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ABSTRACT

In this study, we discuss metallic structures on product manifolds and derive the Chen-Ricci
inequalities for remarkable submanifolds determined by the behaviour of their tangent bundles
with regard to the action of the metallic structure in a locally decomposable metallic Riemannian
manifold whose components are spaces of constant curvature. Moreover, the equality cases are
considered in order to characterize these submanifolds.
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1. Introduction

The (p, g)-metallic number [10, 11, 12, 13], also called the metallic ratio, is a special number being the positive
solution of the equation of degree 2

> —pr—q=0,

where p, ¢ € Z7. It is denoted by o, 4, thatis, 0, ; = Al i Vgﬂﬂq. By extending the (p, ¢)-metallic number o, , to
tensor fields of type (1, 1) on differentiable manifolds, the concept of a metallic structure [27] was defined by
Cragmdreanu and Hretcanu in order to realize the idea of investigating its effect on differential geometry.

Recently, metallic structures on Riemannian manifolds have attracted great attention and been intensively
analyzed. Gezer and Karaman examined metallic Riemannian manifolds by means of a particular operator
n [16]. Some different types of submanifolds of metallic Riemannian manifolds, such as invariant, anti-
invariant, slant, semi-slant, hemi-slant, bi-slant submanifolds were introduced and studied by Hretcanu and
Blaga in [3, 22, 23, 24]. In [5], the metallic structure on the product of two metallic Riemannian manifolds
was characterized based on metallic maps and an equivalent condition was given for the warped product of
two locally decomposable metallic Riemannian manifolds to be a locally decomposable metallic Riemannian
manifold. In addition, a necessary and sufficient condition was obtained for the warped product of two metallic
Riemannian manifolds to have the invariant Ricci tensor with respect to the metallic structure. The authors also
investigated metallic conjugate connections with regard to the structural and virtual tensors of the metallic
structure and their action on invariant distributions in [4]. Ozgiir and Ozgiir studied the full classification of
metallic shaped hypersurfaces in real space forms [33] and Lorentzian space forms [34]. In [8], Choudhary and
Blaga established two sharp inequalities including the normalized scalar curvature and the Casorati curvature
for invariant, anti-invariant and slant submanifolds in metallic Riemannian real space forms and showed that
the equality case holds in both inequalities if and only if these submanifolds are invariantly quasi-umbilical,
that is, the equality case at every point is a characterization for such types of submanifolds to be invariantly
quasi-umbilical. Additionally, golden manifolds being the best known subclass of metallic manifolds were
explored in [2, 9, 15, 17, 18, 25, 26].
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On the other hand, inspired by Chen’s inequality [7, Theorem 4] between the shape operator and the mean
curvature of any isometric immersion in a real space form, Hong and Tripathi established a basic inequality,
which is called the Chen-Ricci inequality, comprising the Ricci curvature and the squared mean curvature
of any submanifold of a Riemannian manifold in [21]. The Chen-Ricci inequalities were created for some
submanifolds of different kinds of ambient manifolds [14, 19, 20, 28, 29, 30, 31, 32, 35, 36, 38].

The essential target of this paper is to search the construction of a locally decomposable metallic Riemannian
manifold and determine the Chen-Ricci inequalities for its invariant, anti-invariant, semi-invariant, slant, semi-
slant, hemi-slant and bi-slant submanifolds. Also, we show that the Chen-Ricci inequality is a useful tool to
obtain some geometric characterizations for each of the above mentioned submanifolds satisfying its equality
case.

The preparation of this paper is the following: Section 1 is devoted to introduction. In section 2, we
review some basic facts from Riemannian geometry, in particular metallic Riemannian manifolds and their
submanifolds. Section 3 is related to metallic structures on product manifolds. We give an equivalent condition
for metallic Riemannian manifolds to be a locally decomposable metallic Riemannian manifold. We obtain
a necessary and sufficient condition for both components of locally decomposable metallic Riemannian
manifolds to be an Einstein manifold or a space of constant curvature. We also get some results regarding
invariant and anti-invariant submanifolds in locally decomposable metallic Riemannian manifolds. In section
4, we establish the Chen-Ricci inequalities for well known submanifolds defined by the behaviour of their
tangent bundles in terms of the metallic structure in a locally decomposable metallic Riemannian manifold
under the assumption that the components of the ambient manifold are spaces of constant curvature. In
addition, we analyze the equality cases.

2. Preliminaries

This section contains some fundamental definitions, concepts, formulas, notations and results regarding
metallic Riemannian manifolds and their submanifolds which are needed for the paper.

A non-zero tensor field F of type (1, 1) on a differentiable manifold 1 is named a metallic structure if it yields
the equation

F2? =pF +qI (2.1)

for p,q € Z*, where I is the identity operator on TM. In this case, the pair (]\/4\ , 13) is said to be a metallic

manifold. If any Riemannian manifold (]\//f , ﬁ) admits a metallic structure F such that

G (ﬁx, Y) =5 (X, ﬁy) ) 2.2)

or equivalenty

G (ﬁx, ﬁy) — g (ﬁx, Y> +qg(X,Y) 2.3)

forall X,Y € I'(T'M), then the pair (ﬁ, ﬁ) and the triple (1\7 , 0, I*A”) are called a metallic Riemannian structure and

a metallic Riemannian manifold, respectively [27]. Particulary, the triple (Z\/Z .7, ﬁ) is termed a locally decomposable

metallic Riemannian manifold if V F = 0, where V stands for the Riemannian connection on M [22].

Any metallic structure F on a differentiable manifold M defines two almost product structures on the same
manifold as follows [27]:
—~ 2F-pl  —~
cI)1 - 7]7 and (I)Q =

oF — pl
20p4— P '

20pq — P

Conversely, if there exists an almost product structure d on M, , then it induces two metallic structures on M
given by the following rules [27]:

2 —pa — 2 —pa
701)’; p@andF2=§I—7ap’q L3,

F_D
F1—2I+ >
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We consider any m-dimensional isometrically immersed submanifold M of an m-dimensional metallic

Riemannian manifold (]\/4\ R ﬁ) Then the tangent space TpM ata point P € M is decomposed as follows:

TpM =TpM & TpM>,

where TpM and TpM* are its tangent and normal spaces at P € M, respectively. Hereafter for simplicity,
unless otherwise stated, we denote by the same notation g the Riemannian metric induced on M.
For any X € I' (T'M), we write

FX =TX + NX, (2.4)

where TX € I'(TM) and NX € ' (TM*). Hence, T is an endomorphism on TM and N is a normal bundle-
valued 1-form. Similarly, for any U € T (T'M*), we put

