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1. Introduction

According to Thurston’s classification [220] of 3-dimensional geometries, there exist eight simply connected
model spaces. The model spaces are the following homogeneous Riemannian spaces:

e space forms: Euclidean 3-space E?, 3-sphere S, hyperbolic 3-space H?,
reducible Riemannian symmetric spaces: S* x E!, H? x E!,

the Heisenberg group Nilg, the universal covering group SLoR = SU(1, 1).
the Minkowski motion group Sols.

Other than space forms and product spaces, model spaces are not Riemannian symmetric spaces. As is well
known, local symmetry of Riemannian manifolds is characterized by the parallelism of the Riemannian
curvature due to E. Cartan. As a generalization of local symmetry, Ambrose and Singer [5] obtained an
infinitesimal characterization of Riemannian homogeneity of Riemannian manifolds. They showed that local
Riemannian homogeneity is equivalent to the existence of certain tensor field S. Such a tensor field S is referred
as to a homogeneous Riemannian structure. The moduli space of homogeneous structures on a homogeneous
Riemannian space (M, g) represents the all possible coset space representations of (M, g) up to isomorphisms.
In other words, the moduli space is identified with the space of canonical connections (also called the Ambrose-
Singer connections). Katsuda [137] obtained a pinching theorem for locally homogeneous Riemannian spaces
by using homogeneous Riemannian structures. Recently Ni and Zheng studied Hermitian manifolds whose
Chern connection is an Ambrose-Singer connection [166].

The moduli problem of 3-dimensional homogeneous Riemannian structures indicates us some interesting
phenomena. For instance, Riemannian symmetric spaces are homogeneous Riemannian spaces with trivial
homogeneous Riemannian structure S = 0. However the trivial homogeneous Riemannian structure may not
determine uniquely the Riemannian symmetric spaces. For instance, the Euclidean plane E? is represented by
SE(2)/SO(2) as a Riemannian symmetric space with S = 0. On the other hand, The homogeneous Riemannian
space E? = E?/{0} has trivial homogeneous Riemannian structure S = 0 (See [222, Introduction, p. II, Corollary
4.2)).

The 3-dimensional (homogeneous) geometry is rather special. Olmos and Reggiani [176, 177] proved the
uniqueness of canonical connections for the hyperbolic space H" for n # 3. More precisely represent H" as
H" = SO™(1,n)/SO(n) as a naturally reductive homogeneous space. Then the Levi-Civita connection is the only
canonical connection associated to this representation when n # 3. But the hyperbolic 3-space H? admits exactly
a line of canonical connections. On the other hand, for the naturally reductive spheres S* = SO(n + 1)/SO(n),
the canonical connection is unique. But as we will see later the 3-sphere S® has another naturally reductive
space representation (SU(2) x U(1))/U(1) = U(2)/U(1).

It is known that any oriented Riemannian 3-manifold (M,g,dv,) admits an almost contact structure
compatible to the metric and the orientation. Here an almost contact structure is a triplet (p,&,n) of tensor
fields consisting of an endomorphism field ¢, a vector field ¢ and a 1-form 7 satisfying

o =-1+n®¢& nE) =1

An almost contact structure (¢, £, 7) is said to be compatible to the metric g and the orientation if it satisfies

9(pX,9Y) = g(X,Y) = n(X)n(Y)

for any vector fields X and Y on M and
dvg = —=3n A @,

where @ is a 2-form defined by ®(X,Y") = ¢g(X, ¢Y). An oriented Riemannian 3-manifold (M, g, dv,) equipped
an compatible almost contact structure is called an almost contact Riemannian 3-manifold.

An almost contact Riemannian 3-manifold M is said to be a contact Riemannian 3-manifold if ® = dn. One can
see that the 1-form 7 of a contact Riemannian 3-manifold M is a contact form, i.e., dn A n # 0. Moreover ¢ is the
Reeb vector field of a contact 3-manifold (M, 7).

On the other hand, an almost contact Riemannian 3-manifold M is said to be normal if the almost complex
structure on the product manifold M x R is integrable. An normal contact Riemannian 3-manifold is called a
Sasakian 3-manifold.

From almost contact structure viewpoint, we emphasize that every seven model space other than Sols admits
normal almost contact structure compatible to to the metric. On the other hand, Sol; admits an almost contact
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structure compatible to the metric such that the resulting almost contact 3-manifold is non-normal contact
Riemannian 3-manifold. .

Among the eight model spaces, S3, Nils, SLsR and Sols admit homogeneous contact structure compatible
to the metric. In particular, S3, Nilg, SIQR are homogeneous Sasakian 3-manifolds of constant holomorphic
sectional curvature (Sasakian space forms). Note that 3-dimensional simply connected Sasakian space forms are
exhausted by S3, Nil;, §f42R and the Berger 3-spheres. Moreover Sasakian space forms are naturally reductive
homogeneous Riemannian spaces [21].

Model space Homogeneity Compatible almost contact structure
E3 Symmetric (space form) CoKéhler
S8 Symmetric (space form) Sasakian
H3 Symmetric (space form) Kenmotsu
S? x E!, H? x E! Symmetric CoKaéhler
Nils, §f42R Naturally reductive Sasakian
Sols Homogeneous (4-symmetric) Contact

Table 1. The eight model spaces

This article has three purposes.
The first aim of this article is to give a survey on homogeneous Riemannian structures on model spaces of
Thurston geometries.

The second purpose of the present paper is to describe all the homogeneous Riemannian structures of model
spaces of Thurston geometries explicitly.

In contact Riemannian geometry or CR-geometry, certain kind of linear connections with non-vanishing
torsion have been used. Tanaka [212] and Webster [228] introduced a linear connection on contact strongly
pseudo-convex CR-manifolds. This connection is referred as to the Tanaka-Webster connection. Note that
Sasakian manifolds are strongly pseudo-convex CR-manifolds.

Tanno [219] introduced the notion of generalized Tanaka-Webster connection on general contact Riemannian
manifolds. The generalized Tanaka-Webster connection coincides with original Tanaka-Webster connection on
contact strongly pseudo-convex CR-manifolds.

The third purpose of the present article is to study relations between these two kinds of connections,
Ambrose-Singer connections and generalized Tanaka-Webster connections, derived from different geometric
backgrounds. More precisely we shall study relations between generalized Tanaka-Webster connections and
Ambrose-Singer connections on 3-dimensional Sasakian space forms.

Throughout this paper all manifolds are assumed to be connected.

Conventions. In this paper we use the following symbols and conventions for exterior differentiation of
differential forms:

¢ Throughout this paper we denote the space of all smooth sections of a vector bundle E by I'(E). For
instance the Lie algebra of all smooth vector fields on M is denoted by I'(TM). Here TM is the tangent
bundle of M. The space I'(TM) forms an infinite dimensional Lie algebra with Lie bracket:

(X, Y]f = X(Y(f) - Y(X(f)), [feC=(M),

where C'°(M) is the commutative ring of all smooth functions on M. The resulting Lie algebra is denoted
by X(M).

The Lie differentiation by a vector field X is denoted by £ x.

The space of all real square matrices of degree n is denote by M, R.

The space of all complex square matrices of degree n is denote by M,,C.

The skew field of quaternions is denoted by H.

The space of all quaternion square matrices of degree n is denote by M, H.

The unit element of a Lie group is denoted by e. In case G = SU(2), SU(1, 1) and SLyR, we denote the unit
element also by 1.

® The matrix units are denoted by E;;.
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The identity matrix of degree n is denoted by £,,.

The identity endomorphism field is denoted by I € I'(End(TM)).

2dn(X,Y) = X(n(Y)) = Y (n(X)) —n((X,Y]), X,Y € I'(TM).

* The exterior derivative d® of a 2-form @ is defined by

de =X((Y,2)) +Y(®(Z,X)) + Z(2(X,Y))
—o([X,Y],2) — o([Y, 2], X) — ®([Z, X], Y).

® On an oriented Riemannian manifold (M, g), dn and d® are rewritten as

dn(X,Y) = S (Vxn)Y = (Vyn)X), d®(X,Y,Z) =

X?CZ(

N
W

in terms of Levi-Civita connection V. The codifferential 67 and 0® are given by

on = —tr(Vn), (00)X = —tr(V.®)(-, X).

* On an oriented Riemannian n-manifold (1, g, dv,), the volume element dv, satisfies

dvg(er,ea,... en) =1

The zero matrix of type (m,n) are denoted by O,, ,, or simply O. In particular O, , is denoted by O,,.

Let M be a manifold and 7 a 1-form on M. Then the exterior derivative dn is defined by

VX@)(Y, Z)

for any positively oriented local orthonormal frame field £ = {e;, e, ..., e, }. In terms of the coframe field

{91,92,...,9"} metrically dual to £, dv, is expressed as
dvg = nl9' AP A A D™
* For a tensor field S of type (1, 2), its covariant form is denoted by S}, i.e.,

S,(X,Y,Z) =g(S(X)Y,Z), X,Y,ZeT(TM).

2. Riemannian manifolds

2.1. Linear connections

Let M be a smooth manifold. A linear connection
D : I(TM) x I'(TM) = I'(TM); (X,Y)— DxY
is a differential operator on the tangent bundle TM satisfying that it

¢ islinear in the both first and second slots,
® is C°°(M)-linear in the first slot and
* satisfies the Leipniz rule:
Dx(fY) = X(f)Y + fDxY, feC=(M), X,Y € [(TM).
The torsion tensor field (often called the torsion) T' = T'P is defined by

T(X,Y)=DxY — Dy X — [X,Y].

A linear connection D is said to be torsion free if its torsion T vanishes. The curvature R = R” is defined by

RP(X,Y) = [Dx,Dy] — Dix y)-
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2.2. Curvatures

Let (M, g) be a Riemannian manifold. A linear connection D is said to be metrical with respect to g, if g is
parallel with respect to D, i.e.,

(Do)(Y, Z; X) = (Dxg)(Y, Z) = Xg(Y, Z) — g(DxY,Z) — g(Y,DxZ) =0

forall X,Y, Z € I'(TM). Such a linear connection D on (M, g) is called a metric connection.

On a Riemannian manifold (MM, g), there exits a unique torsion free metrical connection V called the Levi-
Civita connection.

The Levi-Civita connection V is determined by the Koszul formula:

29(VxY, Z) = Xg(Y, Z2) + Yg(Z, X) = Zg(X,Y) + g([X, Y], 2) + 9([Z, X],Y) — g([Y, Z], X).

The curvature R = RY of the Levi-Civita connection is called the Riemannian curvature. The Ricci tensor field Ric
of (M, g) is defined by
Ric(X,Y) =try(Z — R(Z,Y)X).

The self-adjoint endomorphism field @ metrically equivalent to Ric is called the Ricci operator. The scalar
curvature s is defined by s = tr, Ric = try Q.
We define a curvature-like tensor field (X AY)Z by

(XAY)Z =g(Y,2)X — g(Z,X)Y, X,Y,Ze I(TM).

One can see that (17, g) is of constant curvature c if and only if R(X,Y)Z = ¢(X AY)Z for all vector fields
X,Y,Z € [(TM).

We denote by Iso(M) = Iso(M, g) the full isometry group of (M, g). The identity component of Iso(M) is
denote by Iso, (M ). The Lie algebra of Iso, (M) is denote by iso(M).

A vector field X € I'(TM) is said to be a Killing vector field if its (local) flows are isometric. The set i()/) of all
Killing vector fields is a subalgebra of X(M). A vector field X is a Killing vector field if and only if £xg =0,
ie.,

Xg(Y,2) - (X, Y], 2) — g(V,[X, Z]) =0, Y,Z e [(TM),

The Killing property of X is equivalent to that VX is skew-adjoint with respect to g, i.e.,
9(VyX,Z) +g(Y,V2X) =0, Y,Ze I(TM).

2.3. Connection form

Let £ = {e1,e2,...,e,} be a local orthonormal frame field on a Riemannian n-manifold (M, g). Denote by
O = (¥',9%,...,9") the local orthonormal coframe field metrically dual to £. We regard © as an R"-valued
1-form

P
192
0=
/19‘”
Since the Levi-Civita connection V is torsion free, the following first structure equation:
dO+wABO =0
holds. The so(n)-valued 1-form
0 Wy w,!
—wq 0 w,2
w - . .
—w, —w,? 0

determined by the first structure equation is called the connection form. Here so(n) is the Lie algebra of real
skew-symmetric matrices of degree n (see Example 4.3). A component w of w is called a connection 1-form. The
first structure equation is the differential system:

A0’ + > w A9 =0,

j=1
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The connection coefficients {I’;; } of the Levi-Civita connection V is relative to £ is defined by

n
_ k
Ve, €5 = E Fl-]- ek.
k=1

Then the connection 1-forms are related to connection coefficients by

n
k7§ k 9l
/=1

Hence we obtain ‘
9(Vxei ej) = w/ (X). (2.1)
Thus

I =—w

Wij = W; J

Remark 2.1. Tricerri and Venhecke [222] used the convention:
9(Vxe;,e;) =w;i(X).

2.4. Curvature forms
Next, the so(n)-valued 2-form 2 = (£2,°) defined by
R=dwv+wAw

is called the curvature form relative to ©. This formula is called the second structure equation. The components
02" are called curvature 2-forms. The second structure equation is the differential system:

i i i k
2 =dw; +Zwk Aw;”.
k=1
One can see that .
R(X,Y)e; =2)  02,7(X,Y)e;.
=1
If we express the Riemannian curvature R as

n

_ J
R(eg,ep)e; = E R, ej,
i=1

and set ‘ 4
Rijke = g(R(ek,er)es,e5) = Rj,, (2 := 02,7,

7

then we obtain
1\ N
Qi =5 Y Riue0* 16",
k,t=1
The components of Ricci tensor field are given by

Rij = Ric(ei, €j) = ZR”];J
k=1

n
The scalar curvature is given by s = Z R;;.
=1
The sectional curvature K;; of the tangent plane e; A e; spanned by e; and e, is given by

Kij = K(ei Nej) = g(R(ei, e5)ej, €i) = Rjiij = Rijji-
In case dim M = 3, we have
Ris = Ri323, Roz = Ri213, R31 = —Ri203.
The sectional curvature Kj;; are related to Ric by
1

1 1
Kip = 5(311 + Ryo — R33), Kiz= §(R11 — Ros + R33), Koz = 5(—R11 + Ros + Rs3).
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2.5. The vector product

Let (M, g,dv,) be an oriented Riemannian 3-manifold. Then the volume element dv, defines the vector product
operation (also called the cross product) x on each tangent space T, M by the rule

g(X xXY,Z)=dvy(X,Y,2), X,Y,ZeT,M.
The vector product operation satisfies:
(X xY)x Z=g(Z,X)Y — g(Y, 2)X,
Comparing this with the curvature-like tensor field
(XAY)Z=g(Y,2)X —9(Z,X)Y,
we obtain the following formula:
(XANY)Z=—-(XxY)xZ=Zx(XxY).
We denote by dV' the tensor field of type (1,2) metrically equivalent to dvg;
dvy(X,Y, Z) = g(dV(X)Y, Z). 2.2)

In other words, dV}, = dv,. Equivalently dV(X)Y = X x Y.

3. Homogeneous geometry

3.1. Homogeneous manifolds

Let M = G/H be a homogeneous manifold with connected Lie group G. We denote by g and b, the Lie
algebras of G and H, respectively. We denote by IIj the projection from g onto b.
Let 7 be the natural projection of G onto M;

m:G—= M, n(a) =aH.
Denote by 7 the natural left action of G on M.
T:GxM—=M; 7(a,bH) = (ab)H, a,beQG.

The diffeomorphism 7, on M defined by 7,(bH) = 7(a,bH) is called the translation on M by a. For h € H, the
differential p(h) := 7., of 7, at the origin o := H defines a representation p of H over the tangent space T, M at
o. This representation p of H is called the linear isotropy representation of H. The group p(H) is called the linear
isotropy group of M.

We describe the tangent spaces of M. Let 7% : g x M — TM be the linearization of the natural left action 7 on

M:
Tu(Xap) = Xg =7 Tcxp(tX)(p)7 X € g, PE M.
t=0
One can check that
[X,VTF = X5 Y.

Express p as p = a - 0. Then the kernel of 7#(-,p) is h, = Ad(a)h. The kernel b, is the Lie algebra of the isotropy
subgroup H, at p.

Note that the isotropy subgroup H, of G atp = a - ois aHa™'. Thus we get the linear isomorphism

g/Ad(a)h = Ty oM; X + Ad(a)h — X7,

The isotropy bundle h defined by
b= U Ker 77 (-, p)

peEM
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is isomorphic to the vector bundle G/H x g b associated to G — G/H with standard fiber b.
Note that 7,., X7 is given by

Ta*oXjé = 7

dt

Texp(tAd(a)X) (p)7 p=a-o.
t=0

Here we define another map 7% : M x g — TM by

d
(p, X) = X}

p= | Tewtad@x)(p), p=a-o.

t=0

Thus 7% is a vector bundle morphism from the trivial bundle M x g to TM. The kernel of each 79(p, ) is h. Thus
we get a linear isomorphism;
9/ = TooM; X +h— X2

This linear isomorphism induces the isomorphism between the tangent bundle TM and the vector bundle
G xp g/b associated to the principal H-bundle G:
X3, — [(a, X +B)].

a-o

3.2. Reductive homogeneous spaces

Hereafter we assume that M = G/ H is reductive. Namely there exists a linear subspace m of g complementary
to b such that
ad(h)m C m.

The linear subspace m is called the Lie subspace of g. We denote by II,, the projection from g onto m.

Via the differential 7., : g = T, M of the natural projection at e € G, the tangent space T, M is identified with
the Lie subspace m. Under this identification the linear isotropy group p(H) is identified with Ad(H ). Moreover
the tangent spaces of M are given by

To.oM = Ad(a)m;  X# +— Ad(a)X.
Thus we obtain a linear isomorphism:

Tg.o cm — Ty o M; Tg-o(X) = Xg-o'
Let us denote by 3, : T,M — m the inverse mapping of 7¢., for p = a - 0. Then , is naturally extended to an
m-valued 1-form on M.

Proposition 3.1 ([34]). For X € gand p = a - o, we have
Bp(XE) = Ad(a)Tm(Ad(a ) X).

Note that
d

V= Texp(tB,(v)P
dtf,_o ="

holds for any v € T),M.
Corollary 3.1 ([34]). Forany X e mandp=a-o0€ M :

Bp(XE) = Ad(a)X, X em.

The m-valued 1-form f is called the Maurer-Cartan form of the reductive homogeneous space M = G/H (see
[34]).
For a reductive homogeneous space M = G/H, the tangent bundle T}/ is identified with m := G xy m via
the bundle isomorphism f.
The Maurer-Cartan form (8 is characterized as the unique bundle homomorphism from TM to G/H x g
satisfying
BOT#:HE7 T#OB:IT]W-
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3.3. The canonical connection

The vector bundle g = G xy g is decomposed as g = h @ m according to the reductive splitting of g. Denote
by IIj, the projection g — bh. The Maurer-Cartan form ¥ of G is the unique left invariant g-valued 1-form which
satisfies

De(Xe) = Xe,  Xe € TG,

The Maurer-Cartan form ¢ can be defined by the following formula:
a(Xa) = L} X, € TeG.

Here L, is the left translation of G by a € G. The 1-form ¥ := Il o ¥ is a connection form of the principal
H-bundle 7 : G — G/H. The horizontal distribution of this connection is

Q, = Lgm.

This connection induces a linear connection V¢ on M. The linear connection V¢ is called the canonical connection
of the reductive homogeneous space M = G/H. Note that V¢ is the canonical connection of second kind in the
sense of Nomizu [170].

Proposition 3.2 ([34]).
BV&Y) = XB(Y) - [B(X),B(Y)], X,Y € I'(TM).

The torsion T of V¢ is described by the following structure equations:

a5 = (1= JTw)[BABl, 50T =~ Tl3 A Bl

Take a representation of H on a finite dimensional linear space V. Then the vector bundle V = G xyx V is
identified with the trivial bundle G/H x V via

V> ((g,v)] — (7(9),9 - v).
Proposition 3.3 ([34]). Let s be a section of V, then ds = V°s+ 3 - s.

3.4. Invariant connections

There is a bijective correspondence between the set of all G-invariant linear connections on a reductive
homogeneous space G/H with Lie subspace m and the set of all linear maps . : m — gl(g) satisfying

p(Ad(h)X) = ad(p(h))u(X)

for any X € m and h € H. Here p is the linear isotropy representation as before. The linear connection V*
corresponding to p is described as (see [145, 203]):

(VA Y, = ~[X, V] + p(X)Y. (3.1)
The torsion T* and curvature R* of V* are given by
THXE Yo = p(X)Y = (V)X = [X, Y], RHXEYH)|p = [1(X), p(Y)] = p([X, Y]w) = p([X, Y]p)-

Here we used the notation
(X, Y]y = I([X,Y]), [X,Y]m = u([X,Y]).

Obviously the canonical connection V¢ corresponds to ;» = 0. Thus the torsion 7 and curvature R¢ of V¢ are
given by ([145, Theorem 2.6]):

TXE V)|, = —[X,Y]m, R(X\LYHZH,=-[[X,Y]y,Z], X,Y,Zcm.

In particular V°T° = 0 and V°R°® = 0 holds.
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3.5. Canonical connections on Lie groups

Since the model spaces of Thurston geometry (other than S? x E') are realized as Lie groups equipped with
specific left invariant metrics, here we discuss canonical connections on Lie groups.

We can regard a Lie group G as a homogeneous space in two ways: G = G/{e} and G = (G x G)/AG. The
Lie algebra g is defined as the tangent space T.G of G at the unit element and we often regard g as the space of
all smooth left invariant vector fields on M. It should be remarked that for X € g = T.G, X* is a right invariant
vector field on G. However it is desirable to use only left-invariant vector fields to describe everything on G.
On this reason, here, we give left invariant formulation for canonical connections.

In the first representation, the isotropy algebra is {0} and m = g. Obviously the splitting g = {0} + g is
reductive. The natural projection = : G — G/{e} is the identity map. By definition, the canonical connection
V¢ is determined by

(vg(ﬁyﬁ)e = _[Xv Y]

The canonical connection of G/{e} is characterized as
Y =0, X Yeg

The torsion T° of V¢ is given by T°(X,Y) = —[X,Y]. The canonical connection V¢ is also called the Cartan-
Schouten’s (—)-connection and denoted by V(~).
Next, let us take the product Lie group G x G. The Lie algebra of G x G is

g={(X,Y)|X,Y € g}

with Lie bracket
(X1, Y1), (Xo, Y2)] = ([X1, V1], [Xo, Y2)).

The product Lie group G x G acts on G by the action:
(GxG)xG—G; (a,b)x=azb™ " (3.2)
The isotropy subgroup at the identity e is the diagonal subgroup
AG ={(a,a)|a € G}
with Lie algebra Ag = {(X, X) | X € g}. We can consider the following three Lie subspaces;
m*={(0,X)| X eg}, m ={(X,0)[Xeg}, m’={(X,—X)|Xeg}.

