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Some properties of t-intuitionistic fuzzy H_-rings

Gokhan Cuvalcioglu®
ABSTRACT

This research redefined T-intuitionistic fuzzy H_ -subring of a ring R and obtained some new related properties. Some of their
fundamental relation properties were studied. Especially, under idempotent property, it is given that any IFS defined by a subset
of H, is T-IF H_ -subring of a ring if and only if H is a H, -subring of the ring. Using this property, the main theorem was given
as for a T-intuitionistic fuzzy H_ -subring of any ring with continuous t-norm, a factor subring formed using the hyperring is a

T-intuitionistic H  -subring.

Keywords: H -rings, fuzzy H_ -group, intuitionistic fuzzy H -ideal, t-norm.

T-intuitionistic fuzzy H - halkalarin bazi 6zellikleri
oz

Bu ¢alismada, bir R halkasi igin T-intuitionistic fuzzy H -althalka kavrami yeniden tanimland1 ve bazi yeni ozellikleri elde
edildi. Bu yapilari bazi temel &zellikleri galigildi. Ozellikle, idempotent dzelligi altinda, H_ nin bir alt kiimesi ile tanimli bir
intuitionistic fuzzy kiimenin T-intuitionistic H, -althalka olmasi i¢in gerek yeter kosulun H alt kiimesinin bir H -althalka olmas1
gerektigi gosterilmistir. Bu 6zellik yardimu ile bir halkanin, siirekli t-norm ile tanimlanmis T-intuitionistic fuzzy H, -alt halkasi
i¢in, bir hiperhalkanin faktdr halkasinin yine bir T-intuitionistic fuzzy H -halka oldugu ¢alismanin ana teoremi olarak
verilmistir.

Anahtar Kelimeler: H_ -halkalar, fuzzy H_ -grup, intuitionistic fuzzy H -ideal, t-norm.

1. INTRODUCTION structure axioms. So, it satisfied the properties of the concept
of ring theory. The special concept of fuzzy subhypergroup

Zadeh is first researcher who defined the fuzzy set notion of a especially the fuzzy H, -group were studied by Davvaz [3].

nonempty set, [10]. After this definition, several author given =~ Davvaz defined the fuzzy H, -ideal of an H, -ring. Davvaz,
some generalizations of this structure. Intuitionistic fuzzy sets  pydek were firstly defined the intuitionistic fuzzy H, -ideal
were defined as two member and nonmember degrees by
Atanassov [1]. The hyperstructure theory has been firstly
introduced by Marty, [7]. This new field have been worked on ~ fuzzy H, -subring of a ring R using continuous t-norms. After
modern algebra, also several authors developed it, [9].  this definition, we obtained more general consequences than
Vougiouklis gave the definition of H, -rings, [9]. H, -ringis  the previous studies. We gave a main theorem which is show

another type algebraic systems which is satisfying the ring

of an H, -ring, [4]. This research redefined T-intuitionistic
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that the property being H, -subring of a T-intuitionistic fuzzy
subring is also moved on the factor rings.

Definition: [10] Let X be a universal set is nonempty then
p:X—> [0,1] is called a fuzzy set on X. The complement of
the fuzzy set p is the fuzzy set which is given by 1— u(x) for
all x € X, denoted by p°.

Definition: [1] X be set. An intuitionistic fuzzy set ( IFS) on a
set X is an set as follow,

A={<xn,(x),v,(x)> xeX}

: X —>[0,1]) is the membership
: X—[0,1]) is the non-
membership degree of ¥ and where p, and v, satisfy the

In here, where p, (x),(u,

degree of x in A, v,(x),(v,

following condition:

pa(x)+v,(x) <L, forallx e X.

We will show an IFS as A= (},LA,VA) instead of
A={<xpn,(x)v,(x)> xeX}.

Definition: [2] Let AZ(},LA,VA) and BZ(},LB,VB) be IFSs in
X. Then

I. Ac B iff p, (x)<
xeX.

2. A° ={<x,v,(X), 1, (x) > xeX}

3. AnB={<x, H,\(X)/\HB(X),VA(X) \/VB(X)>2 x e X}
4 AUB={<x,p,(x)Vv pB(x),vA(x)/\vB(x)>: x e X}
5. A=B . AcB A BCA

py(x) and v, (x)=vy(x) for all

Definition: [7] Let H be a non-empty set, the H is a
hyperstructure with a hyperoperation map

*: HxH—>P" (H) , in here P’ (H) is the set of subsets of H
which are non-empty. The * (X,y) is signed by x*y. If x

element of H and A,BcH, then we define
A*B= U a*b,A*x=A*{x},x*B={x}*B.
acA,beB

Definition: [3] A (H,*) hyperstructure is called a hypergroup
if we have the following axioms,

1. (H,*) is a semihypergroup, i.e.

