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ABSTRACT

The purpose of this paper is to generalize definitions of Bertrand and Mannheim curves to non-
null framed curves and to non-flat three-dimensional (Riemannian or Lorentzian) space forms.
Denote by My (c) the n-dimensional space form of index ¢ = 0,1 and constant curvature c # 0.
We introduce two types of framed Bertrand curves and framed Mannheim curves in M3(c) by
using two different moving frames: the general moving frame and the Frenet-type frame. We
investigate geometric properties of these framed Bertrand and framed Mannheim curves in M (c)
that may have singularities. We then give characterizations for a non-null framed curve to be a
framed Bertrand curve or to be a framed Mannheim curve. We show that in special cases these
characterizations reduce to the well-known classical formulas: A\« + u7 = 1 for Bertrand curves and
A(k? 4+ 72) = k for Mannheim curves. We provide several examples to support our results, and we
visualize these examples by using the Hopf map, the hyperbolic Hopf map, and the spherical
projection.
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1. Introduction

One of the popular curves that have been widely studied by geometers is the so-called Bertrand curve.
These curves were introduced based on the question proposed by Saint-Venant [38]. The original proplem
is to prove the existence of a curve ¥ on a ruled surface generated by principal normals of another curve
such that v and 4 have the same principal normal vectors in the Euclidean 3-space. This problem was not
answered until 1850, and eventually Bertrand [4] showed that such a curve indeed exits if the original curve is
planar, or if the curvatures « and 7 of the original curve ~ satisfy the linear relation: Ax 4+ u7 = 1 for constants
A # 0 and p. These curves have been widely studied [1,2,9,11,12,21,30, 31, 35,37, 44]. There are also different
approaches by generalizing the original definition of Bertrand curves [5,28,36]. Another kind of popular curve
which is defined as very similar to the Bertrand curve is the so-called Mannheim curve, where the normal
vectors of vy are parallel to the binormal vectors of another curve 4 at corresponding points. There are several
generalizations of Mannheim curves in the literature [11,13,15,16,23,29,43,45,48].

Many of the studies on Bertrand and Mannheim curves or on other similar curve pairs assumes that the
original curve is regular. However, motivated by [14], recently the local differential geometry of certain families
of singular curves has been studied. These curves have been investigated for many special curves (see for
example [41]) and generalized to other ambient spaces and to higher dimensions [8,17,18,24-27, 40, 42, 47].
Even though Bertrand and Mannheim curves of regular curves in the Riemannian or Lorentzian space forms
have been extensively investigated, there are only a few papers investigating Bertrand and Mannheim curves of
smooth curves that may have singularities: [19] for Bertrand and Mannheim curves with respect to the general
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moving frame in the Euclidean 3-space, [22] for Bertrand and Mannheim curves with respect to the Frenet-type
frame in the Riemannian 3-space forms, [39] for Bertrand and Mannheim curves with respect to the general
moving frame in the three-sphere, and [20] for Bertrand and Mannheim curves with respect to the general
moving frame in the Euclidean 4-space. In this paper, we shall generalize the definitions of Bertrand and
Mannheim curves to non-null framed curves in non-flat three-dimensional Riemannian or Lorentzian space
forms, and then we investigate geometric and singularity properties of these curves. Hence the importance
of this work is that it provides the most general characterizations for Bertrand and Mannheim curves of a
certain family of smooth curves in non-flat Riemannian or Lorentzian 3-space forms. Besides we investigate
two different types of framed Bertrand and Mannheim curves according to two different moving frames along
the curve. Clearly the results of this paper will reduce to those of [22] and [39].

This paper is organized as follows. In Section 2 we briefly review the pseudo-Euclidean space R!*! and
introduce non-flat 3-dimensional space forms M (c) in R}*!. We then define framed curves in M?(c) along
with two orthonormal moving frames associated with these curves. We also remind three well-known maps,
the Hopf map in the three sphere, the hyperbolic Hopf map in the anti-de Sitter 3-space, and the spherical
projection in the hyperbolic 3-space. In Section 3, we go on to introduce Bertrand curves of non-null framed
curves in M (c) with respect to the general moving frame and investigate geometric properties of these curves.
We obtain a characterization for these curves. We then define Bertrand curves of non-null framed curves in
M3 (c) with respect to the Frenet-type frame and study geometric properties of these curves. In Section 4,
similar to Bertrand curves, we introduce two types of Mannheim curves of non-null framed curves in M (c)
and investigate geometric properties of these curves. We finally give several examples of framed Bertrand and
framed Mannheim curves and visualize them using the Hopf map, the hyperbolic Hopf map, and the spherical
projection.

2. Preliminaries

Denote by R?*! the (n + 1)-dimensional pseudo-Euclidean space of index v > 0 endowed with a pseudo-
scalar product defined by

v n+1
(u,w) = — Zulwl + Z UjW;
i=1 j=v+1
where u = (u1,...,uns1), w = (wi,...,wyq1) € R". Let S?(c) denote the pseudo-Euclidean hyper-sphere

with index ¢ > 0 and constant curvature ¢ > 0 given by
_ +1 1.2
SZ_{UGRZ |<u,u>—1/c }7

and let Hy (c) denote the pseudo-Euclidean hyperbolic space with index ¢ > 0 and constant curvature ¢ <0
given by

Hy = {u e jo_’ll (u,u) = —1/c*}.
Without loss of generality we consider the unit pseudo-Euclidean hypersphere and the unit pseudo-Euclidean
hyperbolic space, that is, we shall assume that ¢ = +1. For simplicity we will denote by Mp(c) these n-
dimensional space forms of index ¢ > 0 and constant curvature ¢ = +1, and we take My (1) =Sy (1) and

M7 (—1) = H(—1). Note that for ¢ = 1, M7 (1) lives in R*', and for ¢ = —1, M?(—1) lives in Rgill.

Clearly for v =0, R?*! reduces to the (n + 1)-dimensional Euclidean space R"*!. For v # 0 vectors are
classified with respect to the pseudo-scalar product defined above. Take a vector u = (uy,...,u,4+1) € RO
The vector u is called spacelike if (u,u) > 0 or v = 0, timelike if (u,u) < 0, or lightlike (null) if (u,u) = 0 and
u # 0. The pseudo-norm of the vector u is defined by ||u| = \/|(u,u)|. A curve v : I — R is called spacelike,
timelike, or lightlike (null) if the tangent vector of v is always spacelike, timelike, or lightlike (null), respectively.

For n arbitrary vectors us, ..., u, in R?*!, the vector product u; x --- x u, is defined as the unique vector in
R?*! satisfying the following relation for every w € R7+?

(ug X =+ X tup,w) = det(ug,...,u,,w).

It is also possible to define a vector product A induced by x in R"*! for vectors in the tangent space
T,M7(c) at any point p € M7 (c). Consider n — 1 vectors us,...,u, 1 in T,M}(c) C R}*!. The vector product
UL A AlUp_1 € TpI\\/JIZ(c) of these vectors is defined by

UL A NUp—1] =P XU X X Up—1.
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Denote respectively by V and V the Levi-Civita connections on M (c) and R} *'. For two vector fields U
and V tangent to M (c), the Gauss formula reads

VLV = ViV — (U, V)g, (2.1)

where ¢ : M7 (c) — R}*! denotes the position vector.
Since we are interested in non-flat three-dimensional space forms, from now on we shall take n = 3.
Consider a regular non-null curve v = y(s) : I € R — M3(c) that is not a geodesic, and suppose that ~ is a
unit-speed curve, i.e., ||7/(s)|| = 1 for all s € I. Then we can easily define the Frenet frame {T', N, B} along the
curve v such that
VAT = —e1cy+ 26N, VAN = —e;kT +e37B, V3B = ea7N, (2.2)

where x and 7 stand for the curvature and the torsion of v, and ¢1, €3, €3 are the causal characters of the Frenet
vectors T, N, B.

