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Abstract: In this paper, we consider the semi-Markov random walk process with negative drift, positive
jumps. An integral equation for the Laplace transform of the conditional distribution of the boundary
functional is obtained. In this work, we define the residence time of the system by generalized exponential
distributions with different parameters via fractional order integral equation. The purpose of this paper
is to reduce an integral equation for the Laplace transform of the conditional distribution of a boundary
functional of the semi-Markov random walk processes to fractional order differential equation with constant

coefficients.
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1. Introduction

A semi-Markov processes are investigated in different directions. In recent years, a semi-Markov
random walk with one or two barriers are being used to solve a number of very interesting problems
in the fields of inventory, queues and reliability theories, mathematical biology etc. It is well known
that the semi-Markov processes have been introduced by Levy [14], Smith [22] and Takacs [23]
in order to reduce the limitation induced by the exponential distribution of the corresponding
time intervals. This is the immediate generalization of Markov chains since the Markov property
is the typical consequence of the lack of memory of the exponential distribution. The semi-
Markov process is constructed by the so-called Markov renewal process. The Markov renewal
process is defined by the transition probabilities matrix, called the renewal kernel, and by an
initial distribution. The essential developments of semi-Markov processes theory were proposed
by Pyke [21], Feller [7], Cinlar [6], Gikhman and Skorokhod [9], Limnios and Oprisan [15] and
Grabski [8]. In the work of Abdel-Rehim, Hassan and El-Sayed [3] a simulation of the short and

long memory of ergodic Markov and non-Markov genetic diffusion processes on the long run was
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investigated. Using asymptotic methods and factorization methods similar problems were studied
by Lebowitz and Percus [13] and Lotov and Orlova [16]. In many cases asymptotic analysis of the
factorization representations of dual transforms leads to the complete asymptotic expansions of the
distributions under consideration [4]. But in particular case of semi-Markov random walk process
we can obtain the explicit form for probability characteristics. The authors of [10, 12, 19, 20]
have found the Laplace transform of the distribution of the first moment reaching level zero of the
semi-Markov random walk processes. It should be noted that finding the Laplace transform of the
semi-Markov random walk processes is a powerful tool in applied mathematics and engineering.
It is well known the connection between semigroup theory and the Markov processes. In the
semigroup theory of Markov processes, a particular process is usually represented as a semigroup
of contraction operators in some concrete Banach space, and the properties of the particular
process are deduced from the properties of the associated semigroup of operators. From this
point of view, by Atangana in [1] it was shown that the Atangana Baleanu fractional derivative
possesses the Markovian and non-Markovian properties. We also refer to [2] for more results on
fractional modeling of probabilistic processes. We recall that, in [5] the authors studied a stepwise
semi-Markov processes. Then authors used the fractional Riemann-Liouville derivative. Moreover,
the obtained solution for the fractional differential equation was in the form of a threefold sum.
But in the presented paper, we obtained a mathematical model of a semi-Markov process with
negative drift, positive jumps for a certain general class of probability distributions, and in the
class of gamma distributions we managed to reduce the study of a mathematical model through
a fractional differential equation with a fractional Riemann-Liouville derivative. In conclusion, we

were able to find solution for the fractional differential equation.

In this paper, jump processes with a waiting time between jumps that is not necessarily given
by an exponential random variable is consider. In the present paper, we study the semi-Markov

random walk process with negative drift, positive jumps and delaying barrier.

An integral equation for the Laplace transform of the conditional distribution of the bound-
ary functional is constructed. In particular, constructed integral equation is reduce to the fractional
order differential equation in the class of gamma distributions. Finally, solution of the fractional
order differential equation is obtained. The paper is organized in five section. In Section 2, we
introduce analytic expression of a stochastic process and some notation. Section 3 is devoted to
construct an integral equation for the Laplace transform of the conditional distribution of the
boundary functional, also it is shown that the obtained integral equation is reduce a fractional
differential equation in the class of gamma distributions. The main result is obtained in Section

4. Finally, the conclusion is given in Section 5.
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2. Problem Statement and Preliminaries

Let’s assume that sequences of independent and identically distributed pairs of random variables
{€k.Ck} ey s be given on the any probability space (£, F, P), where the random variables &, and

(i are independent, positive. Now, we can construct the stochastic process X; (¢) as follows

k-1 k

k-1
Xi(t)=z—t+ Y G, if Y &<t<> &,
=0 =0 =0

where £y = (o = 0. This stochastic model is called “a semi-Markov random walk process with

negative drift, positive jumps”. Let this process is delayed by a barrier zero:

X(t)=X1(t) _Oisrit{Ole(S)}-

Now, we introduce the following random variable
To=inf{t: X(t)=0}.