Theng®g=Ag®mt,gdg=Agdm and g ® g = Ag ® m° are reductive.
The corresponding splittings are given explicitly by
(X,Y)=(X,X)+(0,-X +Y)) € Agem™
(X)) =Y Y)+(X-Y,00c Agdm™
X+Y X+Y X-Y X-Y
- (3R (55
2 2 2 2

Let us identify the tangent space T.G of G at e with these Lie subspaces. Then the canonical connection with
respect to the reductive decomposition g ® g = Ag @ m* is denoted by V(*) and given by

>€Ag®m0.

vEHvH.=0, X, Yeq

In left invariant way, we have
vy = [x,Y], X, Yeq

The torsion T(+) of V(*) is given by T(*)(X,Y) = [X,Y]. The canonical connection V(*) is called the Cartan-
Schouten’s (+)-connection or anti canonical connection [60].

Next, the canonical connection with respect to the reductive decomposition g © g = Ag @ m~ is V(7). Finally
the canonical connection with respect to the reductive decomposition g © g = Ag @ m® is denoted by V(») and
given by

1
(Vg(()gyﬁ)e:_i[va]’ X,YGQ,
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equivalently,

1
vy = SXY)L XYeg
The connection V() is torsion free and called the Cartan-Schouten’s (0)-connection, the natural torsion free
connection [170] or neutral connection [60].
More generally, there exists a bijective correspondence between the set of all left invariant linear connections
on G and the set {: : g x g — g | p is bilinear}. The linear connection V/ corresponding to y is described as

VAY = u(X)Y, X,Y eg.

4. Homogeneous Riemannian spaces

4.1. Riemannian homogeneity

Definition 4.1. A Riemannian manifold (1, g) is said to be a homogeneous Riemannian space if there exits a Lie
group G of isometries which acts transitively on M.

More generally, M is said to be locally homogeneous Riemannian space if for each p, ¢ € M, there exists a local
isometry which sends p to g.

Without loss of generality, we may assume that a homogeneous Riemannian space (MM, g) is reductive. In
fact, the following result is known (see e.g., [151]):

Proposition 4.1. Any homogeneous Riemannian space (M, g) is a reductive homogeneous space.

Moreover it is known that isotropy subgroup H of a homogeneous Riemannian space G/ H is compact.
Since G acts isometrically on (M, g), for any X € g, the vector field X* is a Killing vector field. In particular,
the correspondence X — X tis an anti isomorphism, i.e.,

X%V = —[X,Y]"

Let M = G/H be a reductive homogeneous Riemannian space with Lie subspace m. We denote by (:,-) the
inner product on m induced from the Riemannian metric g of M.
Let us introduce a bilinear map Uy, : m x m — m by

2<Um(X7Y)7Z> = <[Z,X]m,Y>+<X, [ZvY]m>- (4~1)

The Levi-Civita connection V at the origin o is given by:
1
(Vx: Yo = Un(X,Y) — 5[X, Y], X,Y €m.

Example 4.1. Let us consider a Lie group G equipped with a left invariant metric. We regard G as a
homogeneous space G/{e} and denote the bilinear map (4.1) by U, that is,

2U(X,Y), 2) = (2, X],Y) + (Y, [2,X]), XY, Zeg. (4.2)
Then the Levi-Civita connection V of the metric is given by
1
VxY =UX.Y)+[XY], X.Yes

Proposition 4.2. The following properties for a left invariant Riemannian metric on a Lie group G are mutually
equivalent:

1. The metric is bi-invariant.

2. U=0.

3. v=vo.

When the metric is bi-invariant, G is represented by G = (G x G)/AG as a Riemannian symmetric space with Lie
subspace m® (see Example 4.2).
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4.2. Riemannian symmetric spaces

Let (M, g) be a Riemannian manifold. At a point p € M, take a linear isometry L of T, M and a normal
neighborhood U of p such that exp,, is defined on L(exp, L{U)). Then the polar map ¥V, is defined by ([182,
p. 221]):

\I/L:exppoLoeXp;1:Z/I—>M. (4.3)

The polar map ¢, of L = —I, is called the local geodesic symmetry (or local geodesic reflection) of M at p.
A Riemannian manifold (M, g) is said to be locally symmetric if its local geodesic symmetries are isometric.

Proposition 4.3. A Riemannian manifold (M, g) is locally symmetric if and only if its Riemannian curvature R is
parallel with respect to Levi-Civita connection.

A Riemannian manifold (1, g) is said to be a Riemannian symmetric space if at each point p € M, there is a
unique isometry ¢, with differential map (d¢,), = —I, and fixes p. The isometry ¢, is called the global symmetry
at p and is the unique extension of local geodesic symmetry. One can see that Riemannian symmetric spaces
are complete and locally symmetric.

Proposition 4.4. A complete, simply connected locally symmetric Riemannian manifold is a Riemannian symmetric
space.

Moreover Riemannian symmetric spaces are homogeneous Riemannian spaces.

Let M be a Riemannian symmetric space with global symmetries {(,},ca. Since M is a homogeneous
Riemannian space, G = Iso, (M) acts isometrically and transitively on M. Then we obtain an involutive Lie
group automorphism o of G by

o(a) = (oal,, a€ G,

where (, is the global symmetry at the origin o. The isotropy subgroup H at o satisfies G2 C H C G,, where
Gy, ={a€eG|o(a) =a}

and its identity component is denoted by G?¢. The isotropy algebra b is characterized by the differential map
do as
h={X ecg|do(X) =X}

Since do has eigenvalues +1, we get the eigenspace decomposition
g=hom m={Xeg|do(X)=-X}.

The linear subspace m is identified with T,/ and the eigenspace decomposition g = h @ m is reductive. Thus
G/H is a reductive homogeneous Riemannian space. Moreover [m, m] C h holds. This condition implies that
G/ H is naturally reductive with respect to m.

The Riemannian curvature R of a Riemannian symmetric space M = G/K is described as [145, Theorem 2.2]:

R(X,Y)Z =-[[X,Y],Z], X,)Y,Zem
We recall the following notion from O’Neill’s textbook [182, p. 317]:
Definition 4.2. A triplet (G/H, o, (-,-)) is called a symmetric data if
1. H is a closed subgroup of a connected Lie group G.
2. ¢ is an involutive Lie group automorphism of G satisfying G5 C H C G,.
3. (-,-) is an Ad(H )-invariant inner product on the (—1)-eigenspace m of do : g — g.

We obtain a symmetric data from a Riemannian symmetric space M = G/ H. Note that the isotropy subgroup
H is compact.

Conversely from a given symmetric date, we obtain a Riemannian symmetric space M = G/H. On the other
hand, we recall the following definition form Helgason’s textbook [92, p. 209]:

Definition 4.3. A pair (G, H) is said to be a Riemannian symmetric pair if

1. H is a closed subgroup of a connected Lie group G.
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2. ¢ is an involutive Lie group automorphism of G satisfying G5 C H C G,.
3. The group Ad(H) is a compact subgroup of GL(g).

The third condition of Definition 4.3 implies the existence of inner product satisfying the third condition
of Definition 4.2. Note that the notion of Riemannian symmetric pair in the sense of Takeuchi [129, part II] is
the symmetric data in the sense of O’Neill (Definition 4.2). On the other hand, Definition 4.2 is valid also for
indefinite semi-Riemannian symmetric spaces.

For more information on Riemannian symmetric spaces, we refer to [92] and [145].

Example 4.2 (Lie groups). Let G be a connected Lie group equipped with a bi-invariant metric. Then the product
Lie group G x G acts transitively and isometrically on G via the action (3.2). One can see that (G x G)/AG is
a Riemannian symmetric space with Lie subspace m’. The Levi-Civita connection coincides with V(¥ (see
Proposition 4.2).

The notion of invariant connection as well as that of canonical connection are generalized to any principal
bundles over homogeneous spaces G/ H. One can see that canonical connections are Yang-Mills [130].

Remark 4.1. Some generalizations of local symmetry have been proposed. Here we mention two examples. A
Riemannian manifold (M, g) is said to be

¢ semi-symmetric if R - R = 0. Here R - R is the derivative of R by R itself;
(R R)(U,V,W;Y, X) = (R(X,Y)R)(U, V)W,

(R(X,Y)R)(U, V)W = R(X,Y)R(U, V)W — R(R(X,Y)U,V)W — R(U, R(X,Y)V)W — R(U,V)R(X,Y)W.

Obviously local symmetry implies the semi-symmetry. The tensorial equation R-R =0 has a clear
differential geometric meaning. At a point p € M of a Riemannian manifold M, denote by ph,, the linear
subspace of so(T,M) spanned by the set {R,(X,Y)| X,Y € T,M}. Then the semi-symmetry condition
R - R = 0is equivalent to that ph,, is a Lie subalgebra of so(T,M). The connected Lie group pH,, with Lie
algebra pb, is called the primitive holonomy group at p (in the sense of Z. I. Szab0).

* pseudo-symmetric (in the sense of R. Deszcz) if there exists a smooth function L such that

R(X,)Y)-R=L(XAY)-R
for all vector fields on M.

The semi-symmetry is equivalent to the pseudo-symmetry with L = 0. It should be remarked that pseudo-

symmetry as well as semi-symmetry do not implies the (local) homogeneity. Indeed there exist non-

homogeneous examples. Pseudo-symmetric almost contact manifolds are studied in [48, 49, 51]. See also [98].
Here we would like to point out that all the eight model spaces of Thurston geometry are pseudo-symmetric.

In particular, Nil; and SLyR and Sols are pseudo-symmetric, but not semi-symmetric.

4.3. Riemannian symmetric space representations of space forms

In this subsection we exhibit Riemannian symmetric space representations of space forms.

Example 4.3 (The Euclidean space). Let E™ the Euclidean n-space with natural coordinates (z1, zs, . .., z,) and
Euclidean inner product

(@|y) = z1y1 + 2292 + - + TnYn.
The full isometry group E(n) is the semi-direct product group E(n) = O(n) x R”, where

O(n)={AeM,R|"AA=E,}
is a compact Lie group called the orthogonal group. The orthogonal group has two connected components:
Of(n)={4€0(n)|detA=1}, O (n)={A€0(n)| det A= —1}.

The identity component of O(n) is
SO(n) = SL,RN O(n) = O (n)

573 dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

Homogeneous Riemannian Structures in Thurston Geometries and Contact Riemannian Geometries

and called the rotation group. Note that the Lie algebra o(n) of O(n) coincides with the Lie algebra so(n) of
SO(n):
so(n) ={X € M,,R|'X = —X}.

The Lie group E(n) is called the Euclidean group. The Euclidean group acts isometrically and transitively on E™
by the action:
(A,b)x = Az +b, (A,b) € O(n)xR", xzeE".

The identity component SE(n) = SO(n) x R™ of E(n) is called the Euclidean motion group. Here we identify E(n)
with the following linear Lie group:

{(;‘é ?)‘AeO(n),beR”}CGLnHR

Then the isotropy subgroup of E(n) at o = 0 is

{(;?) ?)‘Aeom)}gom).

Thus we obtain the homogeneous space representation

E™ = E(n)/O(n) = SE(n)/SO(n).

se(n)={<£}é g)‘Xeﬁo(n),meR"}
{(fg 8>‘X650(n)}%50(n).
mz{(?g ﬁ) weR”}.

Then the decomposition se(n) = so(n) ® m is reductive and satisfies [m, m] C so(n). Thus E” = SE(n)/SO(n) is
a Riemannian symmetric space representation of E”.

The Lie algebra of SE(n) is

The isotropy algebra is given by

Let us take a linear subspace

Example 4.4 (The sphere). The orthogonal group O(n + 1) acts isometrically and transitively on the n-sphere
S™(c®) ={z = (z1,29, ..., Tpp1) EE" T 2T 423+ + 22 =1/*}

of curvature ¢ > 0 (c > 0) via the usual matrix multiplication. The isotropy subgroup of O(n+1) at o =

0,...,0,¢)is
{A: ( ol ) ‘ A"eO(n)}%O(n).

Moreover the isotropy subgroup of SO(n + 1) at o = (0,0, ...,¢) is

{A: ( o Y ) ‘ A° ESO(n)} ~ S0(n).

Hence we obtain homogeneous space representations
S"(c?) = O(n +1)/0(n) = SO(n +1)/SO(n).
The Lie algebra so(n + 1) is parametrized as
so(n+1) = {X < ;th g > ‘ X° € s0(n), weR”}.
The isotropy algebra is given by
X° 0 o ~
{X: < 0 0 ) ’ X eso(n)} = s0(n).
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The Killing form B, (,,41) is given by
Bo(n+1)(X,Y) = (n — 1)tr(XY)

and negative definite on so(n + 1).
Let us introduce an inner product

(X,Y) = —%tr(XY) = % {—;tr(XOYO) + (:c|y)}

on so(n + 1). The orthogonal complement m of the isotropy algebra in so(n + 1) is given by

me{x=( 0 ) eer}.

The tangent space T,S"(c?) is expressed as
T,S"(c?) = {(=,0) | z € R"} c T,E"** = E"*1.

We identify the tangent space T,S"(c?) with m via the correspondence:

(m,O)»—><2 *(t)x )

The orthogonal splitting so(n + 1) = so(n) & m is reductive and sasisfies [m, m] C so(n). Thus S"(c?) = SO(n +
1)/SO(n) is a Riemannian symmetric space. The involution ¢ corresponding to SO(n + 1)/SO(n) is

O(A) = Ad(En,l)A7 En71 = dlag(l, ey 1, —1)

The action of the isotropy group on m is given explicitly by

A° 0 0 Az
Ad(to o)X—<t(A°a;) 0 >

For any vectors X, Y € m, we have

Hence the Riemannian curvature is

_ 0 (xNy)z
R(X’”Z‘(—t{(mwz} 0 )

This shows that
R(X,Y)Z =A(XAY)Z, X,Y,Z € T,S"(c?).

Example 4.5 (The unit tangent sphere bundle of S™). The unit tangent sphere bundle US™ of the unit n-sphere
S™ is described as
US" = {(x,v) € E"" x E" ™! | (z|z) = (v|v) = 1, (z|]v) = 0}.

The rotation group acts transitively on US™ via the action:
A(z,v) = (Az, Av).

The isotropy group at (o, (0,0,...,0,1,0)) is

_ AOO 02777471 oo N B
{A_ < On-12 E» > ) A% e SO(n—l)} =~ SO(n—1)

_ X°° 02,77,—1 oo _
{X_ < On1s O > ‘ X°° € s0(n 1)}
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With respect to the inner product on so(n + 1), the orthogonal complement p = so(n — 1) is given by

[ _(Ons Y
== (% )

One can see that US" = SO(n + 1)/SO(n — 1) is naturally reductive with respect to p. In particular, we know
that

s e R, YEMQ’nl]R}, J= ( (1) _(1) ) € 50(2).

US? = SO(3) = RP?.

Namely US? is identified with the rotation group SO(3) equipped with a bi-invariant metric of curvature 1/4
and hence it is isometric to the real projective 3-space RP? of curvature 1/4 (see Klingenberg-Sasaki [141] and
[115]).

Next, let Geo(S™) be the space of all oriented geodesics in S”. Then as is well known, Geo(S™) is identified

with the Grassmannian manifold Gry(E"*!) of oriented 2-planes in E"*! in the following manner:
Gra(E™1) 5 W +— W NS™ € Geo(S™).
The rotation group acts transitively on Gry(E"*+1) via the action:
A(x Av) = (Ax) A (Av).

The isotropy group at the plane spanned by o = (0,0, ...,0,1) and (0,0,...,0,1,0) is

{A - < ézo_m gig)—l ) ’ A% € SO(n— 1), R(0) € 50(2)} ~ SO(n — 1) x SO(2).

Thus the Grassmannian manifold Gry(E"+!) is represented by Gro(E™ 1) = SO(n +1)/SO(n — 1) x SO(2) as

a Hermitian symmetric space. The natural projection US™ — Geo(S™) = Gro(E"*!) defines a principal circle
bundle
SO(n+1)/SO(n — 1) = SO(n + 1)/SO(n — 1) x SO(2).

Moreover, with respect to the canonical contact form of US", this fibering is the Boothby-Wang fibering. By
performing a suitable normalization of the almost contact Riemannian structure US™ becomes a homogeneous
Sasakian manifold, especially it is a Sasakian ¢-symmetric space (see Section 9). With respect to the normalized
SO(3)-invariant metric, US? is identified with the real projective plane RP? equipped with a Riemannian metric
of constant curvature 1.

Example 4.6 (The hyperbolic space). Here we explain the hyperboloid model of the hyperbolic space.
Let us denote by E!'" the Minkowski (n + 1)-space which is realized as the Cartesian (n + 1)-space R"*!
equipped with the scalar product

(T,y) = —Toyo + T1Y1 +*+ + TnYn.
The full isometry group E(1,n) of E1'" is the semi-direct product O(1,n) x R"™!, where
O(1,n) ={A €M, . R|'AE, ,A = FEy,}, Fi,=diag(-1,1,...,1)
is called the Lorentz group. For a matrix A = (a;;)o<i,j<n € O(1,n), we set
Agipe = apo, ASpace = (aij)lgi,jgn-

The Lorentz group O(1, n) has four connected components:

Ot (1,n) ={A € O(1,n) | Arine > 0, det Aspace > 0},
0% (1,n) ={A € O(1,n) | Arine > 0, det Agpace < 0},
O " (1,n) ={A € O(1,n) | Arine <0, det Aspace > 0},
O™ (1,n) ={A € O(1,n) | Arine <0, det Agpace < 0}.

One can see that the identity component is Ot (1, n). Next we set SO(1,n) = SL,+1R N O(1,n). Then we get
([182, p. 239]):
SO(1,n) =0T+ (1,n) U0~ (1,n).
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Moreover O+ (1,n) UO*~(1,n) and O+ (1,n) UO~T(1,n) are Lie subgroups of O(1,n).
The hyperbolic n-space H"(—c?) of curvature —c? < 0(c > 0) is realized as the connected component

{x e BV | (x,x) = —1/c?%, 29 > 0}
of the hyperboloid of two sheets. The full isometry group Iso(H"*') is given by ([182, Corollary 9]):
Iso(H™) = Ot (1,n) UOT~(1,n).

Thus the identity component is Iso,(H") = O**(1,n). The identity component SO*(1,n) := O**(1,n) acts
isometrically and transitively on H"(—c?). The isotropy subgroup at o = (c,0,...,0) is

1 to .
(a= (3 2 )] 2 <som]
which is isomorphic to the rotation group SO(n). Thus we have a homogeneous space representation:
H"(—c?) = SO™(1,n)/SO(n).

Let us perform the Iwasawa decomposition of SO (1,n) as SO (1,n) = SO(n) AN, where A and N are abelian
part and nilpotent part of SO (1,n), respectively. The Lie subgroup S = AN is solvable and acts simple
transitively on H"(—c?). Thus H"(—c?) is identified with the solvable Lie group S = AN equipped with a left
invariant metric. Note that dim A = 1 and dim N =n — 1.

The Lie algebra so(1,n) is expressed as

0 tw [e] n
so(l,n) =4 X = P X° eso(n), e R" 5.
We introduce a scalar product (-, -) on so(1,n) by

1 1
(X,) = %tr(XY) = %{2%3,/ +tr(X°Y°)}.

{X < o ;?o ) ‘ X° Gso(n)} = s0(n)

is a non-degenerate linear subspace of so(1, n). Thus we can take

The isotropy algebra is

€T

m = so(n)t = {X € so(1,n) | (X,Y) = 0, VY € s0(n)} = { < ) tO > ‘ a:e]R”}.

On can see that m is spacelike, i.e., the restriction of the scalar product on m is positive definite. The orthogonal
decomposition so(1,n) = so(n) & m is reductive. Under the identification m = T,H"(—c?), the induced inner
product on m coincides with the one induced from the Riemannian metric of H"(—c?). Moreover [m,m] C so0(n)
holds. Thus H"(—c?) = SO(1,n)/0(n) = SOT(1,n)/SO(n) with m = s0(n)~ is a Riemannian symmetric space.

Olmos and Reggiani [176, 177] proved the uniqueness of canonical connections for hyperbolic space
H"(—c?) for n # 3. More precisely represent H"(—c?) as H"(—c?) = SO*(1,n)/SO(n) as a naturally reductive
homogeneous space. Then the Levi-Civita connection is the only canonical connection associated to this
representation. In other words, the Levi-Civita connection is the only Ambrose-Singer connection associated
to the naturally reductive H"(—c?) for n # 3. The hyperbolic 3-space H?(—c?) admits exactly a line of canonical
connections. Compare [176, Remark 6.1] and [177, Remark 2.5] with Abe’s classification (Proposition 16.2).
Homogeneous Riemannian structures on H" with n > 3 are investigated in [40, 41, 186].

Example 4.7 (The unit tangent sphere bundle of H"). The unit tangent sphere bundle UH" of the hyperbolic
n-space of constant curvature —1 is described as

UH" = {(x,v) € E'" x E'" | — (x,2) = (v,v) = 1, (x,v) =0, 29 > 0}.
The Lorentz group acts transitively on UH" via the action:

A(z,v) = (Az, Av).
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The isotropy group at (o, (0,1,...,0)) is

_ ([ E2 On_12 o N )
{A < Ot A ) ’ A 6SO(nl)} =80(n—1)

[ O On—1,2
o= (0 )

With respect to the scalar product on so0(1,n), the orthogonal complement p = so(n — 1)+ is given by

with Lie algebra

X°° € so(n — 1)} ~so(n—1).

0 t ‘=
p={X=|t 0 ‘ty teR, z,yc R"!
z —y O

The scalar product on so(1,n) induces an SO™(1,n)-invariant semi-Riemannian metric of signature
(=, —,—,+,+) on UH". One can see that UH" = SO (1,n)/SO(n — 1) is naturally reductive with respect to
p (see [59]).

Next, let Geo(H") be the space of all oriented geodesics in H". Then as is well known, Geo(H") is identified
with the Grassmannian manifold Gr, ; (E"") of oriented timelike planes in E'" in the following manner:

Gr11(EM™) 5 W «— W NH" € Geo(H").
The Lorentz group acts transitively on (A}}l,l (E'™) via the action:
A(x Av) = (Ax) A (Av).

The isotropy group at the plane spanned by o = (1,0,...,0) and (0,1,0,...,0) is

A=A O2n1 ) | 4o € 80(1,1), A°° € SO(n — 1) b = S0(1, 1) x SO(n — 1),
On—1,2 A

Thus the Grassmannian manifold Gry ;(E'") is represented by Gr; 3 (E'™) = SO*(1,7)/SO(1,1) x SO(n — 1)

as para-Kdhler symmetric space of neutral signature. The natural projection UH"™ — Geo(H") = Gry,1(E™™)

defines a principal line bundle

SO*(1,n)/SO(n — 1) — SO*(1,n)/SO(1,1) x SO(n — 1).

In contact Riemannian geometry, another Riemannian metric (Sasaki-lift metric) is introduced on UH". See
Section 5.8 and Section 13.2.

