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ABSTRACT

In this paper, we introduce a novel approach for obtaining the parametric expression and
description of a general helix, slant helix, and Darboux helix. The new method involves projecting
a onto a plane passing through «a (0) and orthogonal to the unit axis vector U in order to determine
the position vector of the general helix a. The position vector of the helix with the plane projection
v and its axis U is then established. Additionally, a relation between the curvatures of « and v is
presented. The proposed technique is then applied to derive the parametric representation of a
slant helix and Darboux helix, followed by the provision of various examples obtained through
the application of this methodology.
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1. Introduction

Leta = a(s) : I — E? be an arbitrary curve in E3, where I C R is an open interval. Recall that the curve « is
said to be a unit speed curve (or parameterized by arc-length parameter) if (o’ (s) ,a’ (s)) = 1 for all s € I, where
(,) denotes the standard inner product of E* given by

(,) = dx? + dmg + d:v%,

where (z1, 72, z3) is a rectangular coordinate system E3.In particular, the norm (or length) of a vector v € E" is

given by [[v] = /{0, v).

Given a unit speed curve « in Euclidean 3—space E? it is possible to define a Frenet frame {T', N, B} along
the curve o, where T' = o/ () is the unit tangent vector, N = ﬁ is the principal normal vector, B =T x N
is the binormal vector of a. Then the Frenet formulas are given by:

T'=kN, N =-xkT'+7B, B =-7N, (1.1)

where « (s) and 7 (s) are the curvature and the torsion of «, respectively.
When the Frenet frame of a regular curve makes an instantaneous helix motion in E?, there exists an axis of
the frame’s rotation. The direction of such axis is given by the vector

D =1T + kB, (1.2)

which is called a Darboux vector field of the curve a. The Darboux vector field enables us to rewrite the Frenet
formulas as, [6],
T"=DxT, N'=DxN, B =DxB. (1.3)
Monge initiated many important results in the theory of the curves in E? and Darboux pioneered the moving
frame idea. After that, Frenet defined his moving frame and his special equations, which play important roles
in mechanics, kinematics, and differential geometry ([3]).
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The geometry of the curve a can be described by the differentiation of the Frenet frame, which leads
to the corresponding Frenet equations. One interesting topic in the theory of curves in E? is to find
new characterizations of important curves, especially for helices, slant helices, and Darboux helices. From
elementary differential geometry it is well known that a curve whose unit tangent vector field 7" of & makes a
constant angle 6 with some fixed unit vector U, is called a general or cylindrical helix (or curve of the constant
slope) in E? ([8]). It is well-known that a regular curve o with the first curvature « # 0 and second curvature
7 in 3 is the general helix if and only if it has constant conical curvature T. Scofield [7] has proved that the
tangent indicatrix of a curve of precession is a spherical helix. A curve of constant precession is defined by the
property that as the curve is traversed with unit speed, its centrode (Darboux vector field)

D =71T+kB

revolves about a fixed axis with constant angle and constant speed. By using simple computations the author
characterizes curves of constant precession by the fact that, up to reflection or phase shift of the arc-length s,
K (s) = wsin (us) and 7 (s) = w cos (us), for constant w and p. In [5], Izumiya and Takeuchi have defined a new
kind of helix called slant helix as a curve with non-vanishing curvature whose principal normal vector N makes
a constant angle with a fixed direction. They proved that « is a slant helix if and only if the geodesic curvature
of spherical image of principal normal indicatrix of «

2

ot ()

is a constant function. In [4], Senol defined special helices, called the Darboux helices, whose Darboux vector
makes a constant angle with a fixed straight line. He proved that « is a Darboux helix if and only if

—_

(Hz n 7_2)%

w2 (z)

is constant.

The determining of the position vector of some different curves is a one of important subjects. Recently, the
parametric representation of general helices and slant helices as an important special curves in Euclidean space
[E3 is deduced by Ali in [1, 2].