Obviously if the curve «y has singularities, then the Frenet frame defined above is not well-defined. Therefore,
by generalizing regular curves, we introduce the concept of framed curves in Mj(c) and give well-defined
frames along these curves. Let v = 7(s) : I C R — M (c) be a smooth immersed curve. Then (v,vy,v2) : I —
M3 (c) x Ais called a framed curve if ((s), vi(s)) = 0 = (v'(s),vi(s)) (i = 1,2) for all s € I, where

A = {(w,w) | (u,w) = 0}.
We have the following cases for A:
1. For M(c) = S§ c R*, we have A C S} x S},
2. For M(c) = S} C R{, we have the following cases:

(@) A CS?xHjorAcCH} xS3. In this case v is called a spacelike framed curve in S3.
(b) A C S? x S3. In this case 7 is called a timelike framed curve in S3.

3. For M3(c) = Hj C R, we have A C S} x S}. In this case ~ is called a spacelike framed curve in Hf.

4. For M3(c) = H} C R3, we have the following cases:

(@) A CH} xS3orAcCS3xH;3. In this case v is called a spacelike framed curve in H3.

(b) A C S3 x S3. In this case 7 is called a timelike framed curve in H.
5. For M3(c) = S3 C R3, we have the following cases:

(a) A C H$ x H?. In this case v is called a spacelike framed curve in S3.

(b) A CH? x S5 or A CS3 x H3. In this case 7 is called a timelike framed curve in S3.

For a framed curve (v, vy, v) in M2(c) x A, set pu(s) = 7(s) x v1(s) x vz(s). Then there exists a smooth function
o : I — R such that /(s) = a(s)u(s). Hence {v1, vz, u} forms an orthonormal frame along y in M3. Considering
the Levi-Civita connection V° of R}, we have the following derivative formulas of this frame

Vg/vl = 62@1’()2 + 6362[14,

Vg,vg = —e1lyv] + 6353,&, (23)

Vg,,u = —€3cay — 6162’01 — 6263’02,

where ¢; = (v, v;) (1 =1,2), €3 = (p, p), o = ez, u), €1 = (vi,v2), b2 = (v}, u), and ¢35 = (vh, u). Note that for
simplicity we shall also use the notation 2’ to represent the derivative Vg/x. The mapping (a, ¢4, 02, ¢3) : I — R*
is said to be the curvature of (v, v1,v2). It is easy to see that + is singular at s € I if and only if a(sg) = 0.

Note that these framed curves satisfy the existence and uniqueness. More specifically, for a smooth mapping
(a, €1, 8o, 03) : T — R?, there exists a unique framed curve (v,v1,v2) : I — M3(¢) up to rigid motion such that «,
l1, U2, and {3 are the curvatures of +. This fact has been proved for different ambient spaces [14,17,40] and can
be similarly proved for our cases.

We are also be able to form a Frenet-type frame along a framed curve. This frame is indeed like a moving
frame defined above but the last component /5(s) of its curvature vanishes for all s. Therefore, we can construct
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this frame by keeping 1 and by applying a suitable pseudo-Euclidean rotation of {v;,v,} about ;. Denote this
Frenet-type frame by {1, w:,w;}. Hence we have

wi(s)) _ (f(o(s)) —ereag(a(s)) (vi(s)
(w2(8)> B (9(0(8)) flo(s)) > <v2(8)> ’
where (f(u), g(u)) = (cosu,sinu) if e1e2 = 1, (f(u), g(u)) = (coshu, sinh u) if €1, = —1. Differentiating wy and w,
and using (2.3) we have

wi(s) = ea(—e10"(s) + L1(s))w2 + es(l2(s) f(0(5)) — ereals(s)g(o(s)))u(s),
wy(s) = —er(—€10”(s) + L1(s))wr + €3(C2(s)g(0(s)) + L3(s) f(o(5)))u(s).
(

Let o be a smooth function such that ¢2(s)g(co(s)) + ¢3(s)f(o(s)) = 0. Assume that ¢2(s) = p2(s)f(o(s)) and
l3(s) = —p2(s)g(o(s)). Then we have

1 (s) = —ezca(s)y(s) — expa(s)wi(s).
Then defining p; (s) := —e10'(s) + ¢1(s) we get the Frenet-Serret type formulas as follows

V3w = eaprws + 3pap,

V,.OY/UJ2 = —&1p1Wi, (24)
Vg,/ﬂ = —E&3Cay — E1paWwi,

where ¢; = (w;,w;) (i = 1,2), e3 = (u, p), o = e3(y’, u). We call the mapping (a, p1,p2) : I — R? the Frenet-type
curvature of (v, wy, wa).

Next we introduce a geodesic curve in M3 (c) C R+ as follows: let v(s) be a point of  in M (c), and let X (s)
a point in M2(d) ¢ R?*!. Then for t € R

07 () = exp, (tX) = F(£)1(s) + g(H) X (s) (2.5)
is a geodesic curve in M(c), where f and g are functions given by f(t) = cost and g(t) = sint if dc =1, by
f(t) = cosht and g(t) = sinht if dc = —1. We shall consider two particular types of such geodesic curves. For

a framed curve (v, v1,v2) : I — M (c)A, 677 (t) is called the generalized principal-normal geodesic starting at
v(s), and 67°">(t) is called the generalized binormal geodesic starting at y(s).
We recall the Hopf map given by [34]

7 :M3(1) — S*(1/2)
2 2

2 2
U +ui —ui —u
1 2 3 1
(u1,ug, us, ug) — <U1U3 + Uy, UsU3 — U Uy, 3 > , (2.6)

where 52(1/2) = {(y1,92,y3) € R3 | y? + y3 + y3 = 1/4} is the 2-sphere that is the surface of constant curvature
1/4 in the three-dimensional Euclidean space R>.
We now recall the hyperbolic Hopf map given by [3]

h M3 (—1) — H?(1/2)

2 2 2 2
uy +us +us +u
1 2 3 4)7 (27)

(w1, ug, us,uyg) — <U1U3 + UgUg, U U4 — U2U3, 5

where H2(1/2) = {(y1,y2,v3) € R} | y? + y3 — y3 = —1/4and y3 > 0} is the hyperbolic 2-space that is the surface
of constant curvature —1/4 in the three-dimensional Minkowski space R}. By using this map we will get
projections on H?(1/2) of curves in the anti-de Sitter 3-space M3 (—1) and visualize them.

We close this section by defining the spherical projection of a curve in M3(—1) C R} [7]. Let v € M}(—1) be
a curve defined by exp,(p(s)V (s)), where p € Mj(—1), p(s) # 0 is an arbitrary function, and V(s) is a curve in
MZ(1) = S*(1) € T,MZ(—1). In this case, V is said to be the spherical projection of ~.

3. Non-null framed Bertrand curves in M?(c)

We, in this section, shall introduce two-types of Bertrand curves of non-null framed curves in M (c) with
respect to two different frames: the general moving frame {v, v, u} and the Frenet-type frame {w;, wo, u}.
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3.1. Framed Bertrand curves in M3 (c) with respect to the general moving frame {vy, vy, ju}

Definition 3.1. Suppose that (v, v1,v2) : I = M (c) x A is a non-null framed curve. Then (v, v1,v) is called a
Bertrand curve if there exists another non-null framed curve (7, 9y, 2) : I — M2(¢) x A such that both curves
(v, v1,v2) and (7, 1, U2) have common generalized principal normal geodesics at corresponding points. In this
case, (7,01, U2) is said to be a framed Bertrand mate (or conjugate) of (y,v1,v2), and as well (v, v1,v2) and (7, 01, T2)
are called a pair of framed Bertrand curves.