FU =tU +nU, (2.5)
where tU € I' (TM) and nU € T' (TM*). We also have [3]
g(TX.Y)=9g(X,TY) (2.6)

and
g(nU,V)=g(U,nV) (2.7)

forall X,Y e T (TM)and U,V €T (TM*), i.e,, T and n are g-symmetric operators. It can be also shown that
the following relations hold [24]:

pT +qI =T? +tN, (2.8)
pN = NT +nN, (2.9)
pt =Tt +tn (2.10)
and
pn + gl =n® + Nt. (2.11)

Let V be the Riemannian connection on M. Then the Gauss and Weingarten formulas of M in M are given,
respectively, by
VxY =VxY +h(X,)Y) (2.12)

and R
VxU = —-ApX + VU (2.13)

for all X,Y € I(TM) and U € T(TM+), where h is the second fundamental form, Ay is the Weingarten map
with respect to U and V-1 is the normal connection on M. Also, there exists a relation between h and A such
that

forall X,Y € I'(TM) and U € T(TM*). The covariant derivative of h is defined by
(Vxh) (Y, 2) = Vxh(Y,Z) = h(VxY,Z) = h(Y,VxZ) (2.15)

forall X,Y,Z € I' (TM), where V+ denotes the normal connection on M [1]. The squared norm of h is given by

Inl* =D G (h(Bi By) b (Bi, By)), (2.16)
i=1 j=1
where {By, ..., By, } is alocal orthonormal frame for T'M. The relative null space of M at a point P € M is defined

by
NP Z{Xp ETPM:h(Xp,Yp) :OforallYp ETPM},

which is also called the kernel of h at P € M [6, 7]. The mean curvature vector H of M is given by

H=Lin, 2.17)
m

dergipark.org.tr/en/pub/iejg 662


https://dergipark.org.tr/en/pub/iejg

M. Gok

where trh = i h (B;, B;). If his identically zero, then M is called a totally geodesic manifold. If H = 0, we say that
i=1

then M is a minimal submanifold. Furthermore, M is named a totally umbilical submanifoldif h (X,Y) =g(X,Y) H

forall X,Y € T'(TM) [37].

Let us denote by R and R the Riemannian curvature tensors of M and M, respectively. Then the Gauss,
Codazzi and Ricci equations are given, respectively, as follows:

§(ROCY) ) =G(ROCY) Z,W) = (X W), R (Y, 2)) + (Y, W), h(X,2)),  (218)
(Rx.Y)2)" = (Vxh) (v.2) - (Vo) (X.2) (2.19)

and R
g (R (X,Y)U, V) =3 (R (X,Y)U,V) +3([Av, AV] X, Y) (2.20)

for all X,Y,Z,W €T (TM) and U,V €T (TM*), where R* is the Riemannian curvature tensor of V*.

Moreover, if }AB(X ,Y) Z belongs to I' (TM) for all X,Y,Z € I'(T'M), then M is termed a curvature invariant
submanifold [37].
The Ricci tensor Ric of M is given by

Ric(X,Y) = i@(R (B;, X)Y, B;) (2.21)
i=1

forall X,Y € I'(T'M), so the scalar curvature p of M is defined by

p=Y_ Ric(B;,B), (2.22)
i=1
where {By, ..., B,,} is a local orthonormal frame for TM [1].

If M is a space of constant curvature ¢, then R is written in the following form:
R(X,Y)Z =c{§(V,2)X - §(X,2)Y} (2.23)

forall X,Y,Z e T'(TM) [37].

We denote by THM the set of unit tangent vectors at a point P € M in TpM, that is, TpM =
{XpeTpM :g(Xp,Xp) =1} If {b1,...,by} is an orthonormal basis of TpM, then for a fixed index i €
{1,...,m}, the Ricci curvature of the basis element b;, denoted by Ric (};), is given by

Ric (b;) = ZKij/
J#i

where K;; stands for the sectional curvature of the 2-plane section II, spanned by the basis elements b; and b;
at P e M foranyi,j € {1,...,m} [20].

Let IIj, be a k-plane section of TpM at a point P € M. The k-th Ricci curvature of II;, at a unit tangent vector
Xp is defined by

Ricn, (Xp) = Kig + K13+ - + Kig,

where X p is determined by a chosen orthonormal basis {b1, ..., b, } of TpM such that by = Xp [7]. We note that
if k =m, thenI1,,, = Tp M and Ricry,, (Xp) is the usual Ricci curvature of Xp € Th M, denoted by Ric (Xp).

Finally, we recall the concept of a bi-slant submanifold in metallic Riemannian manifolds.

Any isometrically immersed submanifold M of a metallic Riemannian manifold (]\/4\ .05 f) is called bi-slant

[23, 24] if there is a pair of orthogonal differentiable distributions D and D% on M such that TM = D% @ D%
and D%, D2 are slant distributions with the Wirtinger angles 6, 6, respectively.

A bi-slant submanifold M of a metallic Riemannian manifold <]T4\ .9, 13) is called proper if its Wirtinger angles
01,02 # 0, 5. Otherwise,

(@) If 6; = 0, =0, then M is an invariant submanifold [3, 23, 24, 27],
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(b) If 01 = 6, = T, then M is an anti-invariant submanifold [3, 23, 24],
(c) If 6, = 0 and 6, = T, then M is a semi-invariant submanifold [23, 24],

(d) 16, =0, =9 and 5 (FX,Y) =0 forall X € I (D) and Y € T (D), then M is a slant submanifold with

the Wirtinger angle 6 [23, 24],
(e) If 6, =0and 6, # 0, then M is a semi-slant submanifold [23, 24],
() If 6, = 5 and 0, # 7, then M is a hemi-slant submanifold [24].

We consider a bi-slant submanifold M of a metallic Riemannian manifold (M g, ) Let m; and 7 be

orthogonal projection operators on the slant distributions D% and D% with the Wirtinger angles 6;, 02,
respectively. For any X € I' (T M), we get
X=n 1X + 7T2X .

Thus, (2.4) turns into
FX =mTX +mTX + NX =TmX +TmX + NmX + NmX
for any X € I' (I'M). Furthermore, taking account of [23, Proposition 22], we have
(7rAT)2 TaX = cos? Oa(praTmaX +qraX), A=1,2 (2.24)

forany X € T'(TM).
Now, we present some non-trivial examples of bi-slant submanifolds in metallic Riemannian manifolds.

