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ABSTRACT
In this study, we investigate the following four-dimensional difference equations system
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where the initial values u_q, v_g,w_g,t_q, d € {1,2,3} are non-zero real numbers and the parameters a, 8 are real numbers,
y is non-zero real number. Then, we obtain the solutions of system of third-order difference equations in explicit form. In

addition, the solutions according to some special cases of the parameters are examined. Finally, numerical examples are given
to demonstrate the theoretical results.
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1. INTRODUCTION

First of all, recall that N, N, Z, R, C sembolize natural, non-negative integer, integer, real and complex
numbers, respectively. The notation of |x| standsform <x<m+1,m€Z. If a,b €Z,a < b, the
notation ¢ = a,b means to come {c € Z:a < ¢ < b}.

Difference equations come into view the study of the evolution of naturally occurring events. The theory
of system of difference equations improved until today. Recently, there has been great interest in
studying difference equation or difference equations systems [1-3,5-7,9,12-14].

One of the important difference equation is

ax, +b

——, n€N,, 1
cx, +d " 0 )

Xn+1 =
for ¢ # 0, ad # bc where the initial condition x, and the parameters a, b, ¢, d, are real numbers, which
called Riccati difference equation. Further, the general solution of equation (1) can be obtained in the
following form
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_ xo(bc —ad)s,_1 + (axo + b)s,
(Cxo - a)sn + Sn+1

,nEN, 2)

n

where the sequence (sp)nen, IS satisfying
Spe1 — (@+ d)s, — (bc —ad)s,_; = 0,n €N, (3)

where s, = 0,57 = 1in [11].

In [15], authors acquired the solutions of the following two difference equations systems

Xp-1t1 Yn-1t1
Xppq = ———, =——— neN,. 4
n+1 VnXn—1 Yn+1 Xp V1 0 ( )

Then, the solution of the following rational difference equation is obtained

aAXp_q +
tpir = n1 2B e, ©
YXnXn-1
where the initial values x_, x, are non zero real numbers and a, 8,y € R* [8]. In addition, same
authors investigated the two-dimensional case of equation (5) given by

_axp1+p _ayp1t+ P
Xne1 = o VYn+1 =

,n € Nj. (6)
VVnXn-1 VXnYn-1

Finally, the solutions of the following system of difference equations investigated

AXp_3Zp—2 + b

Xpn = )
CYn-1Zn—2Xn-3
AYp_3Xn_o + b
<yn= Yn-3Xn-2 ,TlENO, (7)
CZpn—1Xn—2Yn-3
AZp_3Yn—2 + b
Iy =— ————

an—13’n—22n—3’
where the initial values X_j,Y-j Z_j, ] € {1,2,3}, and the parameters, a, b, c, are real numbers [10].
Based on the above mentioned studies, we investigate the following system of difference equations

_ Qup 3ty o+ P

U, )
YVn-1tn—2Un-3
AVp_3Up_o +
vy = , n €Ny,
YWn—1Up—2Vn-3
] (8)
AWn_3Vn_p + B
w, = ,
th—lvn—zwn—B
_ atp_3Wp_ + B
n — )
\ YUp-1Wn—2tn-3
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where the parameters «,f are real numbers, the parameter y and the initial values
U_f,V_p,W_p,t_y, € {1,2,3}, are non-zero real numbers. We solve system (8) in explicit form. Then,
we examine the solutions according to some special cases of the parameters. Further, numerical
examples are given to demonstrate the theoretical results.

Definition 1. [4] (Periodicity) A sequence (z,)n=— IS said to be eventually periodic with period p if
there exits ng = —k  such that z,,,, = z, for alln = ny.If n, = —k then the sequence (z,);-—_ is

said to be periodic with period p.