VX,y,z € H(x *(y*z)) = ((x * y)* Z)

2. x*H=H=*x=H forallxinH

Definition: [8] An H, -ring is a system if with two

hyperoperations on R satisfying the following axioms:

1. (R,+,~) isan H, -group, forall aeR,
a+R=R+a=R

VX,y,Z € H,(x+(y+z))ﬁ((x+(y+z)) +J

2. (R,') isan H, -semigroup, i.e.,

Vx,y,z€R, ((x~y)~z)m(x-(y-z)) TN 0]

3. "" is weak distributive to "+", i.e., for all x,y,zeR,
((x+y)~z)m(x~z+y~z)¢®
(x-(y+z))m(x-y+x-z)¢®
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Definition: [3] Let H be a set, (H
p be a fuzzy set on H. Then p called a fuzzy H, -subgroup of

) be a hypergroup and let

H if the followings are satisfied,
1. min{u(x),p(y)} < inf {p(a)} ,forallx,y eH

aEexy

2. for all elements x,a there exists an element y such that
x€a-y and min {p(a),p(x)} <u(y)

Definition: [3] If (H
p is said to be a T-fuzzy H, -subgroup of H with repect to T-

) bean H, -group and let ueFS(H) then

norm T if the followings hold:
1. T(u(x),u(y))< inf { (o )} ,forall x,yeH

oex-y

2. for all elements x,a there exists an element y such that
xea-y and T(u(a),u(x)) < u(y).

Definition: [4] If p a fuzzy subset of R and R be an H, -ring.
If the following axioms hold:

1. min{u(x),p(y)}sinf{u(b) : bex+y},
x,yeR

for all

2. for all elements x,a there exists an element y such that
xe€a+y and min{u(a),u(x)} <p(y)
3. for all elements x,a there exists an element b such that

xeb+a and min{p(a),p(x)} <p(b)

4. u(y) Sinf{u(b) : bex~y}

(u(x) Sinf{u(b) : bex~y} ) forall x,yeR
then p is said to be a left ( right) fuzzy H, -ideal of R

Definition: [4] AnIFS A = (uA,vA) . If we have the following
conditions
L. min{p, (x).p, (v)} <inf{p, (b) : bex+y}, for all

x,yeR

2. for all x,aeR there exists y,beR such that
xe(a+y)ﬁ(b+a) and

mm{uA(a uA(X} min {p, (y).u, (b)}

3. <1nf{uA tbex-y}  (resp,  p,(x)

Sinf{uA(b) :bex-y})forall x,yeR

4. sup{v,(b) : bex+yj<max{v,(x),v,(y)}, for all
x,y€eR
5. for all
xe(a+y)n(b+a) and
max {v, (y),v, (b)} <max{v, (a),v, (x)}
A(b) i bex-yl<v,(y)
(resp., sup{vA (b) : bex~y}SvA (x)) forall x,yeR
then A is called a left (resp., right) IF H_ -ideal of R.

: [0,1]x[0,1] = [0,1]

x,a€R there exists y,beR such that

6. sup{v

Definition: [4] The function T

satisfy the followings:
1. T(x,1)=x
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2. T(x,y)<£T(x,z) if y<z
3. T(x,y) =T(y,x)
4. T(x,T(y,2) =T(T(x,y),2)

considering a t-norm T on [0,1], set of the elements o € [0, 1]

for all x,y,ze[0,1]

such that T(a,a)=o is denoted by A,. ie,
A, = {oc e[0,1] : T(a,a)= oc}
Proposition: [4] Every t-norm T has a property

T(a,B) < min(a,B) forall a,Be[0,1]

Definition: [4] Let T be a t-norm. if Im(u) c A, then it is said
that the subset u of R have idempotent property.

Definition: [6] A t-norm T is continuous if we have
T(limx, limy, )= lmT(x,.y,)

for the {X"} , {y"} convergent sequences.

