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Some Results Associated with the Hyperbolic Sine Function
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ABSTRACT. In this paper, we examine several characteristics of analytical functions related to the hyperbolic sine
function and analyze the behavior of the hyperbolic sine function inside and at the boundary of the unit disk.
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1. INTRODUCTION

Let p be an analytic function in the unit disc D = {z: |zl < 1}, p(0) = 0 and p : D — D . In accordance with the
classical Schwarz lemma, for any point z in the unit disc D, we have |p(z)| < |z] for all z € D and [p’(0)] < 1. In
addition, if the equality |p(z)| = |z] holds for any z # 0, or |p’(0)| = 1, then p is a rotation; that is p(z) = ze', 6 real [5].
In this study, we aim to obtain the Schwarz lemma for the following class 7-, which will be defined subsequently. That
is, we examine the behavior of the hyperbolic sine function within the unit disk. In addition, the authors provide a class
of the analytic functions depending on the function 1 + sinh z and establish various conditions for the functions in the
mentioned class.

We shall need the following lemma due to Jack [6].

Lemma 1.1 (Jack’s lemma). Let p(z) be a non-constant analytic function in D with p(0) = 0. If

IP(z0)l = max {|p(2)| : |z] < lzol},

then there exists a real number k > 1 such that
207" (20) _ K

P(20)

Let A denote the class of functions g(z) = 1 + ¢z + ¢2z% + ... that are analytic in D. Also, let 7~ be the subclass of
A consisting of all functions g(z) satisfying

, 1+z2
1+yzg(z)<1—_z, z€D

[7] and
lylcos (1) =2 + |y|cosh (1), vy € R.

*Corresponding Author
Email addresses: nafi.ornek@amasya.edu.tr (B.N. Ornek), suleyman.dirik @amasya.edu.tr (S. Dirik), mkandemir5 @yahoo.com (M. Kandemir)


https://orcid.org/0000-0001-7109-230X
https://orcid.org/0000-0001-9093-1607
https://orcid.org/0000-0002-3642-9699

Some Results Associated with the Hyperbolic Sine Function 178

Let g € 7 and consider the following function
¥(z) = arcsinh (g(z2) - 1),

where we have chosen the principle branches of the square root and logarithmic functions. Since the function arcsinh

is defined as
arcsinh z = log (z + 1+ Zz),

so 9¥(2) is an analytic function in D and ©#(0) = 0. We show that [}(z)] < 1 for z € D. From the definition of ¥#(z), we
have

g(z) = sinh¥(z) + 1,
&' (2) = ¥'(2) cosh ¥(z),

I(z) = 1 +yzg'(2) = 1 + yzi¥(2) cosh ¥(2)
and

l(z) - 1’ _ ’ yzi% (z) cosh 9(z)
I(2)+ 11 12 +yz9(z) cosh ¥(z) |’
We suppose that there exists a point zo € D such that

max [9(2)| = [Fzo)l = 1.

lzl<lzo
From the Jack’s lemma, we have s
0 209 (20)
19(20) =¢" and W = k,
for 8 € [—n, r]. Therefore, we take
lz0) = 1| | 20 (20) cosh¥(zo)
l(z0) + 1 ’ - ’2 + 209 (20) cosh ¥(z)
vke™ cosh e

~ |2+ yke® cosh e
lyl k [cosh €|
T 24+ ylk |c0sh ei9| -
With the simple calculations, we take
lcosh eigl2 = cosh? (cos 6) cos® (sin §) + sinh? (cos 6) sin? (sin §) = ¥(6).

The function W(6) has critical points 0, £, ig in the interval [—m, w]. Also, W(0) is even function in this interval.
Therefore, we obtain

max (¥(0)) = ¥(0) = ¥(xr) = cosh? (1)
and
min (¥(6)) = \y(’—zr) = cos(1).
From these expressions, we take
cos(l) < |cosh ei9| < cosh(1).

Thus, we obtain

I(zo) = 1 ) | bk |cosh ™| o Iikeos (D)
lz0) + 11~ 2+ |yl k|coshe| ~ 2+ Iyl kcosh (1)
Let
o) = Iyl k cos (1) .
2 + |ylkcosh (1)
Therefore, we take
o (k) = 2 |ylcos (1)

(2 + lylkcosh (1))
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Here, o(k) is an increasing function and hence it will have its minimum value at k = 1. Thus, we obtain

l(zo) — 1‘ o _ Irleos(D)
l(zo) + 11 — 2 +|y|cosh (1)
and from |y|cos (1) > 2 + |y|cosh (1)

l(z0) = 1
l(z0) + 1

>1

This contradicts g(z) € 7. This means that, there is no point zo € D such that nllax

9(z) = arcsinh (g(z) — 1),

sinhd(z) + 1 = g(z) = L + c1z+ 22 + ...,

sinh¥(z) = c1z + .

and
sinh ¥(z)

<

cr+cz+ ... =
Passing to limit as z tends to O in the last equality, we obtain
¢1 = ¥ (0) cosh¥(0)
and
el < 1.
Let us now show that this inequality is sharp. Let

g() =1 +sinhz.