Example 2.1. We consider 10-dimensional Euclidean space R'° equipped with the usual inner product (, ). Let
i: M — RV be the immersion by

1 (u1, ug, us, v1,v2) = (ug cost,ug cost,us cost,uy sint, ussint, ugsint, vy — va, v1 + vo, v1,v2),

where M = {(uy, us, u3, v1,v2) : u1, Uz, ug,v1,v2 € R,z € [0,5]}. Thus, we find a local orthonormal frame
{Bl, 327 Bg, B4} for T M such that

B Costi—i—smt 9 , B costi—&—smt g , B costi—i—smti
LT 0 dxy’ 2 T Owo dxzs’ T T Ows dxe’

B fi i+i+i B fi ,i+i+ a
47\/3 81'7 8$8 8339 ! 57\/5 8.’177 a.’ﬂg 8:510 ’

Let us define a tensor field F of type (1,1) on R0 by

~

F($179€2,$37$4,I57$67$7,9€8,$9,$10) = (0'1'170'33270'33370'33470'33570'37670'33770'33870'33970'3310)r

where ¢ is the (p, ¢)-metallic number and o = p — 0. In this situation, it is clear that the triple (R, (,) JF)isa
metallic Riemannian manifold.
If we take D! = Span {Bi, B2, B3} and D? = Span { B4, Bs}, then D' and D? are slant distributions with the

Wirtinger angles 6, and 6, respectively, where cos 6, = gcos®t45sin’t and cos 0y = ——Lt2 __ Hence, M is
\/02 cos? t+52sin?t 3(202402)

a b-dimensional bi-slant submanifold. Furthermore, it is obvious to verify that if we take ¢ = % arccos %, then

the Wirtinger angles of D, and D, are both equal, i.e., §; = 2, so M is a slant submanifold with the Wirtinger
— _ . pto

angle ¢, = 6, = arccos (W)

Remark 2.1. Like in Example 2.1, we note that if the Wirtinger angles of the slant distributions are equal in any

bi-slant submanifold of a metallic Riemannian manifold, then it may be a slant submanifold; however, this fact

isn’t always true.

Example 2.2. Let F be a tensor field of type (1, 1) on 8-dimensional Euclidean space (R8,(,)) by

~ vA VA VA VA

F(l‘l,$2,$3,$47I5,$6,$7,$8) = <§$1+2$6,Z$ + 2 x5al2) 3+ 2 xSag +T‘r77
BJU —&——AJ: Eac + AJ? px + Al‘ px +—Aac
25 B 2726 B 1727 B) 4728 9 3,
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where (,) is the dot product on R®, A = p? + 4g and p, ¢ € Z*. It is explicit to check that the triple (RS, (,), 1/5) is
a metallic Riemannian manifold.
We consider the immersion i from M into R® given by

i(ug,ug,v1,v2) = (ugcost; —ugsinty,u;sinty + ug costy, uy costy — ug sints, ug sints + ug costa,
V1 COS t2 — V2 sin tg, V1 sin tz -+ V2 COS t2, V1 COS tl — V2 sintl, V1 sin tl -+ vg COS tl) P
where M = {(uy,uz,v1,v2) : u1,u2,v1,v2 € R, t1,t2 € (0, 5] }. In this case, we find a local orthonormal frame

{Bl, Bg, Bg, B4} for TM such that

1 0 0
B =— costla +sint] —

+ cost 9 +sint 9
V2 D >3 *0xq )’

B —L —sint 9 + cost 9 —gint 9 + cost 9
2_\/5 181’ 18%2 28;10 281’4 !

B *L cost 9 +sint 0 + cost 9 +sint 9
NG >0z Oz Yoy "ows )

B —i —sinti—i—costi—sinti—i—costi
+T \/i 2 6$5 2 8]}6 ! 3337 ! 6338 )
If we take D' = Span {B;, B4} and D? = Span { Bz, B3}, then D! and D? are slant distributions with the

same Wirtinger angle 6, where cosf = , /ﬁpz cos (t; + t2). Thus, M is a 4-dimensional bi-slant submanifold;
howewer, it isn’t a slant submanifold.

Example 2.3. Let R® be 8-dimensional Euclidean space equipped with the usual inner product (, ). We define a
tensor field F' of type (1,1) on R® by

~ VA VA VA VA

F (x13$27x371‘471‘53 xﬁ?‘r??xS) = (gxl + Tm5a §x2 + 73367 §x3 + 2 x7712) + 75687
Bac +—A33 Bm —|——Aaj Bl‘ + Az px —|—7Ax
2 5 2 1 2 6 2 25 2 7 2 3 2 8 2 4 )

where A = p? + 4q and p, ¢ € Z". In this case, the triple (R3, (,), a ) is a metallic Riemannian manifold.
We consider a submanifold M of (R®, (), ]3) determined by the following immersion i : M — R¥:

i(ul,UQ,Ul,UQ) = (ul,vl,vl,ul,u2 COSthUQ 81nt1,v2 COStQ,’Ug Slntg),

where M = {(u1,u2,v1,v2) : Uy, uz,v1,v2 € R, t1,t5 € (0,3]}. Hence, TM has a local orthonormal frame
{B1, Bz, B3, B4} such that

B *i iJri cost 9 +sint 9
17\/5 o0x1 0xy 1 Oxs 18‘7:6

3—\/5 airz axg , D4 = | COS 281’7 S1n ans .

If we put D' = Span {By, B>} and D? = Span {Bs, B4}, then D' and D? are slant distributions with the
Wirtinger angles ¢, and 6, respectively, where cos6; = ,/ 57 Aﬁpz) costy; and cosfy = 4/ P +p2) costy. Thus, M

is a 4-dimensional bi-slant submanifold. In particular, if we take 6; = 65, then it is seen that M isn’t a slant
submanifold.

Remark 2.2. As it is understood from the above two examples, it is worth noting that if both distributions are
slant ones with the same Wirtinger angle in any bi-slant submanifold of a metallic Riemannian manifold, then
it isn’t necessarily a slant submanifold.
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3. Metallic structures on product manifolds

In this section, we examine locally decomposable metallic Riemannian manifolds. We also obtain some
important results on their invariant and anti-invariant submanifolds.

A metallic structure F' on a differentiable manifold M induces two maps denoted by 71 and 73, respectively,
as follows:

~ 1 =
1 —m ((p— 0'p7q)I—F) (31)
and )
”:za;$<%“‘F) (3:2)

where 0, , is the (p, ¢)-metallic number and I is the identity operator on TM. Hence, the maps 71 and 7 verify
that the following relations:

MmAre=1,17"=7r,m =717 ="y7 =0. (3.3)

That is, 71 and 73 are projection operators. Moreover, F is stated in the following form:

F= Opg™ + (D —0pq) T2, (3.4)
from which we have
Fri=nmF =op4n (3.5)
and
Fro=r3F =(p—o0pgq)Ta. (3.6)

We denote by D! and D? the distributions associated with 7; and 75, respectively. That is, we have

5\1: U b\llg,b\lﬁ:{XﬁGTﬁJ/\Z:F\Xﬁ:O’anﬁ} (37)
PeM
and . P -
D2 = | D, D% = {Xp € TpM : FXp = (0~ 0y) X5 - (3.8)
PeM

Theorem 3.1. Let (1\//.7 7, A) be a metallic Riemannian manifold. Then Misa locally decomposable metallic Riemannian

manifold such that M = M x Mg if and only if the distributions D1 and D? are parallel with respect to the Riemannian
connection ¥, where M, and M, are integral manifolds of D and D?, respectively.

