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ABSTRACT

In the paper, a problem for a hyperbolic type linear integro-differential equation containing higher
order derivatives in the boundary conditions is investigated, application of the straight lines method to
the solution of this problem is given, and a solution algorithm of the problem, obtained after applying
the straight lines method, is suggested.

Keywords: Linear integro-differential equation, Hyperbolic equation, Straight lines method

HIPERBOLIK TiPi INTEGRO-DIFERANSIYEL DENKLEM PROBLEMININ
COzZUMU

0z

Bu caligmada sinir kosullarinda yiiksek dereceli tiirevler iceren hiperbolik tipi dogrusal integro-
diferansiyel denklemi i¢in bir problem arastirilmistir. Problemin ¢6ziimii i¢in dogru hat metodu
uygulamasi verilmis ve dogru hat metodu uygulandiktan sonra problemin ¢éziimii i¢in elde edilen
algoritma Onerilmistir.
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1. INTRODUCTION

Many phenomena in biological systems essentially depend on previous history of this system. As
a rule, these phenomena are described by loaded differential equations (Nakhushev,1995). Consider
the equation

62u(x,t)
ot?

au(x t) + f(xt), 0<x<l,0<t<T (1)

a’ o"u(x, t) +b(x,t)u(x, t)+_[c(x t)——d
ox*

This equation is also a loaded differential equation that Volterra called a hyperbolic type integro-
differential equation (Volterra, 1952).

In this paper we consider the following problem for equation (1):

Find the continuous function U=u(X,t), in the closed domain D ={0<x<I|, 0<t<T}
satisfying equation (1), boundary conditions

2 2

VO 4 oy, = (1), a;( Yy puln = m(), 0<t<T, @)
and initial conditions

a0 =00, LoD .0, 0=x=1. 3)

Here @, a, f - are real numbers, D(X,t), C(X,t), f(X,t), 2 (1), 1, (1), @, (X), @,(X)-are

continuous functions of own arguments.

Note that such a problem with simpler boundary conditions U(0,t) = £, (t) and u(l,t) = z,(t)
was solved in the paper (Khankishiyev, 2010).

2. APPLICATION OF THE STRAIGHT LINES METHOD TO THE SOLUTION OF
THE INITIAL VALUE PROBLEM

To apply the straight lines method to the solution of problem (1)-(3) we divide the segment [0, 1 ]
into N equal parts by the points X, =nh, n=0,L...,N, X, =0, X, =1.If we consider equation (1)

ou(x,,t)

on the straight lines X = X,,N =1,2,...,N —1, and replace the derivative > by the
X

appropriate difference expression, then after applying the integration by parts formula, we get the
following equations:

O’u(X,,t) _ o2 U011) = 2U(X,, ) + U (X 1, 1)

o " +0(h”) +b(x,,t)u(x,,t)+c(X,,t)u(x,,t) —
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t
—¢(X,,0)u(X,,0) - jcg(xn,t)u(xn,t)dt +f(x,t),n=12,,.,N-1,0<t<T. ()
0

Let K>2- be a fixed natural number. Divide the segment [O,T] by the points

t, =kz,k=01,....K, t,=0,t, =T ,into K equal parts.

Let 0 <t <t,. Then applying to the integral in (4) the trapezoid formula, we get:

2 —
D) _ g Ml 22 D TG 4 O(h) + [b(, 1)+ 0O, UK, 1) -

c(xn,O)u(xn,O)—%[ct’(xn,t)u(xn,t)+ct’(xn 0)u(x,,0)]+0(*) + f(x,,t),n=12,.,N -1,
0<t<T. (5

If in these equalities we reject the addend of order O(h” + %) and replace U(X,,t) by Y, (t),

then for the functions Y, (t), n=12,..,N -1, we get the following system of linear differential

equations:

2 J—
d di“z(t) _g? Yo ® 23;]“2“) Y ® gty 0+ F ), =12, N~ 10 <t <t,. (6)

where

t t,
d,(t)= b(xn,t)+c(xn,t)—Ect(xn,t), F.(t)= f(xn,t)—c(xn,0)¢l(xn)—Ect(xn,O)(pI(xn),
n=12,...,N-1.

o%u(0,t
Suppose that equation (1) is fulfilled for X=0 and X=I . Then substituting # and
X

o’u(l,t . , .
@Y found from this equation into the appropriate boundary condition in (2), after integration by

ox’
parts and replacing the obtained integrals by the trapezoids formulae and replacing U(0,t) and u(l,t)

by Yo(t) and Yy (1), we get:

d?y, (t d?y, (t
dig( ) _d,(t)y, (O + F, (1), 0<t <t,. g'fg(h d, 0y, ) +F (), 0<t<t, )

Where
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d, ()= b(O,t)+c(O,t)—aza—%c{(O,t), d, () =b(,t)+c(l,t)- azﬂ—%c;(l,t),

Fo() =100 +a 1) - {C(O,O) + %C{ (0,0)_ ?(0),

Fu ()= F(LD+a, (0) —[c(LO) Le10|o0).

We have the following from the initiol conditions (3):

dy,(0)

yn (0) = ¢1(Xn )’ dt

=@,(X,), n=0,1,...,N. ®)

So, if 0 <t <t,, then after applying the straight lines method we get problem (6)-(8). This is a
Cauchy problem for a system of second order linear differential equations. Let the solution of this
problem be found and the values Y, (t,), N = 0,1,...,N . be defined. Then we can pass to the next step.

Let 0 <t <t,.In this case, having applied the above-stated method, we get:

d ? yn (t) — a2 yn+1 (t) - 2yn (t) + yn—l (t)

e = +d ()Y, () +F (t),n=12.,N-10<t<t,.©9)

d?y,(t d?y,(t
10,050+ F o 0<tst, 200

o =d, Oy, O+ F 1), 0<t<t, (10

where
2 t_tl '
do(t):b(O,t)+C(0,t)—a a—TCt(O,t),

t—t,

d,®)=b(l,t)+c(,t)-a’s - >

¢ (L,b),
F,(t) = f(0,t)+ azlul - {C(an) + %Ctl (030)} »,(0) _%Ct’ 0,1y, (),
F.(0) = f(x,.t) —%C{(Xn ) YL () - [C(Xn 0)+ %C{(Xn ’0)} p(x,),n=12,.,N -1,

Fo@®=fd,t)+ azluz (9] —[C(LO) +%Ct’(|50):|¢1(|) _%C;(Iatl)yN t).

Let the solution of the system of differential equations (9)-(10) satisfying initial conditions (8) be
found, and the values Y, (t,), N =0,1,..., N , be determined. Then we can pass to the next step and etc.

124



Bilim ve Teknoloji Dergisi - B - Teorik Bilimler 2 (2)
Journal of Science and Technology - B - Theoretical Sciences 2 (2)

Thus, the solution algorithm of problem (1)-(3) by the straight lines method consists of following:

At the first the problem (6)-(8) is solved for 0 <t <t,, and the value of the solution for t =t, is
determined. Allowing for the found values Y, (t,), n=0,,...,N, the problem (9)-(10),(8) for
0 <t<t, is solved. After finding Yy, (t,), N =0,1,...,N, we can pass to the solution of the problem
for 0<t<t, and etc. At the end, allowing for the found values Y,(t,), k=12,.,K-1,
n=0,1,...,N, the problem for 0 <t <T is solved.
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