By this definition, we immediately see that for a pair of framed Bertrand curves (v, v1,v2) and (%, 1, U2), there
exists a differentiable function ¢(s) such that

V(s) = f(@(s))v(s) + g(e(s))va(s). G.1)

Since ¥ € M} (c), we have f?(¢(s)) + e1¢g®(¢(s)) = 1. Note that from now on, we will simply say v is a framed
Bertrand curve instead of saying (v, v1, v2) is a framed Bertrand curve. Furthermore, throughout the paper we
will assume that g(p(s)) # 0 thatis 5 # ++.

Proposition 3.1. Let v be a framed Bertrand curve, and let 7 be a Bertrand mate of this curve given by (3.1). Then the
function ¢(s) is constant.

Proof. From Definition 3.1, v and 4 have common generalized principal normal geodesics at corresponding
points. Thus we have

< amm=n)
tli=g(s)

Since f'(t) = —e1cg(t) and ¢/ (t) = f(t), we find that
v1(s) = —e1cg(p(s))v(s) + f(e(s))vi(s).
Differentiating (3.1) and using (2.3) yields
¥ (s) = a(s)fi(s) = — exc'(s)g(p(s))1(s) + (f(e(s)a(s) + esg(io(s))La(s)) u(s)
+¢'(5)f((s))v1(s) + e2g(ip(s))l1(s)va(s).

Then we get
0= (7(s),01(s)) = &' (s)(cg?(2(s)) + e1/*(p(5))) = e1¢'(s),
which directly yields ¢'(s) = 0. O

Proposition 3.2. Let (v, v1,vs) : I — M3(c) x A beanon-null Bertrand curve with curvature (e, {1, 02, {s). A Bertrand
mate (,01,02) : T — M3(c) x A of (y,v1,v2) is also a non-null framed curve with curvature (&, £y, l>, (3), where

v1(s) = —e1cg(p)v(s) + f(p)vi(s),
) (

(s)
va(s) = £(0(s))v2(s) +n(0(s))u(s),
fi(s) = ean(0(s))v2(s) — e3&(0(s))u(s),
a(s) = eze2g(0)n(0(s))lr(s) — & (f(p)als) + esg(p)la(s)) £(0(s)),
0(s) = f(9)E(0(3))r(s) + (—erescg(p)als) + f(p)la(s)) n(6(s)),
la(s) = e2f(9)n(0(s))1(s) + (ercg(p)als) — esf(0)la(s)) £(6(s)),
l3(s) = —e3(esb (s) + L3(s)),

where €, €, €3 are the causal characters of v1, s, and i, and 0 : I — R is a smooth function. Moreover, the functions &
and n are given by ({(u), n(u)) = (cosu,sinu) if €, = e = €3, by ({(u),n(u)) = (coshu,sinhu) if & = e = —e3, and
by (&(u),n(u)) = (sinhu, coshu) if €& = —ex = e5. Thus, these two functions satisfy the relation e = €26 + e3n?.

Proof. Since (%,71, U2) is a Bertrand mate of (v, v1,v2), by (3.1) and Proposition 3.1 we directly have

3(s) = fle)v(s) + glw)vi(s),
v1(s) = —e1cg(p)v(s) + f(p)vi(s).
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Notice that & = (01, 71) = €. The derivative of ¥(s) with respect to s is given by

V' (s) = a(s)iu(s) = (f(p)als) + esg(p)la(s)) u(s) + e29()l1(s)va(s)-

Therefore there exists a smooth function 6 : I — R such that

va(s) = £(0(s))v2(s) +n(0(s))u(s),

where ¢ and 7 are functions so that €, = (v, U2) = €262 + e3n%. Therefore, based on the causal characters &, e,
and eg, the pair (§(u), n(u)) can be chosen as one of the following pairs of functions; (cos u, sin ), (cosh u, sinh ),
or (sinhwu,coshu). Notice that &'(u) = —ezesn(u) and 1’ (u) = £(u). Then we find that (7,7,) = (3,72) = 0 and
(7/,01) = (¥,92) =0, and thus (¥,71,72) is a non-null framed curve in M3(c) x A. It is easy to find that
fi(s) = ean(6(s))va(s) — 3£ (0(s))(s).
To find the curvature of this framed curve, we shall need the following derivatives:
¥1(s) = e2f (@)l (s)va(s) + (esf (9)la(s) — ercg(p)a(s)) u(s),
vy(s) = —esca(s)n(0(s))v(s) — e (Lu(s)5(0(s)) + La(s)n(6(s)))v1(s)
— e2(€30'(s) + £3(5))n(6(5))va(s) + (0 (s) + €sls(s))E(0(s)) u(s)-

We know that a(s) = &(5(s), fi(s)), £1(s) = (¥} (s),2(s)), l2(s) = (¥} (s), i(s)), and l3(s) = (vh(s), fi(s)). The rest
of the proof follows straightforwardly from the equations given above. O

Notice that if v has a singularity at s, thatis, a(sg) = 0. Then its framed Bertrand conjugate 7 has a singularity
at s if and only if

€21(0(s0))l1(s0) = €3€(0(s0))l2(s0)- (3.2)

Proposition 3.3. Let y and 7 be a pair of non-null framed Bertrand curves in M (c). Then there exist a constant  and
a smooth function 6 : I — R such that

(@) (flp)als) + esg(p)la(s)) n(0(s)) = —esg(p)§(0(s))li(s),
(b) €2 (f(p)als) — Egl)la(s)) n(0(s)) = E29()&(0(5)) 1 (s),
© (F(s)als) + eag(@)la(s)) (F(5)als) — Eg(@)la(s)) = eataal(s)a(s)E2(0(s)),
(@) —esa(s)a()P(0(s)) = £1()F()9%().
Proof.  (a) Bearing in mind that ¢ is a constant, we get the derivative of (3.1)
5(5) = (F(9)als) + eag(9)la(s)) (s) + eg()a()uas).

We also know that 7/(s) = @(s)a(s). Now introducing fi(s) given in Proposition 3.2 into this equation
gives us the following relation:

7' (s) = a(s) (e2n(8(s))va(s) — es&(0(s)) () -
From the last two equations, we find that
a(s)n(0(s)) = glp)a(s), (33)
—€30(5)E(0(s)) = f(p)a(s) + eag(p)la(s)- (3-4)
Claim (a) follows directly from these equations.

(b) To prove this statement we need to write the moving frame {~, v, v2, 1} in terms of {¥, 01,02, i}. This is
simple from the equations given in Proposition 3.2:

1(8) = f(9)3(s) = g(e)ui(s),
vi(s) = exrcg(@)y(s) + fp)oi(s), (3.5)
va(s) = €3(€a€(0(s))va(s) +n(0(5))ia(s)),
p(s) = €s(ean(6(s))v2(s) — £(0(s))a(s))-
Following similar steps to those in (a), we obtain
e2éza(s)n(0(s)) = —eag(p)la(s), (3.6)
—E3a(s)5(0(s)) = f(p)als) — Eag()la(s). (3.7)

From these equations we get (b).

dergipark.org.tr/en/pub/iejg 452


https://dergipark.org.tr/en/pub/iejg

O. O. Tuncer

(c) The proof directly follows from (3.4) and (3.7).