2. ON INTUITIONISTIC FUZZY HYPERSTRUCTURE
WITH T-NORM

Definition: Let (R,+,-) be an H, -ring and Az(p_A,VA) be
an intuitionistic fuzzy subset of R. Then A =(p,,v, ) is said

to be a T-intuitionistic fuzzy H, -subring of R with respect to
t-norm T if the following axioms hold

1.T(},LA(x),},LA (y))Sinf{uA(b) : zex+y}, for  all
X,y eR

2. sup{v,(b) : bex+y|<I-T(I-v, (x),1-v,(y)) for
all x,yeR

3. for all x,aeR there exists y,beR such that
xe(a+y)n(b+a) and

T(ky (a)s (x)) < T (ks (v)o1, (b))

4. T(HA(X),HA(y))Sinf{uA(b):bex-y}, for all

X,y €R

5. sup{v,(z) : zex-y}<1-T(1-v, (x),1-v,(y)), for
all x,yeR
6. for all

xe(a+y)n(b+a) and
T(1-v,(a),1-v, (x))<T(1-v,(y),1-v, (b))

X,a€R there exists y,beR such that

Proposition: Let T be an t- norm and A = (uA,VA) be an T-
intuitionistic fuzzy H, -subring of R. Let p,, 1-v, have
idempotent property. Then the following sets are H -subring
of R

RV ={xeR : p, (x)=p, (W)

L' ={xeR : v, (x)<v,(w)}

Proof:  Let Then and

X,yeR". m (x)=p, (W)

m,(y)=p, (w)Since A=(p,,v,) be an T-intuitionistic
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fuzzy H_ -subring of R and p, have idempotent property, it
follows that

Hence x+ycR" implies x+yeP” (R“’ ) . Similarly,
x-ycR" and x-y eP*(R“) exist. Hence a+R" < R"
and RY +acR" forall aeR"

Now, let xeR™. Then there exist y,beR such that

xe(a+y)n(b+a) and
T (1 (2), 1 (¥)) < T(w, (¥): 14 (b))

Since a, x e R", we have

i (W) =T (1 (W) (W) €T (1, (2) 11, (%)
and so

iy (W) < T(u, (v)1, (b)) < min{p, (y).m, (b))}
which implies ye R" and beR"™.

This proves that R ca+R" and R" cR"+a. Since
(R,+,~) is an H, -group and R <R then for all
x,y,beR",

(x+y)+b)n(x+(y+b)) =@
((x+y)-b)r\(x-b+y-b)¢@
(x-(y+b))r\(x-y+x-b)¢®
((x-¥)-b)(x-(y-b))» @

Consequently R™ be an H, -subring of R. If x,yel”

afterwards v, (x) <v, (w) and v, (y) <v, (w) . Since
A Z(},L AV A) be an T-intuitionistic fuzzy H_ -subring of R
and 1-v, have idempotent property, it follows that

sup{vA(b):bex+y}

<1-T(1-v, (x).1-v,(y))

<1-T(1-v, (W).1-v,(w))

:VA(W

Hence x+ycL".Similarly, we have x-yc L". Hence
a+L" cL" and L' +acL” forall aeL". Let x eL", then

there exist y,beR such that x € (a+y)(b+a) and
T(I—VA (a),l—vA(x))ST(I—VA(y),l—vA(b))

Since a, x e L, we have
1-v,(w)
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That signifies yeL" and this proves that L" ca+L" and
L" cL" +a. Since (R,+,-) is an H -group and L" R
then for all x,y,beL",

(x+y)+b)n(x+(y+b)) =D
((x+y)~b)ﬁ(x-b+y~b)¢®
(x-(y+b))m(x-y+x~b)¢®

((x-¥)-b)"(x-(y-b)) =2

Consequently L" be an H_ -subring of R.

Proposition: Let H be a nonempty subset of a H, -ring R and
let p, v are fuzzy sets in R defined by

_Ja , xeH _IB s xeH
u(x) _{(xlo , otherwise ’ v(x) _{BIO , otherwise

where 0<a, <a,, 0<B, <P, and o, +B, <1 for i=0,1.
Let p, 1-v have idempotent property. Then A =(,V) be
an T-intuitionistic fuzzy H, -subringof R & Hisa H -
subring of R.

Proof: Suppose that A =(j,v) be an T-intuitionistic fuzzy
H, -subring of R. Let x,y € H. Then

inf{u(b):bex+y}> T(u(x),u(y)) =T(o,,0,) =0,

It follows that x+yc H. Similarly, we have x-ycH.
Hence a+HcH and H+acH, forall acH. Let xe H