In this paper, we give a new method which involves projecting a space curve a onto a plane passing through
the starting point and orthogonal to the unit fixed vector in order to determine the position vector of the curve
a. Using the method, we establish the position vector of the helix with a given projection curve vy and axis U
along with a relation between the curvatures of the helix and the curvature of the projection curve. Then, we
apply this methodology to derive the parametric representation of a slant helix and a Darboux helix. We also
give some related examples and their figures by using Mathematica®.

2. Preliminaries

We now recall some basic concepts in classical differential geometry of curves in R?.

We will say that the curve a : I — R3 is a plane curve if there exists a plane P C R?® such that o (I) C P.
Since we are considering only those properties of curves that are invariant under rigid motions, and we can
always find a rigid motion of R? taking the plane P to be the plane z = 0, we may restrict ourselves to the case
a: I — R3 where

a(s) = (a1 (s),a2(s),0),

that is, to the case of differentiable maps « : I — R2. Therefore, let us take a regular curve v: I C R — R?
lying in the plane span {e1, e5}. Then it has parameter equation

1 .
v () = / ) (cos g ey +sing es) do, (2.1)
where k., called the curvature of ~ is defined by
!/ X "
- igk ; Y | 22)
Il
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and ¢ (s) called a turning angle of ~ is given by

b (t) = / ky (t) dt. 2.3)

The arc-length function s, = s, (t) of v is defined by

= [ ) (2.4
0

It is known that there exists an oriented Frenet dihedron {T’,, N, } of the unit-speed curve v, where T, and N,
are the unit tangent vector and the principal normal vector of v, respectively. Then the Frenet equations of the

curve vy are given by .
T, | 0 Ky T,
{NQ]_[_I‘W 0}[1\[7}, 29

where the curvature k., of the curve ~ is defined by
key = (T4, N).
In the differential geometry of curves, for a curve v in R? the following is well known ([6]):

Lemma 2.1. Let v : (a,b) — R? be any regular plane curve in R? whose signed curvature is k.,. Then,
(i) v is a straight line if and only if k., = 0 for all s € (a,b);
(ii) ~y is part of a circle if and only if k-, = constant for all s € (a,b).

3. Helices and their characterizations

Let o : I — R3 be a unit speed curve with the curvatures x and 7 # 0 in R3. Take the projection of the curve
a onto the plane through the point a (0) and perpendicular to the fixed unit vector U.

a(0) v(s)

Figure 1. The curve « and its projection « onto the plane P through the point a (0) and perpendicular to the unit vector U

From Figure 1, we see that the position vector of o, with respect to chosen origin « (0), can be written as
a(s) =7 (s) + 00 (s)U (3.1)

where 7 is the projection of «, and dy is a differentiable function in s.
Differentiating the above relation with respect to s, we get

T=++ dé—UU.
ds
By taking the scalar product with U, we obtain
déy
T = (v —_.
(T,0) = (v, U) + S
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We have (v/,U) = 0, since 7' lies in plane with normal vector U. The last equation gives

déy

o = (T,U). (3.2)
In what follows, we consider the following three cases: (A) « is a general helix; (B) « is a slant helix; (C) ais a
Darboux helix.

(A) Let o be a general helix with the axis U. Then, for all s € I we get
(T, U) = cos @ = constant, (3.3)

and so the axis U is given by
U = cos0T +sin0B. (3.4)

where 6 € (0, 7) is the constant angle between T and U. Also, the curvatures « and 7 of the curve « satisfy the
relation

T = coto. (3.5)
K
Now, from the relations (3.2) and (3.3) we get
doy
E = COS 07

is constant for all s € I.
Integrating the above relation with the initial condition « (0) gives

ou (s) = scosb, (3.6)

as a real-valued function of s.
Substituting the relation (3.6) into the relation (3.1), we find

a(s) =v(s)+ scosU. 3.7)

It means that « can be expressed by the given v, U and 6.
Moreover, s is both the arc-length parameter of o and the arbitrary parameter of v in (3.7). Then, differentiating
the relation (3.7) with respect to s, we obtain

d
d;sy =+"(s) =T — cosOU,
with
7]l = sin.
So, from the relation (2.4), we can get the arc-length function s., of v as
5y = ssin6.