Then,
g'(z) = coshz,
g'(0)=cy =cosh0 =1

and

led = 1.

We thus obtain the following lemma.

Lemma 1.2. If g € T, then we have the inequality

ler] < 1.

The result is sharp for the function
g(z) =1 +sinhz.

||19(Z)| = |9(z0)| = 1. Hence, we take

[#(2)] < 1in D. From the Schwarz lemma, we take [’ (0)| < 1. Therefore, we have

One of the important applications of Schwarz lemma involves studies at the boundary of the unit disc. Some of
these studies, which are called the boundary version of Schwarz Lemma, are about estimating from below the modulus
of the derivative of the function at some boundary point of the unit disc [1-4,8-10, 12, 13]. The boundary version of

the Schwarz Lemma is given as follows [11-15]:

Lemma 1.3. Let p be an analytic function in D, p(0) = 0 and p(D) C D. If p(z) extends continuously to boundary

point 1 € D = {z: |z = 1}, and if |p(1)| = 1 and p’(1) exists, then

, 2
YOz
and
pi(h > 1.
Moreover, the equality in (1.1) holds if and only if
g(x) =z 1z —c
—az

for some a € (—1,0]. Also, the equality in (1.2) holds if and only if p(z) = ze'.

(1.1)

(1.2)



Some Results Associated with the Hyperbolic Sine Function 180

The following lemma, known as the Julia-Wolff lemma, is needed in the sequel [14].

Lemma 1.4 (Julia-Wolff lemma). Let p be an analytic function in D, p(0) = 0 and p(D) C D. If, in addition, the
function p has an angular limit p(1) at 1 € dD, |p(1)| = 1, then the angular derivative p’(1) exists and 1 < |p’(1)| < co.

2. MAIN REsuLrs

In this section, we discuss different versions of the boundary Schwarz lemma for the class 7~ and examine the
behavior of the hyperbolic sine function at the boundary of the unit disk.

Theorem 2.1. Let g € 7. Assume that, for 1 € 0D, g has an angular limit g(1) at the point 1, g(1) = 1 + sinh 1. Then,
we have the inequality

g'(1)| > cosh (1). 2.1
The inequality (2.1) is sharp with extremal function
g(z) =1 +sinhz.

Proof. Consider the function
9(z) = arcsinh (g(z) — 1).
With simple edits, we have
g(z) = sinh¥(z) + 1
and |[9(1)| = 1 for g(1) = 1 + sinh 1. Therefore, from the Schwarz lemma at the boundary, we take [¢#’(1)| > 1. With the
simple calculations, we obtain
g'(1) =¥ (1) coshd(1) = ¥ (1) cosh (1),
lg" (DI

1<
cosh (1)

OIS

and

g'(l)| > cosh(1).
Now, we shall show that the inequality (2.1) is sharp. Let
g(z) =1 +sinhz.
Then,
g'(z) = coshz
and

g'(D)| = cosh(1).
O

The inequality (2.1) can be strengthened from below by taking into account, c¢; = g’(0), which is the first coefficient
of the expansion of the function g(z) = 1 + ¢z + 2

Theorem 2.2. Under the same assumptions as in Theorem 2.1, we have
2cosh (1)

. 2.2
T+ el @2

(| >

The equality in (2.2) occurs for the function
g(z) =1 +sinhz.

Proof. 1f we apply the inequality (1.1) to the analytic function 9¥(z) given in Theorem 2.1, we obtain

2 / lg’ (DI
— < Dl = .
1+ [900) — |ﬂ ( )| cosh (1)
Since [ (0)| = |cy]|, we take
, 2cosh (1)
D> ——.
gl T

Now, we shall show that the inequality (2.2) is sharp. Let
g(z) =1 +sinhz.
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Then,

g' ()| = cosh(1).

