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Abstract

There are several studies in the literature with the
main motivation of obtaining new and general
inequalities with the help of the Caputo-Fabrizio
fractional integral operator, which attracts the
attention of many researchers as an important concept
in fractional analysis. In this study, new Hadamard
type integral inequalities for exponentially convex
functions are presented. The findings were obtained
by the properties of the function class, the structure of
the operator and the basic analysis method.
Keywords: Caputo-Fabrizio fractional integral
operator, Exponentially convex functions, Holder
inequality, Young inequality

1. Introduction

Inequality theory is a field in which many researchers
work, with new findings that can be given
applications in many disciplines such as mathematical
analysis, statistics, approximation theory and
numerical analysis together with convex functions.
Although the term of convex function is a concept
intertwined with inequalities by definition, it has also
formed the main motivation of many researches with
its aesthetic structure, features and different types.
Let’s start with the definition of this important class
of functions.
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2. Materials and Methods

Definition 2.1. Let I be on interval in R. Then
@:1 — R is said to be convex, if

pltx+ (1 —1t)y) <tp(x) + (1 - )e(y)
holds for all x,y €1 and t € [0,1] (Pecari¢ et al.
1992).

Definition 2.2. A function ¢:1 € R — R is said to be
exponentially convex function, if
ex) o)

p(I-x+ty) <(1-1) oax oy
for all x,y€l, a€eR and t € [0,1](Awan et all.
2018).

Note that if o = 0, then the class of exponentially
convex functions reduces to class of classical convex
functions. However, the converse is not true.

Definition 2.3. Let ¢ € H'(0,b),b > a,a € [0,1]
then, the definitions of the left and right hand side of
Caputo-Fabrizio fractional integral are:

1— t
CEO =5 9O + 50 | 90,

and

1— b
(i1 = B(qul(t) +B?a)ft o(y)dy

where  B(a) >0 is normalization function
(Abdeljawad and Baleanu 2017).

In the sequel of the paper, we will denote
normalization function as B(«a) with B(0) = B(1) =
1.

In (Tariq et al. 2022), the authors provided an
integral inequality of Hermite-Hadamard type for
preinvex functions via Caputo-Fabrizio fractional
integral inequality as follows.

Theorem 2.1. Let ¢:I = [ky,ky +uky k)] —
(0,0) be a preinvex function on I° and ¢ €
L{ky, ky + u(k,, k)], If a €[0,1], then the
following inequality holds:
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<2k1 + pu(ky, k1)>
o|———2 1

2
X |1} + FIE | o, i lo(®)}
- % o(k) ]
< o(ky) J2r<p(k2)

where k € [kq, kq + pu(ky, k)]

Atangana and Baleanu introduced a new
derivative operator using Mittag-Leffler function in
Caputo-Fabrizio derivative operator as the following.

Definition 2.4. (Atangana and Baleanu 2016). Let
@ € H*(0,b),b > a,a € [0,1] then, the definition of
the new fractional derivative is given as follows:

(11  (PEDM)e®)] =

B(a)f @' (x)E, [—a(t 0 ]dx.

1-a @)

Definition 2.5. (Atangana and Baleanu 2016). Let
f € H1(0,b),b > a,a € [0,1] then, the definition of
the new fractional derivative is given by:

1.2)  (PEDP)e®)] =

T PO [ e ax
Equations (1.1) and (1.2) have a non-local kernel.
Also in equation (1.1) when the function is constant,
we get zero.
The related fractional integral operator has been
defined by Atangana-Baleanu as follows.

Definition 2.6. The fractional integral associate to the
new fractional derivative with non-local kernel of a
function ¢ € Hl(a b) as defined:

A1)} = B( )90( )

a ¢ .
+m[a¢()’)(t—y} dy

where, b >a, @ €[0,1] (Atangana and Baleanu
2016).

Abdeljawad and Baleanu introduced the right
hand side of the integral operator as following;
The right fractional new integral with ML kernel of
order @ € [0,1] is defined by

BIHe®)} = @ O

b
a-1
+m£ )y —t)* 'dy.
where ,b >a, a € [0,1] (Abdeljawad and Baleanu
2017).