Proof. We assume that Misa locally decomposable metallic Riemannian manifold. LetY € T’ (l/)\l) . Because of

the fact that V F' = 0, we obtain from (3.7) that
ﬁ%xy = @Xﬁy = 0'p7q§XY,
or equivalently

@XYEF(BQ (3.9)

forall X eT <T]\//.7 ) .In other words, D! is parallel with respect to V. Similarly, it can be proven that D2 is so.
The converse can be easily shown by use of (3.4). Consequently, the proof has been obtained. O

Let (]\/4\ . 7, ﬁ) be a locally decomposable metallic Riemannian manifold such that M= ]\//[\1 X Z\/fg In this case,
the Riemannian metric g can be expressed by

9(X.Y) =01 (MX, 1Y) + g2 (2 X, 72Y)

dergipark.org.tr/en/pub/iejg m


https://dergipark.org.tr/en/pub/iejg

M. Gok

forall X, Y eT (T]\/f ), where g and ¢> are the Riemannian metrics of Z\/4\1 and ]\/4\2, respectively. As well, it is
readily concluded from (3.5) and (3.6) that

§(FX.Y) = 00 (RX.FY) + (p = 0p0) 52 (R X, T3Y)

and
§(PXFY) =02 G (X, AY) + (p = 0)° G5 (X, 13Y)

forall X, Y el (T]/\/[\).We alsoputdim]\//f\l = m; and dim]\//f\g = ma.

Theorem 3.2. Let (Z\/f .05 ﬁ) be a locally decomposable metallic Riemannian manifold, where M = M, x My and

my,ms > 2. Then <J\//T1,gA1) and (]\/4\2, g}) are Einstein manifolds with the Ricci curvatures k:Al and 122, respectively,
if and only if the Ricci tensor Ric of M has the form

Ric(X,Y) = 2§ (X,Y) + 1§ (ﬁx, Y) (3.10)

forall XY €T (T]/\/[\), where N\ = —P=Ipdk1itopakz g = o=k

20p,q—P 20p,q—p"

Proof. 1f ]\/4\1 and ]\/4\2 are Einstein manifolds with the Ricci curvatures k:Al and k:Ag, respectively, then we have

Ric =k & (3.11)
and _

M, ~

Ric = K2 02, (312)

where Eile and EE:MZ are the Ricci tensors of M\l and Z\/4\2, respectively. In this case, it is laborless to deduce
from (3.5) and (3.6) that the relations in (3.11) and (3.12) can be expressed in the above form (3.10).

The converse follows directly from (3.5) and (3.6) by a simple computation. Consequently, the proof has been
completed. O

Theorem 3.3. Let (M g, ) be a locally decomposable metallic Riemannian manifold, where M = My x M, and

my,my > 2. Then (Ml, gAl) and (M27 g}) are spaces of constant curvatures ¢ and ¢, respectively, if and only if the

Riemannian curvature tensor R of M has the form
R(X {g Y, 2)X —G(X,2)Y +7 (FY Z) Fx — (ﬁX, Z) ﬁy} (3.13)

{ <FY Z)X g(FX Z)Y—f—g(Y Z)ﬁX—g(X,Z)ﬁY}

V3 —(p—0p.q)C1+0p,qC2 (1+(p 9p.q) )cl (1+U ,7)6\2
forall XY, Z €T’ (TM), where a = — 5= and b = 50 1) (2050 =p)

Proof. 1f ]\//[\1 and ]\//[\2 are spaces of constant curvatures ¢; and ¢, respectively, then we have

R (R X, AY)ARZ =6 {5 (RY,AZ)AX — G (RX,AZ)AY} (3.14)
and s

RM (R X, 1Y) 2 = & {g (RY,RZ) X — 5 (RX,7Z) 7Y} (3.15)

foral XY, Z el (T]\//.T ) , where RM: and RM: are the Riemannian curvature tensors of ]\/4\1 and Z\/fg, respectively.
By a direct computation, it seems from (3.5) and (3.6) that the relations in (3.14) and (3.15) can be worded in the
above form (3.13).

Conversely, if (3.13) holds, then we conclude from (3.5) and (3.6) that M; and M, are spaces of constant
curvatures ¢ and ¢, respectively. Therefore, the proof has been shown. O

667 dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

Metallic Structures on Product Manifolds and Chen-Ricci Inequalities

Theorem 3.4. Let M be any invariant submanifold of a locally decomposable metallic Riemannian manifold (]\/4\ N ﬁ),

where M = M, x My. Then there exist two submanifolds My and My being totally geodesic in M such that M =

My x My is a locally decomposable metallic Riemannian manifold, where M, and M, are submanifolds of J\/fl and Z\//[\z,
respectively.

Proof. We define two subspaces of Tp M at each point P € M as follows:
Dp={Xp €TpM:JXp =0,,Xp} (3.16)

and
Dy = {Xp € TpM : JXp = (p— 0p4) Xp}, (3.17)

where J denotes the metallic structure on M. Then the subspaces given in (3.16) and (3.17) define two

distributions D' = |J DL and D? = |J D3%, respectively. Considering the fact that V.J =0 for invariant
PEM PEM
submanifolds of locally decomposable metallic Riemannian manifolds [3, Corollary 3.13], the parallelism of

D' and D? can be shown in similar way to the proof of Theorem 3.1. Let us denote by M; and M, the integral
manifolds of D! and D?, respectively. Hence, from [1, Theorem 4.4], M; and M are totally geodesic in M. Now,

we show that M; and M, are submanifolds of ]\//fl and ]\//[\2, respectively. If X € T’ (Dl), then we infer from (3.1)
and (3.2) that m X = X and 7, X = 0. Thus, we get that X pertains to I' (T]\//[\l), i.e., M is a submanifold of J\/fl

By a similar argument as above, it can be demonstrated that M, is a submanifold of M. Therefore, the proof
has been completed. O

From now on unless otherwise stated, we suppose that A/; and M, are spaces of constant curvatures ¢; and
¢, respectively, with my, my > 2.