(d) The proof directly follows from (3.3) and (3.6).
O

Suppose that v has a singularity. In this case, the framed Bertrand mate ¥ of v might be a regular curve
or might have singularities. Let a(so) = 0. Then from (3.6) and (3.7) we immediately have /;(sy) = 0 and
f(p)a(so) = e3g(v)l2(s0). Now suppose that 4 has singularity at sy, that is, @(sg) = 0. Then from (3.3) and (3.4)
we directly get ¢1(so) = 0 and f(p)a(so) = —esg(¢)l2(so). Therefore, if both v and 4 has singularity at s¢, then
we find that ¢1(sg) = 0, f2(s0) =0, f1(s0) = 0, l2(s0) = 0. The converse of this proposition does not have to be
true.

Proposition 3.4. Let y and 7 be a pair of non-null framed Bertrand curves in ML (c). Then there exist a constant @ and
a smooth function 6 : I — R such that

(@) ()£ () = e2éali(s)€(0(5)) + Eala(s)n(0(s)) and L1 (s)f(i9) = tr()(0(s)) + L2(s)n(0(s)),
(b) —erca(s)g(p) + esla(s)f () = Eli(s)n(0(s)) — eseslz(s)S(0(s)) and
eali(s)n(0(s)) — e3la(s)€(0(s)) = erézcals)g(p) + La(s) f ().
Proof. From (2.3) and Proposition 3.2 we have
¥(s) =2l (5D (s) + Eala(s)i(s)
= (€201()€(0(5)) + e23la(s)n(0(s))) va(s)
+ (E201(5)n(0(5)) — eséala(s)¢(0(s))) uls).
On the other hand, differentiating 7, (s) given in Proposition 3.2 yields
v1(s) = e21(s) f(p)va(s) + (—ercals)g(p) + esla(s)f () p(s)-

Using the last two equations we prove the first relations in (a) and (b).
For the proof of the second relations, a similar procedure is followed by using relations in (3.5). O

0(s
0

Notice that if v has singularity at sy, then from the second equality of Proposition 3.4(a) we have
£(60(s0))l1(s0) +1(0(s0))¢2(s0) =0 and from the first equality of Proposition 3.4(b) we have /¢5(so)f(p) =
—€3l72($0)f(9(80)) since 51(80) =0.

In the following proposition, we shall consider a special case where ¢;(s) = 0 for all s € I.

Proposition 3.5. (i) A non-null framed curve (7y,v1,vs) : I — M (c) x A with curvature (., 0, £y, £3) is a framed
Bertrand curve, and this curve has infinite Bertrand conjugates 7 such that ¢,(s) = 0 forall s € 1.

(ii) Let v and 5 be a pair of non-null framed Bertrand curves with curvatures («,y,4o,/3) and (@, by, 2, 05). If
l1(s)=0forall s € I, then {1(s) =0forall s € I.

Proof. (i) Let v be a non-null framed curve such that ¢;(s) = 0 for all s € I. For each real number ¢ € (—¢,¢),
consider the curve in M (c) defined by

Yo (s) = f(0)r(s) + g(p)va(s). (3.8)

We will show that for all ¢ € (—¢,¢), 7, is a framed Bertrand conjugate of v. Differentiating (3.8) and
using (2.3), we may take

fip(s) = p(s), (3.9)
ap(s) = flp)a(s) + esg(p)la(s)- (3.10)

Therefore we get
U1, (s) = —e1cg(p)y(s) + f(p)v(s). (3.11)

Then the generalized principal normal geodesic starting at 7,(so) is given by

§(t) = f(t)7,(s0) + g(t)v1, (s0) = f(t + ©)v(s0) + g(t + p)vi(so).

Clearly this is just a reparametrization of the generalized principal normal geodesic starting at ~(so).
Therefore 7, is a non-null framed Bertrand conjugate of ~.

Differentiating (3.11) and using (3.8), (3.9), and (3.10) yields
Vs, (s) = va(s), le(s) =0, E% (s) = eacg(p)a(s) + f(p)la(s), 53¢(5> = {3(s). (3.12)
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(ii) Assume that ¢;(s) = 0 for all s € I. From Proposition 3.3(d) we find that n(f(s)) = 0 for all s € I. Now
introducing these relations into Proposition 3.3(a), we get g(¢)¢i(s) = 0 for all s € I. Then we have two
cases: (1) if g(¢) = 0, then f2() = 1 and so v = +7. Hence ¢, (s) = ¢,(s) = 0 for all s € I.(2) if £,(s) = 0 for
all s € I, there is nothing to prove.

O

We next give the main theorem of this section that characterizes framed Bertrand curves in M (c). But before
this theorem, we recall the following conditions from the above discussion:

C1. f and g are smooth functions such that f? + ejcg? = 1, f' = —€1cg,and ¢’ = f.
C2. £(u) and n(u) are smooth functions such that

(&,1m) € {(cosu,sinu), (cosh u, sinhu), (sinh u, coshu)}.

Theorem 3.1. Suppose that (v, v1,v2) : I — M3 (c) x A is a non-null framed curve with curvature (o, {1, o, (s), where
l1(s) # 0 forall s € 1. Then ~ is a framed Bertrand curve if and only if there exist a constant ¢ such that g(¢) # 0 and a
smooth function 0 : I — R such that forall s € I

e39(0)E(0(3))01(s) + (f(wp)als) + esg(w)la(s)) n(0(s)) = 0, (3.13)
where the functions f and g satisfy condition C1, and the functions  and n satisfy condition C2.

Proof. The sufficiency part is clear from Proposition 3.3(a).
Now suppose that (3.13) is satisfied for a certain function 6(s) and a constant ¢. Consider the curve

3(s) = fle)v(s) + g(e)vi(s)- (3.14)

We will show that this curve is a framed Bertrand conjugate of . Then using (3.13) it is easy to show that
(,01,2) : I = M2(c) x Ais anon-null framed curve with

v1(s) = —e1cg(p)v(s) + fp)vi(s), (3.15)
Da(s) = £(0(s))va(s) +n(0(s))u(s). (3.16)

Using (3.14) and (3.15), we see that the generalized principal normal geodesic starting at a point J(s) is

3(t) = f(t)7(s0) + g(t)v1(s0)
= f(t+p)v(s0) + g(t + @)vi(so).

This gives a reparametrization of the generalized principal normal geodesic at 7(s). Therefore 7 is a framed
Bertrand conjugate of ~. O

Remark 3.1. Equation (3.13) characterizes framed Bertrand curves with /y(s) # 0 in M3(c). But this
characterization looks different from its counterparts for regular Bertrand curves. Let A = g/ f, and assuming
n(0(s)) # 0 for all s € I, define p(s) = A(0(s))/n(0(s)). Hence (3.13) becomes

Ma(s) + p(s)li(s) = —esa(s). (3.17)

This is quite familiar since we know that regular non-null Bertrand curves in M2(c) are characterized by the
formula: Ak + u7 = 1, where X\ # 0 and p are constants, and x and 7 stand for the curvature and torsion of the
curve. Equation (3.17) is clearly a generalization of this classical formula.

3.2. Framed Bertrand curves in ML (c) with respect to the Frenet-type frame

Definition 3.2. Suppose that (v, w;,ws) : I = M3(c) x A is a non-null framed curve with the Frenet-type frame.
Then (v, w:,ws) is called a Bertrand curve with respect to the Frenet-type frame if there exists another non-
null framed curve (5,&1,©2) : I — M2(c) x A such that both curves (v,w;,w;) and (3, @1, @) have common
generalized principal normal geodesics with respect to the Frenet-type frame at corresponding points. In
this case, (7,1, w2) is said to be a framed Bertrand mate (or conjugate) of (y,w1,w2), and as well (v, w1, ws) and
(7, @1, @2) are called a pair of framed Bertrand curves.
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For a pair of framed Bertrand curves (v, wr,ws) and (¥, w1, @2), we can write

7(s) = f(e)r(s) + g(p)wi(s), (3.18)

where f2(¢) +1cg?(p) = 1, and ¢ is a constant such that g(y) # 0.

