation of their basic properties were investigated by Abed Alhaleem
et al [31].

With a different approach, we have managed to go even further in this article. Fuzzy norm,
fuzzy ultranorm, and fuzzy ultrametric spaces are introduced and their properties are studied.
Fuzzy ultranorm spaces created by using ultranorm 3rd property (N3)' lu+vI<max{lul,lvl} are
emphasized as a more special case of fuzzy normed spaces, and various interesting results are
obtained. Especially in the situations between fuzzy sets and fuzzy ultrametric sets, their
coverage conditions are examined. For this reason, it is quite exciting to discover some kind of
new type of fuzzy space that can be beneficial for solving various problems in fuzzy work. In
addition, some theorems about fuzzy ultrametric space and fuzzy ultra-bounded sequence
spaces are proved, and examples are shown.

The structure of this paper is prepared as follows: Some preliminary results and basic definitions
are mentioned in section 2. In section 3 fuzzy ultranorm, fuzzy ultrametric, and some fuzzy
ultra-sequence spaces are proven and main results are discussed. In section 4 Some of the
conclusions emphasized in the article are summarized.
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2. Preliminaries

Let X be a universal set, p, (x) is the degree of membership of x in A. Then a fuzzy set A of X
is defined by the following transform:

na:X = [0,1]

With another expressed as:

AZIJA(Xl) + Ha(X2) + Ha(X3) Tt HAGn) _ ¥ llAX(:n) [15].

X1 X2 X3 Xn

As we know, classical sets are in particular fuzzy sets. Many algebraic operations used in
classical sets are also valid for fuzzy sets and De Morgan's laws are not always valid in fuzzy
sets. Therefore, it is obvious that fuzzy set operations are slightly different from classical set
operations.

Let the membership functions of fuzzy sets A and B be pu(x) and pg(x), respectively. The
union, intersection, complement, and inclusion of two fuzzy sets are shown below [16].

Maup(X) = max{pa(x), ug(x)} vx € X (Union)
Mane(X) = min{p, (x), up(x)} vx € X (Intersection)
HAGO =1 — pa(x) vx € X (Complement)
a(x) < pp(x), (ACSB) vx € X (Inclusion)

Definition 2.1. Consider a fuzzy subset of the real line u: R — [0,1]. Then u is called a fuzzy
number if it provides the following conditions:

1. wis normal,i.e., 3x, € R with u(xy) = 1;
2. u is fuzzy convex, i.e., u(tx + (1 —t)y) = min{u(x),u(y)}, vt € [0,1] ve Vx,y €

R.
3. u is upper semi-continuous on R. Ve > 0,36 >0 such that u(x) —u(xy) <&
[x —xo| < &

4. u is compactly supported, i.e., u® = {x € R:u(x) > a} is compact. [17],[18].

Let's suppose that E; is the be set of all closed and bounded intervals on R, E; =
{fu=[u,utl:u” <x<u*,u andu* € R}.

From this definition, Va € [0,1], a —level set defined by u* = {x € R:u(x) = a}isin E;, that
isu® = [u*",u**] and the set of all fuzzy numbers are denoted by E’.

E' is the set of fuzzy numbers, f: N - E’ Kk — f(k) = uy, for vk € N, fis called sequences
of fuzzy numbers with u, € E’,
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f:N-> E' k- f(k) =u,

If the sequences of fuzzy numbers are denoted by u = (uy) it is clear that u® is called a — cut
sequences given in form (u%) = (uy) = (u%;, u%,, ..., ug, ...) [19],[20].

Additionally, the sets of sequences of fuzzy numbers are indicated with w(E') =
fu=(u) €EE"keN}={f:N - E’, f(k) =uy}. The algebraic structure of w(E") in Figure
2.11is as follows:

+:w(E") X w(E") > w(E'),u = (uy, uy, ...) and (vq,v,,...) € w(E")
(W, v) 2u+v=u+vy
= (u; + vy, Uy + vy, o, Ui + Vi, -n)

-t A E R, A(uy) = (Aug) = (Aug, Auy, ..., Auy, ...)

1.5 -
u \Y u+v
VAN “
a
0.5 - ) v
\ u+v
O T T
0 1 2 3 4 5

Figure 2.1. a — cut sequence and operations on fuzzy sequences

In scalar multiplication (u) € w(E") and uf = [uf~,uf"] if a — cuts sequences are taken
as:

uie = [ug il

Aud™, g™, A=>0

Auge = R = A", u] = {[Ku;‘i” Auy™] A<O0

Since the set of closed intervals does not have an inverse with respect to addition, the set of
fuzzy numbers in the classical sense has no inverse with respect to addition. Therefore, the same
is true for w(E") elements. Therefore, w(E") cannot be transformed into a vector space using
scalar multiplication and addition in the Zadeh sense.