Remark 4.2 (SE(1,1)). In the Minkowski plane E! = (R?(z, 1), —d23 + dz?), we may take a null coordinate
system (u, v) defined by

U:=2x9+2x, U:=-—T9+ .
Then the scalar product is rewritten as du ® dv = (du ® dv + dv ® du)/2. With respect to the null coordinate
system, the identity component of the isometry group is expressed as

¢ et 0 =
{((% _t>, (a:>> x,y,tER}% 0 et y z,y,t€R 3. (4.4)
c Y 0 0 1

4.4. Ambrose-Singer connections

Ambrose and Singer [5] gave an infinitesimal characterization of local homogeneity of Riemannian manifolds.
To explain their characterization we recall the following notion:

Definition 4.4. A homogeneous Riemannian structure S on (M, g) is a tensor field of type (1, 2) which satisfies
Vg=0, VR=0, VS=0. (4.5)

Here V is a linear connection on M defined by V = V + S. The linear connection V is called the Ambrose-Singer
connection.
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Note that VR = 0 is equivalent to the condition VR = 0, where R is the curvature of V.

Let (M, g) = G/H be a homogeneous Riemannian space. Here G is a connected Lie group acting transitively
on M as a group of isometries. Without loss of generality we can assume that G acts effectively on M. The
subgroup H is the isotropy subgroup of G at a point o € M which will be called the origin of M. Denote by
g and § the Lie algebras of G and H, respectively. Then there exists a linear subspace m of g which is Ad(H)-
invariant. If H is connected, then Ad(H)-invariant property of m is equivalent to the condition [h, m|] C m, i.e.,
G/H is reductive. Then as we saw in the preceding section, T,,M is identified with m via the isomorphism
7! (p ) )

(p,) :m 3 X — X8 e T,M.

Then the canonical connection V = V¢ is given by
(VxiY9o = —([X,V]m)i, X,Y em.

One can see the difference tensor field S =V — V is a homogeneous Riemannian structure. Thus every
homogeneous Riemannian space admits at least one homogeneous Riemannian structure.

Conversely, let (M,S) be a simply connected and complete Riemannian manifold equipped with a
homogeneous Riemannian structure. Fix a point o € M and put m = T,M. Denote by R the curvature of the
Ambrose-Singer connection V. Then the holonomy algebra h of V the Lie subalgebra of the Lie algebra so(m, g,)
generated by the curvature operators R(X,Y) with X,V € m, since VR = 0 and VT = 0 (see [149, p. 178, BI]).
Here T is the torsion tensor field of V. Now we define a Lie algebra structure on the direct sum g = h & m by

[U, V] =UV - VU,
[U,X] =U(X),
(X, Y] =-R(X,Y) - S(X)Y +S(Y)X

forall X, Y e mand U, V € h. The Lie algebra g is the transvection algebra of (M, @) (see [222, pp. 31-32] and
[2D).

Now let G be the simply connected Lie group with Lie algebra g. Then M is a coset manifold G/ H, where H
is a Lie subgroup of G with Lie algebra h. Let T be the set of all elements in G which act trivially on M. Then T
is a discrete normal subgroup of G and G = G//T acts transitively and effectively on M as an isometry group.
The isotropy subgroup H of G at o is H = H/T'. Hence (M, g) is a homogeneous Riemannian space with coset
space representation M = G/H.

Theorem 4.1 ([5]). A Riemannian manifold (M, g) with a homogeneous Riemannian structure S is locally homogeneous.

Definition 4.5. Let (M,g,5) and (M’,¢’,S’) be homogeneous Riemannian spaces with homogeneous
Riemannian structures. Then (M,g,S) and (M',¢’,S’) are said to be isomorphic if there exits an isometry
[+ M — M’ satisfying f*S” = S, that is

df(S(X)Y) = S"(df(X))df(Y)
forall X,Y € I'(TM).

Theorem 4.2 ([222]). Let (M, g) be a homogenous Riemannian space and G, G’ connected Lie subgroups of the identity
component Iso, (M, g) of the full isometry group acting transitively on M. Assume that the Lie algebras g of G and g’ of G’
has reductive decompositions g = b ® m and g’ = b’ © w’, respectively. Then the homogeneous Riemannian structures
S determined by g = b ® m and S’ determined by g’ = b’ © m’ are isomorphic if and only if there exits a Lie algebra
isomorphism F : g — ¢’ such that

and F |y, is a linear isometry.

Note that there exist locally homogeneous Riemannian manifolds which are not locally isometric to any
homogeneous Riemannian spaces. Indeed Kowalski gave explicit examples in [150] (see also [189]). Bazdar
and Teleman gave a reformulation of homogeneous Riemannian structure [9].
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4.5. The eight classes of homogeneous Riemannian structures

Let (M, g) be a Riemannian manifold and S a homogeneous Riemannian structure on A/. Then the metrical
condition Vg = 0 for the Ambrose-Singer connection V = V + S is rewritten as

for all vector fields X, Y and Z. Here S, is the covariant form of S.
Tricerri and Vanhecke [222] obtained the following decompositions of all possible types of homogeneous
Riemannian structures into eight classes (Table 2):

Classes Defining conditions

Symmetric | S =0

T Sy(X,Y,Z) =g(X,Y)w(Z) — g(Z, X)w(Y) for some 1-form w

7—2 S Sb(X7Y7Z)=Oand012(Sb)=O
X,Y,Z

T3 S, (XY, Z2)+ S,(Y,X,Z)=0

T1® T2 X(‘?/ZSb(X,KZ):O

Tie&Ts Sy (XY, Z) + 5,(Y, X, Z) = 29(X,Y)w(Z) — g(Z, X)w(Y) — g(Y, Z)w(X)
for some 1-form w

,TQ 52 75, Clg(Sb) =0

T1 @ T2 @ T3 | no conditions

Table 2. The eight classes

Here X% , S, denotes the cyclic sum of S, i.e.,

S Sb(XaKZ) = Sb(vaaz) +Sb(YvZaX) +Sb(ZaX7Y)

s Ly

Next ¢12 denotes the contraction operator in (1, 2)-entries;
n
12(8,)(2) =Y _ Sy (ei, ei, 2),
i=1

where {ej, e, ..., e,} is a local orthonormal frame field.

A homogeneous Riemannian structure S is said to be of linear type if it is of type T; [36].

A reductive homogeneous Riemannian manifold M = G/H is said to be cyclic ([77]) if there exists a Lie
subspace m satisfying

S (X, Y]m, Z2)=0, X,Y,Zem.
XY, Z

If in addition G is unimodular, then M is said to be traceless cyclic. On can see that M = G/H is cyclic [resp.
traceless cyclic] with respect to m if and only if corresponding homogeneous Riemannian structure is of
type 71 @ Ta. [type T2]. Kowalski and Tricerri classified traceless cyclic homogeneous Riemannian spaces of
dimension less than 5. Their classification is extended to cyclic homogeneous Riemannian spaces of dimension
less than 5 in [76, 77].

In addition, Gadea, Gonzélez-Davila, and Oubina proved the following fact.

Theorem 4.3 ([78]). A homogeneous spin Riemannian manifold has a Dirac operator like that on a Riemannian
symmetric spin space if and only if it is traceless cyclic.

Early studies on homogeneous Riemannian structures of type 7;: & 73, 73 and 71 @ 72, we refer to [183],
[184, 185] and [187], respectively.
4.6. Homogeneous Riemannian structures on Riemannian 2-manifolds

In this subsection we collect results on homogeneous Riemannian structures on homogeneous Riemannian
2-manifolds for later use.
First we recall the notion of homogeneous almost Hermitian structures.
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Definition 4.6. A Hermitian manifold (V, h, J) is said be a locally homogeneous Hermitian manifold if for each
p,q € N, there exits a local holomorphic isometry which sends p to q.

Definition 4.7. A Hermitian manifold (N, h, J) is said be a homogeneous Hermitian manifold if there exits a Lie
group G of holomorphic isometries acts transitively on M.

The following fundamental fact is due to Sekigawa and generalized by Kirichenko for more general
geometric structures (For a detailed proof of the so-called Sekigawa-Kiri¢chenko theorem, see [36, §2.3]).

Theorem 4.4 ([207, 142]). Let N = (G/H,h,J) be a homogeneous almost Hermitian manifold with Levi-Civita
connection V and the canonical connection V. Then S =V —V is a homogeneous Riemannian structure satisfying
VJ =0

Conversely, an almost Hermitian manifold (N, h, J) with a homogeneous Riemannian structure S satisfying V.J = 0
for V.=V + 5, then N is locally homogeneous almost Hermitian manifold.

A homogeneous Riemannian structure S satisfying V.J = 0 for V =V + S is called a homogeneous almost
Hermitian structure. In case N is Hermitian [resp. Kéhler], a homogeneous almost Hermitian structure S is
called a homogeneous Hermitian structure [resp. homogeneous Kihler structure].

Now let us turn our attention to homogeneous Riemannian 2-manifolds. The assumption dimension 2 implies
that possible types of homogeneous Riemannian structures are trivial or type 7;.

Homogeneous Riemannian 2-manifolds with non-trivial homogenous Riemannian structure are classified as
follows:

Theorem 4.5 ([222]). Let S be a non-trivial homogeneous Riemannian structure on a Riemannian 2-manifold, then M
is of constant negative curvature.

Theorem 4.6 ([222]). The only homogeneous Riemannian structures on the 2-sphere S*(c¢*) of curvature ¢* > 0 and
Euclidean plane E? are trivial one.

Let us exhibit explicit expression of homogeneous Riemannian structures on 2-dimensional space forms.

Example 4.8 (The 2-sphere). In Example 4.4, we exhibit the Riemannian symmetric space representation of
S™(c?). Here we investigate homogeneous Riemannian structures on

S*(c?) = {x = (w1, 22, v3) € B® | 2? + 22 + 22 =1/c*}.

We take a basis
Ey=F3y — Eys, FEy=FEi3—FE3, F3=FEy;—FEp

of s0(3). Then the commutation realtions are
[Er, Es) = Es,  [E2, E3) = E1, [Es, E1] = Es.

The Lie algebra so0(3) is parametrized as

0 —ys w2
x3 0 —un y1,%2,y3 €R
—Y2 Y2 0

The isotropy subgroup H of SO(3) at 6 = (0,0, ¢c) is

cosf —sinf 0
H= sinf  cosf 0 0<6<2m,=S0(2).
0 0 1
The isotropy algebra is
0 —Y3 0
6 = Y3 0 0 Y3 eR 250(2).
0o 0 0
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Let us look for Lie subspace. Since h is spanned by Ej, the only possible Lie subspace M is

0 0 Y2
m= 0 0 —-mn y1,52 € R
-y 1 0

One can see that [m, m] C h. We identify the tangent space

TOS2(02) = {(y13y270) ‘ Y1,Y2 S R}

via the correspondence

0 0 Y2
(Y1, ¥2,0) — 0 0 —u;
-y2 y1 O

Thus S?(c?) = SO(3)/SO(2) is a Riemannian symmetric space. This fact confirms that the only homogeneous
Riemannian structure of S?(c?) is the trivial one S = 0.
On the tangent space
ToS?(c?) = {y1Er +y2 o | y1,y2 € R}

Next we define a linear endomorphism J, on m by
JE, = By, JE3 = —Fs.

Then J gives an orthogonal complex structure on S?(c¢?). The resulting Kdhler manifold (S?, g, J) is Hermitian
symmetric. If we regard T,S?(c?) as a linear subspace of E?, then the complex structure .J is rewritten as

Jo(y,0) = (0,0,1) x (y,0).
Here x is the vector product of E? with respect to the orientation determined by dv = dz1 A dzs A dzs.

Remark 4.3. The Cartesian 3-space R? is isomorphic to the Lie algebra so(3) via the isomorphism ¢ : R* — s0(3);

I 0 —X3 X2
vx) =1 x = T3 0 —z; =: X. 4.7)
I3 —T2 xI2 0

Then we have
vz xy)z=(xAy)z=2zX(x xXy),

Uz x y) = [(=), ((y)]-

Hence we have
[X,Y]Z: (w/\y)zv X:L("B)a Y:L(y)

The Euclidean inner product (-|-) corresponds to the inner product
(X[Y) = —%tr(XY), X,Y € s0(3).
Under the identification E? = s0(3), S?(c?) is identified with
{X €50(3) | tr(X?) = —2¢2}.
The action of SO(3) on S?(c?) is rewritten as
Ad : SO(3) x S*(c?) = S*(c?); (A, X)+— Ad(A)X = AXA™L

Example 4.9 (Euclidean plane). On the Euclidean plane E?, the Euclidean motion group SE(2) = SO(2) x R?
acts isometrically and transitively. The isotropy subgroup H at o = (0,0) is SO(2). The Lie algebra se(2) and the
isotropy algebra b are given by

0 us Ul _ 0 uz 0
5¢(2) = —uz 0 us uy,ug,u3 ER », h= —uz 0 0 uz € R
0 0 0 0 0 0
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The only possible Lie subspace m is

m= Uy, g, ug € R

o O O
o O O
o5 =

Thus SE(2)/SO(2) is a Riemannian symmetric space corresponding to the trivial homogeneous Riemannian
structure. The Lie subspace m is a Lie subalgebra of se¢(2). The corresponding simply connected Lie group is

z,y,z € R

O O =
O = O
e 8

which is isomorphic and isometric to the abelian Lie group (E*(z,y),+). Thus E? is interpreted also as
E2/{0}. The homogeneous Riemannian structure of E?/{0} is the trivial one S = 0. The transvection algebra
determined by S = 0 is m. Thus S = 0 corresponds to both SE(2)/SO(2) and E?/{0}.

Remark 4.4. Let G be a Lie group equipped with a bi-invariant Riemannian metric. Then G is a homogeneous
space (G x G)/AG under the action (3.2). However, in case G is abelian, we need to pay attention to the
homogeneous space representation of G. Indeed if G = (E2, +), then we the action (3.2) is described as

(a,b)-x=a+x—b.

However we know that dim Iso,(E?) = 3. On the other hand, dim(E? x E?) = 4. Thus (E? x E?)/AE? is not the
correct homogeneous space representation for (E2,+). In case if we regard E? as an abelian Lie group, the
correct homogeneous space representation is E? = E2/{0}.

Here we exhibit homogeneous Riemannian structures on the hyperbolic plane H?(—c?) of curvature —c? < 0.
We realize H?(—c?) as the upper half plane:

H*(=¢*) = ({(z,y) €R? |y > 0},9) = ({2 +V-1y € C|y > 0}, 7)
equipped with the Poincaré metric

dz? 4 dy?

9= 2y2

We can take a globally defined orthonormal frame field

_ o )
€1 = (cy)%, ez = (cy) Em
Th dual coframe field © = {J1,9?} is given by
podr s dy
cy’ ey’

Since B B B B
ddt = c9t A9?, di9? =0,

the connection form w and curvature form {2 relative to © are given by

. 0 —ct 0— 0 —c2 9t A 9?
“=Ledt o0 ’ T\ 29 Ap2 0 :

The Levi-Civita connection V of g is computed as

vélél = Cég, vélég = —Cél, W@él :ngeg = 0
The complex structure J is determined by

0 0 0 0
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Then the Kéhler form Q = g(-, J) is given by

_Qdm A dy

O — q1 92 __
Q=20 N = ==

Note that the area element is o B
dv, = 29" A9? = —Q.
The Kédhler form is an exact 2-form with potential

o= 29 :—2(21—$.
c c*y

The resulting almost Hermitian manifold (H?(—c?), g, J) is Kéhler.
The special linear group

SLoR = {A: ( ail a2 )
azy 22
acts isometrically, holomorphically and transitively on H?(—c?) as the linear fractional transformation group.
The linear fractional action T : SLoR x H?(—c?) — H?(—c?) is described as

a11,012, 021, a22 € R, aj1ag — ajpas = 1}

— air a2 — ar(r +v—1y) + a2
Al y) ( a1 a2 > (2 v) ag1(x + v —1y) + a2

The isotropy subgroup at v/—1 = (0, 1) is the rotation group

K:SO(2):{< cos Sma)‘0§9<2w}.

—sinf cos@

The Lie algebra s[;R is given by

shLHR = {X— < T 212 ) €M2R‘ tr X = a1 +£L‘22_0}
To1 T2

and spanned by the split-quaternionic basis ([94, 96]):

() (0 h) (0 )

The isotropy algebra is ¢ = Ri. The tangent space T,;H?(—c?) at the origin 6 = (0, 1) is identified with
my = R]/ O RE'.

One can see that [my, mg] C & Hence H?(—c?) = SLyR/SO(2) equipped with m, is a Riemannian symmetric
space. Moreover it is Hermitian symmetric. The corresponding homogeneous Riemannian structure is S = 0.
The hyperbolic plane H?(—c?) admits a non-trivial homogeneous Riemannian structure. To describe it, here
we recall the Iwasawa decomposition of SLsR.
The Twasawa decomposition of the special linear group SL2R is given explicitly by SLsR = NAK, where

w00 Dp 10T )]

and K = SO(2) as mentioned before. Next the polar decomposition of SL2R is the Lie group decomposition

SLoR = S - SO(2), 3=NA:{< \(/)y f?%)

On the solvable part S = NA of SL;R, the Poincaré metric is left invariant on S. Hence S is identified with
H?(—c?). Let us describe the action of SLoR on S.

xER,y>0}.
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Proposition 4.5 (Dressing action). The special linear group SLoR acts on S by the action:

SLeR xS —S; a-z:=(az)s, a€SIluR,z€S.

Here we decompose az as az = (az)so(2)(az)5 along the polar decomposition SLyR = SO(2) - S.

Here we describe the dressing action in detail. By performing the polar decomposition, we obtain

(o o) (ponE ) (Ve (et by ) (VF VT (o g )

where

(a112 + a12) (a1 + az2) + ar1a21y>

Y pit — 9217 +az —v—lany
(a1 + a22)? + (a21y)?

a1 + ag)? + (a21y)?’ V(@217 + a2)? + ((lgly)2\/§.

j’/‘:

) g:(

One can see that the complex coordinate z ++/—1y and %+ +/—17y are related by the linear fractional
transformation:

it/ Tj= a11(z + vV —1y) + a1z
a1 (z + v —1y) + ase

The tangent space T;H?(—c?) is identified with the Lie algebra § of S;

- U9 (751
(v )y
Thus we have a decomposition

U1 V9 . 0 —U3 I V1 Vg + U3
V3 —U1 o —(—U3) 0 0 —U1

along s[oR = £ + 5. Note that

__ 01 _ (0 ¢ __ 9 _(«c2 0
61—Cy8m5— 00 /)’ 62—Cy8y5— 0 —¢/2 )

The solvable Lie part S is isomorphic to the following solvable Lie group
- _ y x

w15 1)

( o 15 )" \o 1)

(i)

The Poincaré metric g is a left invariant metric on M. Moreover {1, &} is a global left invariant orthonormal
frame field on M. At the origin, we have

_ 0 ¢ _ c 0
61|o_<o 0>’ 62’0_<0 0>'

The homogeneous Riemannian structures on H?(—c?) are classified as follows (see also [80, Corollary 3.3]):

z,y €R, y>0} (4.9)

via the Lie group isomorphism

The Lie algebra of M is

u,veR}.

Proposition 4.6 ([222]). Up to isomorphisms, there are two homogeneous Riemannian structures on H?(—c?):

* S = 0: The corresponding coset space representation is

H? = SLyR/SO(2) = SO™(1,2)/SO(2).
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* The nontrivial homogeneous structure S of type T given by

S(X)Y = —c{g(X,Y)ex — g(€2,Y)X} = —cg(X,e1)JY.

The corresponding coset space representation is the solvable Lie group model S = S/{E>} of H?*(—c?). The
canonical connection V + S coincides with Cartan-Schouten’s (—)-connection.

One can check that the homogeneous Riemannian structure S of type T; satisfies S(X)JY + JS(X)Y = 0.
Thus we get the following result (see [80, Corollary 3.3]):

Corollary 4.1. All the homogeneous Riemannian structures of H?(—c?*) are homogeneous Kiihler structures.

Since the area form dvy of H?(—¢?) is given by —Q, the covariant form of the homogeneous Riemannian
structure S of type 7, is rewritten as

[ &)

Sy =29 @' AP)=cd' @0 =~ @dv; = — @@ du,. (4.10)

From the proof of [222, Theorem 4.1], we deduce the following result.

Proposition 4.7. Let M be a Riemannian 2-manifold which posses a non-trivial homogeneous Riemannian structure S,
then S is represented as S, = —2c9' @ (9 A V?) with respect to a suitable local orthonormal coframe field © = (9, 9?)
and the Gaussian curvature is K = —c* < 0.

4.7. Homogeneous Riemannian structures of type T3 on 3-dimensional space forms

Let (M, g) be a Riemannian 3-manifold. Take a S, be a tensor field of type (0, 3) satisfying

S,(X, Y, Z)+ S,(X,Z,Y) =0. (4.11)
Then S, is expressed as
S, (X,Y, Z) = 2{S,(X, e1, e2) (9" N9?) + S, (X, e, e3) (92 A9*) + S, (X, e3,e1) (9> NI HY, Z). (4.12)
We define a tensor field S by
S (X, Y, Z) =g(S(X)Y, Z). (4.13)

By using S, we define a linear connection V by V = V + S. Then we have the following useful lemma.

Lemma 4.1. Let S, be a tensor field of type (0,3) on a Riemannian 3-manifold. Define a tensor field S of type (1,2) by
(4.13) and set V = V + S, then V satisfies VR = 0 if and only if

(VxRic)(Y, Z) = Ric(S(X)Y, Z) + Ric(Y, S(X)Z) (4.14)
holds.

Tricerri and Vanhecke classified homogeneous Riemannian structures of type 7; on 3-dimensional space
forms [222, Theorem 6.3].

Theorem 4.7. Let M3(ec?) = (M3, g, dv,) be the one of the following 3-dimensional space forms of constant curvature
e (c>0,e=0,£1):

—i : H3(=c?).

Then all the non-vanishing homogeneous Riemannian structures of type Tz on M3>(ec?®) are given by the following 1-
parameter family:

Sp = —Adv,, XeRX.

Two homogeneous Riemannian structures S)* and S)* are isomorphic each other if and only if \; = £\,.
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4.8. Naturally reductive homogeneous spaces

A reductive homogeneous Riemannian space M = G//H with Lie subspace m is said to be naturally reductive
with respect to m if the geodesic through o € M and tangent to X € m = T, M is the orbit {exp(tX) - 0}+cr of
the one-parameter subgroup {exp(tX)}.cr for all X. Note that every Riemannian symmetric space M = G/H
satisfies this property.

The following infinitesimal reformulation of natural reducibility is useful [145].

Proposition 4.8. A reductive homogeneous Riemannian space M = G /H with Lie subspace m is naturally reductive
with respect to wm if and only if the bilinear map Uy, defined by (4.1) vanishes.

Definition 4.8. A reductive homogeneous Riemannian space M = G/H is said to be naturally reductive if
M = G/H is reductive and has a Lie subspace m with respect to which G/H is naturally reductive.

Naturally reductive spaces may be regarded as generalizations of Riemannian symmetric spaces. For
instance, as we mentioned above, every geodesic through o € M and tangent to X € m = T, M is the orbit
{exp(tX) - 0}icr of the one-parameter subgroup {exp(¢X)}.cr for all X. Next, every (local) geodesic symmetry
is volume preserving up to sign. For more information on naturally reductive homogeneous spaces, we refer
to [85, 55].