We will not give all of the results of Section 3.1 again for the Frenet-type frame along ~. But nevertheless we
discuss some propertles of these framed Bertrand curves. Actually a trick for carrying the results of Section 3.1
to this section is simply letting ¢; = ¢; (1 = 1,2), {1 = p1, o = pa2, €3 =0, 0y = p1, 0y = Pa, b5 =0inall equations of
Section 3.1. Note that what is meant here is not that the Frenet-type frame is a special case of the general moving
frame for /3(s) = 0. But using this trick will save us making many calculations. Therefore letting ¢35 = ¢35 = 0 in
the equalities in Proposition 3.2 we have ¢'(s) = 0 and so §(s) = ¢ is a constant function. Thus we have

w1(s) = —e1cg(p)v(s) + f(p)wi(s),

(s)
Wa(s) = f( Jwa(s) +n(0)u(s),
fils) = ( Jwa(s) — e3€(0)u(s),
a(s) = Ese29(0)n(0)p1(s) — &3 (f(p)als) + e3g(p)p2(s)) £(0), (3.19)
pi(s) = ( ) 0)p1(s) + (—ereseg(p)als) + f(p)pa(s)) n(8),
P2(s) =

(0)p1
2 (0)n(0)p1(s) + (ercg(p)als) — esf(p)p2(s)) £(0),
where &1, &, &3 are the causal characters of wy,@,, and ji, and 6 is a constant. Moreover, the functions £ and 7
are given by ({(u),n(u)) = (cosu,sinu) if &, = €3 = €3, by (§(u),n(u)) = (coshu,sinhu) if &, = €5 = —¢3, and by
(£(u),n(u)) = (sinhu, coshu) if &, = —e9 = 3. Thus, these two functions satisfy the relation &; = £2£2 + e3n%.
Propositions 3.3, 3.4, and 3.5 can also be obtained in a similar way. Similar to Theorem 3.1 we can derive
the equation that characterizes framed Bertrand curves with respect to the Frenet-type frame. Suppose that
(7, wi,w2) : I = M2(c) x Aisanon-null framed curve with the Frenet-type curvature (c, p1,p2), where p;(s) # 0
for all s € I. Then ~ is a framed Bertrand curve with respect to the Frenet-type frame if and only if there exist
two constants ¢ and 0 with g(p) # 0 such that for all s € T

e39()E(O)p1(s) + (f(w)als) + esg(p)p2(s)) n(6) = 0. (3.20)
Letting A = g/ f and p = A§(9)/n(8) with n(6) # 0, this equation will directly lead to the following theorem.

Theorem 3.2. (vy,ws,ws) is a framed Bertrand curve with respect to the Frenet-type frame if and only if there exist two
constants A # 0 and p such that

Ap2(s) + pp1(s) = —eza(s). (3.21)

4. Non-null framed Mannheim curves in M (c)

Similar to the previous section, we, in this section, define two-types of Mannheim curves of non-null framed
curves in M3 (c) with respect to two different frames: the general moving frame {v, v2, 1} and the Frenet-type
frame {wy,ws, 1}

4.1. Framed Mannheim curves in M} (c) with respect to the general moving frame {vy, va, i}

Definition 4.1. Let (y,v1,v2) : I — M(c) x A be a non-null framed curve. Then (v, vy, v2) is called a Mannheim
curve if there exists another non-null framed curve (¥, 91,%) : I — M (c) x A such that generalized principal
normal geodesics of (vy,v1,v2) and generalized binormal geodesics of (9, 91,02) at corresponding points are
coincident. In this case, (¥, 01, 02) is called a Mannheim mate of (v, v1,v2), and (v, v1,v2) and (%, 01, 02) are called
a pair of framed Mannheim curves.

For a pair of framed Mannheim curves (v, v1,v2) and (9, 91, 02), there exists a differentiable function ¢(s)
such that
Y(s) = f(9(s))7(5) + 9(d(s))vi(s). (4.1)
Since 4 € M (c), we have f2(¢(s)) + e1cg®(4(s)) = 1. We will assume that g(¢(s)) # 0 that is 4 # +~. Definition
4.1 states that principal normal geodesics of v coincide with binormal geodesics of 4 at corresponding points.
Then
d 0LV (t) = a(s).

At —g(s)
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We know that f'(t) = —ei1cg(t) and ¢'(t) = f(t). Then we get
ba(s) = —e1cg(d(s))(s) + f(¢(s))vi(s)-

Similar to Proposition 3.1, the proof of the following proposition follows from this equation.

Proposition 4.1. Let v be a framed Mannheim curve, and let 4 be a Mannheim mate of this curve given by (4.1). The
function ¢(s) is constant.
Proposition 4.2. Let (v,v1,v2) : I — M (c) x A be a non-null Mannheim curve with curvature (o, €y, (s, (3). Then a

Mannheim mate (3, 01,92) : I — M3 (c) x A of (vy,v1,v2) is also a non-null framed curve with curvature (&, 01,05,03),
where

b1(s) = &(B(s))va(s) + n(B(s))u(s),

ba(s) = —e1cg(9)v(s) + f(P)vi(s),

fi(s) = —ean(B(s))va(s) + e3€(B(s))u(s),

a(s) = —ése29(P)n(B(s))l1(s) + € (f(P)als) + e39(d)2(s)) E(B(s)),
l1(s) = —f($)E(B(5))a(s) + (erescg()als) — F()la(s)) n(B(s)),
U3(s) = e3ésf(s) + ésls(s),

U3(s) = —eaf(&)n(B(s))la(s) — (ercg(d)a(s) — esf()la(s)) £(B(s)),

where &y, é, €3 are the causal characters of 01,09, and i, and B : I — R is a smooth function. Moreover, the functions &
and n are given by (§(u),n(u)) = (cosu,sinu) if & = €2 = €3, by ({(u),n(u)) = (coshu,sinhv) if & = e = —e3, and
by (£(u),n(u)) = (sinhu,coshu) if & = —es = e3. Thus, these two functions satisfy the relation €, = €22 + e3n?>.

From (4.1) and the equations given in Proposition 4.2, it is easy to show that
() = f(9)A(s) — 9(9)da(s),
vi(s) = e1cg(9)7(s) + f(9)va(s),
va(s) = é3(es8(B(s))01(s) = n(B(s))fa(s)),
p(s) = és(ean(B(s))01(s) +E(B(s))is))-

We will not provide proofs for the following results since they follow similar to the results given in Section 3.