2. EXPLICIT SOLUTIONS OF THE SYSTEM (8)

Let (uy,, v, Wy, th)ns—3 be a solution of system (8). System (8) can be written in the following form

_ QUp_3tn_o + .8 _ a .8
UpUp g =———————=—+—",
th—zun—3 Y ytn—zun—3
QVp_3Up_p + a
van_:L:“—nZﬁz_ L’ nENO
) YUp—2Vn—3 Y YUn—2Vn-3 (9)
_awp 3V, + B B
Wntn—l - - -
YVn—2Wn-3 YV YVn-2Wn-3
_atpawWp2+ B« B
t’nu’n—l - - — ]
YWn_2ln—3 Y  YWn2ln-3
By using the following transformations
UpVUn-1 = X,
UnWn-1 = Yn, n=-2,
Wnln-1 = Zp, (10)
thlun-1 = T
system (9) is transformed into the following system
( a B
Xy = — ,
Y Ve
a B
VY =— , n € N,
a B
Zn = — )
Y VYn-2
a B
1, =— ,
Y Ve

which can be written as
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(. - (3a?By + a* + B2y?)xy_g + a®f + 2af%y
" (@®y + 2aBy?)xn_g + a’yB + p?y?
Ba’By + a* + B*y*)yn-s + a’B + 2ap%y
T T @y + 2aByDyng + @B + B n=o
, = (Ba?By + a* + p2y?H)z,_g + a3 + 2af?y
n =

)

(12)
(@3y +2afyHzng + a?yf + p2y? '

_ @Ba?By +a* + BPy*)rm_g + B + 2aB%y

T @y + 2By D) + aBYB + BV

Then, we consider the following equation
5 = (Ba?By + a* + p2y?)5,_g + a3 + 2ap?%y s (13)
" (a3y + 2aBy?)6,-s + a?yf + 2y* ' '
instead of equations in (12).

If we apply the decomposition of indicesn - 8(m + 1) + k, k = —2,5and m > —1 to (13), then it
can be written as follows

k
50— (Ba?By + a* + ﬁzyz)S,(n) + a3 + 2apB%y
m+1

- : (14)
(@3y + 2apy*)6y," + a’yp + B?y?
where 6,(,11‘) = OgmatoM E Ny, k =

-2,5.
Let

A= 3a’By + a* + p%y?,
By:= a3B + 2apB?y,
Ci:= a3y + 2apy?,
D,:= a?ypB + B%y2.

From equation (2), the general solution of (14) follows straightforwardly as

K K
y —,84)/483 ) St + (A16(§ )+ Bl) Sm
5% = © , m € N,, (15)
(C150 — Al) Sm + Sm+1

for k = —2,5, where the sequence (s;)men, is satisfying

Sm+1 — (A1 + Dy)spy — (B1Cy — A1 Dy)Spy—1 = 0.

We use (10) in (12) and from (15), equations in (12) are expressed as
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—B*y*upvi—15m-1 + (AugVi—1 + B1)sm

Xgm+k = )
mr (CrugVi—1 — A1)Sm + St
y B w11 + (A VWi + B)Sp meN
8 k — )’ 0
mr (C1viWi—1 — A1)Sm + Syt
4 4 4 (16)
, =BV witk1Smo1 + (Aywiti_1 + By)sm
8m+k = ,
mr (Ciwkti—1 — AD)Sm + Smi1
. =B tiug—15m-1 + (Artitg_1 + B)sm
8m+k = :
Lo (Citgug—1 — A1)Sm + Sm1