Remark 4.5. There are several attempts to generalize the class of naturally reductive homogeneous spaces. One
of the generalization is the class of Riemannian g. o. space [154]. On the other hand, studies on Riemannian
manifolds with volume preserving local geodesic symmetries (up to sign) was initiated by D’Atri and
Nickerson [53, 54]. Those spaces are called D’Atri spaces. See [194]. Another attempt was proposed by Kowalski
and Vanhecke [153].

Tricerri and Vanhecke obtained the following characterizations.

Theorem 4.8 ([222], [223]). Let M = G/H be a naturally reductive homogeneous space with canonical connection V.
Then S =V — V is a homogeneous Riemannian structure which satisfies

S(X)X =0, X eI(TM). (4.15)

Namely S is of type Ts. Conversely, a simply connected and complete Riemannian manifold (M, g, S) together with a
homogeneous structure S is naturally reductive if and only if S satisfies (4.15).

Theorem 4.9 ([222]). Let (M, g) be a complete and simply connected Riemannian manifold. Then M is a naturally

reductive homogeneous space if and only if there exists a homogeneous Riemannian structure S so that V =V + S is
projectively equivalent to the Levi-Civita connection V.

Three-dimensional simply connected and connected naturally reductive homogeneous spaces are classified
by Tricerri and Vanhecke [222]. See also Theorem 15.1 of the present article.

4.9. Canonical connections on general Riemannian manifolds

Olmos and Sanchez [178] introduced the notion of "canonical connection” in the following manner:

Definition 4.9. Let (M, g) be a Riemannian manifold with Levi-Civita connection. A metric connection D is
said to be a canonical connection in the sense of Olmos-Sanchez if it satisfies DS = 0, where S = D — V.

Obviously, any Ambrose-Singer connections are canonical connections in the sense of Olmos-Sanchez. Under
this definition, they proved the following result.

Theorem 4.10 ([178]). Let M be linearly full immersed submanifold of Euclidean space E™ with vector valued second
fundamental form . Then the following properties are mutually equivalent:

1. M admits a canonical connection in the sense of Olmos-Sdnchez satisfying Do = 0.
2. M is an (extrinsically) homogeneous submanifold with constant principal curvatures.

3. M is an orbit of an s-representation. Namely M is a standardly embedded symmetric R-spaces.
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4.10. Cartan-Riemannian manifolds

In [62], a Riemannian manifold (M, g, D) equipped with a metric linear connection D is called a Cartan-
Riemannian manifold. Note that the authors of [84] use the terminology Riemann-Cartan manifold. Obviously,
a Riemannian manifold (M, g,V + S) together with a homogeneous Riemannian structure S is a Cartan-
Riemannian manifold.

Proposition 4.9. Let (M, g, D) be a Cartan-Riemannian manifold. The linear connection has the same geodesics as the
Levi-Civita connection if and only if the difference tensor field S := D — V is symmetric.

Note that Theorem 4.9 is a special case of Proposition 4.9.
Let us denote by TP the torsion tensor field of D and set S = D — V, then by the definition of torsion, we
have
TP(X,Y)=DxY — Dy X — [X,Y] = S(X)Y — S(Y)X.

The covariant tensor field 7" is called the torsion form of (M, g, D).

Definition 4.10. A Cartan-Riemannian manifold (M, g, D) is said to be a Cartan-Riemannian manifold of totally
skew-symmetric torsion if T} is a 3-form on M. If in addition, D satisfies DT® = 0, then M is said to be a
Cartan-Riemannian manifold of parallel totally skew-symmetric torsion.

If a Cartan-Riemannian manifold (M, g, D) has totally skew-symmetric torsion and D is a canonical
connection in the sense of Olmos-Sanchez, then (M, g, D) has parallel totally skew-symmetric torsion.

Differential geometry of Cartan-Riemannian manifold of totally skew-symmetric torsion is motivated by
string theory and special geometry. For more information, we refer to [2, 52, 71, 73, 74].

4.11. Sekigawa’s theorem

Sekigawa proved the following fundamental fact for homogeneous Riemannian 3-spaces.

Theorem 4.11 ([204]). Let M be a homogeneous Riemannian 3-space, then M is locally symmetric or M is a Lie group
equipped with a left invariant metric.

On the other hand Lie groups equipped with a left invariant metric are classified by Milnor [163]. See also
[86, 147].
Sekigawa gave a list of all homogeneous Riemannian 3-spaces in [205, 206].

4.12. Three dimensional unimodular Lie groups

Let G be a Lie group with a Lie algebra g and a left invariant Riemannian metric (-, ). A Lie group G is said
to be unimodular if its left invariant Haar measure is right invariant. Milnor gave an infinitesimal reformulation
of unimodularity for 3-dimensional Lie groups [163]. We recall it briefly here.

Let g be a 3-dimensional oriented Lie algebra with the inner product (-,-). Denote by x the vector product
operation of the oriented inner product space (g, (-,-)). The vector product operation is a skew-symmetric
bilinear map x : g x g — g which is uniquely determined by the following conditions (cf. Section 2.5):

() (X, X xY)=(Y,X xY) =0,
(i) (X x ¥, X x V) = (X, X)(V,Y) - (X, V)2,
(iii) if X and Y are linearly independent, then det(X,Y, X x Y) > 0,

for all X,Y € g. On the other hand, the Lie-bracket [,-]:gx g — g is a skew-symmetric bilinear map.
Comparing these two operations, we get a linear endomorphism Ly which is uniquely determined by the
formula

[X,Y]=Ly(X xY), X,Yeg.

Now let G be an oriented 3-dimensional Lie group equipped with a left invariant Riemannian metric. Then the
metric induces an inner product on the Lie algebra g. With respect to the orientation on g induced from G, the
endomorphism field L4 is uniquely determined. The unimodularity of G is characterized as follows.

Proposition 4.10 ([163]). Let G be an oriented 3-dimensional Lie group with a left invariant Riemannian metric. Then
G is unimodular if and only if the endomorphism L is self-adjoint with respect to the metric.
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Let G be a 3-dimensional unimodular Lie group with a left invariant metric (-,-). Then there exists an
orthonormal basis {e1, €2, e3} (called a unimodular basis) of the Lie algebra g such that

[61762] = C3€3, [62763] =€, [63761] = C2€2, c1,c2,c3 €R. (4-16)

Three-dimensional unimodular Lie groups are classified by Milnor as in Table 3 (up to numeration of ¢, ¢; and
¢3). Note that without loss of generality we may assume that c3 > 0.

Signature of (c1, ¢, ¢3) | Simply connected Lie group Property
(+,+,+) SU(2) compact and simple
(= —+)or (+,—,+) SLyR non-compact and simple
(0, +,+) SE(2) solvable
(0, —,+) SE(1,1) solvable
(0,0,+) Heisenberg group nilpotent
(0,0,0) (R3,+) Abelian

Table 3. Three dimensional unimodular Lie groups

Here SE(2) is the universal covering group of the Euclidean motion group SE(2) (see, Example 4.9). The solvable
Lie group SE(1, 1) is the identity component of the isometry group (Minkowski motion group) of the Minkowski
plane E'! (see, Remark 4.2) and isomorphic to

e T
0 €% y z,y,z € R
0 0 1

To describe the Levi-Civita connection V of G, we introduce the following constants:
1 .
i = 5(61 +62+C3) -G, 1= 15273' (417)
Proposition 4.11. The Levi-Civita connection V is given by
Ve, e1 =0, Ve, €2 = pies, Ve, e3 = —pies

Ve,e1 = — €3, Ve,e2 =0, Ve,e3 = piaeq

Ve,€1 = pzea, Vegea = —useq Vese3 = 0.
The Riemannian curvature R is given by

R(e1,e2)er = (nipe — capz)ez, R(er,ea)es = —(uipe — caps)er,

R(ez,e3)ea = (uaps — cip)es, Rlez,es)es = —(uaps — cipn)es,
R(€1763)€1 = (M3M1 - Cz,uz)@s, R(617€3)€3 = —(Mam - 02M2)€1-

The unimodular basis {e1, ez, e3} diagonalizes the Ricci tensor field. The components of the Ricci tensor field are given by

Rin =2pops,  Roo =2pips,  Rsz = 2ppe.
The bilinear map U defined by (4.2) is given by

1 1
U(er,ez) = 5(—61 +ca)es, Uler,es) = 5(01 —c3)ea, U(ez,e3) = 5(—02 + c3)er.

Here we compute the difference tensor fields of Cartan-Schouten connections. Set S ) =vH) vy, 8 =
V() —Vand 5O = v(+) — v, then we have

S(X,Y) = —U(X,Y) + %[X, Y], SOUX,Y)=—U(X,Y)— %[X, Y], SO(X,Y) = —U(X,Y).
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5. Contact 3-manifolds

As is well known contact structures play important roles in 3-dimensional topology and geometry (see
e.g. [63, 81]). In this section we collect fundamental facts on contact structures on 3-dimensional Riemannian
geometry.

5.1. Contact manifolds

Let M be a (2n + 1)-manifold. A one form 7 is called a contact form on M if n A (dn)™ # 0. A (2n + 1)-manifold
M together with a contact form is called a contact manifold. The distribution D defined by

D={XeTM |nX)=0}

is called the contact structure (or contact distribution) determined by 7. We denote the vector subbundle of TM
determined by D by the same letter D:

D := U Dy, Dy ={Xp € TpyM [ny(X,) =0}
peEM

On a contact manifold (M, i), there exists a unique vector field ¢ such that

TI(E) =1, dn(fa ) =0.

Namely ¢ is transversal to the contact structure D. This vector field ¢ is called the Reeb vector field of (M, n). The
flows of £ are called Reeb flows. Martinet proved that any orientable 3-manifold admits a contact form.

Definition 5.1. A diffeomorphism f on a contact manifold (M,n) is said to be a contact transformation if f
preserves the contact distribution D. In particular, a diffeomorphism f satisfying f*n = 7 is called a strict contact
transformation.

We denote by Dp (M) the group of all contact transformations. Next we set D, (M) the group of all strict
contact transformations. Both are subgroups of the diffeomorphism group © (/) of M. In case M is compact
we can equip a infinite dimensional Lie group structures on ®p (M) and ©,,(M) (Omori [180, 181]). Obviously,
any strict contact transformation f satisfies df(§) = &.

On a contact manifold (M, n), there exists an endomorphism field ¢ and a Riemannian metric g on a contact
manifold (M, n) such that

' =-T+neE ) =1, (5.1)
g(‘PXﬂOY) :g(va) 777(X)T](Y)a g(gv') =1, (52)
dn(X’ Y) = g(Xv QDY) (53)

for all vector fields X, Y on M. The pair (¢, g) (or quartet (n,&,y,g)) is called the associated almost contact

Riemannian structure of (M,n). A contact manifold (M, ) together with an associated contact Riemannian

structure is called a contact Riemannian manifold (or contact metric manifold) and denote it by M = (M, n,&, ¢, g).
On a contact Riemannian manifold M, we define an endomorphism field 2 by h = (£¢¢)/2.

WX = S 16 9X] — o€, X)), X € P(TM).

Definition 5.2 ([18]). A contact Riemannian manifold M is said to be a contact (k, ut)-space if there exits constants
x and p such that
R(X,Y)¢ =n(Y) (Kl + ph)X —n(X) (k] + ph)Y

forall X,Y € I'(TM).

5.2. Almost contact manifolds

More generally, a (2n + 1)-manifold M is said to be an almost contact manifold if it admits a triplet (n, £, ¢)
satisfying (5.1). A (2n + 1)-manifold M is said to be an almost contact Riemannian manifold if it admits a quartet
(n, €, v, g) satisfying (5.1)—(5.2). The vector field ¢ will be called the characteristic vector field. The (local) flows of
¢ will be called the characteristic flows.

An almost contact Riemannian manifold M is said to be a contact Riemannian manifold if it satisfies (5.3). Every
contact Riemannian manifold is orientable. Here we recall the following fundamental fact:
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Proposition 5.1. On a (2n + 1)-dimensional contact Riemannian manifold (M, p,&,n, g), the volume element dv,
induced from the associated metric g is related to the contact form n by

(—=1)"(2n + 1)!

dvg = 2nn

n A (dn)". (5.4)

Remark 5.1. In [17, Theorem 4.6], the volume element dv, is expressed as

(=D"

21 "

dvg = A (dm)™.

Because, the convention for the volume element used in [17] is dvy = 0* A 6% A--- A 6" for Riemannian n-
manifolds. On the other hand, in the present article, we use the convention dv, = n!6' A 6% A --- A O™ (see [222,
p- 67]).

Even if M is non-contact, we orient M by the volume element

(—=1)"(2n + 1)!

dvg = 2nn)

nAd".

Definition 5.3. A contact Riemannian manifold M is said to be a K-contact manifold if its Reeb vector field is a
Killing vector field.

On can see that a contact Riemannian manifold M is K-contact if and only if » = 0.

5.3. Holomorphic maps
A smoothmap f : (M, ¢, &) — (M, p, £, 7) between almost contact manifolds is said to be a holomorphic map
if it satisfies
dfop=podf.
We denote by the subgroup of © (M) consisting of all holomorphic diffeomorphisms by ©,(M).

Definition 5.4. A diffeomorphism f : (M, ¢,&,n) — (M ., €, 77) between almost contact Riemannian manifolds
is called an almost contact isomorphism if it preserves the structure tensor fields, i.e.,

dfop=godf, df(&)=¢& fa=n

Two almost contact manifolds M and M are said to be isomorphic each other if there exits an almost contact
isomorphim between them.

Here we set
Dopen(M)=D,(M)ND,(M).

Then ©, ¢ ,,(M) is the group of all almost contact isomorphisms from M onto M itself. An element of ©, ¢ ,,(M)
is called an almost contact automorphism.

Definition 5.5. A diffeomorphism f: (M, ¢, &,n,9) — (M ,@,é,ﬁ,g) between almost contact Riemannian
manifolds is called an isomorphism if it preserves the structure tensor fields, i.e.,

dfop=p¢odf, df(&) =& fi=n [g=g

Two almost contact Riemannian manifolds M and M are said to be isomorphic each other if there exits an
isomorphim between them.

The set Aut(M) of isomorphims from an almost contact Riemannian manifold M onto A itself forms a
finite dimensional Lie group. Indeed, it is a Lie subgroup of the isometry group Iso(M). An element of
Aut(M) = Dy ¢.n(M) NIso(M) is called an automorphism of M. Tanno [217] showed that dim Aut(M) < (n + 1)2.

Morimoto [164] proved the following fundamental fact.

Lemma 5.1. Let M = (M, ¢,&,n) and M = (M, @, £, n) be almost contact manifolds. If a diffeomorphims f : M — M
is holomorphic and satisfies df (£) = &, then f*7ij = 1.

Contact Riemannian manifolds satisfy the following property.

591 dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

Homogeneous Riemannian Structures in Thurston Geometries and Contact Riemannian Geometries

Proposition 5.2 ([214]). If a diffeomorphism f : M — M between contact Riemannian manifolds is holomorphic, then
there exits a positive constant a such that
fri=an, df§)=a€, f'g=ag+ala—1nen.
Based on this result due to Tanno, we introduce the following notion.

Definition 5.6. A diffemomorphism f on a contact Riemannian manifold M is said to be a transversally
homothety or D-homothety if there exists a positive constant a such that

ffm=an, df(§)=af, [fg=ag+ala—1)n®mn.
Moreover the following theorem holds ([29, Proposition 8.1.11]).

Theorem 5.1. The automorphism group Aut(M) of a contact Riemannian manifold M satisfies
Aut(M) =Dy e (M) = D, (M) NIso(M).
Motivated by Proposition 5.2, we introduce the following notion:

Definition 5.7. Let (M, ¢,&,n,9) be a contact Riemannian manifold and a a positive constant. Then the
deformation

. 1 ~ .
@ =, £:=5€, ni=an, g:=ag+ala—1)n®n (5.5)

gives a new contact Riemannian structure (¢,€,7,5) on M. The new structure is called the transversally
homotehtic deformation or D-homothetic deformation of the original structure.

5.4. Holomorphic sectional curvature

At a point p of an almost contact Riemannian manifold M. We can take a vector v € T}, M orthogonal to &,.
Then the tangent plane v A p,v is called a holomorphic plane at p since it is invariant under ¢,. A holomorphic
plane is also called ¢-section [16, 17]. The sectional curvature of a holomorphic plane is called a holomorphic
sectional curvature (or y-sectional curvature). On the other hand, a plane section v A ¢, is called a ¢-section. The
sectional curvature of a {-section is called a &-sectional curvature.

5.5. Normality

On the direct product M x R(t) of an almost contact manifold (M, ¢, £, n) and the real line R(¢), we can extend
naturally the endomorphism field ¢ to an almost complex structure J on M x R(t):

J <X’f88t> = (ch—ff,n(X)aat> , X eI'(TM), feC®M xR).

If the almost complex structure J on M x R is integrable then (M, ¢, £, n) is said to be normal. The normality is
equivalent to the vanishing of the Sasaki-Hatakeyama torsion N

N(XY) = [p,¢](X,Y) + 2dn(X,Y).
Here [, ¢] is the Nijenhuis torsion of ¢:
[0, )(X,Y) = Q[X, Y]+ [pX, Y] = p[0X, Y] = ¢[X, Y], XY € I'(TM).

Note that the notion of normality is defined without metric.

Tanno [217] showed that if an almost contact Riemannian manifold M satisfies dim Aut(M) = (n + 1), then
M is normal.

A normal contact Riemannian manifold (M, ¢, 7, &, g) is called a Sasakian manifold (or Sasaki manifold).

A Sasakian manifold is regarded as a contact (k, u)-space with k = 1 and h = 0.

Remark 5.2. Let M be a contact Riemannian manifold, then the product manifold M x R equipped with the
above almost complex structure is almost Hermitian with respect to the product metric. Then M is Sasakian if
and only if M x R is Hermitian. More strongly, the Hermitian structure on M x R is locally conformal Kéhler.
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Here is another characterization of normality. Let us consider the product manifold C'(M) = R™ x M of the
positive real line R* with coordinate r > 0 and an almost contact manifold (M, ¢, £, n). The vector field 79, is
called the Liouville vector field (also called the Euler vector field). Then we can define an almost complex structure
J on C(M) by

JX =n(X)(ro,) + X, Jrd,)=-¢ X eI(TM). (5.6)

One can see that the normality of M is equivalent to the integrability of J on C'(M) (see [29]).
Now let us consider almost contact Riemannian manifolds.

Definition 5.8. Let (M, g) be a Riemannian manifold. The product manifold C(M) = Rt x M equip with a
Riemannian metric dr? + r2g is called the Riemannian cone of M.

The metric dr? + r?g is called the cone metric of the Riemannian cone C(M).
Let M be a contact Riemannian manifold. Then M is Sasakian if and only if its Riemannian cone C(M)
equipped with the almost complex structure (5.6) is a Kdhler manifold [29].

Definition 5.9 ([131]). An almost contact Riemannian manifold (M, , 7, &, g) is said to be
1. almost coKihler (or almost cosymplectic) if dn = 0 and d® = 0.

2. almost b-Kenmotsu if dn =0 and d® = 2bn A ®, where b is a non-zero constant. In particular an almost
1-Kenmotsu manifold is simply called an almost Kenmotsu manifold.

A coKiihler manifold [resp. Kenmotsu manifold] is a normal almost coKédhler manifold [resp. normal almost
Kenmotsu manifold].

Proposition 5.3. An almost contact Riemannian manifold M is

* coKihler if and only if Vi = 0. In this case V& = 0.
e Sasakian if and only if (Vx¢)Y = g(X,Y)¢ —n(Y)X. In this case Vx& = —pX.
e Kenmotsu if and only if (Vx @)Y = —g(X, oY) — n(Y)eX. In this case Vx& = X — n(X)E.

A complete Sasakian manifold of constant holomorphic sectional curvature is called a Sasakian space form.
Analogously, a complete coKadhler manifold of constant holomorphic sectional curvature is called a coKihler
space form.

Example 5.1 (Real hypersurfaces). Let (N, h,.J) be an almost Hermitian manifold and M is an orientable real
hypersurface of N with inclusion map ¢ : M C N and unit normal vector field v. Then the almost Hermitian
structure (h, J) induces an almost contact Riemannian structure on M. First, let ¢ = +*h be the induced metric.
Next, set { = —Jv. For any vector field X on M, we decompose JX into its tangential and normal components:

JX =X 4+ n(X)v.

Then one can see that (p, £, 1, g) is an almost contact Riemannian structure on M.

Now let C"*! the complex Euclidean (n+ 1)-space. Then the Kihler structure of C"*! induces an
almost contact Riemannian structure on the unit (2n + 1)-sphere S?"*! ¢ C"*!. The resulting almost contact
Riemannian manifold (S*"*!, ¢, ¢, n,g) is Sasakian. In particular S***! is a Sasakian space form of constant
holomorphic sectional curvature 1.

Example 5.2 (Product manifolds). Let (M, g, J) be an almost Hermitian manifold. Take a Riemannian product
M =M xRor M =M x S! equipped with the product metric g = g + dt>. Set ¢ = 9/9; and n = g(&,-). We can
extend J to an endomorphism field ¢ on M by the rule

o(X +af) = JX, X e I(TH).

Then we obtain an almost contact Riemannian manifold (M, ¢,§, 7, g). One can see that M is almost coKéhler if
and only if M is almost Kéhler. In particular M is coKéhler if and only if M is Kéhler (see [102]). Now let take a
complex space form (M, g, J) of constant holomorphic sectional curvature k. Then M is a coKdhler space form
of constant holomorphic sectional curvature k. The 3-dimensional coKghler space forms are given by (see also
[217]):

S*(c?) xEY, E)=E?xE', H*-c*) xE' S%c*) xS, E?xS', H*-c*) xS

Here S?(c¢?) and H?(—c?) are sphere of curvature ¢® and hyperbolic plane of curvature —c?, respectively.
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Example 5.3 (Bianchi-Cartan-Vranceanu models). Let x and 7 be real constants. Define a region R of R? by
_ 3 K, 2 2
R—{(x,y,z)ER |1+4(x +y)>0}.

On the region R, we equip a Riemannian metric

da? + dy? 7(ydz — xdy) 2
= +{deg+ —L 20 ) 5.7
Ik, (I+E@+P))p < 1+ 2% 1 ) (5.7)

This 2-parameter family {g.. -} of Riemannian metrics is called the Bianchi-Cartan-Vrinceanu metrics [13, 38, 226].
The metrics as above are defined over the whole 3-space R?® for £ > 0 and over the region 2% + y? < —4/k
for k < 0. The resulting Riemannian 3-manifold E(x,7) = (R, g« - ), the Bianchi-Cartan-Vrinceanu spaces (BCV-
spaces in short [10]). This 2-parameter family includes all Riemannian metrics with 4 or 6-dimensional isometry
groups except constant negative curvature ones.