Proposition 4.3. Let ~ and 4 be a pair of non-null framed Mannheim curves in M (c). Then there exist a constant ¢
and a smooth function 3 : I — R such that

@ (f(@)als) + es9(6)6a(s)) n(B(5)) = —eag(BE(B()A(s),
(b) € (F(0)als) — Eag(6)la(s) ) n(B(s)) = E1g(S)E(B () (s),

(© (f(s)als) + es9(6)02(5)) (F(5)als) — eag(0)la(s) ) = esésa(s)a(s)€X(5(5)),
(@) —esals)a(s)nP(B(s)) = ()1 ()9%(0):

Proposition 4.4. Let ~ and 4 be a pair of non-null framed Mannheim curves in M (c). Then there exist a constant ¢
and a smooth function 3 : I — R such that

(@) £1(5)f(0) = —e2érfr(s)E(B(s)) — eala(s)n(B(s)) and b1 (s)f(9) = —L1(5)E(B(s)) — La(s)n(B(s)),

(b) —erca(s)g(d) + esla(s) f(d) = —érlr(s)n(B(s)) + esésls(s)E(B(s)) and
—e2l1(s)n(B(s)) + €3l2(s)§(B(s)) = e1ézci(s)g(p) + L3(s) f (),

Proof. The proofs of the first relations in (a) and (b) directly follow from the equality of the left-hand sides of
the following relations:

ﬁé(s) = — élél (S)?Ajl (8) + @3@3(8)/](5)
= (~ahi©)$(8() — extala(m(B(s)) ) vals)
+ (~arfi(sn(B(s) + eséala()E(8(s) ) nls),

dergipark.org.tr/en/pub/iejg 456


https://dergipark.org.tr/en/pub/iejg

O. O. Tuncer

and
Uy (s) = e2l1(s) f(D)va(s) + (—erca(s)g(@) + esla(s) f(#)) p(s).

On the other hand, the proofs of the second relations in (a) and (b) follow from the equality of the left-hand
sides of the following relations:

vy (s) =eal1(s)va(s) + esla(s)p(s)
=é1 (L1(s)E(B(s ))+€2( In(B(s))) v1(s)

+ & (—eals (In(B(s) + eala(E(B(s)) ) o),

and

Vi (s) = —erl1 () f(9)in(s) + (crea()9(9) + éali(5)£(0) ) (o).
O

Proposition 4.5. (i) A non-null framed curve (ry,vy,v2) : I — M (c) x A with curvature (v, 0,45,03) is a framed
Mannheim curve, and this curve has infinite Mannheim conjugates 4 such that £,(s) = 0 for all s € I.

(ii) Let v and 4 be a pair of non- null framed Mannheim curves with curvatures (c, {1, ¥¢2,43) and (d,fl,?g,gg). If
(1(s) =0forall s € I, then {,(s) = 0 forall s € I.

The main theorem of this section that characterizes framed Mannheim curves is given below.

Theorem 4.1. Suppose that (v, v1,vs) : I = M3 (c) x A is a non-null framed curve with curvature (e, {1, £z, l3), where
s) # 0 for all s € I. Then ~ is a framed Mannheim curve if and only if for a real constant ¢ such that g(¢) # 0, for a
smooth function §: I — R, and forall s € I

9(D)E(B(5))r(5) + €3 (f(@)a(s) + esg(d)l2(s)) n(B(s)) = 0, (4.2)
where f and g satisfy condition C1, and & and n satisfy condition C2 given in Section 3.

Next we give a theorem that relates framed Bertrand curves and framed Mannheim curves. The proof of this
theorem is clear from Theorem 3.1 and Theorem 4.1.

Theorem 4.2. Let (v, v1,v2) : I — M2(c) x A be a non-null framed curve. Then (v, vy, v2) is a framed Bertrand curve
if and only if (vy, v1, v2) is a framed Mannheim curve.

Remark 4.1. The previous theorem may seem the reader a bit odd since this theorem clearly states that every
framed Bertrand curve is a framed Mannheim curve and vice versa. However, we may see this fact with the
following reasoning. Consider a framed Bertrand curve (v, v, v2) and its framed Bertrand mate (¥, 71, 92). Then
the generalized principal normal geodesics of these two framed curves are coincident. We can easily show that
for v, = Uy and ¥y = 74, (¥, 01, 02) is also a framed curve. But in this case (¥, 71, ¥2) is a framed Mannheim mate
of (y,v1,v2) since the generalized principal normal geodesics of (v, v1,v2) are coincident with the generalized
binormal geodesics of (7, 01, 72). The converse of this statement can similarly be proved.

4.2. Framed Mannheim curves in M3 (c) with respect to the Frenet-type frame

Definition 4.2. Let (v,w;,ws) : I = M3(¢c) x A be a non-null framed curve with the Frenet-type frame. Then
(7,w1,w2) is called a Mannheim curve with respect to the Frenet-type frame if there exists another non-null
framed curve (§,&1,@2) : I — M2(c) x A such that generalized principal normal geodesics with respect to the
Frenet-type frame of (v, w1, vws) and generalized binormal geodesics with respect to the Frenet-type frame of
(4,1, @2) at corresponding points are coincident. In this case, (¥, @1, w2) is called a Mannheim mate of (vy, w1, ws),
and (7, w1, ws2) and (%, 1, &) are called a pair of framed Mannheim curves.

For a pair of framed Mannheim curves (v, w1, w2) and (¥, @1, @2), we have

Y(s) = f(@)v(s) + g(P)wr(s), (4.3)

where f2(¢) + e1cg*(¢) = 1, and ¢ is a constant such that g(¢) # 0.

A similar trick to that in Section 3.2 can be also considered for this section. That is, setting ¢; = ¢; (i =1, 2),
01 =p1, o =py, l3 =0, = py1, ls = P2, £3 = 0 in all equations of Section 4.1, we can obtain similar results to
those given in Section 4.1. However, we still want to discuss some of these results in detail.
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Let (y,w1,ws) : I — M2(c) x Abeanon-null Mannheim curve with the Frenet-type curvature (a, p1, p2). Then
a framed Mannheim mate (,@1,@s) : I — M (c) x A of (y,w:,w;) is also a non-null framed curve with the
following Frenet-type frame and Frenet-type curvature

w1(s) = &(B(s))wa(s) +n(B(s))u(s),
a(s) = —e1cg(d)y(s) + f()wi(s),
fi(s) = —ean(B(s))wa(s) + 3£ (B(s))u(s),
a(s) = —€3e29(P)n(B(s))p1(s) + €3 (f(P)uls) + e3g(P)p2(s)) £(B(s)),
p1(s) = —f(9)§(B(s))p1(s) + (e1€3c9(P)ax(s) — f(B)p2(s)) n(B(s)),
pa(s) =383 (s).
We also have the relation
—e2f(@)n(B(s))p1(s) — (e1cg(@)as) — esf(d)p2(s)) £(B(s)) = 0. (4.4)

We consider the following two cases.

1. f(¢) # 0. We know that
G(s) = €39(0)(—e2m(B(s))p1(s) + e38(B(s))p2(s)) + Esf (¢)a(s)E(B(s))-

Introducing (4.4) into this equation yields

a(s) = sa(s)€(B(s))/ f(9). (4.5)
Similarly considering (4.4) in p: (s) given above yields
p1(s) = esa(s)n(B(s))/9(¢), (4.6)

because we already assumed that g(¢) # 0. Notice that from (4.5) and (4.6), if v has a singularity at s, then
its framed Mannheim mate with respect to the Frenet-type frame too is singular at s¢, and also p1(s¢) = 0.
Conversely if the framed Mannheim mate 4 of v has a singularity at sq, then « has a singularity at sq or

§(B(s0)) = 0.

2. f(¢) = 0. In this case we may assume that g(¢) = 1. From (4.4) we have {(8(s)) = 0 for all s, and therefore
we may assume that 7(5(s)) = 1. Then after some computation we find that p(s) =0,

Y(s) =wi(s), @i(s) =n(s), wals) =7(s), fAls) = —e2wa(s),
a(s) = —pi1(s), pi(s) = —eza(s), pa(s) =0.

Propositions 4.3, 4.4, and 4.5 can also be obtained in a similar way. Similar to Theorem 4.1 we can derive
the equation that characterizes framed Mannheim curves with respect to the Frenet-type frame. Suppose that
(v,wi,we) : [ — Mg (¢) x Aisanon-null framed curve with the Frenet-type curvature («, p1, p2), where p1(s) # 0
for all s € I. Similar to (4.2) we also have

9(9)E(B(s))p1(s) + &3 (f(d)als) + e3g(d)p2(s)) n(B(s)) = 0. (4.7)
Using (4.4) and (4.7), and letting A = f(¢)g(¢)/(c1cg*(¢) — f2(¢)), we get the following theorem.