Then, we have the unit speed tangent vector T, of -y as

/

= ’y =
VIl sinf

N T — cot U

Differentiating the last relation with respect to s, and using (1.1) and (3.4), we have

dr, dT, ds K
—t=———=-—=—%-N.
ds, ds dsy,  sin”f

and since Ty = kN, -

——N =k,N,.
sin” 0
It is easily say that the normal vector N, of ~ is parallel to the normal vector N of ¢, and so
K =k sin® 0.
Then, from the relation (3.5) the torsion of « is given by

T = kysinf cosd.

Therefore, we can give the following theorem and corollaries.
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Theorem 3.1. Let vy be a curve parameterized by the arc-length s., lies in a plane with the normal vector U, and let
6 € (0, ) is a constant angle. Then, there is a general helix o by the arc-length s with the curvatures k and T # 0 in R3
such that (T,U) = cos# for all s, and its position vector given by

a(s) =v(s)+ scosbU,

and its arc-length parameter s is given by
Sy

s=—.
sin 6

Corollary 3.1. The curvatures x and T # 0 of the general helix « with in R? are given by
ki (s) = ky sin? 6,

and
7(s) = kysinf cos b,

where k., is the curvature of .
Corollary 3.2. The general helix o is a circular helix if and only if k. is constant.

Moreover, from the relation (2.3) and Corollary 3.1 we get ¢ (s) = [ <% ds. Therefore, the following corollary
can be given using the relation (2.1) and Theorem 3.1.

Corollary 3.3. Every general helix o with the curvatures x > 0 in R3 can be parameterized by

-2
a(s):/sm 9(c05¢ e1 +sing ez) do + scosfU,
K

where ¢ (s) = [ <5 ds.
(B) Let o be a slant helix with the axis U. Then, for all s € I we have
(N,U) = cos p = constant. (3.8)

Define a curve § as the integral curve of the principal normal N of ¢, i.e.,

B:/Nds.

Since 5’ = N, we get (5’, 5') =1, and so 8’ = Tj. Then, the arc-length of 3 is equal to the arc-length s of . Also,
from the relation (3.8), (T3, U) = cos ¢, and then the curve 3 is a general helix with the axis U given by

U = cos T + sinpBg. (3.9)

Moreover, the Frenet apparatus of 5 can be given

Tg=p = N,

Np = ﬁw - \/K21+T2 (=kT +7B),

B, =T x Ng = \/,ﬁzlJri,rz(TT‘F“B)a (3.10)
oy = VRETTE

T

™= %(E)l'

Now, let % be the projection of the curve 5 onto the plane P with the fixed unit normal vector U. Then, from
Theorem (3.1) the position vector of 3 can be written as

B (s) =7 (s) + scos U, (3.11)
and from Corollary 3.1 the relations between the curvatures of 3 and the curvature k5 of 7 are given by

kg (s) = k5 sin® ¢,

73 (8) = k5 sin g cos . (3.12)
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From the relations (3.10) and (3.12) we can write the curvatures « and 7 of « as

k= k5 sin? o sin w,

T = kysin? g cosw, (3.13)
where w = w (s) is some differentiable function of s.
Since 3 is a general helix, its conical curvature yields
2 l
B___ & (1) = cot 3.14
ke (k24 72)%2 AR e .
Putting the relation (3.13) into the relation (3.14), we get
w' = —kssin g cos .
Integrating the above relation gives
w=—sinpcosy [ kyds, (3.15)
2 5

where ¢ € (0, 7) is the constant angle between N and U.

Remark 3.1. It is easily seen that the curvatures « and 7 are expressed in terms of the curvature k5 and the angle
¢ using the relations (3.13) and (3.15).

Furthermore, from the relation (3.10) we have

1
T=—— (—kNs+7B,),
Vi et TEy)
or from the relation (3.13)
T = —sinwNg + coswB,, (3.16)
Then we can get the position vector of aas a (s) = [T (s) ds.