For more information related to different kinds of
fractional operators, we recommend the following
articles to the readers (Abdeljawad 2015, Abdeljawad
and Baleanu 2016, Akdemir et al. 2021- Akdemir et
al. 2017, Aslan 2023, Butt et al. 2020, Caputo and
Fabrizio 2015-Giirbiiz et al. 2020, Rashid et al 2020
(a)-Samko et al. 1993, Set 2012, Set et al. 2017).
Theorem 2.2. (Awan et al. 2018) Let ¢:I S R >R
be an integrable exponentially convex function, then

a+b 1 (o)
(p( 2 )Sb—afa et du
e “¢(a) + e *p(b)
< > .
For more information on exponentially convex
functions, we recommend the following articles to the
readers(Akdemir et al. 2023, Akdemir et al. 2022(a)-
Akdemir et al. 2022(b), Aslan and Akdemir 2023-
Aslan et al. 2022(b), Rashid et al 2019 (a), Rashid et
al 2019 (b)).

3. Results

Theorem 3.1. Let I € R. Suppose that ¢:[a,b] S
I — R is an exponentially-convex function on [a, b]
such that ¢ € L,[a, b]. Then, we have the following
inequality for Caputo-Fabrizio fractional integrals:

CEI @) (k) + (FIg o) (k)
4(1 —a)ek) +alb—a) (% + M)

eab
2B(a)
where B(a) > 0 is normalization function « € [0,1].

Proof. By using the definition of exponentially-
convex function, we can write:
<p(a) <p(b)

p(1-ta+th)<(1- t)

By integrating both sides of the mequallty over [0,1]
with respect to t, we get:

fl(p((l —t)a+tb)dt
0
_ <p(a)

fl(l—t)dt

<p() tdt
e
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By changing of the variable as x = ((1 — t)a + tb)
we obtain and by calculating the right hand side, we

obtain:
p@ |, ¢b)
eaa eab

1 b
—b_afaq)(x)dxz >

By multiplying both sides of the above inequality

with =——= “(b a) and adding 21(;( ?)go(k) we have:

21— PR fb J
B@) @ (k) ) a¢(x) x
2(1—a)
=w<ﬂ(’<)
p@ |, o®)
alb—a)gaa T ab
B(a) 2
By simplifying the inequality, we get the result.

1—a a [k
( 5 P + s f o(x) dx)
1—a
+ (m (k)
a b
B( 3 ). o(x) dx>
2(1 -
= %w(k)
(a) @)
(l(b - a) eaa eab
B(a) 2
(CE1% @) (k) + (FIZ @) ()
_ 40 -9 +al - ) (42 +47)
= 2B(a) '

Theorem 3.2. Let I € R. Suppose that ¢:[a,b] S
I — R is an exponentially-convex function on [a, b]
such that ¢ € L,[a, b]. Then ,we have the following
inequality for Caputo-Fabrizio fractional integrals:

(CEI" ) () + (“FIg <p)(k)
2(1 - @) + 17 + a(b — a) (22 +22)

— )

B(a)(p + 1)1’
where B(a) > 0 is normalization function g > 1,% +

% =1 and a € [0,1].

Proof. By using the definition of exponantially-
convex function, we can write:
90( ) @(b)

(,0(( eab ’

By integrating both sides of the inequality over [0,1]
with respect to t, we get:

flq;((l —t)a+tb)dt
_ fp(a)

fl(l—t)dt

tdt

<p( )
e*
If we apply the Holder's inequallty to the right hand
side of the inequality, we get:
1
f o((1 —t)a+th)dt
0

o) ("
<22([n

1

P 1 %
—tlpdt> <f 1dt>
0

1

o) ([ N[\
+a (fo Itlpdt> (fo 1dt) :

By changing of the variable as x = (1 —t)a +tb
and calculating the right hand side, we obtain:

e, =52 )

(p(b)< 1 )Z
+ e \p+1/°
By multiplying both sides of the above inequality
with === “(b ) and adding 2(1( ‘;)q;(k) we have:
21— a) o+ = a fb 0 d
X X
“B@ M TB@),?
2(1—a) o
) B . (@) (b)
a 1
L ab-a) (£2+23) 1 )5
B(a) p+1

1—a . a [ p
(—B(a) o >+%L o) x)
1—«a i
+<—B(a) @ (k)

p b
+ mf @(x) dx)

2(1 -
_%W{)

a(b —a) ((Zg? %)( 1 )%
B(a) p+1/°
By simplifying the inequality, we get the result.