Take an orthonormal frame field U = (uy, ua, us):

4+t een2 nl e+t L p el w22
ulf{1+4(x er)}ax Y5 qu{1+4(x +y)}8y+7xaz, us = 5.
The Levi-Civita connection V of the BCV-space E(«, 7) is described by the formulas:

KY KY
—Ug, Vul’u,g = —7U1 + TU3, Vulug = —Tusz,

Vul uy = 9

RX RX
Vit = — Uz — Tus, Vau,us = 5 e Vu,u3 = Tus, (5.8)

Vst = —Tua, Vyus =7u1, Vy,us =0.
K K
[u1, ug] = ESLAE + U2 +27u3, [ug,us] = [ug, u1] = 0. (5.9)
The Riemannian curvature R is described by the formula:

Risio =k — 372, Riziz = Rogos = 7°. (5.10)

The BCV-space is isomorphic to the following model spaces:

Model space base and bundle curvatures
S3(k/4) \ {oo} k=412 #0
(S2(k) \ {oo}) x EL k>0,7=0
H?(k) x E! k<0,7=0
Berger sphere k>0,7#0
Nils k=0,7T#0
SL,R K<0,T#0

Table 4. The Bianchi-Cartan-Vranceanu model spaces

Define an endomorphism field ¢ by gu; = ug, pus = —us, pus = 0 and set ¢ := ug. Then it is easy to check
that (1, &, ¢, gx,-) is an almost contact structure. In particular if 7 # 0, (¢, &, g.,-) is the associated almost contact
structure of  up to a constant multiple. More precisely the exterior derivative dr is related to ¢ by

dn(X,Y) = 79(X, ¢Y). (5.11)
This almost contact structure satisfies the following:
(Vx)V =7{g(X,Y)€ = n(Y)X}, Vx&=-TpX. (5.12)

These formulas show that ¢ is a Killing vector field on the BCV-space. Moreover the BCV-space is normal. In
case 7 = 0, the BCV-space is a coKdhler manifold of constant holomorphic sectional curvature.
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Thus if we fix the bundle curvature 7 = 1. Then we obtain a Sasakian manifold (R, 7, &, ¢, gx,1) of constant
holomorphic sectional curvature —3 + .
In case 7 # 0, we perform the normalization

Then the resulting manifold (R, 7, £,$,7) is a Sasakian manifold of constant holomorphic sectional curvature
c:=—-3+k.

Example 5.4 (The hyperbolic Sasakian space form). Let H?(—c?) be the upper half plane model of the
hyperbolic plane of curvature —c? exhibited in Section 4.6. On the product manifold H?(—c?) x R(t), we equip
a contact form

with Reeb vector field { = 0. By using the contact form 7, we introduce a Riemannian metric

da? + dy?
= o tnen
We can take an orthonormal frame field

0 20 0

%4-2&7 62:(09)8724» e3 =¢&.

er = (cy)
The endomorphism field ¢ is determined by the formula g(X, ¢Y) = dn(X,Y). Since
2
dn = _cTdex A dy,

we deduce that
per = eg, ey = —ey, ez =0.

The resulting contact Riemannian 3-manifold (H?(—c?) x R(¢), ¢, &, n, g) is a Sasakian space form of constant
holomorphic sectional curvature —c? — 3 < —3 [218]. Note that this Sasakian manifold is isomorphic to the

universal coverings SLyR of SLyR as well as the universal coverings SU(1, 1) of SU(1,1). See Section 14.
Example 5.5 (Warped products). Let (M, g, J) be an almost Kihler manifold. Consider a warped product:
M =R X M, g=dt* +c*e*y,

where ¢ is a non-zero constant. Then we can introduce an almost contact structure (¢, £, n) by

_ 0

Then M is almost Kenmotsu. In particular M is Kenmotsu if and only if M is Kihler. Now let us take

n n
M:Cn(zla‘zQ?"'azn) gzzdIiJeryl%a Zk:,rk‘i’ykl
k=1 i=1

Then the warped product metric
g =dt* + c%e* <Z dxi + Z dy,%)
k=1 i=1

is of constant curvature —1. Thus M is isometric to the hyperbolic (2n + 1)-space H?" 1.

The notion of Kenmotsu space form is defined in much the same way to that of Sasakian space form.
However the constancy of holomorphic sectional curvature is a strong restriction for Kenmotsu manifolds.
Indeed, Kenmotsu [139] proved that Kenmotsu manifolds of constant holomorphic sectional curvature are of
constant curvature —1. Thus the only Kenmotsu space form is the hyperbolic space H?>"*1. The Kenmotsu
structure of H? will be discussed again in Section 16. For 3-dimensional Kenmtsu manfolds, we have the
following fact:
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Proposition 5.4 ([100, 101]). A Kenmotsu 3-manifold has constant scalar curvature if and only if it is of constant
curvature —1.

Tanno [217] proved that almost contact Riemannian manifolds with automorphism group of maximum
dimension are Sasakian space forms, coKdhler space forms or Kenmotsu manifolds of constant curvature —1
(Table 5).

Model space Almost contact structure

E3 CoKaéhler space form
S3 Sasakian space form
3 Kenmotsu space form

S? x E', H? x E! | CoKaéhler space form

Table 5. The model spaces of constant holomorphic sectional curvature

5.6. Regularity

Example 5.2 and Example 5.3 motivates us to study homogeneous Riemannian 3-manifolds fibered over
homogeneous Riemannian 2-manifolds.
A non-vanishing vector field £ on an m-manifold M is said to be quasi reqular if if there exits some positive

integer k and each point p has a cubical coordinate neighborhood (U; 2!, 2?,...,2™) such that
* each integral curve of the vector field ¢ passes through U at most k times, and
e each component of the intersection of an integral curve with U has the form z! = a!, 2% = a?,..., 2™ ! =
a™ with a!, a?,...,a™~! are constant. In case k = 1, ¢ is said to be regular. If in addition, all the integral

curves are homeomorphic to each other, then ¢ is said to be a strictly reqular vector field.

Tanno [215] showed that the following three conditions are mutually equivalent for regular (and complete)
vector field &:

1. The period function of £ is constant (maybe infinite).
2. There exists a 1-form 7 satisfying () = 1 and £¢n = 0.
3. There exists a Riemannian metric g satisfying g(§,£) =1 and £¢g = 0.

In such a case, M is a principal bundle over the orbit space M = M/G, where G is the 1-parameter group (of
isometries) G = {Exp(t{)}+cr. The prescribed vector field £ is a unit Killing vector field with respect to the
Riemannian metric ¢. In addition, there exists a Riemannian metric g on M so that 7 : M — M is a Riemannian
submersion. Moreover the 1-form 7 is a connection form of the principal bundle 7 : M — M.

Definition 5.10 ([171]). An almost contact manifold (M, ¢, £, n) is said to be regular [resp. strictly reqular] if £ is
regular [resp. strictly regular].

Proposition 5.5 ([171]). Let M be a strictly regular almost contact manifold. If p and n are invariant under the 1-
parameter group G = {Exp(t&) }er, then M is a principal G-bundle over M with connection form n.

Corollary 5.1 ([171]). Let M be a compact regular almost contact manifold. If ¢ and n are invariant under the 1-
parameter group G = {Exp(t) }1cr, then G = St and M is a principal circle bundle over M with connection form 1.

Lemma 5.2. If the endomorphism field ¢ and the 1-form n of a reqular M are invariant under the 1-parameter group
G = {Exp(t&) }rer, then h
Trp) X n(p) = Tap(ppX,), X € I'(TM) (5.13)

defines an almost complex structure J on the orbit space M. Here the superscript h means the horizontal lift operation
with respect to the connection form n.

Let us consider contact Riemannian manifold. Assume that M = (A, ) is a regular contact manifold, then
one can see that ¢ and 7 are invariant under the 1-parameter group G = {Exp(t£) };cr. When M is compact,
Boothby and Wang proved the following prominent theorem (see also Kobayashi [143]).
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Theorem 5.2 ([28]). Let (M,n') be a compact reqular contact manifold. Then there exists a contact form n = pn' on
M, where i is a non-vanishing smooth function so that the Reeb vector field & generates a free effective S*-action on
M. Moreover M is a principal circle bundle over M = M /G. The orbit space M inherits a symplectic form Q satisfying
dn = 7*Q. The symplectic form determines an integral cocycle on Q. The contact form is a connection form of w : M — M.

The fibering 7 : (M, n) — (M, Q) is called the Boothby-Wang fibering.

Proposition 5.6 ([90, 171]). Let M be a regular K-contact manifold. Then ¢ and n are invariant under the 1-parameter
group G = {Exp(t&) }1er and M is a principal G-bundle over M = M /G with connection form n. The orbit space inherits
an almost Kiihler structure and the fundamental 2-form Q determines an integral cocycle on Q. In particular, M is
Sasakian if and only if M is a Kithler manifold.

Corollary 5.2 ([90, 171]). Let M be a regular Sasakian manifold. Then ¢ and n are invariant under the 1-parameter
group G = {Exp(t&) }ier and M is a principal G-bundle over a Hodge manifold M = M /G with connection form .
5.7. The Boeckx invariant

Let M be a non-Sasakian contact (s, ;1)-space. Take a positive constant a and perform the transversally

homothetic deformation (5.5) to M. Then (M, @, .1, g) is a contact (&, f1)-space with

. k+a?-1 _ pu+2a-—-2
Kh=—", pf=—7H5—"1
a a

The Boeckx invariant Z of a non-Sasakian contact (x, ()-space is defined by

Then one can check that two non-Sasakian contact (x, )-spaces are related by pseudo-homothetic deformation
if and only if their Boeckx invariants agree [24].

5.8. Unit tangent sphere bundles

Let M be an n-manifold, then its tangent bundle TM is a smooth (2n)-manifold. Denote by 7 : TM — M the
projection. Take a local coordinate sytem (z1, x2, ..., z,) of M, then

(T10M, T2 O, .o, Ty O, UL, U,y .-, Up), Ui = dE;

gives a local coordinate system of TM/. One can confirm that

"9

is globally defined on TM and called the canonical vertical vector field. The vertical distribution V of TM is
defined as V = Ker 7,. For any vector field X on M there exits a unique vector field XV on TM satisfying

XUy € Vipiw)- The vector field X" is called the vertical lift of X.

Let us equip a Riemannian metric g on M, then the Levi-Civita connection V of g defines the horizontal
distribution H. Moreover for any vector field X on M, there exits a unique vector field X® on TM satisfying

X{piw) € H(pww)- The vector field X™* is called the horizontal lift of X.

Sasaki introduced a Riemannian metric g° on TM by

g(sp;v) (Xha Yh) = g(sp;'u) (Xv’ Yv) = gp(X7 Y)7 g(sp;y)(th YV) =0.

This Riemannian metic ¢° is called the Sasaki lift metric. On the other hand, Dombrowski [58] and Hsu [93]
introduced the following almost complex structure

JXP= X", JX'=-X"

One can see that (TM, g%, J) is almost Kéhler. If we identify T with the cotangent bundle T* A/ via the metric
g, then the fundamental 2-form of TM is identified with the canonical symplectic form of T*M (see [112, 161]).
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The unit tangent sphere bundle UM is defined as the hypersurface
UM = {(p;v) € TM | gp(v,v) =1}

of TM with unit normal vector field U. Thus the almost Kdhler structure (¢°, J) of TM induces an almost
contact Riemannian structure (¢®, &3, 7%, ¢%) on UM [200]. The 1-form 7® is a contact form on UM and called the
canonical contact form of UM. The Reeb vector field &° is called the geodesic flow vector field ([199, 200]) or geodesic
spray ([4]). The integral curves of ¢ project to geodesics on M.

The almost contact Riemannian structure of UM satisfies

9°(E, ¢F) = 2dn(E, F), I'(T(TM)).
To adapt contact Riemanian condition, Blair considered the following change of the structure

~s s cs s ~s 15 ~s s
=97 =20, t=gt, 97 =00 (5.14)

The contact Riemannian structure (3°,£3,7°, §°) is referred as to the standard contact Riemannian structure
(standard contact metric structure) in [16, 17]. For curvature properties and homogeneity of unit tangent sphere
bundles, see [50].

Remark 5.3. The idea of Sasaki lift metric can be traced back to Poincaré. See Sasaki’s article [199, 201]. In
many articles, g° is called the Sasaki metric. To avoid the confusion with Sasakian metrics (metrics of Sasakian
manifolds), in this article, we use the terminology "Sasaki-lift metric".

5.9. Some adapted connections

Tanno [219] introduced the following linear connection on a contact Riemannian manifolds:
VxY =VxY +{(Vxn)Y} —n(Y)Vx§ +n(X)eY. (5.15)

This connection is called the generalized Tanaka-Webster connection. By using the operator i, Tanno’s generalized
Tanaka-Webster connection is rewritten as

VXY = VY = glp(1+ B)X, Y)E +n(X)gY + (Y )1+ h)X.
The generalized Tanaka-Webster connection satisfies
*VE=0, *Vnp=0, *Vg=0.
The covariant derivative *V is given by
("Vxp)¥ = Q(Y, X),
where Q is the Tanno tensor field defined by

QY, X) = (Vx@)Y —g((I+ h) X, Y)E+ n(Y)(I+ h)X.

On the other hand, in our previous work [110], we introduced the following one-parameter family of linear
connections on almost contact Riemannian manifolds:

nY =VyY + ALY, (5.16)

1 1
AxY == So(Vxp)Y = on(Y)Vx€ —m(X)eY +{(Vxn)Y}E, reR.
One can verify that

Vip=0, V¢€=0, Vn=0, V'g=0

The connections V" are called the almost contact connections.

The linear connection V" |,=¢ coincides with the (p, £, n)-connection in the sense of Sasaki-Hatakeyama [202].
Thus we may call V" by the name generalized Sasaki-Hatakeyama connection. In [110], we call it generalized Tanaka-
Webster-Okumura connection. Note that the linear connection V”|,—; was introduced by Cho [47]. As we will see
later many Ambrose-Singer connections are given by almost connections.

For more details on contact Riemannian manifolds, we refer to [16, 17, 29] .
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6. CR-manifolds

6.1. CR-structures

An almost CR-structure 8§ of a smooth manifold M is a complex vector subbundle 8§ C T°M of the
complexified tangent bundle of M satisfying 8§ N 8 = {0}. A manifold M equipped with an almost CR-structure
is called an almost CR-manifold.

An almost CR-structure 8 is said to be integrable if it satisfies the integrability condition:

[1°(8), I'(8)] € I'(8).

In such a case, (M, 8) is called a CR-manifold.
Now let M = (M, ¢,&,n,g9) be an almost contact Riemannian manifold. Then we define an almost CR-
structure 8 of M by

§={X—-vV-1pX | X € I'(D)}
with
D={X eTM |n(X) =0}
We call § the almost CR-structure associated to (¢, &,n, g). It should be emphasized that the integrability of 8 is
equivalent to the vanishing of the Sasaki-Hatakeyama torsion on D. Thus the associated almost CR-structures
of normal almost contact Riemannian manifolds are integrable.

Note that when dim M = 3, the associated almost CR-structure 8 is automatically integrable.
Assume that ) is a contact Riemannian manifold. Define a section L of I'(D* ® D*) by

L(X,Y) = —-dn(X,¢Y).

Then L is positive definite on D ® D and called the Levi-form of M. When the associated almost CR-structure §
is integrable, the resulting CR-manifold (M, 8) is called a strongly pseudo-convex CR-manifold or strongly pseudo-
convex pseudo-Hermitian manifold.

Proposition 6.1. Let M be a contact Riemannian manifold. Then its associated almost CR-structure is integrable if and
only if its Tanno tensor field Q vanishes.

On a strongly pseudo-convex CR-manifolds, the following formula holds:
(Vxp)Y = g((I+ M) X, Y)E = n(Y) (T + h)X (6.1)
for all vector fields X and Y. The formula (6.1) implies
Vxé=—p(I+h)X, XeI(TM)

According to Tanaka [213], a strongly pseudo-convex CR manifold is said to be normal if its Reeb vector field
is analytic, that is, [, I'(8)] C I'(8). The Reeb vector field is analytic if and only if £ is an infinitesimal contact
transformation and [X, ¢Y] = ¢[X,Y] for all X, Y € I'(D). One can see that a strongly pseudo-convex CR-
manifold is normal if and only if its underlying contact Riemannian structure is Sasakian.

6.2. Tanaka-Webster connections

In the study of strongly pseudo-convex CR-manifolds, the linear connection V introduced by Tanaka and
Webster is highly useful:

VxY = VxY +5(X)eY + {(Vxn)Y }§ = n(Y)Vx¢, (6.2)

Here V is the Levi-Civita connection of the associated metric. The linear connection V is referred as to the
Tanaka-Webster connection [213, 228]. The Tanaka-Webster connection is rewritten as

VxY = VxY +7(X)eY +n(Y)p(I+h)X — glo(I+h)X,Y)E.

It should be remarked that the Tanaka-Webster connection has non-vanishing torsion 7'

T(X,)Y) =29(X, pY)E + n(Y)phX — n(X)phY.
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With respect to the Tanaka-Webster connection, all the structure tensor fields (¢, &, n, g) are parallel, i.e.,
Vo=0, VE=0, Vnp=0, Vg=0.

On a strongly pseudo-convex CR-manifold M, the generalized Tanaka-Webster connection coincides with the
Tanaka-Webster connection.
On a strongly pseudo-convex CR-manifold M, the almost contact connection V" has the form

VY = VxY —g(p(I+h)X,Y){ = rn(X)eY +n(Y)e(l+h)X.

Hence V"|,=_; is the Tanaka-Webster connection. Thus, on a strongly pseudo-convex CR-manifold M, we have
V=V=V|__1.

7. Three dimensional almost contact geometry

7.1. The vector product of almost contact Riemannian 3-manifolds

Let (M, p,€&,m,9) be a 3-dimensional contact metric manifold. Then as we have seen before, the volume
element dv, derived from the associated metric g is related to the contact form 7 by

dvg = =3n A . (7.1)

Even if M is non-contact, M is orientable by the 3-form —3n A ® and the volume element dv, coincides with

this 3-form. Thus hereafter we orient 3-dimensional almost contact metric manifolds by dv, = —3n A ® given
in (7.1). With respect to this orientation, the vector product x is computed as

X XY = —®(X,Y)E+n(X)pY —n(Y)eX. (7.2)

Note that for a unit vector field X orthogonal to ¢, the local frame field {X, ¢.X, £} is positively oriented and
Ex X = pX.

Here we emphasize that the existence of almost contact structure has no topological restriction for orientable
3-manifolds. Indeed, let (M, g, dv,) be an oriented Riemannian 3-manifold. Then there exists a non-vanishing
vector field Z € I'(TM). Set £ = Z/|| Z||, n = g(&, ) and define an endomorphism field ¢ by ¢ X := ¢ x X. One
can check that (¢, &, 7, g) is an almost contact Riemannian structure such that dv, = —3® A 7.

Proposition 7.1 ([35]). Let (M, g,dv,) be an oriented Riemannian 3-manifold. Then there exits an almost contact
structure (p, &, n) compatible to g and dv,,.
7.2. Normal almost contact Riemannian manifolds
For an arbitrary almost contact Riemannian 3-manifold M, we have the following Olszak’s formula [179]:
(Vx@)Y = g(¢VxE Y)E—n(Y)eVxé. (7.3)

Moreover, we have
dn=nAVen+a®, do=207AQ,

where a and § are the functions defined by

1 1 1
o= itr (pVE), B= §tr (V¢) = gdiv £ (7.4)
The functions « and £ are related by
da(§) +2a8 =0.
On an almost contact Riemannian 3-manifold M, the almost contact connection has the form:
XY =VxY + AYY, AYY = —n(Y)Vx&+g(VxE Y)E —rn(X)pY. (7.5)

Olszak [179] showed that an almost contact Riemannian 3-manifold M is normal if and only if V£ o ¢ = ¢ 0 V€
or, equivalently,
V&= —apX + (X —n(X)¢), X e I(TM). (7.6)

We call the pair («, 3) the type of a normal almost contact Riemannian 3-manifold M.
A normal almost contact Riemannian 3-manifold M is said to be (cf. Definition 5.9)
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* quasi-Sasakian if § = 0.
e a-Sasakian if o = a is a non-zero constant and 8 = 0
* b-Kenmotsu if 3 = b is a non-zero constant and o = 0.

Note that Sasakian 3-manifolds [resp. Kenmotsu 3-manifold] are 1-Sasakian 3-manifolds [1-Kenmotsu 3-
manifolds]. A coKéhler 3-manifold is a normal almost contact Riemannian 3-manifold of type (0, 0).
Now let M be a contact Riemannian 3-manifold, then its associated almost CR-structure is automatically
integrable. Hence we have
Vxé=—-p(I+h)X, XeI(TM).

The covariant derivative ¢ is given by
(Vxp)Y =g(I+h)X,Y)E = n(Y)(I+ h)X.
Hence we obtain the following result.

Proposition 7.2. Let (M, p,n,§,g) be a contact Riemannian 3-manifold. Then the following three conditions are
mutually equivalent.

* M is a Sasakian manifold,

e ¢ is a Killing vector field,

* VE=—y,

e (Vxp)Y =g(X,Y){ —n(Y)X for any vector fields X and Y on M.
* h=00n M.

Remark 7.1. Analogous to the table of possible types of homogeneous Riemannian structures due to Tricerri and
Vanhecke [222], Chinea and Gonzalez gave a table of possible types of almost contact Riemannian structures
[45, 46]. Martin Cabrera [160] proved the non-existence of 132 Chinea and Gonzélez-Dévila types of almost
contact Riemannian structures is proved in case the dimension is greater than 3.

8. Homogeneous contact Riemannian structures

8.1. Perrone’s classification

According to Boothby and Wang [28], a contact manifold (M, n) is said to be a homogeneous contact manifold if
there exists a Lie group of strictly contact transformations acting transitively (and effectively) on M.

Theorem 8.1 ([28]). Let (M,n) be a homogeneous contact manifold, then its Reeb vector field is reqular.

Corollary 8.1 ([164]). Let M be a compact homogeneous contact manifold, then its associated almost contact structure
(p, &, m) is normal.

Let M be a contact Riemannian manifold. Then M is said to be a homogeneous contact Riemannian manifold if
there exists a Lie group G of isometries which preserves the contact form and acts transitively on M. Theorem
5.1 implies that elements of G are automorphisms.

Perrone classified simply connected homogeneous contact Riemannian 3-manifolds. Such spaces are
classified by the Webster scalar curvature W = (s — Ric(£,€) +4)/8 and the torsion invariant |7]? :=|£eg|® =
8 — 4Ric(¢, €).

Theorem 8.2 ([190]). Let (M, n,¢&, ¢, g) be a simply connected homogeneous contact Riemannian 3-manifold. Then M
is a Lie group G equipped with a left invariant contact metric structure. If G is unimodular, then G is one of the following:

1. the Heisenberg group if W = |72 = 0,

2. the special unitary group SU(2) if 4v/2W > |7|,

3. the universal covering SE(2) of the Euclidean motion group if 4/2W = |r| > 0,
4. the universal covering SLoR if —|7| # 4V2W < |7,

5. the Minkowski motion group SE(1,1) if 4/2W = —|7| < 0.
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If G is non-unimoduar, then the Lie algebra g satisfies the commutation relations:
le1, e2] = aea +2e3, [e2,e3] =0, [e3,e1] = ez,
where € = e3, e1,e5 € I'(D), e3 = ey, a # 0 and 4/2W < |7|. If v =0, then G is Sasakian.