for k = —2,5. From (10), we get

Xn _ XnWn—2 _ XnZn-2 _ XnZn—2Un—4 _ XnZn-2Xn-4

Uy = =
Un—-1 Yn-1 Yn-1tn-3 Yn-1Tn-3 Yn-1"m-3Vn-5
_ XnZn—2Xn-aWn-6  XnZn-2Xn-4Zn-6 _ *nZn-2Xn-4Zn-6
= = = n—8
Yn-1"n-3¥n-5 Yn-1"n-3Yn-stn-7  Yn-1"n-3¥n-5"n-7
v, = Yn _ Yntn—2 _ YnTn-2 _ YnTn-2Vn-4 _ YnTn—2Vn-4
n = = = = =
Wn-1 Zn-1 Zpn-1Un-3 Zn-1%Xn-3 Zn-1*n-3Wn-s
_ YnTn—2Yn—-aln—6 _ Yn"n—2Yn-4Tn-6 _ YnT"n-2Vn-4Tn—6
= = = n—8
{ Zn-1Xn—3Zn-5 Zn-1Xn-3Zn-5Un—7 Zn-1Xn-3Zn-5Xn-7 (17)
W = Zn _ ZpUn-2 _ ZnXn—2 _ ZnXn—2Wn—4 _ ZnXn-2Zn—4
n = = = = =
tn—1 Th-1 "h-1Vn-3 "™m-1Yn-3 Tn-1Yn-3tn-s
_ ZnXn—2Zn—4Un-6 _ ZnXn-2Zn-4Xn-6 _ ZnXn-2Zn-4¥Xn-6
= = = n—8
"™m-1Yn-3"n-5 "™m-1Yn-3"n-5Vn-7 "™m-1Yn-3"n-5Yn-7
£ = Tn _ ThUn—2 _ ThYn-2 _ ThYn-2tn-4 _ "hYn-2Tn—4
n= = = = =
Un-1 Xn-1 Xn-1Wn-3 Xn—-1Zn-3 Xn—1Zn-3Un—s5
_ TWVn-2"n-4Vn-6 _ ™Vn-2"m-4¥Yn-6 _ "™mYn-2"n-4Yn-6 ¢
= = = n-8,
\ Xn-1Zn-3Xn-5 Xn-1Zn-3Xn-5sWn-7 Xn-1Zn-3X¥n-5Zn-7
forn > 5. From (17), we have
(u _ Xgm+nhZ8m+h—2Xsm+h—-4Z8m+h—6 u
8m+h — g8(m—1)+h’
Yem+h-1Tsm+h—3Y8m+h—5T8m+h-7
_ YVem+h"8m+h—2Y8m+h—4a"8m+h—6 N
Vgm+h = Vg(m-1)+hs m € Ny,
) Zgm+h—1Xgm+h-328m+h—5X8m+h—7 (18)
w _ Z8m+hX8m+h—228m+h—4X8m+h—6 w
8m+h — 8(m—-1)+h
Tg$m+h-1Y8m+h-3"8m+h—5Y8m+h-7
_ Tsm+nYsm+h—2"8m+h—4Y8m+h—6
L tgm+h = tg(m-1)+hs

Xgm+h-1Z28m+h—3X8m+h—-528m+h—7
for h =5,12.

Multiplying the equalities which are obtained from (18), from 0 to m, it follows that
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Ugm+k+7 = Uk—1

mwawwﬂ%mmwﬁmﬂ
(£ ol
wwmmeﬁmmwﬂmv,
(5ol 5o 5k

%M”_%Jﬁ<z$ﬂw7$ﬂ<lwmm4TJ

I=0 ) 8lk+8J a1+ 520 ) +heras| <2

ol es-of B(H[MJ)MHB[MJ)’

(l+lk+4 )+k+2 8lk+4— lk+2 )+k lk+2

=0

(19)

o
N 111[( o0+ 22— 22 o (2 o[22
m+k+7 -
G

o[22 s o 0| 14 [ o[ 5]
(l+lk+5 )+k 3_ 8lk+5 ( lk+3 )+k+1 8[k+3 >,
oo 5l P52 ol

o

m ( l+lk+9 +k+7 8lk+9Jy k+7

(Y s e s 0 (Y L AR L]

=0

k+7 )

t+[ Hhet5— 8[

Lemtk+7 = br—1
1=0

wawm4TMMTW“¢ﬂ>
L o g a2 o 22 o2

forh=k+7, k=-25.