3. Main Theorem and Proof

In this section, firstly fuzzy ultrametric spaces and their definitions are given, then the fact that
F(E") which is the main subject of the research is an ultrametric space is proved by Theorem
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3.1, and its completeness is shown in Theorem 3.2. In the last part, it is proved by Theorem 3.6
that the space of ultra-bounded sequences I, (E") is ultra-isometric.

3.1. Fuzzy Ultrametric Spaces and Fuzzy Ultra-Sequences

The metric space and completeness of sequences of fuzzy sets have been shown in various
articles. In this section, it will be proved that fuzzy numbers are ultrametric space and ultranorm.
Then, the definitions of different fuzzy sequence spaces will be made and their properties will
be examined.

Definition 3.1. Let G be the set of fuzzy numbers but nonnegative and u,v € E’. The function
ds: E'XE’ — G is called fuzzy metric if it is satisfies the (F1), (F2), (F3) and (F4) properties:

(F1) df(w,v) =0

(F2) df(u,v) =0ifandonlyifu=v

(F3) dr(w,v) =ds(v,u)

(F4) Forallu,v,w € E', df(u,v) < df(u,w) + dr(w, v) [21].

If is taken (FU4)" df, (u, v) < max{dg,(u,w),ds,(w,v)} instead of (F4) then the function
dpy is called fuzzy ultrametric. For any u, v € E’, if df, is a fuzzy ultrametric on E’, the pair
of (E',dy,) is called fuzzy ultrametric space.

Definition 3.2. Let u = (uy) sequence of fuzzy number and u,v € E'. A(E") the subset of
sequences spaces of fuzzy number, H is the set of all nonnegative fuzzy numbers, and
|-]l: A(E") — H. If the function satisfies the following (N1), (N2), and (N3) properties, it is
called a fuzzy norm and fuzzy module [22].

(ND |ull =6 u=2~6

(N2) llaull = loc]{[ull

(N3) [Ju+ v < [lull + (vl

(N3)" [lu+ v|| < max{]|Jull, [IvII}
Also, if it satisfies (N1), (N2) and (N3)' properties, it is called fuzzy ultranorm.
Theorem 3.1. The set of all fuzzy numbers is represented by F(E') and F(E") =

{ulu: R — [0,1]} it is remembered that F(E") is normal, convex, and upper semi-continuous
uO thatitis also compact. This is stated from the definition of fuzzy numbers given in definition
2.1. Then, let d(u,v) = supae[ojl]ﬂu(“)‘ — V(“)‘|, |u(°‘)Jr — v(“)+|}, for u,v € F(E'). The d
function satisfies the ultranorm conditions, and (F(E"), d) is a fuzzy ultrametric space.
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Proof. Let u,v € F(E");
dluv) =0 u=v
d(u,v) = supaepoq {|u@~ — v@|, [u@* —v@*|} = 0 &
|u(a)— — V(a)—| =0 A |u(a)+ _ V(a)+| —0ou=v
d(u,v) = supgefo{|u@~ — v, [u@+ —y@+]}
= Supoce[o,l]{lv(a)_ — u(oc)—|' |V(oc)+ _ u(o¢)+|} = d(v,u)
(0, ¥) = supgeo g {max{[u®~ — v~ @ — @[}

= Supgefo 1 {max{|ul®= — WO 4 wHEO — y@-| g0+ — W@+ 4 @+ _

Vo)

< SUPge[o.1] {max{|u(°‘)‘ — w7, Ju@* — w(“)+|}}, SUPe(0.1] {max{|w(°‘)‘ -

v~ |, [wH@ — V(oo+|}}

= max {supae[o,ﬂﬂu("o‘ — w7, Ju@* - W(“)+|}} , max {supae[o,ﬂﬂw(“)‘ -
V0|, [wt — v<°0+|}}
d(u,v) < max{d(u,w),d(w,v)}.
Since it satisfies the ultrametric axioms (F(E"), d ), it is an ultrametric space.

Similarly with [lu|]| = sup|ug|, properties (N1), (N2) are clear. Property (N3)' is following
k

denoted.
lu + vl = supy [u + vi | < supy {max{|ugl, [vi [}
= supy {max{|u, + 0|, |v, + 01}
< supy {max{max{|u|, 6}, max{|vy |, 6}}}
= max{supy {max{|uy |, 8}, sup, {max{|v, |,6}}}
= max{supy d(u, 8), supy d(vy, 6)}
= max{|lull, [lv]|}

Consequently, d is fuzzy ultranorm. ]
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Fuzzy ulltranorm spaces are also special cases of fuzzy norm spaces. Now, considering the
definitions and theorems explained so far, the relationship between fuzzy metric space, fuzzy
ultrametric space, fuzzy ultranorm space, and fuzzy normed spaces is easily shown in diagram
3.1. below.