+

(al® ) (k) + (CFIS‘qJ)(k)

_ 20— a9 + D7 +alb - a) (42 + £2)

eaa eab

B(a)(p + 1)"
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Theorem 3.3. Let I € R. Suppose that ¢:[a,b] <
I — R is an exponentially convex function on [a, b]
such that ¢ € L,[a, b]. Then, we have the following
inequality for Caputo-Fabrizio fractional integrals:

CEI"@) (k) + (“FI¢ ) (k)

- 21 —a) "

< "B@ p(k)

+C¥(b a) (ii?+%)<q+p(p+l)>
B(a) g +1)

where B(a) > 0 is normalization function g > 1,% +
% =1 and « € [0,1].

Proof : By using the definition of
exponantiallyconvex function, we can write:

o((1-Ba+th) < (1- t)"’(a) (Z(I?

By integrating both sides of the mequallty over [0,1]
with respect to t, we get
1

f o((1—t)a+th)dt
0
_ <p(a)

fl(l—t)dt

<p() tdt
e Jo

If we apply the Young's inequality to the right hand
side of the inequality, we get:

J:(p((l —t)a+th)dt
< (/;Ei) <p (JO |1 —¢|P dt)
o ([var))
D[
e ([[nar)),

By changing of the variable as x = (1 —t)a +tb
and calculating the right hand side, we obtain:

f()d gO(a)(in(inlJr1)+f11>

@(b) ( 1 +1>

e® \p(p+1) q/
By muItipIying both sides of the above inequality
with “(b ) and adding ;1(;';‘)go(k),we have:

b
o0 + s [ w00 dx
2(1—a)
OGS
a(b—a) (%+%) 1 1
* B(a) PG+ D 5)'

By simplifying the inequality, we get the result.
1-a a (k
(B(a) CETOIRE d")

+ (1_—“<p( v [ (x)dx)
B(a) B(a) J,,
21— )

= W‘P(k)

+ alb - ) (52 +%3) <q +p(p + 1))
B(a) gp(p+1) )

el @) (k) + (15 @) ()

< 2(1—-a) k

S ON @(k)

N a(b - a) (22 +23) <q +pp + 1))
B(a) app+1) )

References

ABDELJAWAD, THABET. On conformable
fractional calculus. Journal of computational
and Applied Mathematics, 2015, 279: 57-66.

ABDELJAWAD, THABET; BALEANU,
DUMITRU. Integration by parts and its
applications of a new nonlocal fractional
derivative with Mittag-Leffler nonsingular
kernel. arXiv  preprint  arXiv:1607.00262,
2016.

ABDELJAWAD, THABET; BALEANU,
DUMITRU. On fractional derivatives with
exponential  kernel and their discrete
versions. Reports on Mathematical Physics,
2017, 80.1: 11-27.

AKDEMIR, A. O., ASLAN, S., DOKUYUCU, M.
A., CELIK, E. (2023). Exponentially Convex
Functions on the Coordinates and Novel
Estimations via Riemann-Liouville Fractional
Operator. Journal of Function Spaces, 2023.

AKDEMIR, A. O.; ASLAN, S.; CAKALOGLU,
M.N. EKINCI, A. Some New Results for
Different Kinds of Convex Functions
CaputoFabrizio Fractional Operators. 4th
International Conference on Mathematical and
Related Sciences. Page (92) ICMRS 2021.



Some Novel Fractional Integral Inequalities for Exponentially of Convex Functions

EAJS, Vol 10, Issue 1

|5

AKDEMIR, A. O.; ASLAN, S.; CAKALOGLU,
M.N. SET, E. New Hadamard Type Integral
Inequalities via Caputo-Fabrizio Fractional
Operators. 4th International Conference on
Mathematical and Related Sciences. Page (91)
ICMRS 2021.

AKDEMIR, A. O.; ASLAN, S.; EKINCI, A. Novel
Approaches for s-Convex Functions via
Caputo-Fabrizio Fractional Integrals.
Proceedings of 1AM, 2022, 11.1: 3-16.

AKDEMIR, AHMET OCAK, et al. New general
variants of Chebyshev type inequalities via
generalized fractional integral
operators. Mathematics, 2021, 9.2: 122.

AKDEMIR, AHMET OCAK; EKINCI, ALPER;
SET, ERHAN. Conformable fractional
integrals and related new integral inequalities.
2017.