By substituting the formulas in (16) into (19), we obtain
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4.4
/ BT L TP L= T I (=T I (Alumps[%"mpglgﬂ]ﬂ + Bl) Syalkt?)

b (Clukw_s[%”kw_slkgﬁ]_l - Al) Spafeo) + 8 e,

Ugm+k+7 = Uk-1 s
L T L (Alvk%_s['%gjwk%_g[%_l +Bl>sz+[%

\ oV pqmafl2®]Wiepoplkt| g ~ A1) Syt +5, ks

B Wors ot s gk S er7] s (A1Wk+s_s[%]fk+s_s[%]_1 + Bl)%[%

CiWy s gffet?) ey glk?| g ~ A1) Sy, b7 F5 ks

X
BRI T ANINE TR (Altkﬂfgl’%;ﬂ“kﬂfgl%ﬂ + Bl) Spafke)

Colyy g2 Uy g gfkt6]y — A1) S o) ¥ 5 e 0

4.4
—B*v*u 2114 1k+5] S k+5] .t (Alu k+5|V k+5 +Bl)s k+5
ke+3-8| 52| k38| 2] -1 14|51 ke+3-8| 52| T k+3-8| 52| -1 1452

(Clum_g[%”m_a[%_l A Sy S s,

X
By o Wi gttty F (Alvm_sl%wm_sl%_l + 31)514%

Clvk+2—s[%ka+z—8[k%4]—1 ~4 SH[%J * S”l%]“

BV W a3 Ega o323, (Alwku—s[%ltku—sl%lq + B1)Sl+[k%3j\

CiW gy gffe3) by gflrz| g — A1) Sy it +5, ks

Y ey S * (et B

(otapzapiag s =) i * S /

BV gl Wiepy g9 1Sy s, F (Al"kw_ey;;ﬁjwkw_smﬁ]_i +5,) Siiffer?)

B iV gy a2 Wiy g9) 4 ~ A1) Sy fers) 5, i)
Vgm+k+7 = Vk-1 e
=0 | BN IW g gkl g glkte) Sy e F (Alwms_sl%]tkw_sl%]_l +Bl)sz+[%
CiWypmaffet| Croait8] g — A1) Sy it8) + 5, pitey

AL = = (= s (Alfms_slk%qums_g[%_l +5,) Sper]

Cltk+5—8[k%7]uk+5—8[k%7]—1 —4 S”l%] * SHl%]H

X
I L L (A1“k+4_sl%ﬁj"k+4_el%_1 +5,) St

(Cluk+4—8[k%]vk+4—8[k%J—1 - Al) sL+[%J + sz+[%]+1 1)

_B4y4vk+3—8l%]wk+3—8lk%5]—lsl+l%]—l + (Alvk+3—8l%ka+3—Sl%]—1 + Bl)sH[%J

CoVyps kS| WiysglktS|_y — A1) Sy, flbs F5, kts

X
_B4V4Wk+z—8[k%4jtk+2—s[k%4]—1sl+[k%4]—1 + (Alwk+2—8[%]tk+z—8lk%4j—1 + Bl)sH[%J

(Clwk+2—8l%th+2—8lk—g4]—1 4 Sz+[%] + Sl+[%]+1

4,,4
I e e T T (Altm_sl%”m_sl%_l +Bl)sz+[¥]

& A o R

k+1—8lk%3]uk+1—8l

gt e (At e B s

ot g A1) S Sl
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4.4
/ BV W gt b 29y S0y F (Alwkwfs[%fk”fg[gﬂjﬂ + Bl) Syafkt?)

b (Clwkw_g[gﬁ]tkw_sl%_l - Al)sulkgﬁ] S ke)
Wem+k+7 = Wi-1
=0 | =B o glkraiy o glirs_ Sy pkrs o (Art s o gkrs + By )s) ke
8 8 8 8 8 8
\ Colyy okt Uy gfkt8] y —Ar) S, ey +5, ey

B s AT Vs g7 Syt F (Alums_s[%q”ms_g[%_l +5,) S ]