We set 79 = oo if X (¢) > 0 for every t. Notice that the random variable 7y is the time of the
first crossing of the process X (¢) into the delaying barrier at zero level. 7y is called boundary
functional of the semi-Markov random walk process with negative drift, positive jumps.

The aim of this study is to find the Laplace transform of the conditional distribution of the

random variable 7p. Laplace transform of the conditional distribution of the random variable 7y

by

L(Olz)=E[e ™ |X(0)=2], 6>0, z>0.

Let us denote the conditional distribution of random variable of 79 and the Laplace transform

of the conditional distribution are defined by
N(tlz) = P[0 >t]X(0) = 2],
and

N(B2) - /(;ooe“%N(ﬂz)dt,

respectively.

Thus, it is easy to see that

N(0|Z):1—L9(0|z)

or, equivalently,

L(0|z)=1-0N(0]z).
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3. The Construction of an Integral Equation for the N(f|z) and Reduction to the

Fractional Order Differential Equation

Theorem 3.1 Function N(6|z) satisfy the following integral equation:
N(8]2) = f et P (e > 1) dt+/ N (8]y) f et P € <ty dy P{Ci<y-z+1t}
0 z 0
v [TN@ly) [ e dP G <ty dy PG <y-z+t). (1)
0 z-y

Proof Using by the law of total probability, we can get

N(tlz)=P{mo>t; &>t |X(0) =z} +P{rp>t; &1 <t | X(0) =2}

t oo
:P{z—t>0;§1>t}+[ f P{& eds; 2—s>0;2-s+( edy} P{ro>t—-s|X(0)=2}.
o Jo

Then
N(t, |z2)=P{z-t>0} P{& >t}

t oo
+ffP{fleds;z—s>0;z—s+<1edy}N(t—s|y). 2)
00
By applying the Laplace transform with respect to t both sides of the equation (2) we get:
N(G\z):[ eVt P{z—t>0;& >t} dt
0
oo t oo
+f e_gtf f P{&eds;z-5>0;2z-s+C1edyt N(t-s|y), >0
0 o Jo

or

N(¢9|z):/Ozf,f”P{g1 >t} dt

+[ N(9|y)f e P g edt; 2—t> 0 dy P{CL<y—z+t}, 0>0.
0 0

The following equation can be easily obtained from the last equation:

N(0|z):foze‘“P{§1>t} dt

+[0°°z<z(e|y)foze-9tdtp{gl <ty d, P{Ci<y—z+t).

It is clear that it should be taken y — z +t¢ > 0. From this condition, it follows that

t > max(0,z -y). Then the last equation can be rewritten as follows
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N(9|z)=foze_9tP{§1>t} dt

+f0°°N(9|y)fz Ot P& <ty dy P{CL<y—z+t). (3)

max(0,z-y)

Finally, from integral equation (3), (1) is obtained.

This completes the proof.
Suppose that the distribution of the random variable &; has the density function pe,(s),

s> 0 and the distribution of the random variable ¢; has the density function p¢, (s), s> 0. Then

equation (1) has the form

- 1 1 r=
N(0|z) = [1 - e’gz] + ée’azP{fl <z}- 7 /(; e Olpe, (t)dt

1
9
+fz N(9|y)[0 e pe, ()pe, (y — 2 + t) dtdy

+fOZN(9|y) /_,, e pe, ()pe, (y — = +t) dtdy. (4)

Let’s assume that random variable &; has the gamma distribution with parameters a > 0

and 8 >0, while random variable (; has Erlang distribution of first order with the parameters pu:

«@
B po-l e BT >0 e M x>0

-] T@% _ M
Py ({,E) { 0, <0, P (37) { 0, z<0.