Here we compute the fundamental quantities of 3-dimensional unimodular Lie group classified in Perrone’s
classification (see [99]).

Proposition 8.1. Let G be a 3-dimensional unimodular Lie group equipped with a left invariant contact Riemannian
structure (p,&,n, g). Take a unimodular basis {e1,ea = pe1, e3 = &}, then the endomorphism field h, the Webster scalar
curvature and the torsion invariant are given by

1 1
h€1 = )\617 h€2 = —)\61, A= —5(61 — CQ), W = Z(Cl + 62), |7'|2 = (Cl — 62)2.
The holomorphic sectional curvature of G is

1
-3+ 1(61 — 62)2 “+c1 +co.

The unimodular Lie group G is Sasakian if and only if ¢; = co. In such a case, G is of constant holomorphic sectional
curvature c = —3 + c1 + co.

Corollary 8.2. If a unimodular Lie group G is non-Sasakian, i.e., c1 # ca, then G is a contact (k, u)-space with
1 2
nzl—z(cl—@) , w=2—(c1+ c2).

Remark 8.1. A 3-dimensional non-unimodular Lie group G equipped with a left invariant homogeneous contact
metric structure with v = 0 is a Sasakian space form of constant holomorphic sectional curvature —3 — a? (see
[99)]).

8.2. Homogeneous almost contact Riemannian structures

Let (M,n,¢,,g9) be an almost contact Riemannian manifold. A homogeneous almost contact Riemannian
structure is a homogeneous Riemannian structure S which satisfies the additional condition Vi = 0 (cf. [142]).
Chinea and Gonzalez obtained the following fundamental result.

Lemma 8.1 ([44]). Let S be a homogeneous almost contact Riemannian structure on an almost contact Riemannian
manifold M. Then the Ambrose-Singer connection V satisfies

V=0, VE=0.
As a direct consequence of this Lemma, we have:

Theorem 8.3 ([44]). Let (M, n, &, ¢, g) be a homogeneous contact Riemannian manifold. Then there exists a homogeneous
contact Riemannian structure S on M. Conversely, let M be a simply connected and complete contact Riemannian
manifold with a homogeneous contact Riemannian structure S then M is a homogeneous contact Riemannian manifold.

Here we quote the following fact.

Proposition 8.2 ([18, 23]). A non-Sasakian contact (k, p)-space is a locally homogeneous contact Riemannian manifold
with homogeneous contact Riemannian structure

SEX)Y = —g(e+h) X, Y)E+n(Y)e(I+h) X + %n(X)sDY- (8.1)

For more information on homogeneous almost contact Riemannian structures, we refer to [146, 69, 70, 83,
2271].
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8.3. Homogeneous contact Riemannian structures on 3-dimensional Lie groups

8.3.1. The unimodular Lie groups Tricerri and Vanhecke studied Cartan-Schouten’s (—)-connections and
corresponding homogeneous Riemannian structures on 3-dimensional Lie groups [222]. Calvifio-Louzao,
Ferreiro-Subrido, Garcia-Rio and Véazquez-Lorenzo classified homogeneous Riemannian structures of 3-
dimensional unimodular Lie groups under the assumption the homogeneous Riemannian structures are left
invariant [39]. Ohno and the present author proved that the classification result due to [39] is true without the
left invariance assumption.

Proposition 8.3 ([39, 124]). Let G be a 3-dimensional unimodular Lie group with a unimodular basis {e1, ez, e3}. Denote
by {9, 92,93} the metrically dual coframe field. Assume that c1, co and cg are all distinct, then the only homogeneous
Riemannian structure of G is given by

Sy = —(c1+ca—c3)n®@ (I AI?) + (c1 — o — 3)0 @ (9?2 A9P) — (c1 — co 4 ¢3)0% @ (92 AIY).

The homogeneous Riemannian structure S is of type To ® Ts. In particular it is of type Ty if and only if ¢y + ¢ + c3 = 0.
The connection V + S is the Cartan-Schouten’s (—)-connection.

It should be remarked that on unimodular Lie groups whose Lie algebras are isomorphic to sl;R, there exists
a non left invariant homogeneous Riemannian structure. We will describe this phenomena in Theorem 15.3 (see
also [124]).

Let us apply this classification to the unimodular Lie group equipped with a left invariant homogeneous
contact Riemannian structure, then S, is rewritten as

Sy = pn @ (9 A9?) —2(1 + N9t @ (92 A93) —2(1 — N)9? @ (9% A 9.
On the other hand, the almost contact connections V” is described as
Al = =2 @ (9 A9?) = 2(1 + N9t @ (92 A93) —2(1 — N)9? @ (93 A 9.
Thus we obtain the following result.

Corollary 8.3. Let G be a 3-dimensional unimodular Lie group equipped with a left invariant contact Riemannian
structure. Assume that the structure constants ci, co and cs = 2 are all distinct, then G is a contact (k, p)-space with
k=1—(c1 —c2)*/4and p =2 — (c1 + ¢2). The only homogeneous Riemannian structure of G is given by

1
S, = AT = SB, T:fg:fl+§(cl+02).

The homogeneous Riemannian structure coincides with the one given by (8.1). Moreover, the connection V + S is the
Cartan-Schouten’s (—)-connection. The homogeneous Riemannian structure S is of type To & Ts. In particular it is of
type Ty if and only if c; + co = —2. In particular,

1. V&) =V + S coincides with Tanaka-Webster connection when and only when ¢i1 +co = 0. In such a case,
g = slbR =~ su(1,1). The Lie group G is a contact (k,2)-space with k =1 — ¢ < 1. In case (c1,c2) = (£2,F2),
then G is locally isometric to UH? equipped with the standard contact Riemannian structure.

2. When ¢ = 0and co # 0,2, then G is locally isomorphic to SE(2) if ¢ > 0 and SE(1,1) if co < 0, respectively. The
fundamental quantities are X = c3/2, W = ¢ /4, |7|? = 3. The holomorphic sectional curvature is —3 + co + ¢3 /4.

Note that when ¢; =0 and ¢y = 2, then G is locally isomorphic to SE(2). The left invariant metric of G is

flat, A =1, W = 1/4 and |r|? = 4. We notice that the universal covering group SE(2) is isometric to Euclidean
3-space (but not isomorphic as a Lie group). For later use, we describe (almost) contact Riemannian structures
on SE(2) in detail.

8.3.2. The Euclidean motion group SE(2) The rigid motion group SE(2) of E? is the semi-direct product of rotation
group SO(2) and translation group (R?, +). The semi-direct product structure of SO(2) x R? is

(4,p) - (B,q) = (AB,p+ Aq), A, B€S0(2), p.q € R, (82)
The semi-direct product SO(2) x R? is isomorphic to the following closed subgroup of GL3R (Example 4.9):

cosf) —sinf =x
SE(2) = sinf  cosf y z,yeR, 0<60<2n (8.3)
0 0 1
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We may regard (z,y,0) as a global coordinate system of SE(2). Thus SE(2) is R?(x,y) x S* with multiplication
rule:
(2,9,0) * (z',y,0') = (x +cosf 2’ —sinfy',y +sinf 2’ +cosOy',0+6). (8.4)

The Lie algebra ¢(2) corresponds to

0 —w u
se(2) = w 0 w u,v,w € R (8.5)
0 0 O
We take a basis {V1, Va, V3 } of se(2):
0 0 1 0 0 O 0 -1 0
Vi = 0o 0 0], W= 0 0 1 , V3= 1 0 0
0 0 O 0 0 O 0O 0 O
Then the left translated vector fields of Vi, V, and V5 are
0 . . .0 0
v1:c080%+s1n08—y, vgz—s1n0%+cos98—y, Vs = oo

The left invariant Riemannian metric determined by the condition {Vi, V5, V3} is orthonormal is
g = da? + dy? + db>.

Namely, as a Riemannian manifold, SE(2) is a Riemanian product of E?(z, y) and S!. In other words, SE(2) is
identified with the unit tangent sphere bundle UE?. Since

[vi,v2] =0, [va,v3] =01, [vs,01] = va,
{v1, v2,v3} is a unimodular basis. The Levi-Civita connection V of SE(2) is described as follows (Table 3):
V01 =0, V,v=0, V,v3=0,
V01 =0, Vy,,v2a=0, V,v3=0,
V01 =02, Vy,va =—v1, V,,v3=0.
Define a linear endomorphism ¢ on SE(2) by
Yu1 =v2, Yve =—v1, Yvz=0

and set ¢ = vz and w = g(vs, ). Then the triplet (¢, , w) gives a left invariant almost contact structure compatible
to g. Since w is exact, this almost contact structure is non-contact. Denote by ¥ the fundamental 2-form. Then
one can see that dw = 0 and d¥ = 0. hence the structure (¢, ¢,w, g) is almost coKdhler satisfying V{ = 0 and
hence (SE(2), ¢, {,w, g) is coKdhler space form.

In the next subsection, we exhibit canonical contact structure of SE(2).

8.3.3. Canonical contact structure on SE(2) The universal covering group SE(2) of SE(2) is Cartesian 3-space
R3(z,y, ) with multiplication:

(x,y,2) % (2',y,2") = (x + cosz 2’ —sinzy',y +sinz 2’ +coszy', 2z +2). (8.6)
On STE(2) = (R3, %), the discrete subgroup I'e = 27Z of (R3, ) acts on §E(2) by translation:
SA}:D(2) x g — §E/l(2); (x,y,2) - 2rm = (x,y, 2 + 2mm). (8.7)

This action is properly discontinuous. The factor space of SE(2) is diffeomorphic to R%(z, ) x S' and identified

with SE(2). Let us denote by pe the projection pg : §]§)(2) — SE(2). To adapt with contact Riemannian condition
® = dn, we take a contact form

1
= i(coszda:—&—sinzdy)
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and a Riemannian metric L
§= Z(dx2 +dy? + dz?).

Then the Reeb vector field is
§~— 2 coszﬁ + sinz2
N Ox oy )’
Let us introduce the endomorphism field ¢ by

di(X,Y) = §(X,3Y), X,Y € I(TSE(2)).

Since )
dij = —00282 dy Adz — 222 4z A da,
we have
PO, = —sinz0,, @0, =cosz0,, @0, = sinz% - cosza—y.
et 0 0 0
él_2<—sinzax+coszay>, 62:2$, &3 =¢C.

Then we have
[61,62] =263, [62,63] =0, [€3,61] =26

Hence (SE(2), 3,£,7,§) is a simply connected unimodular Lie group equipped with a left invariant contact
Riemannian structure. From Corollary 8.3, we deduce that the homogeneous contact Riemannian 3-manifold
(éIVE(Z), @,€,7,9) is a contact (0,0)-space. One can confirm that the almost contact connection V" defined by
(5.16) with respect to the contact Riemannian structure (,¢,7, §) is an Ambrose-Singer connection when
and only when r = 0 (Sasaki-Hatakeyama’s (¢, {,n)-connection). Moreover, since @(2) is a contact (0,0)-
space, the Sasaki-Hatakeyama’s (¢, &, n)-connection coincides with Boeckx’s connection (8.1). It should be
emphasized that the Sasaki-Hatakeyama'’s (¢, £, n)-connection of é]vE(Q) is nothing but the (—)-connection. The
(—)-connection of §1v§,(2) is described as (cf. (16.6)):

V50, =0y, V9, =0, (8.8)

The contact form 7 induces a contact form » on SE(2) so that pin = 7. As a contact manifold, the Euclidean
motion group SE(2) is isomorphic to (R3/27Z, n).

8.3.4. Standard contact structure on tori The canonical contact structure on SAE/](2) induces a contact structure on
3-dimensional tori. In this section, we exhibit the induced contact structure on flat tori.
The contact form 7 is invariant under the action of discrete subgroup I't = 27 Z* of the abelian group (R?, +)
defined by
(z,y,2) +2r(l,m,n), (I,m,n) € Z3>.

Furthermore the Euclidean metric § = dz? + dy? + dz? is invariant under I't. Hence 7 induces a contact
structure nt on the (flat) torus T2 = R3/I't. Thus (T3, 77) is a compact flat 3-manifold which admits a contact
structure [95, 113].

Proposition 8.4. The 3-torus §1V3(2) /2773 admits a contact structure.

Note that on I't, two multiplications "+" and "+" given by (8.6) coincide. Hence the factor space (R?, «) /27Z3

is a 3-torus with "noncommutative" Lie group structure.
We can see that this contact manifold T? is not regular. The integral curve ¢ (t) of the Reeb vector field ¢

through (0,0, 7/3) is
~ t \/gt i
¥(t) = Exp(t€)(0,0,7/3) = 5,535 |-
2273

Hence ¢ induces an irrational flow on 2-torus in T® defined by z = 7/3. Thus the 3-torus T? is not regular
contact manifold. More generally every 3-torus can not admit regular contact structure. The contact Riemanian
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structure on E? and T? are not homogeneous with respect to the additive group structure but homogeneous
with respect to the group structure of SE(2). In particular, SE(2) itself is a homogeneous contact Riemannian
manifold.

According to this observation, it seems to be natural that the contact structure determined by 7 on R3 is
regarded as a contact structure on the covering group SE(2) of the Euclidean motion group from the group
theoretical view.

8.3.5. The model space Sols Let us realize the Minkowski plane E'! as Cartesian plane R?(z, y) equipped with
the scalar product dz ® dy relative to the global null coordinates (z,y). Then the identity component of the
isometry group is realized as

e x
SE(1,1) = 0 ey z,y,z €R
0 0 1

and called the Minkowski motion group (Remark 4.2, Table 3). The Lie algebra se(1, 1) is given by
0 u
se(1,1) = 0 w w u,v,w € R
0 0 0

We can take a basis

e = 722 e 622 el = 2
1 axv 1 P ; 1 627
le1,e2] =0, [e2,e3] = —e2, [e3,e1] = —en.

The left invariant Riemannian metric on SE(1, 1) determined by the condition {e, 2, e3} is orthonormal with
respect to it is

g = e**da? + e **dy? + d2°.
The homogeneous Riemannian 3-space Sol; := (R?, g) = SE(1,1)/{E3} is the model space of solvegeometry in
the sense of Thurston [220]. According to the classification of Kowalski [149, Theorem VI1.2], the only simply
connected proper generalized symmetric Riemannian 3-space is Sol; = Sols/{e}. The Riemannian 4-symmetric
space representation is Sols = Sols/{e} associated with the automorphism

T(x,y,2) = (—y,x, —2).

It should be remarked that Sol;/{e} is irreducible. Tsunero Takahashi [210] showed that Sol; can be
isometrically embedded in hyperbolic 4-space H* of constant curvature —1. He proved that simply connected
homogeneous Riemannian 3-space (M3, g) can be isometrically immersed in H* with type number 2 if and only
if M3 is isometric to Sols.

8.4. The standard contact structure on SE(1,1)

Let us start to study homogeneous contact structures on the space Sols. To adapt with the convention dn = @,
the standard contact form of Sol; is rescaled as

w= (e*dz + e *dy).
The Reeb vector field ¢ of w is

2v2
_, 0 L0
CZ\@(e %—i-e &v)
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The associated Riemannian metric is

.1 1 _
9=39= Z(e2zdm2 + e 27 dy? + dz?).

Note that the Levi-Civita connection of § coincides with V of g.
Take a left invariant orthonormal frame field {u1,u2,us} of (Sols, §) defined by

0 —za za _ —zg zé _
u1—2£, ug——\/i(e (%s_eﬁy>’ U3—\/§(e ax—i—eay)—g.

Then the Levi-Civita connection of g is described as
Vulul = Vu1UQ = Vulug = 0,

VU2’LL1 = —2U37 VU2’LL2 = 0, vu2u3 = 2U1,
Vsl = —2ua, Vy,us =2u1, Vy,us=0.

The left invariant orthonormal frame field {u1, uo, us} satisfies
[ur, ug] = 2us, [ug,u3] =0, [uz,u1] = —2u;.

Hence {u, us, u3} is a unimodular basis of sol;.
The endomorphism field ¢ determined by the formula

dw(X,Y) = g(X,vY)

is computed as
Yur = ug, Yuz = —u1, Yusz =0.

The endomorphism field ¢ is described as

1
o3 = —

eg = — ! ﬁ(el - 62)

er = ——e3,
ey \/53

1
e,
ﬂ 3
relative to the orthonormal frame field {e;, e3, e3}.

From Corollary 8.3, we deduce that the homogeneous contact Riemannian 3-manifold (Sols, §) is a contact
(0,4)-space. The only homogeneous (contact) Riemannian structure is S = A~2. This connection will be
reinterpreted in Corollary 16.1.

9. Sasakian p-symmetric spaces

Okumura [175] proved that locally symmetric Sasakian manifolds are of constant curvature 1. Tanno
generalized Okumura’s result to K -contact manifolds [216]. Boeckx and Cho [26] proved that locally symmetric
contact Riemannian (2n + 1)-manifolds are locally isomorphic to S?"! or the unit tangent sphere bundle
UE"*! equipped with a normalized Sasaki-lift metric (thus it is isometric to E"*! x S*(4)). Thus the local
symmetry is a too strong restriction for contact Riemannian manifolds.

9.1. The canonical connection

Let M be a Sasakian manifold. Then the almost contact connection (5.16) has a particular form:

Y =VxY + ALY, ALY =dn(X, V)¢ —rm(X)eY +n(Y)eX, reR. 9.1)

Since Sasakian manifolds are strongly pseudo-convex, the connection V"|,—_; coincides with Tanaka-Webster
connection V. This 1-parameter family of linear connection coincides with the one introduced by Okumura
[175]. The connection V" |,—; was investigated by Motomiya [165] (see also [136]). Some authors called V"|,—1,
the Okumura connection ( e.g., [21]). Toshio Takahashi [209] called it the M-connection.

The connection V" |,—; is called the characteristic connection by Friedrich and Ivanov [73].
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Proposition 9.1 ([175, 209]). The linear connection V" satisfies
Vig=0, V=0, V'np=0, V¢é=0, V'A"=0.
This Proposition implies that if a Sasakian manifold M satisfies V"R = 0 then it is a locally homogeneous
Sasakian manifold with homogeneous contact Riemannian structure A”.
Proposition 9.2 (cf. [126, 209]). The curvature R" and torsion T" of the connection V" satisfies the following formulas:
T"(X,Y) =2dn(X, Y)E = (r + D{n(X)pY —n(Y)eX},
RI(X,Y)Z =R(X,Y)Z + {n(Y)g(Z, X) = n(X)g(Y, 2)}¢ + n(Z)n(X)Y —n(Y)n(2)X
+dn(Y, 2)eX + dn(Z, X)pY — 2rdn(X,Y)pZ,
R"(X,Y)=R"(,X)Y =0, nR(X,Y)Z)=0,
R (pX,pY)pZ =pR"(X,Y)Z.

forall XY ,Z € I'(TM).
Proposition 9.3 ([209]). On a Sasakian manifold M, V" R" = 0 holds if and only if V"R = 0.

Here we recall a more geometric interpretation of the parallelism V"R" = 0. For this purpose we use the
following conservation law:

Lemma 9.1. Let M be a K-contact manifold. A geodesic  initially orthogonal to & remain orthogonal to &.

The following notion was originally introduced by Toshio Takahashi [209]. Here is a reformulated one due
to Bueken and Vanhecke [32].

Definition 9.1 ([32, 209]). Let M be a K-contact manifold.
1. A geodesic v(s) parametrized by arc length in M is said to be a -geodesic if n(y') = 0.

2. Alocal diffeomorphism s, is said to be a p-geodesic symmetry with base point p € M if for each -geodesic
~7(s) such that +(0) lies in the trajectory of ¢ passing through p, s,7(s) = v(—s) for each s.

3. M is said to be a locally p-symmetric space if its p-geodesic symmetries are isometric.

Since the points of the Reeb flow through p is are fixed by s,, one can see that s, is represented as a polar
map (see (4.3)):
sp = exp, o (—1, + 21, ®§,) oexp, .
Bueken and Vanhecke proved the following important fact.

Proposition 9.4 ([32]). Let M be a locally p-symmetric space, then M is Sasakian and all the local p-geodesic symmetries
are local automorphisms.

A K-contact manifold M whose local ¢-geodesic symmetries are extendable to global isometries is called a
p-symmetric space. Takahashi proved that ¢-symmetric spaces are homogeneous Sasakian manifolds on which
the automorphism group acts transitively. Moreover, g-symmetric spaces are regular Sasakian manifolds and
principal bundles over Hermitian symmetric spaces.

Takahashi characterized locally p-symmetric spaces in terms of almost contact connections as follows:

Proposition 9.5 ([209]). A Sasakian manifold is locally @-symmetric if and only if the curvature tensor R” of the almost
contact connections V" is parallel with respect to V", i.e., V' R" = 0.

Since the difference tensor A' satisfies A} X = 0, the following interesting result is deduced [21].

Proposition 9.6. Let M be a locally p-symmetric space. Then A' defines a homogeneous Riemannian structure of type
T3 on M.

Three-dimensional ¢-symmetric spaces are classified by Blair and Vanhecke [20] (as a consequence of the
classification of 3-dimensional naturally reductive homogeneous spaces). Next, Kowalski and Wegrzynowski
[155] classified 5-dimensional ¢-symmetric spaces. Jiménez and Kowalski [135] had done a full classification
of p-symmetric spaces (see also Tamaru [211]).

Here we specialize that dim M = 3. Take a local orthonormal frame field {e1, es, e3} satisfying

e = ey, es=2E.

Denote by {9!,92,93} the dual orthonormal coframe field to {e;, ez, e3}, then A" is locally expressed in the
following form:
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Proposition 9.7. The almost contact connection V" on a Sasakian 3-manifold M is expressed as V" = V + A" with
Af = =2r9* @ (9" A9?) — 20" @ (92 A 9P) — 297 @ (9 A 9Y).
In particular A} = —dv,.
Proof. Since A] satisfies
AX,Y,Z)+ AL(X, Z,Y) =0,

A7 is expressed as
Al =247 (X, e1,e9) (9" AD?) + 247 (X, ea, e3) (9% A9?) + 2A7 (X, e3, 1) (9° A 9.
By the definition of A", we get the required result. O

Corollary 9.1. Let M be a 3-dimensional Sasakian p-symmetric space, then A" is a homogeneous Riemannian structure
of type To & Ts. Moreover A" is of type Ty if and only if r = —2.

Proof. Some calculation show that c¢12(A]) = 0 and

8 AKX, Z) = —A(r + 2){9® @ (9 A9?) + 9t @ (92 A9?) + 92 @ (9% A9}

Under the Sasakian assumption, Bueken and Vanhecke proved the following characterization.

Proposition 9.8 ([31]). A Sasakian manifold M is locally p-symmetric if and only if all the local p-geodesic symmetries
are harmonic maps.