AKDEMIR, A. O., ASLAN, S., SET, E. (2022,
October). Some New Inequalities for
Exponentially Quasi-Convex Functions on the
Coordinates and Related Hadamard Type
Integral Inequalities. In 5TH
INTERNATIONAL  CONFERENCE  ON
MATHEMATICAL AND RELATED
SCIENCES BOOK OF PROCEEDINGS (p.
120).(a)

AKDEMIR, A. O., ASLAN, S., EKINCI, A. (2022,
October). Some New Inequalities for
Exponentially P-Functions on the Coordinates.
In5TH INTERNATIONAL CONFERENCE
ON MATHEMATICAL AND RELATED
SCIENCES BOOK OF PROCEEDINGS (p.
94).(b)

ASLAN, S. (2023). Some Novel Fractional Integral
Inequalities for Different Kinds of Convex
Functions. Eastern Anatolian Journal of
Science, 9(1), 27-32.

ASLAN, S., AKDEMIR, A. O. Exponential (2023) s—
Convex Functions in the First Sense on the
Co-ordinates and Some Novel Integral
Inequalities.

ASLAN, S., AKDEMIR, A. O. (2022, August).
Exponentially convex functions on the co-
ordinates and related integral inequalities.
In Proceedings of the 8th International
Conference on Control and Optimization with
Industrial Applications (Vol. 2, pp. 120-
122).(a)

ASLAN, S., AKDEMIR, A. O., DOKUYUCU, M. A.
(2022). Exponentially $ m-$ and $(\alpha, m)-
$ Convex Functions on the Coordinates and
Related Inequalities. Turkish ~ Journal  of
Science, 7(3), 231-244.(b)

ATANGANA, ABDON; BALEANU, DUMITRU.
New fractional derivatives with nonlocal and
non-singular kernel: theory and application to
heat transfer model. arXiv preprint
arXiv:1602.03408, 2016.

AWAN M.U., NOOR M.A., NOOR K.I., Hermite-

Hadamard inequalities for exponentially
convex functions, Appl. Math. Inf. Sci.,
Vol.12, No.2, 2018 pp.405-4009.

BUTT, SAAD IHSAN, et al. New Hermite—Jensen—
Mercer-type inequalities via k-fractional
integrals. Advances in Difference Equations,
2020, 2020: 1-24.

CAPUTO, MICHELE; FABRIZIO, MAURO. A new
definition of fractional derivative without
singular  kernel. Progress in  Fractional
Differentiation & Applications, 2015, 1.2: 73-
85.

EKINCI, ALPER; OZDEMIR, MUHAMET. Some
new integral inequalities via Riemann-
Liouville integral operators. Applied and
computational mathematics, 2019, 18.3.

GURBUZ, MUSTAFA, et al. Hermite-Hadamard
inequality for fractional integrals of Caputo—
Fabrizio type and related inequalities. Journal
of Inequalities and Applications, 2020, 2020:
1-10.

PECARIC, JOSIP E; TONG, YUNG
LIANG. Convex functions, partial orderings,
and statistical applications. Academic Press,
1992.

RASHID, S., NOOR, M. A, NOOR, K. 1,
AKDEMIR, A. O. (2019). Some new
generalizations for exponentially s-convex
functions and inequalities via fractional
operators. Fractal and fractional, 3(2), 24. (a)

RASHID, S., SAFDAR, F., AKDEMIR, A. O,
NOOR, M. A., NOOR, K. I. (2019). Some
new fractional integral inequalities for
exponentially  m-convex  functions via
extended generalized Mittag-Leffler
function. Journal  of  Inequalities and
Applications, 2019, 1-17. (b)

RASHID, SAIMA, et al. New investigation on the
generalized K-fractional integral
operators. Frontiers in Physics, 2020, 8: 25.(a)

RASHID, SAIMA, et al. New multi-parametrized
estimates having pth-order differentiability in
fractional calculus for predominating A#-convex
functions in Hilbert space. Symmetry, 2020,
12.2: 222.(b)

SAMKO, STEFAN G., et al. Fractional integrals and
derivatives. Yverdon-les-Bains, Switzerland:
Gordon and breach science publishers,
Yverdon, 1993.



6| S. Aslan and A. O. Akdemir EAJS, Vol 10, Issue 1

SET, ERHAN. New inequalities of Ostrowski type
for mappings whose derivatives are s-convex
in the second sense via fractional
integrals. Computers & Mathematics with
Applications, 2012, 63.7: 1147-1154.

SET, ERHAN; AKDEMIR, AHMET OCAK;
OZDEMIR, EMIN. M. Simpson type integral
inequalities for convex functions via Riemann-
Liouville integrals. Filomat, 2017, 31.14:
4415-4420.

TARIQ, MUHAMMAD, et al. New fractional
integral inequalities for preinvex functions
involving caputo fabrizio operator. 2022.