In the class of these distributions the integral equation (4) can be written as follows

a, -0z z « z
N(0|z) = 1 [1- e_ez] + ple e PYyelay - P / e (O+At a1y
0 0T (a) Jo T («) Jo

a,puz oo 5 z
+Mﬂ ¢ eMN (0]y) / e 0Bt ol gy
0

F(Oé) z

Qopz oz B 2
NACaay R I [ ettt gy (5)
F(Oé) 0 zZ=y

Multiplying both sides of equation (5) by e™# and differentiating both sides with respect
to z, we obtain

- ~ 1
e N (0]2) - pe ™™ N (0]z) = 7 [(n+ )~ (0= _ pe ]
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B (1 +0)e (0= fz -By, a-1 pB*e = fz —(0+8)t a1
- Ty + ——— t*dt
o (a) “Y W)y b €

ﬂﬁae—(u-ke-f-ﬁ)z

w1 [T e 9]y d
f T N @ldy

Mﬁae—(u+0+,@)z

o /Oze(9+/3)y]([(9|y) (z—y)* ldy. ©

z oo n_n
It is easy to see that, [ e Pvyeldy = e P2 ¥ Bz
0 n

2 a(a+l)...(a+n)”

Multiplying both sides of last equation (6) by e~ (**9*#)% e obtain

BN (0] 2) - ne®™P*N (0] 2) = [(u+0)e’” - ,ue(eJ'B)z]

Sl

Bed) o B B & (§epy
0T () Sha(a+l)..(a+n) O0(a) “ala+l)...(a+n)

+Ilf(ﬁ:)za_10fe_“y]§7(0y)dy
L f N (8] ) (2 - )" dy. (™)

We denote
Q(O]z) =N (0]2). (8)

Then equation (7) can be rewritten as follows
’ 1 R ;
Q" (0|2) - (n+0+6)Q(0]2) = 5[(/14—9)@5 _M€(9+5) ]

) LB Bt R ()
0T () Shala+l). . (a+n) (o) Zala+l)...(a+n)

W alfe”yN Oly)dy - - “ﬁ f Q0y) (z—y)*'dy. 9)
0
It is known that the Riemann-Liouville integral can be expressed by (see, [17, 18])
—a 1 z an
DIQO1) = [ QOI)(z-y)dy, 0<asl,
I'(a) Jo
Taking into account the last equality in (9), we obtain

Q' (0]2)-(n+0+5)Q(0]2) = % [(u+9)eﬁz —ue(9+5)z]
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6774 n+ao

o) & pit & (040"
or () Za(a+1) o M@ Zatar ) (arn)

Uﬂa a-1 r - \7 a -«
Ok [ M (6]y) dy - nBDIQ (0] ). (10)

By applying Riemann-Liouville fractional derivative of order « to both sides equation (10)
we obtain

DEYQ(0]2) = (n+ 0+ B)DIQ (0] 2) + uBQ (8] 2)

« Bz_ a (0+8)z B (:U’+9) BnD(zlanl
[Gu+ ) D2 = uD2 7] - T(0) 2 alarl) . (asn)

Q}M—l

/J’Ba a a-1 r —1Y N ,Uzﬁa ad (9+6)HDgzn+a
+F(O¢)DZZ Ofe MyN(my)der0F(a),§a(a+1)...(a+n)' (11)

It is well known that the Mittag-LefHler function is defined as

oo

E,p(z)= Z ak+5) a,>0, a,B8€R.

Obviously, E;1(Bz) = ¢?*. The Riemann-Liouville fractional derivative of the power and

the exponential functions are given, respectively, by

I 1
D"t =0, DI = (rn(fl)) N L N (D)

Therefore, the (11) can be rewritten as

DY Q0]2) - (n+0+B)DQ(0]2) + uBQ (0] 2)

[+ 0)=7" Brca(52) - 2 a0+ )] - D 52

Q)M—‘

+%E171((0+B)z). (12)

4. Solution of Fractional Differential Equation (12)

Theorem 4.1 Let s>0+ 3 and |5a+1 —(n+0+ ,B)sa| > |uB|. Then, a solution of the fractional

order differential equation (12) has the form

+0
Q012) = Y0 5 S ()" (04 BY Ol OV, yrn (82)
n=0¢=0
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Y Y (B (04 B) Ol OB (e (04 9)2)