Remark 9.1 (Reflections around curves). Local p-geodesic symmetry is a particular example of reflection around
a curve. Let (M, g) be a Riemannian manifold and  be an embedded curve in M with tubular neighborhood
U. For any point p € M we set

p=exp,p(ru), u€ T#(t)% lul =1, t€]la,b],
where r is the Riemannian distance between p and v(t). Then the map s, : U — U defined by

Sy (eXPW(t)(TU)) = eXPfy(t)(—W)

is called a local reflection around - [224]. More generally, Nicolodi and Vanhecke [167, 168, 169] introduced the
notion of rotation around a curve in the following manner. Take a field S of linear endomorphisms defined
along v satisfying

Then the polar map s,
Sy = exp, 0So exp;1

is called the rotation around ~. In case S — I is non-singular in the normal bundle of ~, then s, is called a free
rotation. One can see that rotation aroud « with S = —I is noting but the reflection around ~. On a K-contact
manifold M, a reflection with S = —I + 2n ® { is a local ¢-geodesic symmetry. On an almost Hermitian manifold
(M, g,J), Nicolodi and Vanhecke [167] studied rotations j., = exp., oJ o exp; I which are called J-rotations. The
present author [126] and Bueken and Vanhecke [33] studied rotations of the form s, = exp, o(p + 7 ® &) o exp; L
(called -rotations). Bueken and Vanhecke proved that a real analytic Sasakian manifold M is locally -
symmetric if and only if all the ¢-rotations are isometric. Moreover a ¢-rotation is harmonic if and only if it is
isometric. On the other hand, the present author [126] proved that a K-contact manifold is locally ¢-symmetric
if and only if all the y-rotations are isometric. Another kind of generalization of ¢-geodesic symmetry on
K-contact manifolds was proposed in [128].

For more information on Sasakian ¢-symmetric spaces, we refer to [22, 30, 135, 155]. Recently Ohnita
[172,173] used the connection V" with r = —1/2
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9.2. SU(n + 1)-invariant metric connections

Here we point out that Okumura connection V! = V + A! on S?"*! can be discovered by the classification
of SU(n + 1)-invariant metric connections [62, Theorem 4.9].

Theorem 9.1. For every SU(n + 1)-invariant metric linear connection D on the unit sphere S***1 = SU(n + 1)/SU(n)
with n > 4 equipped with a SU(n + 1)-invariant Sasakian structure, there exit ¢ € C and t € R such that the difference
tensor field S = D — V is expressed as

S(X)Y = (Req —1)(9(X, oY) +n(Y)eX) +Imq (Vxp)Y + <t + 711) n(X)pY.

In particular, every SU(n + 1)-invariant metric linear connection D with totally skew symmetric torsion is expressed as
DxY =VxY +t A (X)Y
for some t € R.

In case n > 1, the canonical connection V¢ of the second kind (in the sense of Nomizu) of S?"*! = SU(n +
1)/SU(n) is given by (see [62, Example 4.11]):

1
VY = VY —g(X,Y)¢ = n(Y)pX + —n(X)eY.
Thus V¢ does not have totally skew-symmetric torsion. Note that when n = 1, the isotropy algebra is {0}.

9.3. CR-symmetry

Now let M be a strongly pseudo-convex CR-manifold. A local diffeomorphism ¢, defined around a point
p € M is said to be a local CR-symmetry at p if p is an isolated fixed point of it and satisfies (doy,),|, = —Ip|, -
A strongly pseudo-convex CR-manifold M is said to be locally CR-symmetric if all the local CR-symmetries
are local CR-automorphism. When all the local CR-symmetry of a locally CR-symmetric space M are
extendable to global ones, then M is said to be a CR-symmetric space ([57, 138]). One can see that the local
CR-symmetry satisfies
(dop)p = —1p + 21, © &p.

Thus we obtain the following CR-geometric interpretation of local p-symmetry [57]:
Proposition 9.9. A Sasakian manifold M is locally CR-symmetric if and only if it is locally o-symmetric.

A spherical CR-manifold is a strongly pseudo-convex CR-manifold locally CR-equivalent to S*" . Spherically
CR-manifolds are characterized as strongly pseudo-convex CR-manifolds with vanishing Chern-Moser-Tanaka
invariant. The unit sphere S?"*! (n >2) is characterized as the unique simply connected and compact
spherically CR-symmetric space up to homothety.

Theorem 9.2 ([57]). Let M be a strongly pseudo-convex CR-manifold of dimension 2n + 1 > 3. Assume that M is
non-Sasakian. Then M is locally CR-symmetric if and only if it is a contact (k, p)-space.

Theorem 9.3 ([57]). Let M be a locally CR-symmetric strongly pseudo-convex CR-manifold of dimension 2n + 1 > 3.
Then the following properties are mutually equivalent:

* M is spherical.
[ ] M = 2'
e The Webster curvature of M vanishes.

Example 9.1. Let M"(sc?) be an n-dimensional Riemannian space form of curvature ec?>. Heree = 0 or =1 and ¢
is a positive constant. Then its unit tangent bundle UM ™ (sc¢?) equipped with the standard contact Riemannian
structure is a contact (x, u)-space with

K =ec*(2—ec?), p=—2ec’

In particular, the unit tangent sphere bundle UH" is a contact (—3, 2)-space with vanishing Boeckx invariant.
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Remark 9.2. Boeckx and Cho [27] investigate two classes of contact Riemannian manifolds.

1. Contact Riemannian manifolds whose generalized Tanaka-Webster connection *V satisfying
VT =0, "V'R=0.

Here *T' and *R are torsion and curvature of *V. Note that the parallelism *V*T =0 implies the
integrability of the associated almost CR-structures. They showed that those contact Riemannian
manifolds are Sasakian locally ¢-symmetric or non-Sasakian contact (x, 2)-spaces.

2. A strongly pseudo-convex CR-manifold M is said to be a weakly locally pseudo-Hermitian symmetric space
in the sense of Boeckx-Cho if

L((VxR)(Y, 2)U,V) =0
forany X, Y, Z, U, V € I'(D). Here L is the Levi-form and R is the curvature of the Tanaka-Webster
connection V.
They showed that locally ¢-symmetric spaces are weakly locally pseudo-Hermitian symmetric spaces.

Moreover non-Sasakian contact (x, 1)-spaces are also weakly locally pseudo-Hermitian symmetric.

On the other hand, a strongly pseudo-convex CR-manifold M is said to be a strongly locally pseudo-Hermitian

symmetric space in the sense of Boeckx-Cho if all V-reflections around the Reeb flow are locally affine mappings.
It is known that M is strongly locally pseudo-Hermitian symmetric if and only if [14, 27, 65]

for any X € I'(D).
Moreover, a strongly pseudo-convex CR manifold is a strongly locally pseudo-Hermitian symmetric if and
only if M is locally ¢-symmetric or a non-Sasakian contact (x, p)-space ([27, Theorem 14]).

The local p-symmetry can be interpreted as sub-Riemannian symmetry. We recommend [3, 14, 65, 66, 67, 208]
for interested readers.

9.4. Almost contact connections

In [225], Vezzoni considered linear connections on contact manifolds satisfying the following properties:
1. The contact distribution is invariant, that is, for any X € I'(TM), DxI'(D) C I'(D).

2. DY =[Y € forany Y € I'(D).

3. Dx¢ =0forany X € I'(D).

4. (Dy(dn))(Y1,Y2) = 0forany Y3,Y; € I'(D).

Such a linear connection D is called an almost contact connection in [225]. The transverse torsion TS of D is defined
by
TE(X,Y)=DxY - DyX — [X,Y]p, X,Y e€I'(D).

An almost contact connection D in the sense of Vezzoni is said to be a contact connection if its transverse torsion
vanishes.

Vezzoni proved that every contact Riemannian manifold M/ admits such a linear connection. One can confirm
the following propositions.

Proposition 9.10. The generalized Tanaka-Webster connection *V of a contact Riemannian manifold M can be a contact
connection in the sense of Vezzoni when and only when M is Sasakian.

Proposition 9.11. On a Sasakian manifold M, the linear connection V" is a contact connection in the sense of Vezzoni
if and only if r = —1, that is, it is the Tanaka-Webster connection.

Note that the natural contact connection of a Sasakian manifold given in [225, Example 2.4] coincides with
the Tanaka-Webster connection.
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10. Sasakian space forms

10.1. Three dimensional Sasakian space forms

Let M be a (2n + 1)-dimensional Sasakian space form of constant holomorphic sectional curvature c. Then
M is said to be an elliptic [resp. parabolic or hyperbolic | Sasakian space form if ¢ > —3 [resp. ¢ = =3 or ¢ < —3].

Tanno [218] classified simply connected Sasakian space forms. In 3-dimensional case, Tanno’s classification
is reformulated as follows (cf. [10, 20]) :

Proposition 10.1. ([218]) Let M?(c) be a 3-dimensional simply connected Sasakian space form of constant holomorphic
sectional curvature c. Then M3 (c) is isomorphic to Heisenberg group Nils with canonical Sasakian structure if ¢ = —3,

and M3 (c) is isomorphic to the universal covering group SLoR of SLoR equipped with Sasakian structure if ¢ < —3.

It is known that every Sasakian manifold of constant holomorphic sectional curvature is locally p-symmetric
[209]. Conversely, every 3-dimensional Sasakian ¢-symmetric space is of constant holomorphic sectional
curvature [20].

10.2. Elliptic Sasakian space forms

Now we recall Tanno’s explicit construction of simply connected elliptic Sasakian space form M***!(c), ¢ >
—3.

Let us denote by (n1,£1,¢1,91) the canonical contact structure Riemannian of unit sphere S27+1 | For any
constant ¢ > —3, we perform the transversally homothetic deformation (5.5) to S*"! with a = 4/(c + 3). The
resulting structure is described as

4 c+3 4 41— ¢)

= = = . 10.1
C+37717 f 4 gla ¥ Y1, g C+3gl+ (C+3)2771®771 ( )

One can easily check that the D-homothetic deformation of S?*"*! is a Sasakian manifold of constant
holomorphic sectional curvature ¢ > —3. Tanno classified the simply connected elliptic Sasakian space forms.

7=

Proposition 10.2. ([218]) Every simply connected 3-dimensional elliptic Sasakian space form M+ (c) is isomorphic
to a D-homothetic deformation of the unit sphere S** 1 with ¢ > —3.

As a Riemannian (2n + 1)-manifold, M?"™!(c) with ¢ > —3 and ¢ # 1 is the so-called Berger sphere (up to
homothety) [11, 12]. We give explicit models of 3-dimensional Sasakian space forms in Section 10, 11 and 12
(and 14) according as ¢ = —3, ¢ > —3 and ¢ < —3, respectively.

11. Parabolic Sasakian space forms
In this section we give an explicit linear Lie group model of the Sasakian space form M3(—3).

11.1. The Heisenberg group Nils
The 3-dimensional Heisenberg group Nil is R3(z, y, z) together with the group structure:

(r,y,2) - (2,9, 2) = (x+ 2",y +y, 2+ 2" + (xy —2'y)/2).

We define a left invariant Riemannian metric g by

9 (11.1)

4 2

_ da? + dy? n 1 <dz+ydxl’dy>2
4 4 '

Then the homogeneous Riemannian 3-manifold (Nils, g) has 4-dimensional isometry group. In fact the identity
component of the isometry group of (Nils, g) is isomorphic to the semi-direct product Nil3xSO(2) [61]. The
action of Nil3xSO(2)3 on Nils is
cos) —sinf _ v
" |sinf  cosf
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cos —sinf 0f |= a
= sin 6 cos 6 O |ly| + |[b
s(asing —bcosd) F(acosf+bsind) 1| |z

Note that the action of the subgroup

a
bl , [(1) (1)] (a, b, c) € Nilg

&

of Nil3xSO(2) on Nil; is the left translations.

The Heisenberg group (Nils,g) is represented by NilsxSO(2)/SO(2). This is a naturally reductive
homogeneous space representation for (Nils, g). Note that (Nils,4g) is the model space of nilgeometry in the
sense of Thurston [220].

The additive group (R, +) acts isometrically and freely on Nils:

Nils x R — Nils; (2,y,2)-a = (z,y,2 + a).

The natural projection 7 : Nil — Nil3/R = R?(x,y) defines a principal line bundle over R?(z,y). The metric g
induces a flat Riemannian metric (dz? + dy?)/4 on R?(z, y). Furthermore 7 is a Riemannian submersion.
Taking a left invariant orthonormal frame field £ = (e1, e, €3):

9 9 o, 8  .d

=2— —y— =2— — =2 11.2
€1 83;‘ yaz7 €2 8y+xaz7 €3 827 ( )
the commutation relations of £ are
le1, 2] = 2e3, [e2,e3] = [e3,e1] = 0. (11.3)
The dual coframe field ¥ = (9*, 92, 9%) is given by
1 _ 1 2 _ 1 3 _ 1 _ 1 —
9= de, 9 = 2dy7 9° = 2dz 4(:Udy ydx).

Note that the 1-form 71 := 62 is a contact form on Nilz. The Levi-Civita connection V of (Nils, g) is given by
Ve,e2 = —=Ve,e1 =e3, Ve ez =Ve,e1 =—es, Ve,e3 =V e0 =e;. (11.4)
The Riemannian curvature R of (Nils, g) is described by
Ri212 = =3, Riz13 = Razez = 1.

The sectional curvatures are
Kip=-3, Ki3=Ky=1

Define an endomorphism field ¢ by
pey = e, ey =—e,pf =0, §=es.

Then (n,&, ) is a left invariant almost contact structure on Nil;. Since the metric g is related to this almost
contact structure by
dn(X,Y) = g(X, ¢Y).

Hence (Nils, n, £, ¢, g) is a contact Riemannian manifold. Moreover the holomorphic sectional curvature of Nil;
is constant —3. From Tanno’s classification we then obtain the following result.

Proposition 11.1. The simply connected parabolic Sasakian space form M3 (—3) is isomorphic to the Heisenberg group
Nils.

Remark 11.1. The Heisenberg group Nils(z, y, z) is isomorphic to the following linear Lie group:

1
Hs(z,y,t) = 0
0

o —

t
T sz, y,t €R
1

613 dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

Homogeneous Riemannian Structures in Thurston Geometries and Contact Riemannian Geometries

In fact, the mapping ¢ : Nil; — GL3R defined by
1 y t

(zyy,2) =1 0 1 o |, t=z+-—">
0 0 1

is a Lie group isomorphism between Nil; and Hs. The homogeneous Sasakian metric on Hs induced by g is

written as
B dx? 4 dy?

gH 1

1
+ Z(dt — ydz)?. (11.5)
The contact form 7 corresponds to
1
nH = §(dt — ydz).

Hence the Sasakian manifold (Hs, 7, gu) coincides with the standard model of M?(—3) given as Example A in
[16, p. 29 and p. 81].
On the other hand, Tricerri and Vanhecke [222, Chapter 7] used the following model:

(R*(z,9,2),9), g§=dz*+dz* + (dy — zdz)>.
This model is homothetic to our Nils. Indeed, (z,y,2) = (7, z,§ — 2%/2) is an isometry from (R3(z,y, ), g) to
For more information on Nils, we refer to [105, 106].
11.2. The homogeneous Riemannian structures on Nils

In [222, Chapter 9], homogeneous Riemannian structures on (Nils, 4¢) are classified. Their classification result
is adjusted to our setting in the following way:

Theorem 11.1. ([222, Theorem 7.1]) All the homogeneous Riemannian structures on M3(—3) = Nils are given by the
following (0, 3)-tensor fields:

St =4pd® @ (0" A9?) — 20" @ (9P A9P) — 20 ® (9P A9, peER.
The homogeneous Riemannian structure S* is of type To & Ts. In particular,

* Stisoftype Ty if and only if p =1
* Stisof type Ty if and only if n = —1/2.
The corresponding coset space representations of S* are
Nil. — J Nils x SO(2)/SO(2) u#1/2
1= Nils /{e} p=1/2.
Comparing this result with Proposition 9.7, we conclude that A = 5 "2 Hence we obtain the following
result.

Theorem 11.2. The set S of all homogeneous Riemannian structures on Nils is given by {A" | r € R}. Moreover S
coincides with the set of all homogeneous almost contact Riemannian structures on Nils.

From this classification, we have the following characterizations of Tanaka-Webster connection.
Theorem 11.3. The coset space representations of Nils are given by

e Nily/{e} with respect to the Tanaka-Webster connection V = V.
e Nils x SO(2)/SO(2) for other connection V" (r # —1).

Namely, Tanaka-Webster connection is the only Ambrose-Singer connection on Nilg which has the representation
Nils /{e}.

One can check that Tanaka-Webster connection coincides with Cartan-Schouten’s (—)-connection of Nils.
Theorem 11.1 motivates us to describe explicitly the homogeneous Riemannian structures on Sasakian space
forms M?(c) with ¢ # —3. The universal covering group of Nil;x SO(2) is the so-called oscillator group, see [119].

dergipark.org.tr/en/pub/iejg 614


https://dergipark.org.tr/en/pub/iejg

J. Inoguchi

12. Elliptic Sasakian space form

In this section, we recall an explicit matrix group model of a simply connected elliptic Sasakian space form
M3(c) ([10, 112]).
12.1. The unit 3-sphere

As is well known, the unit 3-sphere (S?, 1, &1, 71, g1) is identified with the special unitary group SU(2) with
bi-invariant metric. In this section we give an SU(2)-model of M?3(c).

The bi-invariant metric g; of constant curvature 1 on SU(2) is induced by the following inner product (-, ),
on su(2):

1
(X,Y)1 = =5 tr(XY), XY €su(2).

We take a quaternionic basis of su(2):

() () (5 )

By using this basis, the Lie group SU(2) is described as

_ To + v —1$3 —T9 + v/ —1.'171 2 2 2 2
SU(2>_{(x2+ﬁx1 Y rzi+ai+axs a5 =1,.

We identify su(2) with Euclidean 3-space E? via the correspondence
(1'1, X2, IL'3) <—— (I,’l’l: + I'Qj =+ .’Egk.

Denote the left translated vector fields of {i, j, k} by {E1, E2, E3}. Then a left invariant Sasakian structure of G
is given by
§1:=FE3, m = qi(Es,-),
p1(Er) = B, p1(E2) = =B, ¢1(E3) = 0.

Note that the commutation relations of {E1, E», Es} are
(B, Es] = 2B5, |Es, B3] =2E,, [Es,Ei] = 2E,.
The Lie group SU(2) acts isometrically on the Lie algebra su(2) by the Ad-action.
Ad :SU(2) x su(2) — su(2); Ad(a)X =aXa ', aeSU?2), X €su(2).

It should be remarked that Ad is regarded as a Lie group homomorphism from SU(2) to SO(3). The kernel of
the Lie group homomorphism Ad : SU(2) — SO(3) is {£1} = Z,. Thus SU(2) is a double covering of SO(3).

The Ad-orbit of k/2 is a sphere S?(4) of radius 1/2 in the Euclidean 3-space E? = su(2). The Ad-action of SU(2)
on S?(4) is isometric and transitive. The isotropy subgroup of SU(2) at k/2 is

ow={( 7 2 )|rer).

Hence S?(4) is represented by SU(2)/U(1) as a homogeneous Riemannian space. The natural projection
70 S? = §%(4), mi(a) = Ad(a)(k/2)

is a Riemannian submersion and defines a principal U(1)-bundle over S?(4). The tangent space T}, /282(4) of
S?(4) at the origin k/2 is identified with the linear subspace m = R¢ & Rj of su(2). Thus we have the reductive
decomposition su(2) = u(1) @ m. Since [m, m] C u(1), S?(4) = SU(2)/U(1) is a Riemannian symmetric space.

The product Lie group SU(2) x SU(2) acts on S? = SU(2) via the action (3.2). As we saw in Section 3.5, the
isotropy subgroup at 1 is the diagonal subgroup ASU(2). The inner product (-, -) on su(2) & su(2) induced from
the product metric of SU(2) x SU(2) is

<(X,Y),(V,W)> = <X,V> + (Y,W)
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The orthogonal complement Asu(2)* of Asu(2) in su(2) & su(2) is my given in Section 3.5. The reductive

decomposition su(2) & su(2) = Asu(2) & my satisfies [mg, mo] C Asu(2). Thus S* = (SU(2) x SU(2))/ASU(2) is a
Riemannian symmetric space. Hereafter we denote this Riemannian symmetric space as (SU(2) x SU(2))/SU(2)
for simplicity. However it should be remarked that dim Iso(S?) = dim(SU(2) x SU(2)) = 6. But dim Aut(S?) =
4. Thus the Riemannian symmetric space representation S* = (SU(2) x SU(2))/SU(2) = SO(4)/SO(3) is not
homogeneous contact. As we will see in the next subsection, S? is represented as S* = (SU(2) x U(1))/U(1) as a
homogeneous contact Riemannian manifold. This representation is not Riemannian symmetric, but naturally
reductive.

12.2. The Berger sphere

Since the Sasakian structure (11, £1, ¢1, 91) is left invariant, its D-homothetic deformation is also left invariant.
Hence the elliptic Sasakian space form M3 (c) is identified with SU(2) with the left invariant contact Riemannian
structure (¢, £, 1, g) defined by (5.5). The Reeb vector field £ generates a one parameter group of transformations
on M3(c) isomorphic to U(1). Since ¢ is a Killing vector field, the one parameter group U(1) acts isometrically
on M3(c). The factor space M3(c)/U(1) is nothing but the 2-sphere S?(c + 3).

The Sasakian metric g is not only left SU(2)-invariant but also right U(1)-invariant. Hence the elliptic Sasakian
space form M?(c) is represented by M3(c) = (SU(2) x U(1) )/U(1) as a reductive homogeneous space. For ¢ # 1,
M3 (c) has 4-dimensional isometry group.

In particular g is bi-invariant if and only if ¢ = 1. In this case M3(1) is represented by (SU(2) x SU(2))/SU(2)
as a Riemannian symmetric space. Note that M?3(1) has 6-dimensional isometry group as we mentioned before.

In this article, we call the Sasakian 3-manifold M?(c) with ¢ # 1 by the name Berger sphere (see also [159]).
Precisely speaking, the original one due to Berger [12] is (S?, (c + 3)g/4) with ¢ > 1. Under the limit ¢ — oo in
Gromov-Hausdorff sense, (S*, (c + 3)g/4) converges to S* equipped with the Carnot-Carathéodory metric. On
the other hand, under the limit ¢ — 1, (S3, (¢ + 3)g/4) collapses to S?(4). Another geometric property of M?3(c) is
arelation to the geometry of isoparametric hypersurfaces. One can see that M?3(—2) is isometric to the universal
covering of the minimal Cartan hypersurface of the unit 4-sphere (see [68]). The minimal Cartan hypersurface
is realized as SO(3)/Zy x Zy = M3(—2)/T, where I' = {£1, +4, +7, +k}.

Now we take an orthonormal frame field {e;, e2, e3} of M3(c) by

ve+3 ve+3 c+3
€] = 2 El, €9 = 2 E27 €3 = 4 fl-

Then the commutation relations of this basis are

c+3 c+3

Tela [€3ael] = 2

le1, e2] = 2e3, [e2,e3] = €. (12.1)

Note that if we take the limit ¢ — —3, then (12.1) converges to (11.3).
The Levi-Civita connection V of (M3(c), g) is described by

velel = 07 v6162 = €3, veleS = —€g,
vezel = —és, v62€2 =0, v€2€3 = €1, (122)
c+1 c+1
Ve,e1 = 5 €2, Ve,ea=— 5 e1, Ve,ez3=0.