Then there exist y,beR such that x €(a+y)n(b+a) and
T(u(a),u(x))ST(p(y),u(b)) Since a,x € H, we have

a,=T(n(a).n(x)) < T(u(y).n(b)) < minfu(y).n(b)}
which implies y € H and b € H. This proves Hca+H and
Hc H+a. Since (R,+,-) is a H -group and Hc R then
for all x,y,beH,
E(x+y)+b)m(x+(y+b))¢®
(x+y)~b)m(x~b+y~b)¢@
Ex-(y+b))m(x-y+x-b)¢@
(x-y)-b)m(x-(y-b))i@
Therefore H is a H, -subring of R. Conversely suppose that
H is a H, -subring of R. Let x,yeR. If xeR\H or
yeR\H, then p(x)=o0, or p(y)=o0, andso
inf{p,(b) : bex+y}
Zmin{u(x),u(y)}:ocl
>T(u(x)n(y))
Assume that X € H and y e H. Then x+y < H and hence
inf{p(b) : bex+y}
Zmin{u(x),u(y)}:oc0
>T(u(x)u(y))

Let x,yeR. If xeR\H or yeR\H, then V(X):B1 or
v(y) =B, and so
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sup{v(b) : bex+y}<p,

=max{v(x),v(y)}

:l—min{l—v(x),l—v(y)}

<1-T(1-v(x),1-v(y))

Assume that x e H and y € H. Then x+y < H and hence
sup{v(b) : bex+y}

<B, =max{v(x),v(y)}

:l—min{l—v(x),l—v(y)}

<1-T(1-v(x).,1-v(y))

Let x,yeR. If xeR\H or yeR\H, then u(x):(x, or
u(y)=a, andso

inf{;,t(b) : bex~y}

2min{;,t(x),;,t(y)}z(xl

>T(u(x),u(y))

Assume that x e H and y € H. Then x+y < H and hence
inf{;,t(b) : bex~y}

Zmin{p(x),p(y)}zao

>T(u(x).1(y))

Let x,yeR. If xeR\H or yeR\H, then V(x):B, or
v(y)=B, and so

sup{v(b) : bex~y}

<P, =max{v(x),v(y)}

:1—min{l—v(x),l—v(y)}

<1-T(1-v(x),1-v(y))

Assume that x e H and y € H. Then x+y < H and hence
sup{v(b) : bex'y}

<P, =max {v(x),v(y)}

:l—min{l—v(x),l—v(y)}

<1-T(1-v(x),1-v(y))

Let x,a e R Since R H, -ring then there exists y,b e R such
that xe(a+y)ﬁ(b+a). If xeR\H or aecR\H, then

u(x)=o, or p(a)=q, m(x)<n(y),
p_(a)Sp_(b). And so

T(u(a).n(x)) < T(u(y)n(b))

Assume that x e H and a € H. Since Hisa H_ -subring of R,

and hence

there exists y,z € H, in that x € (a+y)ﬂ(b+a). Then
u(x) = p_(y) = p_(a) = u(b) =0q, and so

T(u(a).n(x)) < T(n(y).n(b))

Similarly, we have for all x,a € R there exists y,be R such

that x e(a+y)n(b+a) and
T(1-v(a),l-v(x))<T(1-v(y).1-v(b))

Consequently A =(u,v) be an T-intuitionistic fuzzy H, -

subring of R.

Definition: [5] Let (R,+,-) be an H, -ring.The relation y; is
the smallest equivalence relation on R such that the quotient
R /vy, , the set of all equivalence classes is aring. vy}, is called
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the fundamental relation on R and R/y, is called the
fundamental ring.

If Q denotes the set of all finite polynomials of elements of
R, over N (the set of all natural numbers), then a relation y,

can be defined on R whose transitive closure is the
fundamental relation vy .

The relation vy, is as follow; For x,y in R, we write xy,y if
and only if {X, y} c A for some A eQ.. Suppose Y, (a) is

the equivalence class containing a € R .Then both the sum @
and the product ©® on R /vy, are defined as follows:

Y (a%@y; (b; A Ec) , forallcey; (a)+v;(b)
7 (a)Ovi (b)=7i(d), foralldey; (a)-v;(b)

Here we also denote o, the zero element of R /y,.

Definition: [4] Let (R +, ) be an H, -ring and Az(uA,vA)
be an left intuitionistic fuzzy H, -ideal of R. The IFS A /yj
= (“vv V. ) is defined as following:

[ :R/y, —>[O,1]

sup{p, (a) : aev, (x)} .7; (x) % w,
1 e (%)=

m, (v ()=

W

and
v. :R/y, = [0.1]

{inf{vA (a) raey, (x)} e (x) =Wy

0 Vr (x)z

v. (v (x))=

W

Theorem: Let T be a t-norm, continuous and A = (u Y A) be

an T-intuitionistic fuzzy H, -subring of R. Considering
R/v, as a hyperring, then A/vy, :(py,,v_ﬁ) is a T-

intuitionistic H, -subring of R/yj.