Theorem 3.5. Any invariant submanifold M of a locally decomposable metallic Riemannian manifold (]T/[\ .7, 13) is
curvature invariant, where M = M, (1) % M, (¢3).
Proof. In the light of that M is invariant, it follows from (3.13) that the Codazzi equation takes the form

(E(X,Y)Z)L:O

for all X,Y,Z € T (TM), which refers that R (X,Y) Z € I' (T M), i.e., M is a curvature invariant submanifold.
O

Lemma 3.1. Let M be an arbitrary m-dimensional submanifold of a locally decomposable metallic Riemannian manifold
(]/\/[\, g 13), where M = M, (¢1) x My (¢2). Then the Ricci tensor Ric of M is given by

Ric(X,Y) = a {(m 1 (X, Y) + (trﬁ . p) 5 (ﬁx, Y) } (3.18)
+b {trﬁg(x, Y)+(m—2)3 (ﬁX, Y) }
+m§(h(X,Y),H)—i?(h(KBi),h(YaBi))

forall XY e I'(TM), where {B1,...,B,,} is a local orthonormal frame for TM. Also, it concludes that the scalar
curvature p of M is given by

p=a (m (m—1—q)+ (trﬁ - p) trﬁ) 42 (m — 1) trF +m? | H|* — ||h]>. (3.19)
Proof. It follows from (3.13) that the Gauss equation for M in M is given by
RX,Y)Z = a {§(Y, DX -G(X,2)Y +§ (ﬁY, Z) FX -3 (ﬁx, Z) ﬁY} (3.20)
+b {a (ﬁy, Z) X - g(ﬁx, Z) Y +5(Y,2)FX —§(X,2) ﬁy}
+Any,2)X — Anx,2)Y
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forall X,Y,Z € T'(I'M). Hence, using (2.2), (2.3), (2.14), (2.17) and (3.20), a direct computation shows us that
the Ricci tensor Ric defined by (2.21) is equal to (3.18). Besides, taking account of the expression of the scalar
curvature p in (2.22), we obtain from (2.16), (2.17) and (3.18) that (3.19) holds. O

Lemma 3.2. Let M be any m-dimensional anti-invariant submanifold of an m-dimensional locally decomposable metallic
Riemannian manifold (]\/4\ .7, 13) Then we have Az .Y =0 for all X,Y € I' (T M). Additionally, if m = 2m, then M is
totally geodesic.

Proof. Using the fact that V F' = 0, we obtain from the Gauss and Weingarten formulas that
~Ap X + VEFY = FVXY + Fh(X,Y)
forall X,Y € I' (I'M), from which we have
3 (45X, 2) = =5 (Fr(x,Y),2) (3.21)
forall Z € I (T'M). Since h is symmetric, we get from (3.21) that
Apy X = Ap Y (3.22)
forall X,Y e I'(T'M). If (3.21) is used again, then the self adjointness of A states that
Apy X = —As,Y (3.23)
forall X,Y € T' (T M). Therefore, it results from (3.22) and (3.23) that

Az X =0. (3.24)
Besides, if m = 2m, then {ﬁX : X el (TM )} is a local frame for M +. Hence, we obtain
i (h (X, 7) ,ﬁy) =5 (A5, X, 2) =0,
which implies from (3.24) that h = 0, in other words, M is totally geodesic. O

Theorem 3.6. Let M be any m-dimensional anti-invariant submanifold of a 2m-dimensional locally decomposable
metallic Riemannian manifold (]\7 .7, 13), where M = ]\/4\1 (1) x ]\/4\2 (¢2). Then M is a space of constant curvature a.

Proof. By means of the anti-invariance of M, Lemma 3.2 tells us that the Gauss equation given in (2.18) is
reduced to the form

R(X,)Y)Z=a{g(Y,2)X —g(X,2)Y}

forall X,Y,Z € I' (T'M), which implies from (2.23) that M is a space of constant curvature a. O

Theorem 3.7. Let M be any m-dimensional anti-invariant submanifold of a 2m-dimensional locally decomposable
metallic Riemannian manifold (]\//.7 . J, ﬁ), where M = M, (¢1) x My (¢3). Then the Ricci tensor Ric and the scalar
curvature p of M are given by

Ric=a(m—-1-¢q)g

and
p=am(m—1—gq),
respectively.
Proof. Using Lemmas 3.1 and 3.2, the proof can be easily obtained. O
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4. Chen-Ricci inequalities for submanifolds of metallic Riemannian manifolds

In this section, we give the Chen-Ricci inequalities for invariant, anti-invariant, semi-invariant, slant, semi-
slant, hemi-slant and bi-slant submanifolds of a locally decomposable metallic Riemannian manifold whose
components are spaces of constant curvature.

We start by recalling the main theorem for Riemannian manifolds regarding the Chen-Ricci inequalities given
by Hong and Tripathi in [21].

Theorem 4.1. Let M be any m-dimensional submanifold of a Riemannian manifold (]\/4\ ) §). Then for any point P € M,
the following assertions hold:
(@) Forall Xp € THM, we have
Rie(Xp) < 2m? | Hp|[* + Riccr, ) (Xp), (1)
where ]/i{i\c(TP ) (Xp) is the m-th Ricci curvature of Tp M at Xp € T5M with respect to M.

(b) For a fixed Xp € THM, the equality case in (4.1) is valid if and only if h (Xp, Xp) = %me and h(Xp,Yp) =0
for every Yp € TpM such that g (Xp,Yp) = 0.

(c) The equality case in (4.1) is satisfied if and only if either P is a totally geodesic point or m = 2 and P is a totally
umbilical point.

Let {b1,..., by} be an orthonormal basis for TpM at a point P. We denote by f(—; the sectional curvature of

the 2-plane section spanned by the basis elements b; and b; at P in M for any i,j € {1,...,m}. Then by the help
of (3.13), a direct computation gives us that

Ky = K(b Abj) = a {1+ (Thi,b;) g (Thj,b;) — §° (Tbi,bj)} +b{g (T, bi) + (Th;,b;)} 4.2)

forany i,j € {1,...,m}. Also, the squared norm of T at P is given by

(70,2 Z (Tbs, b;) (4.3)
Using (4.2) and (4.3), we get
EE(TPM) (b)) = Z I/('Z
j=1,j#i
= a{m G(Tbibi) > G (Ths,b;) — G (T, bi) — Y G* (Thi, b))
j=1 j=1
e (Tbi,bi)}+b{( G (Tb;,b;) Z (Tb;,b;) (Tbi,bi)}

= a {m 14§ (Tbi, b;) trT — || Th;]| } b {(m —2)§ (Th;,b;) + trT}.
Hence, we obtain that E%(TP ) (Xp) is written in the following form:
Ricirpan (Xp) = a {m —1+§(TXp, Xp)trT — ||TXp||2} Fb{(m—2)G(TXp, Xp)+trT}  (44)

forall Xp € THM.