Example 3.1. Let us choose a plane curve
” = (cos s5,sin s5,0), (3.17)

which lies in the plane z = 0 with the normal U = (0,0,1), and the angle between N and U is ¢ = ¢. It is
assumed that the curve 7 is the projection of the integral curve § of N onto the plane z = 0. Since 5’ = N is a
unit vector, 3 is a helix which has the same arc-length as the curve a. Then from Theorem (3.1) the arc-length

function s5 of ¥ is
sy = ssinp = 2 (3.18)

Therefore, from the relation (3.11) the position vector of 3 is found as

s0= (on(3) n (3) 2.

and the Frenet apparatus of 3 is obtained as

Ty = (~4sin(3) 3eos(3) . 4) .
Ni = oy = (—cos (3) . —sin (3),0).
B, =Ty x Ny = (sin (3), ~eos (). 3),

)

=

Rpg =

I

T3 =

Differentiating two times the relation (3.17) with respect to the arc-length s and using (3.18), we obtain

7 = (~4sin(3). beos (3).0).
3" = (~dcos(3),-1sin(3).0),
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and

1
¥ x 5" =(0,0,>).
7 x 7 = (0.0.4)

Then, from the relations (2.2) and (3.15) the curvature of 7 is ks = 1, and w (s) = —%.
Using the relation (3.16) we can obtain the unit tangent vector T of « as follows:

P = (B e)en () 0 () o)
(4 5~ n (4 o 3) L (42)

and since 3’ = N, the unit normal vector N of a can be given as follows:

N = (~Lsin(2) Leos(2)., L2
o 2 2/72 2/ 2 )7

Finally, using the above relations, we can obtain the unit binormal vector B of « as follows:

) sin (%
Moreover, from the relations (3.13) and (3.15) the curvatures of « is
K = 4 sin (WS) ,

T = 4cos(‘fs).

B =TxN
= (—@sm(2)sm \?9) —cos(

),

2
~YBgin (@“) cos (%) — cos (

)=

2

ww
/‘\

By using integration of Wolfram Mathematica, we obtain the parameter equation of « (see Figure 2) as follows

a(s) = [T(s)ds

—145111( )mn( co
3‘[ 2 sin (5 )cos( 235) — 2cos () sin(‘f’ﬁ,%sin (f”s)

Figure 2. The slant curve « is purple, the helix curve § is blue, and the plane curve ¥ is green
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(C) Let o be a Darboux helix with the axis U. Then, for all s € I we have

(W,U) = cos ¢,

is constant. Here, W is the unit Darboux vector of o, i.e. W = 2

as the integral curve of the principal normal W of o, i.e.,

B:/ww&

1Dl VK2472

(7T + kB). Now, define a curve j3

(3.19)

Since 3’ = W, we get (#',8') =1, and so 3’ = Tj5. Then, the arc-length of 3 is equal to the arc-length s of a.
Also, from the relation (3.8), <TE, U > = cos ¢, and then the curve § is a general helix with the axis U given by

U = cos ¢T + sin ¢ Bj.

By using the relations (1.1), (1.3) and (3.19), the Frenet apparatus of 3 can be given

T;=f =W,
Na = 157 = vz KT = 7B),
B;=T; x Ny=—-N
5 =Ts X Ng = =N,
kg = k2472 (; ’
T3 = VK2 + T2,

(3.20)

Now, let 7 be the projection of the curve 3 onto the plane P with the fixed unit normal vector U. Then, from

Theorem (3.1) the position vector of 3 can be written as

B(s) =7 (s) + scos ¢U, (3.21)
and from Corollary 3.1 the relations between the curvatures of 3 and the curvature k5 of 5 are given by
K3 (s) = ks sin? ¢,
75 (8) = k5 sin ¢ cos ¢. (3.22)
From the relations (3.20) and (3.22) we can write the curvatures « and 7 of « as
K = k5 sin ¢ cos ¢ sin v,
T = k5 sin ¢ cos ¢ cos 1), (3.23)
where ¢ = ¢ (s) is some differentiable function of s.
Since 3 is a general helix, its conical curvature yields
24 2)3/2
G 2 ) = cot ¢, (3.24)
W ()
Putting the relation (3.23) into the relation (3.24), we get
’(/J/ = —k,:y sin? o.
Integrating the above relation gives
= —sin® ¢ / ksds, (3.25)
where ¢ € (0, 7) is the constant angle between W and U.
Furthermore, from the relation (3.20) we have
1
T= — (7T + kN3) ,
or from the relation (3.13)
T = cosYTj + sinNg, (3.26)
Then we can get the position vector of aas a (s) = [T (s) ds.
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Example 3.2. Let us derive the parameter equation of a Darboux helix «, which is defined by the arc-length s,
using the plane curve lying in the plane 2z = 0 with the normal U = (0,0, 1), and an angle ¢ = § as described in
Example 3.1. It is assumed that the curve 7 is the projection of the integral curve 5 of W onto the plane z = 0.