N
NgE

n=0¢=0

D) S S ()" (04 Bl 2D, (syegen (52)
n=0 (=0

—%“ 2 2 (=nB)" (4 0+ B) Cry 2B (o) anyarn (94 8)2)

0o oo (_‘uﬁa)n(“+0+B)€Cﬁ+ezé+n(a+l)+a
P T+ (n+ D(a+1))

DZQ(610). (13)

Proof Applying to the equation (12) Laplace transform by z and taking into account

DHQ (0)0)) =0, we can write

_(p+0) 5%
QO = B s~ (u s 6+ Bse + o]
B s
0 (s=0-p)[s2 = (u+0+ B)s> + upe]

_B(u+6) 1
6 (s-B)[s* — (u+0+B)s* +upe]

B 1
0 (s-0-p)[s2 = (u+0+B)s> + puBe]

D2Q(610)
st — (p+ 0+ B)s™ + pfe’

where s> 60+ 3.

Now, applying to the equation (14) inverse Laplace transform by s, we obtain

_(p+0) il
Q0|z) = 9 L [(5_5)[5a+1—(u+9+6)5“+ﬂﬁa]]

I

a G |
0 (s=0-5)[s** = (n+0+B)s* +pup]

_5‘*(u+9)L1[ 1 ]
0 (s=B) [s**t = (u+ 0+ B)s> + ppe]

g 1 |
0 (s=0-0)[s*1 = (n+0+B)s™ + uB*]

a -1 1
+D2Q(4]0) L [s“”—(w@w)sawﬂa]' (15)
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It is known that ([11], Lemma 5), for s >80+ and |sa+1 —(u+0+ B)sa| > 8%, we obtain

L [ s ]
(5= B) [so1 = (u+0+B)s™ + pBe]
= i fj (—pB™)" (n+0+B)CLy 2 D™ NEL (ityniesa (B2),
n=0¢=0

S

b [(5—0—5)[sa+1—(ﬂ+9+ﬂ)$a+uﬂa]]

(=1B%)" (p+ 0+ B) Crag 2 D™ By (i1ynienn (0 +8)2),

M8

>

n=

[}
~
Il
(=)

1 1
. [(8—5) [8““—(u+9+5)8“+uﬂ“]]

S (=uB) (u+ 0+ B8) Ok, DR ey (B2),
£=0

gk

I
[}

n

1 1
. [(8—9—6)[8“”—(u+9+ﬂ)8“+uﬂ“]]

= S (B (u+ 0+ B)CL 2D sy (0 + B)z)
1=0 720

and
o 1 - co oo (_M,Ba)n(u+0+B)€C£+£Zl+n(a+1)+a
t [5“”—(u+9+ﬂ)sa+uﬂ“]_§§ I+ (n+1)(a+1))

This concludes the proof of theorem. O

Taking into account (13) in (8), expression of the function N(f|z) can be given as follows

\J +0) _ z — a\n [eY n
N (0]2) = 2O 000z 5 55 gy (ue 0+ 8 Ol 2B g (52)
n=0¢=0

_ge—(OJrﬁ)z Z Z (_#IBQ)TL ('u 10+ ﬂ)lcﬁ+e Z(a+1)n+2+1E1’ (at1ynst+2 ((9 + B)Z)
n=0¢=0

N +0 - z = = a\n [e] n
—75 (l; )e (@+6) Z Z (=uB%) (H+9+3)Zcﬁ+z 2ot +1)+ZE1, (a+1)(n+1)+£+1 (52)
n=0¢=0

—%6_(9%)2 S S (B (u+ 0+ B)ChL, 2D IIME oy enyees (04 8)2)
n=0¢=0

X ayn £l l+n(o+1)+a
0492 3§ (—pB) " (+ 0 + B)LCL, 2t rmles )

=06 D0+ (n+1)(a+1)) DZQ(610).
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5. Conclusion

The main purpose of this study is to investigate the semi-Markov random walk process with
negative drift, positive jumps. In general case, we construct an integral equation for the Laplace
transform of the conditional distribution of the random variable. In particular, the fractional order
differential equation is obtained from constructed integral equation in the class of gamma distri-
butions. The fractional derivatives are described in the Riemann-Liouville sense. In conclusion,

we find solution of the fractional order differential equation.
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