Theorem 4.3. (v,wi,ws) is a framed Mannheim curve with respect to the Frenet-type frame if and only if either (i)
e1cg?(¢) — f2(¢) # 0 and there exists a constant X such that

Ae2pi(s) + eaps(s) — erezca®(s)) = a(s)pa(s),

or (ii) e1cg?(¢) — f2(¢) = 0 and eop3(s) + e3p3(s) = e1e3¢a?(s).

Proof. The sufficiency part is easy enough. So we will do only the necessity part of the proof.
(i) Assume that e;cg%(¢) — f2(¢) # 0 and there exists a constant ) such that

Meapd(s) + £5p3(5) — er63002(s)) = a(s)pa(s). (48)
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We need to find a Frenet-type framed curve (¥, w1, @2) such that v and 4 give a pair of framed Mannheim curves
relative to the Frenet-type frame. Define

A(s) = f()v(s) + g(P)wi(s), (4.9)
and let A = YIS 2Ok fz(sz (?2( ) Differentiating (4.9) twice yields
a(s)i(s) = e2g(P)wa(s) + (f(P)als) +esg(P)p2(s))uls), (4.10)
&' (s)fi(s) — E3ca®(s)5(s) — E1apa(s)@n(s) = ag(¢)p) (5)wa(s) (4.11)
+ (f(¢)a(s) +eg(d)p2(s)) 1 ()—63ca(8)(f(¢)a s) +e39()p2(s))v(s)
— &1 (9(0) (207 (5) + €3p3(s)) + f(B)(s)p2(s)) wi(s)

From the vector product of (4.9), (4.10), and (4.11), we find that

— E16%Paly = 182639 (p1(for + e3gp2)’ — P (fo+ e3gp2)) (—e1cgy + fwr)
+e162 [fg( — (e2p] + 3p3) + e163c0”) + apa(e1cg® — f2)] (e3(fa + eagp)wz — gpip),

where for simplicity we omitted the parameter s and the constant ¢. Now introducing (4.8) in the last equation,
we see that the coefficients of w; and 1 on the right-hand side of this equation vanish. Then we find that

Wy = —e1¢9Y + fwy. (4.12)
Using (4.9) and (4.12), we find that the generalized principal normal geodesic starting at a point (so) is
o(t) = f(t)7(s0) + g(t)@1(s0) = F(t+ #)7(s0) + g(t + @)wi(s0),

which is just a reparametrization of the generalized binormal geodesic at v(sg). Therefore 4 is a framed
Mannheim conjugate of v with respect to the Frenet-type frame.
(ii) The proof of this case follows quite similar to the proof of (i). O

Remark 4.2. Notice that the formula in Theorem 4.3 looks quite familiar, and indeed it provides a generalization
of the classical formulas: A(k?(s) + 72(s)) = x(s) that characterizes Mannheim curves in the Euclidean 3-space
[29] and A(e1k2(s) + e37%(s) — e162¢) = Ak(s) that characterizes Mannheim curves in non-flat 3-dimensional
space forms [48].

5. Examples

Example 5.1. Take the smooth curve v : I — M3(—1) = H} C R} defined by
2 : . : 1 1.
~v(s) = 7 ssin s + cos s, —s cos s + sin s, ssin(2s) + 3 cos(2s), — cos(2s) + B sin(2s) | .

The derivative of this equation is

2s
'(s) = cos s, sin s, 2 cos(2s), 2sin(2s)) .
V' (s) = ﬁ( (25), 2sin(2s))
Then v has a singularity at s = 0. Let vy : I — H} and vy : [ — S3

(5) = ——— (4 ), A(cos s+ ssin s), ~2s cos(2s) + sn(25)
v1(s) = ——=(4(sin s — scos s), —4(cos s + ssin s), —2s cos(2s) + sin(2s),
! 3(5 1 452)

— cos(2s) — 2ssin(2s)),

1
v2(s) = ——=————(—sins — 4s(cos s + ssin s), cos s + 4s(scos s — sin s),
3(5 + 4s2)

— 2scos(2s) — 4(1 + 5%) sin(2s), 4(1 + s?) cos(2s) — 2ssin(2s)).
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We have (v1,7) =0, (v2,7) =0, {(v1,7) = 0, and (v2,7’) = 0. Hence, (7, v1,v2) : I — H} x A is a timelike framed
curve in H;. From vy x v; X vy we get

§) = ———=(cos s,sin s, 2 cos(2s), 2sin(2s)) € S3.
1(s) \/g( (2s) (25)) € 55
The curvature of (v, v1,v2) is given by (o, ¢1, ¢2, ¢3) so that
—4
a(s) =—2s, fi(s) = H%SQ la(s) =0, C3(s) = /5 + ds2.

Notice that if v is a framed Bertrand curve, then any framed Bertrand conjugate of v will be in the form
7 = cos ¢y + sin pv; since e;¢ = 1. Furthermore we will have oy = cos(6(s))vs + sin(6(s))u. Thus, we see that
for the smooth function p(s) = —2s? — 5/2 and for any ) € R, (3.17) is satisfied. This means that v is a framed
Bertrand curve having infinite framed Bertrand mates. From (3.2), all of these conjugate curves have singularity
at s = 0. Moreover, from Theorem 4.2 v is also a Mannheim curve. Using the hyperbolic Hopf map (2.7), the
projections of the framed Bertrand conjugates of « for ¢ = 7 /4 and for ¢ = 7/3 on the hyperbolic space H*(1/2)
are visualized in Figure 1. Notice that these framed Bertrand mates have also singularity at s = 0.

Figure 1. Left: the projection of v on H?(1/2). Right: the projections on H?(1/2) of ~ (black) and its framed Bertrand conjugates for ¢ = /4 (red) and for
¢ = /3 (blue).

Example 5.2. Consider the smooth curve v : [0,27) — MZ(—1) = H3 C R} defined by

1747 4
v(s) = w,cof&sin?’ s8,c08(2s) | .
2v2

Differentiating this curve

28 cos(2s)
34 + 14 cos(4s)

~'(s) = sin scos s (— ,—3coss,3sin s, —4) i

Then v has singularities at s = 0, 7/2, 7, 37 /2. Define vy : I — 53 and vy : I — S} by

v1(8)

,COS §, —sin s,

B 40v/2 (cos(?s) 17 4 7cos(4s)
/4143 — 836 cos(4s) + 21 cos(8s) 10v/2

1
E(_% + 7005(43))) ,

229 — 21 4
va(8) cos(4s) (Sinscos $v/34 + 14 cos(4s),

- /4143 — 836 cos(4s) + 21 cos(8s)

1 1
1(18 sin s + 3sin(3s) + sin(5s)), §(18 cos s — 3 cos(3s) + cos(5s)), sin(4s)) .
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Then we have that (vy,7) =0, (v2,7) =0, (v1,7') = 0, and (v2,v') = 0. Hence, (v, v1,v2) : [0,27) — H x Aisa
spacelike framed curve. From the triple vector product v x v; x vy

(s) = 17+ 7cos(4s) ( 28cos(2s)
= /229 — 21 cos(4s) \ /34 + 14cos(4s)

,—3cos s,3sin s, —4) €S53,

The curvature of (v, v1,v2) is given by (a, £1, £2, {3), where

sin(2s)4/229 — 21 cos(4s)

24/17 + 7 cos(4s)