In addition, we have

l+ciz+cz2 +...=1 +sinhz,
c1z+ C2Z2 +...=sinhz
and
sinh z
cL+Ccz+ ... = .
Z

Passing to limit (z — 0) in the last equality yields ¢; = 1. Therefore, we take

2cosh(1) 2cosh(1)
= = cosh(1).
1+ o] T+1 cosh

O

An interesting special case of Theorem 2.2 is when ¢; = 0, in which case inequality (2.2) implies |g’(1)| > 2 cosh 1.
The inequality (2.2) can be strengthened as below by taking into account ¢, = gz_(!()) which is the coefficient in the

expansion of the function g(z) = 1 + cjz + Y

Theorem 2.3. Let g € 7. Assume that, for 1 € 0D, g has an angular limit g(1) at the point 1, g(1) = 1 + sinh 1. Then,
we have the inequality

e )2
g (D] >cosh 11+ M)

1=le1f? + lea
This result is sharp for the function
g(z) = 1 + sinh 2.

Proof. Let ¥(z) be the same as in the proof of Theorem 2.1 and r(z) = z. By the maximum principle, for each z € D,
we have the inequality |¢#(z)| < |r(z)|. Therefore, we have

_ ¥(z) _ arcsinh(g(z) — 1)
@ z

u(z)

arcsinh (clz + 2 + )

z
Since
3
b ) ) 1 (C1Z + 6‘222 + )
arcsin (clz + 7" + ) =c1z+cz" + ... — T + ..,
we take
2 3
Cz+ e+ .. — tlazade.) |
u(z) = 2 3
z
. N 122(c1 + oz +..)°
=ci+c —————————
1 22 ) 3
Here, u(z) is an analytic function in D and |u(z)| < 1 for z € D. In particular, we have
[u(O)] = |1 < 1 (2.3)
and
| (0] = leal .
The auxiliary function
u(z) — u(0
A = 1@ = u0)

1 - u(0)u(z)
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is analytic in D, A(0) = 0, |A(z)| < 1 for |z] < 1 and |A(1)| = 1 for 1 € dD. From (1.2), we obtain

2 . 1 - [u©)F
L+ A |1 = 2w
L+ O ,
= o)
_ 1 + [u(0)| (
I~ [u(0)

N =

' (1)

&' (D] - [P (D))

Also, since

lu’ (0)] [
N(O)| = = ,
o L=luOF  1-lef

2. 1+|61|( lg"(D) 1),

1+ ea] - 1—|C1| COSh(l) B

1-fer?

2(1_|C1|2) 1—|C1|+1< |g/(1)|
1—|ciP? +leal 1 +1lerll 7~ cosh(l)

we take

and

2
ZOE Coshl(l + M)

L—leif +cal
Now, let us show that this last inequality is sharp. Letg(z) = 1+sinh 2. Then,vg’(z) = 2zcosh Z2vand g'(1) =2cosh(1).
On the other hand, we take

l+c1z+ 22 +.... = 1 +sinhZ%.

If we take the derivative of both sides of the last expression and pass to the limit for z — 0, we obtain ¢; = 0. Similarly,
using straightforward calculations, we take ¢, = 1. Thus, we obtain

2(1 = eal)?

cosh(l)(l +
1—lci* + el

) =2cosh(1).
O

The following theorem shows the relationship between the coefficients ¢; and ¢, in the Maclaurin expansion of the
function g(z) = 1 + c1z + 2+ ...

Theorem 2.4. Let g € T, g(z) — 1 have no zeros in D except z = 0 and ¢ > 0. Then, we have the inequality
lca] < 2]ey In(ey)]. 2.4
This result is sharp with equality for the function
g(z) = 1 + sinh (ze%g In C‘).
Proof. Let c; > 0 be in the expression of the function g(z). Having in mind equality (2.3) and the function g(z) — 1 has
no zeros in D except z = 0, we use In u(z) to denote the analytic branch of the logarithm normed by the condition
Inu(0) =In(cy) <O.

The auxiliary function

Inu(z) — Inu(0

oy 1@ = Inu(©)

In u(z) + In u(0)
is analytic in the unit disc D, |b(z)| < 1, b(0) = 0. The function b(z) we have expressed in Theorem 2.4 satisfies the
conditions of the Schwarz lemma. Thus, if we apply the Schwarz lemma to the function b(z), we obtain
e

26‘1 In (Cl)

b (0)] =

and
leal < 2 e In(ep)].
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To show that inequality (2.4) is sharp, we take an analytic function

g(z) = 1 + sinh (ze ")
If we rearrange the function g(z), we get

g(z) — 1 = sinh (ze%;l"c‘>
and

arcsinh (g(z) — 1) = zw(2),
where

l+z

w(z) = et e, (2.5)
Therefore, we take

(c|z+c‘23:2+...)3 .

arcsinh(g(z) —1) ciz+ 2+ — %
w(z) = -

z
122(c; + oz +..)°
2 3

cl+ 0+ . —

and
W (0)] = lcal .
If we take the derivative of the function w(z) defined in (2.5), we get
W (0)| = 2lei Incy].

Thus, we obtain
leal = 2]er Incy].
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