- Fuzzy
Fuzzy metric ultrametric Fuzzy ultranorm
space space space

Fuzzy norm
space
Diagram 3.1. The connection between fuzzy ultrametric space and fuzzy ultranorm space.

Let u be a sequence of fuzzy numbers. For Ve > 0, Yk > k, and 3k € N, if the inequality
d(uy,ug ) = supae[oll]a(uka, uy®) < g, then (uy) is called to convergent to (uy) € F(E").

d(ue® ue®) = max{|ux @ — ug@7|, [u@OF — uy@*|}. Briefly, it is denoted by limuy, =
u,. If in the closed interval d([a,b], [c,d]) = max{|a — c|,|b — d|}.

Lemma 3.1. Let E' = {[a,b]|]a < banda,b € R} be the set of all closed intervals. Since
d:E'XE' > R, (E',d) is ultrametric space.

Defined by ([a,b], [c,d]) = d([a,b], [c,d]) = max{|]a—c|,|b—d|}, d provides ultrametric
properties.

d([a,b],[cd) =0 & max{la—c|,[b—d|}=0 < anda=c, b=d, [ab]=[cd]
d([a,b], [c,d]) = d([c,d], [a,b]) itis clear that.
d([ab], [c,d]) = max{la —cl,|b—d[}

=max{la—c+e—el,[b—d+f—f]}

< max{{la—e| +|e —c[},{Ib—f| + |f - d[}

= max{{la —el,|b—f|} + {le — c|, |f — d|}}

< max{{la —el, [b — |}, {le — c|, |f — d[}}

= max {d([a, b], [e, f]), d([e, f], [c, d])}

Since it provides ultrametric properties (E’,d), it is an ultrametric space. L]
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Let's suppose that u, = ([xy, yxl) is a Cauchy sequence. So for all € > 0, itis 3n, € N such
that for vk, m > ny it is d([Xk, Ykl, [am bm]) < €.

Since max{|xx — X |, [Vk — Vml} < & Xk — x| < € and |yx —y,m| < €. The sequences
(xx) and (yx) are also a Cauchy sequence in R. Because R is complete, lilr(n Xx = X, and

lilgn Yk = Yo exist. Since x < yy 1SXy < ¥o. SO lilzn ug = lilgn[xk, Vil = [X0, Yol Namely, (uy)

Cauchy sequence is convergent and since it is convergent (E’, d) it is a complete ultrametric
space.

Theorem 3.2. F(E') is the complete ultrametric space.

Proof. It can be proved that F(E’) is also complete using Lemma 2.1. It can be taken as u €
F(E") © u® = [u*",u*"]. Because for (uy) € F(E’) and Va € [0,1], a —cut (u*) gives a
sequence of E’. As a result, it is clear from the complete of E' that F(E") is complete. ]

Definition 3.3. The fuzzy norm of the fuzzy number u is denoted which notation to the fuzzy
distance from u to 0, as follows:

lullgr = suprsupjefo,Allue™ — 0l, [ug* —0l] (3.1)
Let u = (uy) be a sequence of fuzzy numbers, (uy) € E' and ||-|| be a fuzzy norm.

It means that the sequences (uy) converge to (uy) € E’ with the fuzzy norm ||-||, there is an
integer n, such that ||u, — ugl| < [g, €] = € for k = n,, if for any given € > 0. The sequence
(uy) is said to be fuzzy norm ||-]| if sup,||u,|| < oo, for all k € N. Respectively c(E"), co(E"),
and [, (E") are written for the the fuzzy sets of all fuzzy convergent, fuzzy null, fuzzy bounded
sequences [23].

||| is satisfies the property (N3)’ with the norm defined by sup ||ug||. (3.2)
ul{,o(E’)(k) = ucr(Er)(k) = uc{)(E’)(k)'

Then the set of fuzzy ultra-convergent, fuzzy ultra-null, and fuzzy ultra-bounded sequences are
denoted by ¢'(E"), cy(E") and 1, (E") respectively, and defined as follows:

¢'(E") = {u = (u) € w(E"):limy supepo3Allug™ — Ol [u* = 0l] =, @ EE"}
co(E") = {u = (ug) € w(E"): limy 5uPAe[o,1]A[|uk_ — 0}, Ju,t = 0[] = 9}

16 (E") = {u = (uy) € w(E"): supgsup;epo,jAllug™ — 01, [ ™ — 0[] < oo}
Theorem 3.3. ¢y(E") € ¢'(E") c I, (E") coverage is available.

Theorem 3.4. c4(E') c co(E") € ¢'(E") c c(E") c I, (E") c lo(E"). Itis clear that it has
coverage.
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Theorem 3.5. I),(E") = {u = (u) € E": supgsupjepo,iAllug™ = 0l, [uet = 0[] < oo} fuzzy
ultra-bounded sequences is a complete ultranorm space, with the norm given in (3.2).