Since 3’ = W is a unit vector, 3 is a helix which has the same arc-length as the curve . Then, from Example

3.1, the position vector of 3 is
B (s) = cos (f) sin (f) Vs
2/’ 2/ 2

with the Frenet apparatus

2
Nz = Hg:'| = (—cos(%) ,—sin (% ,0),
B, =Ty x Ny = (Bsin(5), — L cos (3). 1),
_ 1
H/ﬁ = ?/75
TB =z -
Since the curvature of ¥ is k5 = 1, the relation yields ¢ (s) = —1.

Using the relation (3.26) we can obtain the unit tangent vector T of « as follows:

7= (Rain (2) = Zain (2) Bos (2) = Teos (2 V3 (%)
= 4s 1 45 1 ,4cos 1 4cos 1 72cos 1

By using integration of Wolfram Mathematica, we obtain the parameter equation of « (see Figure 3) as follows

a(s) =

Moreover,

Figure 3. The Darboux curve « is purple, the helix curve 3 is blue, and the plane curve ¥ is green

Example 3.3. Let us choose the clothoid (also called the Cornu spiral) defined by

5 S

2
sz
= 0,/cos ds:,,/sin %ds:y (3.27)

0 0

=2

v ‘junw
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that lies in the plane » = 0 with the normal U = (1,0,0), and the angle ¢ = Z. Clothoids have been used in
highway design for many years. The clothoid has curvature k5 = s5. We will obtain the parameter equation of
a Darboux helix a given by the arc-length s, such that (W,U) = cos § = 1.

Now, we assume that the curve 7 is the projection of the integral curve 5 of W onto the plane « = 0. Here, since
B’ = W is a unit vector, 3 is a helix which has the same arc length as the curve «. Then from Theorem (3.1) the

arc-length function s5 of 7 is
V3s

2
Differentiating two times the relation (3.27) with respect to s and using (3.28) we have

2 2
o= @ Ocosgisingi
2 ’ 8’ 8 )’

5 73\/35 0, —sin 35 cos 3s*
’y 8 ) 8 9 8 )

(3.28)

85 = ssinp =

Then, from the relations (3.23) and (3.25) the curvatures of « is

KR =

_V3s 3s%
Tosin (55— ),

T = % cos (%) ,
Therefore, from the relation (3.21) the position vector of 3 is

B(s) = 7 (s)+scospU

352 352
= 0,/cos%ds,/sin%ds —|—§(1,0,0)
0 0
V3s Y3s
3 2 2
= 2,/cos%ds,/sin—ds

with the Frenet apparatus

_ (1 V3 352 V3 i 382
Tﬂ_(§77COST7TSIHT )

_ B _ 352 3s
Ng = 5 = 0, —sin =3, cos =~ | ,

- — (M8 _1.5q38° _ 1y 3s°
Bﬁ—TngB—(Q, 5 €08 “g—, —5 sin 8)7
_ __ 3s
kp ="

VAT
TB_ 1 -

Then, from the relation (3.26) we get the unit tangent vector 7" of « as follows

1 352 (V32 5352 [(V3-2Y\ . 3s?
T=|-cos—, cos” —, sin — | .
2 8 2 8 4 4

By taking integration of the above relation, we obtain the parameter equation of « (see Figure 4) as follows

a(s) = /T(s) ds

= 1/cos382ds V3 -2 /c0523825 @ /sin3$2d8
N 2 8 2 g 4 4

0 0 0
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Figure 4. The Darboux curve « is red, the helix curve 3 is blue, and the plane curve ¥ is green
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