Hereafter we denote by {b,...,b,,} the orthonormal basis of TpM corresponding to a local orthonormal
frame {By,...,B,,} of TM at a point P.
Theorem 4.2. Let M be any m-dimensional submanifold of a locally decomposable metallic Riemannian manifold
(M 9, ) where M = M, (¢1) x My (&3). Then for any point P € M, the following assertions are correct:
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(@) Forall Xp € THM, we have

1 ~
Ric(Xp) < qm?|[Hp| +a {m 1 G(TXp, Xp)trT — ||TXp||2} (4.5)
+o{(m —2)g(TXp,Xp)+trT}.
(b) For a fixed Xp € THM, the equality case in (4.5) holds if and only if h (Xp, Xp) = imHp and h (Xp,Yp) =0

for every Yp € TpM such that g (Xp,Yp) = 0. Furthermore, provided that Hp = 0, then Xp € T} M satisfies the
equality case in (4.5) if and only if it belongs to Np.

(c) The equality case in (4.5) is valid if and only if either P is a totally geodesic point or m = 2 and P is a totally
umbilical point.

Proof. Using the expression of E%(TP M) (Xp) in (4.4), it can be easily obtained from Theorem 4.1 that the
assertions (a), (b) and (c) are correct. O

Theorem 4.3. Let M be any m-dimensional bi-slant submanifold of a locally decomposable metallic Riemannian manifold
(1\7 .7, 13), where M = M, (1) x M, (€2). Then for any point P € M, the following assertions are valid:
(@) Forall Xp € TLM, we have

2
1 ~
Ric(Xp) < 1m2 ||Hp||2+a{m1q g cos® 04 + 29 (mTmeXp,mXp)trT (4.6)
A=1

2
+ Z (§(7rAT7rAXp,7rAXp) (trT — pcos? GA) +qcos? O, ||7r3,AXp||2
A=1
—2§(WATWAXP,WATW3_AXP) - ||7TAT7'(3_AXP||2)}
2
+b {(m —2) (Z G(maTmaXp, maXp) + 2§ (mTrXp, mX;:)) + trT} ,
A=1

where 71 and o are the projection operators of TM onto the slant distributions D and D2 with the Wirtinger
angles 61 and 65, respectively.

(b) For a fixed Xp € THM, the equality case in (4.6) holds if and only if h (Xp, Xp) = imHp and h (Xp,Yp) =0
for every Yp € TpM such that g (Xp,Yp) = 0. Furthermore, provided that Hp = 0, then Xp € THM yields the
equality case in (4.6) if and only if it belongs to Np.

(c) The equality case in (4.6) is satisfied if and only if either P is a totally geodesic point or m = 2 and P is a totally
umbilical point.

Proof. Using the main characterizations of the slant distributions D% and D% given in (2.24), we deduce from
(4.4) that Ric(p, rr) (X p) has the following form:

2
E%(TPM) (Xp) = a {m— 1 —qZCOSZHA +2§(7T1T772Xp,7T1Xp)t’r‘T
A=1

2
+ Z (/g\(TFATﬁAXP,ﬂAXp) (trT — pcos? 9,4) +qcos? O, H7T3_AXPH2
A=1
=29 (maTmaXp, maATT3_4Xp) — ||7rAT773,AXp||2)}
2
+b {(m —2) (Z J(maTmaXp, maXp) + 29 (m T2 Xp, 771Xp)> + trT}
A=1

forall Xp € TH M, where 71 and 5 are the projection operators of 7'M onto the slant distributions D% and D?,
respectively. Thus, the proof follows immediately from Theorem 4.2. O
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Theorem 4.4. Let M be any m-dimensional bi-slant submanifold of a locally decomposable metallic Riemannian manifold
(]/\/[\, g, ﬁ), where M = J\//.f\l (¢1) % J\//I\Q (¢2). If we establish a local orthonormal frame {B, ..., By, } at a point P € M for
T M such that

secOmT B,
HﬁBa

Oy T B
D% = Span{ B, = + and D” = Span { Biip = ﬂzsecim—w
|75

7

1<a<k 1<8<l

where TM = D% @ D% and D%, D% are the slant distributions with the Wirtinger angles 0y, 04, respectively, then the
following assertions hold:

(@) Forall Xp € TLM, we have
1 1<
Ric(Xp) < 1m2 |Hp|* + a {m —1-= Z (pa("‘ cos? 04 + qcos® 04 4.7)

2
A=1

+4,g\(7TAT7TAXp77TAT7T3,AXP) +2 ||7TAT7T3,AXPH2)

2 k l
1 0 ~ 0 0
+§ <AE 10 A +4g (7r1T7r2Xp,7r1Xp)> g 1Ja1 + BE 1%?—5
— o= =

2 k !
1 9 ~ 01 0
+h9 5 (m—2) (ZU ! +49(771T7T2XP>7T1XP)> +Z:10a +Bz_:lak2+5 ,

A=1
where 0% g% ¢ p—y/p*+4gsec 01 pt+y/p>+4gsec? 01 and 0% 0% ¢ p—y/p*+4gsec 0> pty/p>+4gsec? 0,
Yo 2sec? 0, ) 2sec? 0, 'Y k+3 2sec? 0o ) 2sec? 0, :

(b) Forafixed Xp € T}M, the equality case in (4.7) is satisfied if and only if h (Xp, Xp) = gmHp and h (Xp,Yp) =
0 for every Yp € TpM such that g (X p,Yp) = 0. Moreover, provided that Hp = 0, then Xp € TpM wverifies the
equality case in (4.7) if and only if it belongs to Np.

(c) The equality case in (4.7) is valid if and only if either P is a totally geodesic point or m = 2 and P is a totally
umbilical point.

Proof. Taking account of the chosen of local orthonormal frames of the slant distributions D% and D?,

. . . ~ v . ~
a direct computation gives us that g (Tb,,b,) = pEVPRHAgsect Oy g, any a € {1,...,k} and §(Tbyxyp,bkip) =

2sec? 0,
pLy/pitigsecify W forany g € {1,...,1}. Hence, putting Xp = % (b1 + bgy1) in (4.6), Theorem 4.4 tells us that the
assertions (a), (b) and (c) are true. O

Remark 4.1. Taking into consideration that invariant, anti-invariant, semi-invariant, slant, semi-slant and hemi-
slant submanifolds are a non-proper bi-slant submanifold in terms of the Wirtinger angles of the distributions
involved in its definition, with the help of Theorem 4.3, we can obtain the Chen-Ricci inequalities for such
types of submanifolds of metallic Riemannian manifolds whose components are spaces of constant curvature.

Choosing 6, = 0, = 0 in Theorem 4.3, we have the following two results for invariant submanifolds:
Theorem 4.5. Let M be any m-dimensional invariant submanifold of a locally decomposable metallic Riemannian
manifold (Z\/l\ .3, ﬁ), where M = ]\/4\1 (¢1) x Z\/l\g (¢2). Then for any point P € M, the following assertions hold:

(@) Forall Xp € THM, we have

1 ~ ~
Ric(Xp) < ZmQ |Hp|* +a{m—1—q+3(TXp,Xp)trT —p)} +b{(m —2)G(TXp, Xp) + trT}. (48)

(b) Fora fixed Xp € THM, the equality case in (4.8) is valid if and only if h (Xp, Xp) = %me and h(Xp,Yp) =0

for every Yp € TpM such that §(Xp,Yp) = 0. Moreover, provided that Hp =0, then Xp € TM yields the
equality case in (4.8) if and only if it belongs to N'p.
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(c) The equality case in (4.8) is verified if and only if either P is a totally geodesic point or m = 2 and P is a totally
umbilical point.