—1604/458 — 42 cos(4s)

a(s) =

fils) = 4143 — 836 cos(4s) + 21 cos(8s)’
to(s) = 280+/2(8265 sin(4s) — 836sin(8s) + 21 sin(12s)) 7
/229 — 21 cos(4s)+/17 + 7 cos(4s) (4143 — 836 cos(4s) + 21 cos(8s))3/2
la(s) = (—229 + 21 cos(4s)) (5230 4 14395 cos(4s) — 1214 cos(8s) + 21 cos(12s)) .
44/17 + 7 cos(4s) (4143 — 836 cos(4s) + 21 cos(8s))3/2
We have e;c = —1. Hence if v is a framed Bertrand curve, then any framed Bertrand conjugate of « will be in

the form % = cosh ¢y 4 sinh pv;. Then we see that (3.17) is satisfied for the constant A = 3/5 and the smooth
function

7 (1344+/2 cos(25))(19sin(2s) — sin(6s))
B 3204/34 + 14 cos(4s) /4143 — 836 cos(4s) + 21 cos(8s)
(229 — 21 cos(4s))(19sin(2s) — sin(6s))
320/34 + 14 cos(4s)

p(s)

Therefore v is a framed Bertrand curve and ¥ = (5/4)vy + (3/4)vi. Notice that v has singularities at sy =
0,7/2,m,3m/2, however ¥ is not singular at these points. This can be easily seen: if 7 was singular at these points,
then (3.2), or equivalently, the equation A\ (sg) = p(so)¢2(s0) would be satisfied. Eventhough p(s) vanishes at
all of these points, ¢, (s) # 0. Therefore ¥ is regular at these points. Moreover, from Theorem 4.2 v is also a
Mannheim curve. It is easy to show that we can rewrite the curve v in the form v(s) = exp,(q(s)V (s)), where
p= (1’ 0,0, O)r

1
5) = ———— (0, cos® s, sin>(s), cos(2s)).

— arecos 17 + 7 cos(4s)
1= h( ) V) = )

Here sinh(q(s)) = /18 + 14cos(4s)/4. The curve V(s) clearly lies on S%(1) C T,H3(—1) C R{. This is the
spherical projection of v which is visualized in Figure 2(left). It is also possible to write ¥(s) in the form
7(s) = exp, (q(s)V(s)), where p = (1,0,0,0),

17 4 7cos(4
4(s) = arccosh + 7 cos(4s) 5V3 4 48 cos(2s) ’
16 /4143 — 836 cos(4s) + 21 cos(8s)
- 1 5 cos?(s) 30v/2 cos(s)
V(s) = =——— 0, ,
sinh(q(s)) 4 /4143 — 836 cos(4s) + 21 cos(8s)
5sin®(s) 30v/2sin s
4 /4143 — 836 cos(4s) + 21 cos(8s)
5 cos(2s) 3v/2(23 — 7 cos(4s)) )
4 4./4143 — 836 cos(4s) + 21 cos(8s) )

Notice that V(s) is a curve lying on S?(1) C T,H3(—1) C R{. This is the spherical projection of ¥ which is
visualized in Figure 2(right).
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—10” 10

Figure 2. Left: the spherical projection of v on S (1). Right: the spherical projection of the framed Bertrand curve 7 for ¢ = 3/5.

Example 5.3. We know that given the curvature («,pi,p2), a framed curve with a Frenet-type frame can
be determined uniquely up to rigid motion. We will use this fact in this example to construct a framed
Mannheim curve with respect to the Frenet-type frame in the de Sitter 3-space. Suppose that a framed
curve (v,wy,ws) : I — M3(1) x A such that e = &3 = 1 has the curvature (s, ssinh s, s cosh s). We can choose
f(t) = cost, g(t) = sint, and ¢ = n/4. Then it is easy to see that Theorem 4.3(ii) is satisfied. That is, v is a framed
Mannheim curve with respect to the Frenet-type frame. The Mannheim mate 4 of v is given by

A(s) = (3(s) + wn(s))/V2.

Notice that equations (4.4) and (4.7) are satisfied for 5(s) = —s/2, n(u) = sinhwu, and &(u) = coshu. Hence
é1 = —1. Using these relations, we find that

a(s) = —V2ssinh(s/2), pi(s) = —v2scosh(s/2), pa(s) =1/2.

From the uniqueness of a framed curve whose curvature is given, we can construct the framed Mannheim
curve v and its Mannheim mate 4 by using numerical methods. We can get the projections of these curves
on the de Sitter 2-space by choosing p = (0,0, 1,0) and by following a similar procedure to Example 5.2. We
visualize these projections in Figure 3.

Figure 3. The projections on .S 12 (1) of v (black) and its framed Mannheim mate for ¢ = /4 (blue).

Example 5.4. Suppose that a framed curve (v,w;,ws) : I — M3(1) x A has the curvature (a(s),p1(s),p2(s)) =
(—sin s, cos s,sin s). Then we see that Theorem 3.2 is satisfied for A = 1 and p = 0. Hence + is a framed Bertrand
curve with respect to the Frenet-type frame. We have ¢ = 7/4, f(t) = cost, g(t) =sint, § = 7/2, {(u) = cosu,
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and 7(u) = sinu. The Bertrand mate 7 of 7 is given by 4(s) = (v(s) + w1 (s))/v/2. From the relations in (3.19), we
find that

G(s) = (coss)/V2, Pu(s) = V2sins, Pals) = (coss)/V2.
Similar to Example 5.3 we can construct the framed Bertrand curve v and its Bertrand mate ¥ by using

numerical methods. We can get the projections of these curves on the 2-sphere S?(1/2) by using the Hopf
map given in (2.6). We visualize these projections in Figure 4.

] 05

0.5

Figure 4. The projections on S2(1) of ~y (black) and its framed Bertrand mate for ¢ = 7 /4 (blue).

6. Conclusions

We investigated geometric properties of Bertrand and Mannheim curves of non-null framed curves with
respect to the general moving frame and the Frenet-type frame in non-flat three-dimensional Riemannian
and Lorentzian space forms. We showed that Bertrand and Mannheim curves of framed curves are also
framed curves, and we obtained their curvatures in terms of the curvatures of the original curve. Then we
provided some results involving the curvatures of a framed curve and its Bertrand or Mannheim mate.
We also mentioned singularities of these framed curves and presented some relations of the curvatures of
both the framed curve and its Bertrand or Mannheim mate at singular points. We gave characterizations
for a non-null framed curve to be a framed Bertrand curve or a framed Mannheim curve. We concluded
that framed Bertrand curves and framed Mannheim curves with respect to the general moving frame in
non-flat three-dimensional space forms are equivalent. We provided important characterizations for framed
Bertrand curves and framed Mannheim curves with respect to the Frenet-type frame, and we showed that these
characterizations are generalizations of the classical characterizations for regular Bertrand and Mannheim
curves. Finally we provided several examples of these curves and visualized them by using the Hopf map,
the hyperbolic Hopf map, and the spherical projection.

There are several fruitful research directions we could pursue in the future. One possible direction is to
consider a similar problem for another kind of well-known curves, rectifying curves. A rectifying curve is
defined by the property that its position vector lies always in the rectifying plane of the curve with respect to the
Frenet frame [6]. These regular rectifying curves have been generalized to rectifying curves with singularities
[46]. Regular rectifying curves have also been considered in the 3-sphere [32] and the hyperbolic 3-space [33],
but in these papers the rectifying curves are assumed to be regular. This suggests that we could also generalize
these rectifying curves to rectifying curves with singularities. Therefore next we aim to investigate framed
rectifying curves in non-flat three-dimensional space forms.
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