Cotl g gffet?)Viysglkt?| g — A1) Sy, b7 5 ket

X
R = 1L =2 I - T (Al"kﬂfsl’%ﬂw“%s[%]fl + Bl)sul%

Clvk+4—s[%]‘”k+4—8[%]—l 4 S”l%] * Sl)'l%JH

(22)
B W s S g5 oS ers| Ly <A1Wk+3_8[$]tk+3_8[%_1 + Bl)%[%
y 1V k5] gl k5] g — A ) Sy fers) F5 sy
By et U gl St F (Al'-“kﬂ_sl%umz_sl%ﬂ_l + Bl) Spafkd]
Coll gy gflert|Uy g glltt] y — A1) S, fleba +5), ket
LR == T == TR =< T (A1“k+1_gl%3jvk+1_8[%3]_1 + Bl) m%]\
5 Cotly s affer |V g3) g ~ A1) Sy ets +5 sy
Y iy S+ (AT e 4B e
Vol Va2 T ) S T e J
I =t T = TN (Alfk+7_8[gﬁ]“k+7_sy%9j_1 + Bl)sul"sﬁ]
= Colls o9 s r—a9) -1 ~ A1) Spy 9] S, k0,
tgmk+7 = k-1 1_[ .
T T e (Aluk%_e[%sj"k%_e[%_l + Bl)%[%]
Crtlyy a2 Vo8] o ~ A1) Sy it + 5 ey
4,4
BV s Wi el ST T (A1”k+s_sl%7jwk+s_s|%_1 +Bl)sz+[%
y oV gkt 2| Wy g[kt7|y — A1) Sy, b7y +5 ke
LA G = LI = TN =2 B (Alwkﬂ_slk;]fkﬂ_sl%]_l + Bl)%[%]
CiWypmgffet6) Cypgglk2| g — A1) Sy, flebe) F5, ks )

4.,4
I e e R L (Aitm_sl%”m_sl%_l +Bl)sz+[¥]

Cltk+3—8l%]uk+3—8l%]—1 —A S”l%] * SHI%JH

X
I e L (Alum_s[%”m_sl%_l +5) Sty

Cuth gt Vi mglbt g A1) Spyferty + 5, sy

_‘84y4vk+1—8lk;+3jWk+1—8lk%3]—1sl+l%]—1 + (Alvk+1—8lk%3jwk+1—8lk%3j—1 + Bl)sulk%ﬂ

oV g2 Wiepy ki3] g ~ A1) Sy ik +5 sy

Yy et e (e e By

(Clwk—slk%zjtk—s Lac EE R Ay Sz+[k%2] + Sl+lk%2 +1 /

form € Ny, k = —2,5.
69



Devecioglu and Kara / Eskisehir Technical Univ. J. of Sci. and Technology B — Theo. Sci. 12 (1) — 2024
3. PARTICULAR CASES OF SYSTEM (8)
In this section, we will consider the solutions according to some special cases of the parameters.
31l.Casela=y=1[=0.

In this case, system (8) can be written to the following form

( un—3tn—2 1 1
U, = = =Wy = =Up—g
vn—ltn—Zun—3 Un-1 tn—3
Un—3Un—2 1 1
T e v w2 Ty T Ve
{ n—1%n-2%n-3 n—1 n—3 (24)
Wn—3VUn—2 1 1
w,=—"""= =Up_y = =Wp,_4
tn—lvn—ZWn—3 tn—l Un-3
tn—3wn—2 1 1
tn = = = vn_z = = tn_4,
\ un—lwn—Ztn—3 Up—1 Wn-3
forn > 3.
We obtain the solutions of equations in (24) as in the following form
Ugm+j = Uj—g, Vam+j = Vj-a Wam+j = Wj—4 lam+j = tj—a» meN, j=36.

Now, we give numerical example that represent the solutions of system (8) when a =y =1,8 = 0.