Theorem 4.6. Let M be any m-dimensional invariant submanifold of a locally decomposable metallic Riemannian
manifold (ﬁ, 9, ﬁ), where M = M, (¢1) x M, (€2). If we constitute a local orthonormal frame { B, . .., By, } at a point
P € M for TM such that
FB;
Bi =+t ,
|FB:

1<i<m

then the following assertions are true:

(@) Forall Xp € THM, we have

Ric(Xp) < im2 ||Hp||2—|—a{m—1—q—|—a (iai—p>}+b{a(m—2)+§:al}, 4.9)
i=1 i=1

where 0,0, € {p — 0p.q, Tpq}-

(b) Forafixed Xp € THM, the equality case in (4.9) is verified if and only if h (X p, X p) = %me and h (Xp,Yp) =0
for every Yp € TpM such that g (Xp,Yp) = 0. Additionally, provided that Hp = 0, then Xp € T} M satisfies the
equality case in (4.9) if and only if it belongs to Np.

(c) The equality case in (4.9) is verified if and only if either P is a totally geodesic point or m = 2 and P is a totally
umbilical point.

Taking 6, = 6, = 7 in Theorem 4.3, then the following result holds for anti-invariant submanifolds:

Theorem 4.7. Let M be any m-dimensional anti-invariant submanifold of a locally decomposable metallic Riemannian
manifold (]\/4\ .7, ﬁ), where M = M, (1) x M, (&). Then for any point P € M, the following assertions are valid:

(@) Forall Xp € THM, we have
Ric(Xp) < imQ |Hp||*> +a(m—1). (4.10)

(b) For a fixed Xp € T} M, the equality case in (4.10) holds if and only if h (Xp, Xp) = 2mHp and h(Xp,Yp) =0
for every Yp € TpM such that (X p,Yp) = 0. Furthermore, provided that Hp = 0, then Xp € THM verifies the
equality case in (4.10) if and only if it belongs to Np.

(c) The equality case in (4.10) is satisfied if and only if either P is a totally geodesic point or m = 2 and P is a totally
umbilical point.

Corollary 4.1. Let M be any m-dimensional anti-invariant submanifold of a 2m-dimensional locally decomposable

metallic Riemannian manifold (]\7, g, 13), where M = M, (61) x Ma (&). Then for any point P € M, the following
assertions are verified:

(@) Forall Xp € THM, we have
Ric(Xp)=a(m—-1). (4.11)

(b) P is a totally geodesic point.

Proof. The proof is a direct consequence of Lemma 3.2 and Theorem 4.7. O

Putting 6; = 0 and 6, = % in Theorem 4.3, we get the following two results for semi-invariant submanifolds:

3
Theorem 4.8. Let M be any m-dimensional proper semi-invariant submanifold of a locally decomposable metallic
Riemannian manifold (]\//.7 .7, 13), where M = M, (1) x My (é3). Then for any point P € M, the following assertions

are true:
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(@) Forall Xp € THM, we have

. 1 .
Rie(Xp) < w2 Hpl +a{m—1-q+3(TXp, Xp) (0T —p) +almXpl?}  @12)
+b{(m—-2)g(TXp,Xp)+trT},
where o denotes the projection operator of T M onto the anti-invariant distribution D*+.

(b) Forafixed Xp € THM, the equality case in (4.12) is valid if and only if h (Xp, Xp) = 3mHp and h (Xp,Yp) =0
for every Yp € TpM such that g (Xp,Yp) = 0. Moreover, provided that Hp = 0, then Xp € THM satisfies the
equality case in (4.12) if and only if it belongs to Np.

(c) The equality case in (4.12) is verified if and only if either P is a totally geodesic point or m = 2 and P is a totally
umbilical point.

Theorem 4.9. Let M be any m-dimensional proper semi-invariant submanifold of a locally decomposable metallic
Riemannian manifold (J\/J\, 7, ﬁ), where M = M, (¢1) x M, (¢2). If we found a local orthonormal frame {B, ..., By}
at a point P € M for TM such that
FB,
D = Span { B, —:I:HA and D+ = Span{By1s},<p<;
FB, -

1<a<k

where D and D+ are the invariant and anti-invariant distributions, respectively, then the following assertions are
satisfied:

(@) Forall Xp € THM, we have

k k
. 1 qg 1 1
Xp) < —m? || Hpl|? B . - = —2 41
Ric(Xp) < ym”[|Hp| +a{m 2+20<a§_1oa p>}+b{2o(m )+a§_1aa}, (4.13)

where 0,04 € {p — 0p.q,0pq}-

(b) Fora fixed Xp € T} M, the equality case in (4.13) is valid if and only if h (Xp, Xp) = %me and h (Xp,Yp) =0
for every Yp € TpM such that g (Xp,Yp) = 0. Additionally, provided that Hp = 0, then Xp € T}DM yields the
equality case in (4.13) if and only if it belongs to Np.

(c) The equality case in (4.13) holds if and only if either P is a totally geodesic point or m = 2 and P is a totally
umbilical point.

If we take 0; = 6, = 6 and §<F\X, Y) =0 for all X €' (D%) and Y € I' (D) in Theorem 4.3, then the
following two results are derived for slant submanifolds:

Theorem 4.10. Let M be any m-dimensional proper slant submanifold with the Wirtinger angle 6 of a locally
decomposable metallic Riemannian manifold (]\7 , 3, ﬁ), where M = ]\/4\1 (1) x J\/l\Q (¢2). Then for any point P € M,
the following assertions are correct:

(@) Forall Xp € THM, we have

Ric(Xp) < imQ |Hp|? + a {m—1-qcos®0+g(TXp,Xp) (trT —pcos®6)} (4.14)
+b{(m —2)g(TXp,Xp)+trT}.
(b) For a fixed Xp € TE M, the equality case in (4.14) holds if and only if h (Xp, Xp) = 3mHp and h (Xp,Yp) =0

for every Yp € TpM such that g (Xp,Yp) = 0. Furthermore, provided that Hp = 0, then Xp € T M verifies the
equality case in (4.14) if and only if it belongs to Np.