Proof. It is easy to prove that a fuzzy ultra-bounded sequence is a fuzzy ultranormed space.
Hence it will be proved below that a fuzzy ultra-bounded sequence is complete.

Let's assume that (uy) is a Cauchy sequence in I, (E"). If (uy) is a constant sequence then the
case is clear. If (u;) is not a constant sequence then there is an integer n, such that m,n > n,
and,

lu™ —u*ll = supgelue™ —wc™| < e (3.3)

From here, |u;,™ — u™| < € is obtained when m, n > n, for every arbitrary but constant k with
k =1,2,..and £ > 0. So for every constant k, (uj,uz, uj,...) is also a Cauchy sequence in
E'. Since E' is complete u;* —» u € E'. With the help of these limits to be obtained for each
natural number k, the sequence u = (uq,u,,...) is formed in E"'.

u; = (uhud, . ud, )
u, = (Wdui, ..., u3,...)

uz = W3, u3, ..., ud,...)
we = (uf,uf, . uk, L)

Uy = Wt ult, o o ult, L)
1 T

u = (ug, Uy, o, Up, )

Now it will be denoted that u,, > u, n > oo, and u € [;,(E"). In (3.2) if n —» oo is done
[lup™ — uk”zgo(E') < & is obtained. Since u, = (uy) € l,,(E"), there is t, real sequence such

that ||u,™|| < t,, fork =12, ...

From the strong triangle inequality ||ug || = |lugr — ue™ + up™|| < max{||u, — w, ™|, Jug™ |} <
max{e, t,} < oo. Considering that for all k this inequality is valid, (uy) € I, (E"). ]

Definition 3.4. Z' = (z,;) and given the sequence u = (uy), consider the transformation v, =
puy + (1 — p)ug_q, which is called Zweier transformation by the following definition [24].

D, n==%k

Z'ok = 1-p, n—-1=k ,peR-{-1} nk €N
0, otherwise
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Theorem 3.6. Defined by I (E') = {u = (uy) € E": supysup,epo,Allu,” — 0[, lu,t —
0]] <o } the set of the fuzzy ultra-bounded sequence is ultra-isomorphic.

Proof.
Z":1,(E") = I',(E") consider the transformation u = Z'u=v, v = vy,
Vg = pup + (1 — plug—q (3.4)
i) Z" is linear.
Yu,v € ZOO(E’) , Va e E’
Z'(u+v) =pluy +v) + (1 —p)(we—1 + ve_q)

=pu + v + (1 = plug_y + (1 — pIvg_4

= pug + (1 = plug-1 + pvg + (1 = pIvk-_q

=Z'(w)+27Z'(v)
Z'(au) = p(auy) + (1 — p)(aug_1)

= a(puy + (1 — plug-1) = aZ'(w).

ii) Z' bijection.

Z"1(E") = 1o (E") and vy, = puy + (1 = plug—

. (1=p)k—J
When u= Z'""v, every u = (u) = Z?zo(—l)k‘f ) ]vj (3.5)

pk—j+1
The form given has a v element. As a result, it is shown to be a bijection.

iii) In the case of I,(E") and I, (E") ultranormed spaces, the Z’ isomorphic is a linear space
isomorphic that preserves the norm, that is, satisfies the |[Z'ul|| = |lu|| condition for each u
(element) Z'.

L (1—p\K—J
Inthe u = (u) = ﬂ?zo(—l)"‘f (;k’_’3+1]vj sequence given in (3.5), with (3.4) v, = puy +

(1= plug_y

1Z"ullz,y(57y = supxd (Z'uy, 0)

= supyd(puy + (1 — p)uy—1,0)
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- _j a-p)kJ - A G
= suped (p Zoo~DF S v, + (1 - p) Bo(- 1) G2 D)
= sup;d (u, 0) = llully, (1)

To summarize, Z'is norm preserving. The spaces I, (E') and 1., (E") are isometric. ]

As a result, I, (E") fuzzy ultra-bounded sequence space is shown to be ultra-isomorphic and
the proof is completed.

4. Conclusion

In this study, fuzzy ultrametric space and fuzzy ultranorm definitions were made. It is proved
that fuzzy sets are ultrametric space and ultranorm. It was emphasized that fuzzy ultranorm
spaces are also special cases of fuzzy norm spaces. Additionally, a relationship was established
between fuzzy ultrametric spaces and fuzzy ultranorm spaces. It has been shown that F(E') is
a complete ultrametric space. By defining fuzzy ultra-sequence spaces c¢'(E"), co(E"), and
I, (E") their coverage states are researched and shown. Finally, the fuzzy ultra-bounded
sequence spaces are proven to be complete and ultra-isomorphic.
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