Example 3.1. Consider the system (8) with the parameters « = y = 1, # = 0 and the initial conditions
U_3 = 0.1,u_2 = 24‘, u_q = 3,17_3 = 4.06,17_2 = 005, v_1 = 06, W_3 = 70.54‘,W_2 =
0.86,w_; =9.05,t_3 =0.3,t_, = 1.7, t_; = 3.2, the solutions are given as in Figure 1.

u(n),v(n)win)tin)
I

T
e
—
_—
—
—— —
e
— -
—
e
—
— = -
—
— —
e
—_—

| L | I
[ ' (1! I | Il i | [ Il i [ 'll] I.:
1"1' AR AR A AR
N AR AR AR AR AAAARA AR ARARARAARAARALSE
0 20 40 60 80 100
n
— u(n) —— vin) win) tin)

Figure 1. Plots of u,, v, wy, tyincasea =y =1,=0
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Therefore, the solutions of system (8) are eventually periodic with period 4.

32.Case2a=y=-1,=0.

In this case, system (8) becomes

( U3l 1 1
u, = = =Wpo = = Up—a»
“Up—1lp—2Up-3 VUn-1 th—3
~Vn-3Un-2 1 1
Up = = = tn—2 = = VUn—4,
J ~Wn_1Up_2Vn_3 Wn_1 Up—3
~Wn_3Vn—2 1 1
w,=—————= =U,_, = = W,_4,
- 1Vn—2Wn-3 [ Un—3
—lp3Wn_ 1 1
\ ty = = SV = =l
Uy Wp—2tp3 Up—1 Wn_3
forn > 3.
We obtain the solutions of equations in (25) as in the following form
Ugm+j = Uj—g, Vam+j = Vj-a Wam+j = Wj_g, tam+j = tj-a m € Ny,

j =

(25)

3,6.

Now, we give numerical example that represent the solutions of system (8) when a =y = —1,8 = 0.

Example 3.2. Consider the system (8) with the initial values u_; = 0.05,u_, =6, u_; = 0.63,v_3 =
7,1]_2 = 0.6, v_1 = 0.68,W_3 = 7.5 yW_oo = 0.6, wW_q1 = 7.5 ) t_3 = 5.3 ,t_z = 8.6, t_1 =2.1 ) and
the parameters « = y = —1, 8 = 0 the solutions are represented as in Figure 2.

u(n),vn)wn)tn)

— u(n) — wvin) wi(n) t(n)

Figure 2. Plots of u,, v, wy, tyincasea =y =-1,=0
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Therefore, the solutions of system (8) are eventually periodic with period 4.

33.Case3a=1y=-1,=0.

In this case, system (8) becomes

( un—3tn—2 1 1
u, = = - =Wpo = — = Up—a»
—Vp_1tp2Un_3 Up—1 th3
Up—3Up—2 1 1
L u v . w =tn_2=—u = Y-ty
n—1%n-2%n-3 n—1 n—3
) Wn_3Vn—2 1 1 (26)
w,=—""——"—=——"—=1u, ,=— = W,_s,
—th 1 Vp—2Wp-3 [ Un-3
tn—3wn—2 1 1
L by = == =VUp2=— =th g
—Up Wy _2tp 3 Up—1 Wp_3
forn > 3.
We obtain the solutions of equations in (26) as in the following form
Ugm+j = Uj—g, Vam+j = Vj-a Wam+j = Wj_g, tam+j = tj-a meN, =36

Now, we give numerical example that represent the solutions of system (8) whena =1,y = —1,8 =
0.

Example 3.3. Consider the system (8) with the initial valuesu_; =4, u_, = 6.2, u_; =0.2,v_3 =
0.09,1]_2 = 17, V_1 = 0.6,W_3 = _7.5,W_2 = _063, w_1 = 2.6,t_3 = _32, t_z - 68, t—l =
2.1 and the parameters ¢ = 1,y = —1, 8 = 0 the solutions are represented as in Figure 3.
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i
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— uin) — w(n) win) tin)

Figure 3. Plots of u,, v,,, w,, t,incasea =1,y = -1, =0
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Therefore, the solutions of system (8) are eventually periodic with period 4.

4. CONCLUSION

In this paper, four-dimesional system of difference equations is solved in explicit form by using
convenient transformation. In addition, the periodic solutions of aforementioned system of difference
equations are obtained according to some special cases of the parameters. Finally, to support obtained
results, we give numerical examples.
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