(c) The equality case in (4.14) is valid if and only if either P is a totally geodesic point or m = 2 and P is a totally
umbilical point.
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Theorem 4.11. Let M be any m-dimensional proper slant submanifold with the Wirtinger angle 6 of a locally
decomposable metallic Riemannian manifold M .7, ﬁ), where M = ]\/4\1 (¢1) x .7\//[\2 (¢2). If we create a local orthonormal
frame {By, ..., By} at a point P € M for TM such that

B, = isecA&TBi ,
Tes]
1<i<m

then the following assertions hold:
(@) Forall Xp € TLM, we have

1 m

Ric(Xp) < ZmQ |Hp|* +a {m —1—gcos’0+ o’ (Z o? — pcos? 9) } (4.15)
i=1

+b{09(m2)+i0f},

i=1

0 6 p—v/p2+4gsec? § pt++/p2+4qsec? 0
where 0%, 0! € { 5507 0 ; A .

(b) Forafixed Xp € THM, the equality case in (4.15) is verified if and only if h (X p, Xp) = %me and h (Xp,Yp) =
0 for every Yp € TpM such that G (Xp,Yp) = 0. Moreover, provided that Hp = 0, then Xp € THM yields the
equality case in (4.15) if and only if it belongs to Np.

(c) The equality case in (4.15) is satisfied if and only if either P is a totally geodesic point or m = 2 and P is a totally
umbilical point.

If we put 8, = 0 and 6, = 6 # 0 in Theorem 4.3, then the following two results are obtained for semi-slant
submanifolds:

Theorem 4.12. Let M be any m-dimensional proper semi-slant submanifold of a locally decomposable metallic
Riemannian manifold (.7/\4\ . 0, ﬁ), where M = J\//I\l (1) x ]\/4\2 (€2). Then for any point P € M, the following assertions
are verified:

(@) Forall Xp € TLM, we have
1 ~
Ric(Xp) < ZmQ IHp|* +a {m-1-q(1+ cos? 0) +g(ITmXp, Xp) (trT — p) (4.16)

5 (TraXp, Xp) (0T — peos?0) +q (Im2Xp|* + cos0|m Xp|*) }

2
+b {(m ~2)Y §(TraXp,Xp) + trT} ,
A=1

where 71 and T are the projection operators of T M onto the invariant distribution D and the slant distribution D?
with the Wirtinger angle 0 # 0, respectively.

(b) For a fixed Xp € THM, the equality case in (4.16) holds if and only if h (Xp, Xp) = %me and h (Xp,Yp) =0
for every Yp € TpM such that g (Xp,Yp) = 0. Additionally, provided that Hp = 0, then Xp € T} M verifies the
equality case in (4.16) if and only if it belongs to Np.

(c) The equality case in (4.16) is valid if and only if either P is a totally geodesic point or m = 2 and P is a totally
umbilical point.
Theorem 4.13. Let M be any m-dimensional proper semi-slant submanifold of a locally decomposable metallic
Riemannian manifold (J/\/[\, g, ﬁ), where M = ]\//[\1 (¢1) x J\//./\g (€2). If we form a local orthonormal frame {Bs, ..., By}
at a point P € M for TM such that
D = Span{ B, = i& and D’ = { B,p ==+
|PB.

sec9T By
|75

7

1<a<k 1<B<I
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where D and DY are the invariant distribution and the slant distribution with the Wirtinger angle 6 # 0, respectively,
then the following assertions are correct:

(@) Forall Xp € TLM, we have

. 1 2 2
Ric(Xp) < m IHp||” +a —1—5(1—1—005 0) + = (o +0% ;UQ—&—ZUIH_/B 4.17)

1

\
(Y S]

(0+09C0829)}+b —(m —2) 0+0 +ZUQ+ZU,€+5 ,
a=1

0 0 \/p +4gsec? 6 p+\/p +4gsec? 0
where 0,04 € {p — 0p,q,0pq} and o®, 0y, 5 € { 25032 0 ) 25ec2 0

(b) Forafixed Xp € T}M, the equality case in (4.17) is valid if and only if h (Xp, Xp) = 3mHp and h (Xp,Yp) =0
for every Yp € TpM such that g (Xp,Yp) = 0. Furthermore, provided that Hp = 0, then Xp € T5M yields the
equality case in (4.17) if and only if it belongs to Np.

(c) The equality case in (4.17) holds if and only if either P is a totally geodesic point or m =2 and P is a totally
umbilical point.

If we choose 0, = 7 and 6, = 6 # 5 in Theorem 4.3, then the following two results are deduced for hemi-slant
submanifolds.
Theorem 4.14. Let M be any m-dimensional proper hemi-slant submanifold of a locally decomposable metallic
Riemannian manifold (M g, ) where M = M (&) x M, (¢2). Then for any point P € M, the following assertions
are satisfied:

(@) Forall Xp € THM, we have

Ric(Xp) < %mQ |Hp|* +a {m—-1- qcos® 0+ G (TmaXp, Xp) (trT — pcos? 0) (4.18)

+qcos? 0 H7r1XpH2} +0{(m—2)g(TmXp,Xp)+trT},

where m and o are the projection operators of TM onto the anti-invariant distribution DL and the slant
distribution D with the Wirtinger angle 0, respectively.

(b) For a fixed Xp € TH M, the equality case in (4.18) holds if and only if h (Xp, Xp) = 2mHp and h (Xp,Yp) =0
for every Yp € TpM such that §(Xp,Yp) = 0. Moreover, provided that Hp = 0, then Xp € TS M verifies the
equality case in (4.18) if and only if it belongs to Np.

(c) The equality case in (4.18) is verified if and only if either P is a totally geodesic point or m = 2 and P is a totally
umbilical point.

Theorem 4.15. Let M be any m-dimensional proper hemi-slant submanifold of a locally decomposable metallic
Riemannian manifold (J\/Z, 7, 13), where M = M, (1) x M, (¢2). If we select a local orthonormal frame {Bs, ..., B}
at a point P € M for T M such that

sec 01 By

= Span{Bu} <<, and D’ = Span { Byip = £-—
- |75s]

7

1<B<l

where D+ and DY are the anti-invariant distribution and the slant distribution with the Wirtinger angle 0, respectively,
then the following assertions hold:
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(@) Forall Xp € THM, we have

!
1 1
Ric(Xp) < imQIIHp||2+a m—l—%cos29+§ae ;UZ+5—p (4.19)

0 6 p—/p>+4qsec? § p+y/p?+4qsec? 0
where o :Oktp € { 5207 0 ; L .

(b) Forafixed Xp € TEM, the equality case in (4.19) is verified if and only if h (Xp, Xp) = smHp and h (Xp,Yp) =

0 for every Yp € TpM such that g (Xp,Yp) = 0. Additionally, provided that Hp = 0, then Xp € T} M vyields the
equality case in (4.19) if and only if it belongs to Np.

(c) The equality case in (4.19) is valid if and only if either P is a totally geodesic point or m = 2 and P is a totally

umbilical point.
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