Proof: We choose ¥} (x ( ) (y) €R/v;. Then we can write:

-
T(uyﬁ (v: (x) (v) )

1{ supfa, (a)}, ol O

aerR(x) berk(y)

-l o )

< sup {mf (2) :zea+b}}
b(Ryafx

< sup {sup{uA(z :zea+b}}
b(Ryafx

- ol reri o)
= sup . {u (yR a+b )}

berr(y).aerr
S ()=, (@)@ 0)
Thus the first condition of Definition is provided. If we choose
i (x). vi (y) €R/7;. Then we can write:
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T(l—vva (v; (x)).1

v (1 (Y)))
= T[l —inf {v, (a)}.1 _infi:f\( )b)}]

:T[sup{l—vA(a)} , sup{l-v, (b)}, ]

x) berr(y)

(
= sup {T(I—VA(a),l—vA(b))}
bevk(y),aerr (x)
< sy 1-supiv,(z) : zea+b
be;&(y),iy;(x){ p{ A( ) }}
< sup
ber (y). acvi (x)
< sup
berk(y)asr(x

acy(x)

From above, Definition is verified. Now suppose ¥ (x) and
vi(a) are two arbitrary elements of R/y. Since

A=(u,,
From above, for all revy, (a) , SEYy (X) there exists y, _,

v A) be an T-intuitionistic fuzzy H, -subring of R:

z,,€R suchthat re (s + ym)m(zm +s)

and
T, (1)o1y (8)) < T(1, (v, )0 (2.))

From re (s +Y.. ) ﬁ(znS + s) it follows that

1 (89)®7; (v.,) =72 (1) 5 7i(2..) @i (3) =7 ()

which implies
1 (@7 (v..)=7:(a) » i (z.) @i (x) =7; (a)

Now if r €7} (a) and s, €, (X), then there exists there

exists y,  » z,, €R such that

Ve (5) @7 (y,.,) =ve (5)

and since v; (1) =75 (r) we get
1o (5) @7 (v, ) =72 ()@ 7 (v
y;(y ):y;(y ) Similarly, we have
yR( ) yR( ) Soallthe y, ,
T(uA (r).m, (s))ST(uA (ym),pA (zm)) have the same

equivalence class. Now we have:

T, (11 (x))ok, (1 (0)

) and therefore

z,, satisfying

= sup
reyR (a).serr (x)

< sup {
rerR(a).seri (x)

:T(sup{pA(ym)}  sup{n, (2,.)} J

revi (a)sevi(x) rerg (a).sevr(x)
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verr(ves) 2evi(2s)

=1, (1 (5.) 1 (1 (2.))

and Definition is satisfied. Similary, we have

T(l—vﬁ{ (y;(a)),l—v (v (X)))
=11 inf v, (D)1= it fv, 51}
_T[sup {1 v ()} SUP{ A(s)}J
= sup { (1-v, r) (S))}

revg (a).serr (x)

(
< s (T(1-v, ()1 (2)
vl

ﬂ{sup{mw} - supfu, (2)

revR(a)

<t s 1=, o) s 1 o)
:T(l . msf Yrs)}’l . 1nsf {VA(ZLS)})
SRS A RN )

=T(1-v, (1 (v.))}1-v, i (2.)

and Definition is satisfied.
If we choose 7y (X),

Ye (y) e R /v; then we can write:

T(w, (v (), (1 ()

=T| sup{u, (a)} , sup{u, (b)}
aeyR(x) berg(y)
= sup. {T(pA (a),pA(b))
beyr(y).asrr(x)
< sup {inf{uA(z) zea-b}}
berk (v)aerr(x)
= /a?yliiy;(x){sup{uA (2) : zea-bl]
< sup {sup{pA(z) zey, (a~b)}}
beyR(y).acyr(x)
{ ( ;

berh(y).aeri(x
= uﬂ{ (‘YR (a
and Definition is satisfied. Let v} (x),

v (y) eR/y,. we can write:

T(1-v, (1 ()1-v, (1 )
=T l—inf{vaevﬁ((x))}l 1nf{ Eb)}J
—yAx(a)}  sup{l-v, (b)}J

=T sup{l

=

acyr(x) berk(y)

- bev;{(sxzvﬁ(x){ (l e (a)’ - YA b))}

< bs~/:<?;;]:i~/f{(x){l —sup {VA (z) : zea- b}}
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Therefore Definition is satisfied.
3. CONCLUSION

Through the above discussion, we had some properties of T-
intuitionistic fuzzy H, -subring on any ring. The special
statement of intuitionistic fuzzy H, -subrings are intuitionistic
fuzzy H -ideals. It can be defined T-intuitionistic fuzzy H -
ideals of a ring and can be studied such type properties.
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