The Riemannian curvature tensor field R of (M3(c), g, V) is described by
Ri212 =¢, Rizi3 = Rages =1 (12.3)

and the sectional curvatures are:
K12 =c, K13 = K23 =1. (124)

The Ricci tensor Ric and the scalar curvature s are computed to be
Rii=Ropy=c+1, R3yz3=2, s=2c+2).

The Ricci tensor field has the form
Ric=(c+1)g+ (1 —c)n@m. (12.5)
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The Sasakian space form M?3(c) = (SU(2) x U(1))/U(1) is naturally reductive. The product Lie group SU(2) x
U(1) acts on M3(c) via the action

(SU(2) x U(1)) x M3(c) = M3(c); (a,k)-x=axk ™', aecSUQ2),kecU?2),xecMc).

The isotropy subgroup at 1 is AU(1) = {(k,k) | k € U(1)} with Lie algebra Au(l) = {(V,V)|V € u(1)}. The
Berger sphere M3(c) admits a Lie subspace

mz{(V—kVV,l;cW) ‘ Vem, Weu(l)}

of su(2) @ u(1). Thus (SU(2) x U(1))/U(1) is a naturally reductive homogeneous space. Note that if we choose
¢ = 1, then we obtain a reductive decomposition

su(2) @u(l) =Au(l) dm, m={(X,0)]X €su(2)}.

Every element (X,Y) € su(2) ®u(l) is decomposed as (X,Y)=(Y,Y)+ (X —Y,0) along this reductive
decomposition. The corresponding reductive homogeneous space is the homogeneous contact Riemannian
manifold representation of the unit 3-sphere S®.

12.3. The normal metric

In case, ¢ > 1, the Berger sphere M?3(c) is represented as M?3(c) = U(2)/U(1). The Riemannian metric of M3(c)
is derived from the following inner product on the Lie algebra u(2):

(X,Y) = cj3 (—;tr(a:y) + le - tr(X)tr(Y)) , XY eu(2),

where

m:X—@l € su(2).

o X _ tr(X) 1,
2
In particular when ¢ = 5, we have
1
(X,Y) = —Ztr(XY),X,Y € u(2).
One can confirm that this inner product induces a bi-invariant Riemannian metric on U(2). Hence M?(c) =
U(2)/U(1) is a normal homogeneous space. For more detailed discussion, see [118].

Remark 12.1. As we mentioned before M?(—2)/I" is isometrically immersed in the unit 4-sphere S* as an
isoparametric hypersurface. Kim and Tsunero Takahashi proved the following results.

Proposition 12.1 ([140]). A hypersurface M of a space form M" (e c?) of constant curvature € ¢ is isoparametric if
and only if there exits a metric connection D such that the shape operator is parallel with respect to D.

Proposition 12.2 ([140]). Ifa hypersurface M of a space form M™ V(e ¢?) admits a homogeneous Riemannian structure
S and the type number of M is not equal to 1 and 2, then the shape operator is parallel with respect to the Ambrose-Singer
connection V + S and M is isoparametric.

13. The SU(1, 1)-model of the hyperbolic Sasakian space forms

13.1. The Poincaré disc model

Let us start with recalling the Poincaré disc model of the hyperbolic 2-space H?(—c?) of curvature k = —c¢? <
0:
H*(—c*) = ({z =2+ V-Ty e C| |z = 2® + 4 < 4/}, 9),

where the Poincaré metric g is defined by
da? + dy?
. 2
(=56 )
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The indefinite special unitary group

_ xo+vV—1lr1 z3—+v—1lag 2, .2 2 _2_
SU(l,l)—{<x3+\/_—1m2 Y xota]—xs—ax3=1,p.

acts isometrically and transitively on H?(—c?) via the linear fractional transformation:

T:SU(1,1) x H2(=c?) = H?(—c?); (A, 2) — Ta(2),

az+b a b
TA(Z)iCZ—f-d’ A(C d)

where Th(z) is defined by

as before. The isotropy subgroup of SU(1, 1) at the origin 0 is the unitary group

U(1){< 6?9 e%e>'ogo<2w}.

Thus H?(—c?) is represented by SU(1,1)/U(1) as a homogeneous Riemannian space. The Lie algebra su(1,1) is
spanned by the split-quaternionic basis (see [75]):

(T ) ) (1))

Take a scalar product (-,-)(7) of su(1,1) by
(X,7)0) = —c%tr(XY), X,Y €su(l,1).

Then (-,-)(~) induces a bi-invariant Lorentz metric on SU(1,1). Thus SU(1,1) is identified with the anti de
Sitter spacetime AdSz(—c? + 3) of constant curvature —c? + 3. The projection AdSz(—c? + 3) — H?(—c?) defines
a principal circle bundle. This fibering is called the hyperbolic Hopf fibering.
Denote the left-translated vector fields of j',k',i by Ei, E2, F5. Note that the commutation relations of
{El, EQ, Eg} are
[Ey,Fo] = —2E3, |Es, B3| = 2Fy, |Es, E1] = 2E,.

We can take an orthonormal frame field {e1, e2, e3} by

— & — & _ &
€, = §E17 €y = §E27 €3 = §E3.

Note that e3 is timelike. On the other hand e; and e; are spacelike. The isotropy algebra u(1) is spanned by
es. The tangent space m = ToH?(—c?) is spanned by e; and e, and hence it is spacelike. The decomposition
su(1,1) = u(1) + mis reductive and orthogonal. Moreover [m,m] C u(1) holds. Thus H?(—c?) = SU(1,1)/U(1) is
a Riemannian symmetric space.

13.2. The unit tangent sphere bundle
The tangent bundle TH?(x) and the unit tangent bundle UH?(—c?) are given explicitly by
TH?(—c?) =H?*(—c?) x R? = {(2,v) | z € H?*(k), v = (v1,v2) € R?},
UH?(—¢?) ={(2,v) € TH*(—c?) | (1) + (v2)® = 1 — |2 /4}.
This action of SU(1,1) on H?(x) induces a transitive action on UH?(—c?). The isotropy subgroup of SU(1, 1
of the induced action on UH?(—c?) at (0, (1,0)) is Z* = {£1}. Hence UH?(—¢?) is represented by UH?(—c?) =
SU(1,1)/Z? = PSU(1, 1) as a homogeneous space.

Let us define a Riemannian metric on UH?(—c?). Take a curve y(t) = (2(t),v(t)) in UH?(—c?). Then we define
a Riemannian metric g on UH?(—c?) by

27 2
9(7'(to), 7 (to)) == g1, (2’ (t0), 2’ (t0)) + <—c2> G (Vaot), Vo)) li=t-
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Here 7 is a non-zero constant. In particular, when 7 = +¢/2, g coincides with the Sasaki lift metric of UH?(—c?).
Now let us introduce a global coordinate system (z,y, 6) on UH?(—c?):

H?(—c?) x St — UH?(—c?);

((z,y),0) —> ((x,y),(1+2(x2+y2)){cos<;2_0> (,fxﬂm(;je) (,fy}).

With respect to this coordinate system, the metric g is computed as

da? + dy? 7(ydz — xdy) 2 9
- 40+ LAY ) 2 <,
T se e\ @) 0 T

This formula shows that (UH?(—c?), g) is isometric to the Bianchi-Cartan-Vradnceanu space of base curvature
x = —c? and bundle curvature 7 (see Example 5.3).

Now we equip a Sasakian structure compatible to (UH?(k),g). Choose 7 = 1. Then we have a Sasakian
structure (n, £, ¢, g) as follows (see Example 5.3).

Define a contact form 7 by

ydx — zdy
L— G2 +y?)

Then the Reeb vector field is 9/06. Choose an orthonormal frame field

n=d6+

2 2
—(1-C@ ) Loyl m (1S L h el =
w= (15640 g w= (1= 5640 5 bog et
Define an endomorphism field ¢ by

Ul = Uz, Pup = —ui, puz=>0.

Then we have dn(X,Y) = g(X,¢Y) for all vector fields X and Y on UH?(—c?). The resulting contact
Riemannian manifold (UH?(x), g) is a Sasakian manifold of constant holomorphic sectional curvature —3 — ¢2.
As we saw before the Sasaki lift metric is determined by the condition 7 = £¢?/2. Under this choice, the
almost contact structure satisfies
(Vxp)Y = m{g(X,Y) —n(Y)X}.

Thus under the normalization (see Example 5.3)

. -1 . .
n=rn, {=-& $=¢, g=1°g.

Then (UH?(k), 7, £, b, G) is a Sasakian manifold of constant holomorphic sectional curvature —3 + 4k.
In particular, if kK = —1, then metric g is g/4. Thus the metric § coincides with the associated metric of the
standard contact Riemannian structure (5.14).

13.3. Homogeneous space representation

In the hyperbolic Hopf fibering SU(1,1) — H?(k), we equipped a Lorentz metric on SU(1, 1). The hyperbolic
Hopf fibering is a homothetic submersion.

In this subsection we equip a Riemannian metric on SU(1,1) so that the hyperbolic Hopf fibering is still a
homothetic submersion.

Choose non-zero real constants A\, \s, A3 and define

1 1 1
ef = By, ef = hy

fm EEQ, ez = )\1)\2E3.
Then we have
el es] =cses, [e3.e3]=cief, [ef,ef]=coes,
with
2 2 2
61:—/\—%<07 02:—)\—%<0, 03=A—§>0.
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The left-invariant metric g , defined by the condition that {e;, e, ed} is an orthonormal basis, is
(c1,e2,c3) y 1:€2,€3

where {w, w2, w3} is the dual coframe field of { £y, Fs, F3}.

Proposition 13.1 ([188]). Any left-invariant Riemannian metric on SU(1, 1) is isometric to one of the metrics ., ., )
with ¢; < ¢y < 0 < c3. Moreover, this metric gives rise to an isometry group of dimension 4 if and only if ¢; = cs.

Since {e], e7, e} is a unimodular basis, the Levi-Civita connection V of SU(1, 1) is described as follows:

Proposition 13.2. The Levi-Civita connection is given by

+_ + et +_ +
Viel =0, Ve;el = pieg, Ve;re?) = —piey,
— + +_ + et
Ve;el = —uges, ve%-eQ =0, V62+63 = pgey,
+ et — + +_
Veiel = uzeq , V63+62 = —puze] Vezre3 =0,

where the constants {1, pe2, ps} are given by (4.17).
The Riemannian curvature tensor R is determined by the following sectional curvatures:

Kig = <R(e;rv e;)e;vef> =C33 — H1H2,
Ky = (R(ey,e3)ey e5) =ci1pn — papis,
Ki3 = (R(ey ef )es ) =capia — pps.
Now we choose ¢; = ¢2 = k/2 < 0and ¢3 = 2 (equivalently |A\;| = [X\2] = 2/y/—r and |A3| = 1). Note that 7 = 1.

Then the metric g(k/2,x/2,2) is a Sasakian metric of constant holomorphic sectional curvature —3 + x. The
associated contact metric structure is given by

QD@TZG;_, 906;_:761"_’90520, 526;
Note that in this case,
6?_ = — 7K/E17 63_ = 7HE2, 6;_ = ;I{Eg
2 2 4
If we set ¢ := —3 + k, then the commutation relations are rewritten as
c+3 c+3
ehefl =26, lefoefl= 26, lefel = Sh e

2 2

This is the same form to (12.1). The Sasakian space form (SU(1,1),7,&, ¢, g) is isomorphic to the BCV-space
with base curvature « and bundle curvature 7 = 1. Under this choice the table of Levi-Civita connection given
in Proposition 13.2 coincides with (12.2). Thus we can study homogeneous contact Riemannian structures on
3-dimensional Sasakian space forms in a unified way. We will carry out the classification in Section 15.

Remark 13.1 (k = —4). In the case of Kk = —4, we have
ef =—F, e; = Fs, e:',f = Fj3.
The inner product (-, -) at the identity has a simple formula (see [96]):
(X,Y) = %tr ('XY), XY €su(l,1).
As we saw before the bi-invariant Lorentzian metric (-, -)(~) of constant curvature —1 on SU(1, 1) is given by
(X, 7)) = %tr (XY), X,Y esu(l,1).

With respect to this bi-invariant metric, SU(1, 1) is identified with the anti de Sitter spacetime AdS3 of curvature
—1. Compare with the case SU(2) = S3.
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14. The SL,;R-model

In Section 4.6, we mentioned the upper half plane model of the hyperbolic plane

da? + dy?

H}(-P)=({z=2+yicC|y>0},5), g= P

2y

of curvature —c?. In this section we exhibit SLyR-model of the hyperbolic Sasakian space form (see [94, 96, 107,
108, 114, 117]). Note that we have already given a model H*(—c?) x R in Example 5.4.

14.1. Iwasawa decomposition, revisited

The Iwasawa decomposition SLyR = NAK of SLoR exhibited in Section 4.6 allows to introduce the following
global coordinate system (z, y, §) of SLoR:

(z,y,¢) — ( é 1 ) ( \65 1/(\)/@ > < _C‘;isn‘b(b ig;ﬁ > (14.1)

The mapping (14.1) is a diffeomorphism onto SL,R. Hereafter, we refer (z,y, ¢) as a global coordinate system
of SLoR. Hence SL;R is diffeomorphic to R x Rt x S! and hence diffeomorphic to R3\ R. Since R x R* is
diffeomorphic to open unit disk D, then SLyR is diffeomorphic to open solid torus D x S'.

14.2. The standard Riemannian metric

We remark that every Sasakian space form M?3(c) of constant holomorphic sectional curvature ¢ < —3 is
transversally homothetic to M3 (7).
On the Lie algebra sl;R of SLyR, we can take the following basis:

() (o) vl h)
This basis satisfies the commutation relations:
[E,F]=H, [F,H]=2F, [H,E| =2E
The Lie algebra n, a and ¢ of the closed subgroups N, A and K are given by
n=RE, a=RH, t=R(E-F).

The Lie algebra ) is the Cartan subalgebra of sloR. Moreover n and RF are root spaces with respect to fh. The
decomposition sloR = h & n ¢ RF is the root space decomposition of sl;R.
The split-quaternionic basis (4.8) is related to {E, F,H} by

._ (0 =1\ _ o (0
Z(l 0) E-+F, ]E+F<1

The split-quaternionic basis satisfies

O =
N~~~
L
|
N
|
O =
— O
~~
|
\
T

[ivjl} = 2k/a [jlvk/] = 72ia [kl7z] = 2.7/

The split-quaternionic basis {z, j', k'} is an orthonormal basis with respect to the Lorentz scalar product
1
(X,v)5) = S(XY), X,V € sbR.

Note that i is timelike. On the other hand, j' and k' are spacelike. The Lorentz scalar product (-, -)(~) induces a
bi-invariant Lorentz metric of constant curvature —1. Hence we have again an identification SLo;R = AdSs. But

our interest is the Riemannian metric which makes SLyR to be a model space of Thurston geometry.
Hereafter we use the left invariant frame field

e1r=E+F=j5, ea=H=-k, es=E—-F=—i.
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These left invariant vector fields are given explicitly by

0 0 0
e1 =cos(2¢) <2y6:v - 8(15) + sin(2¢) (2y8y> )

e = — sin(26) <2y86x - ai) + cos(26) <2y68y> ,
_9
=5

€3

Define an inner product (-, ) so that {e;, e2, e3} is orthonormal with respect to (-, -). By left-translating this inner
product, we equip a left invariant Riemannian metric

da? 4 dy? dz\*
=— d — ] .
9 492 ldet 2y

The 1-form q
n=do+5
2y

is a globally defined contact form on SLyR with Reeb vector field £ = es.
The universal covering space of (SL2R, g) is one of the model space of Thurston geometry [220].

14.3. The hyperbolic Hopf fibering

As we saw in Section 4.6, SL;R acts isometrically and transitively on the upper half plane model H?(—4) via
the linear fractional action. The isotropy subgroup of SLsR at 6 = (0,1) is K = SO(2). The natural projection
7 : (SLeR, g) — SLyR/SO(2) = H?(—4) is given explicitly by

W(.’E,y,QS) = (xuy) € H2(_4)

in terms of the global coordinate system (14.1). The projection is a Riemannian submersion with totally geodesic
fibres and called the hyperbolic Hopf fibering of H?(—4).

The tangent space T,;H?(—4) at the origin 6 = (0, 1) is identified with the linear subspace ™, of slsR spanned
by {5, k'}. The Lie subspace m, is rewritten as

my = {X 65[2R|tX ZX}
The splitting g = £ ® m, is orthogonal direct sum. This splitting can be carried out explicitly as
1 t 1 t
X=Xet+ Xo, Xe= (X ='X), Xu= (X +'X).

Under the identification £ = R, the contact form 7 is regarded as a connection form of the principal circle bundle
SLoR — H?(—4).

14.4. The naturally reductive structure
On the Lie algebra sl;R, the inner product (-, -) at the identity induced from g is written as

1
(X.Y) =3 tr (XY), XY €sbR.

One can see that the metric g is not only invariant by SLyR-left translation but also right translations by SO(2).
Hence the Lie group G = SLaR x SO(2) with multiplication:

(a,b)(a’,b") = (ad’,bb")
acts isometrically on SLyR via the action:

(SLoR x SO(2)) x SLoR — SLuR;  (a,b) - X = aXb '
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Furthermore, this action of SLoR x SO(2) on SLyR is transitive, hence SLyR is a homogeneous Riemannian
space of SLyR x SO(2). The isotropy subgroup H of SLyR x SO(2) at the identity matrix 1 is the diagonal
subgroup

AK ={(kk) | ke K} = K

of K x K. The coset space (SL2R x SO(2))/SO(2) is a reductive homogeneous space. The Lie algebra of the
product group SLoR x SO(2) is s[oR 4 €. On the other hand the Lie algebra of AK is

At={(W,W)|W €€} =¢

The tangent space T SLoR of (SLoR x SO(2))/AK is the Lie algebra g = s[;RR. This tangent space is identified
with the linear subspace m of sl;R ¢ ¢ defined by (see [87]):

m={(V+W,2W)|V ey, W e t}.

The Lie algebra g @ £ is decomposed as g © £ = At @ m. One can see that this decomposition is reductive. Every
(X,Y) € g @ tis decomposed as

(X,Y) = (2Xe -V, 2Xe = V) + (X + (Y — Xe), 2(Y — Xy)).

One can see that (SLyR x SO(2))/SO(2) is naturally reductive with respect to the decomposition sl, & £ =
At dm.

14.5. Curvatures

The commutation relations of {e1, e2, e3} are
[e1,ea] = —2e3, [ea,e3] =2e1, [es,e1] = 2es.
The Levi-Civita connection V of is given by
Ve,e1 =0, Ve =—e3, V.es=e
Ve,€1 = €3, Ve,e2 =0, Vee3=—e;
Ve,e1 =3e2, Ve,ea=—-3e; Ve =0.
The Riemannian curvature R is given by
R(ey,e2)er = Tea, Rler,ez)es = —Teq,
R(ea,e3)ea = e3, R(ea,e3)es = —ea,
R(ey,e3)er = —e3, R(e1,es)es =eq.
The basis {e1, e2, 3} diagonalizes the Ricci tensor field. The principal Ricci curvatures are given by
p1=p2=—6, p3=2.
The bilinear form U defined by (4.2) is given by
U(er,e3) = 2ea, U(ez,e3) = —2e;. (14.2)

All the other components are zero.
From these we obtain

UX,Y) = [Xe, Y] + [Ye, Xm], X, Y €.

The Levi-Civita connection is rewritten as

VxY = %[X, Y]+ U(X,Y) = %[X, Y+ [Xe, Yl + [Ye, Xu], X,V €g. (14.3)
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14.6. The canonical Sasakian structure

The almost contact structure associated to n and compatible to the metric g is determined by the
endomorphism field ¢ defined by
pe; = ez, peg =—ey, ez =0.
One can see that V& = —¢. Hence (SLaR, ¢, £, 7, g) is a Sasakian space form of constant holomorphic sectional
curvature —7. The left invariant Sasakian structure (¢, £, n) is called the canonical Sasakian structure of SLoR.
By performing transversally homothetic change of the structure:

4 4d(c+7) c+3 4

> ge i = — , > & = ———&, > Ne 1= —
g—9 c+3g+(0+3)2n®n §— & A 3"

we obtain a left invariant Sasakian structure of constant holomorphic sectional curvature ¢ < —3 on SLyR.
The Sasakian space form SLyR with ¢ < —3 admits a Lie subspace

1—
m:{<V—i—W,4€W> ‘ V e m, Weu(l)}

of slbR & s0(2). Thus (SLoR x SO(2))/SO(2) is a naturally reductive homogeneous space. For more discussion
of the homogeneous geometry of SLyR, see [116].

14.7. The double covering SLoR — UH?(—c?)

Let us consider the unit tangent sphere bundle UH?(—c?), where we realize H?(—c?) as the upper half plane.
Then the tangent bundle TH?(—c?) is realized as

TH?(—c?) = {(x,y,u,v) € H*(—c?) x R? |u,v € R}.
The unit tangent sphere bundle UH?(—c?) is realized as
TH?(—c?) = {(z,y,u,v) € TH*(—=c?) | u® +v* = *y* }.
Introducing the fiberwise polar coordinates (r, 6) of TH?(—c?), UH?(—c?) is expressed as
UH?(—c?) = {(x,y, cycos b, cysinb) | (z,y) € H*(—c?), 0 < 0 < 27}.

The Sasaki lift metric g° is expressed as

2 2 2
oo S Ay (dg N d‘”) , (14.4)
cy Yy

Let us take the following orthonormal frame field on UH?(—c?):

6 1) 0
€1 :Cyaa 62:cy57y7 63:%a

where
) 0 10 ) 0

b Or yoo oy oy
Then the Levi-Civita connection V of UH?(—c?) is computed as

c? c?
Velel = C€g, Veleg = —C€1 — 563, V5163 = 562,
c? c?
Vezel = €3, VEQEQ = 07 v6263 = — €1,
2 2
2 c?
Vegel = 5627 v6362 = _5617 v6363 =0.
The geodesic spray &° is given by
&% =cosf e +sinf e,y. (14.5)

Let us relate the fiberwise angle function 6 of UH?(—c?) and the angle function ¢ of SLyR. To this end we need
to fix the origin of UH?(—c?).
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1. Take a unit tangent vector

0
W—C%

€ TiH2(—C2)
and choose it as the origin of UH?(—c?). Then the projection 7 : SLoR — UH?(—c?) is described as
7(A) = (Ta(i); c(a21Ta(i) — a11)?).

Here we identified W with the real scalar ¢ € R. Let us choose

A< cos ¢ sinqﬁ)EK

—sing cos¢

then we get

v ( cos¢  sing > = (i;62¢i6) = (4; ccos(2¢), csin(2¢)).

—sing cos¢
Thus we obtain the formula (cf. [88, Proposition 2.1]):
0 =2¢.

This relation implies that the geodesis spray £° is derived from the left invariant vector field §(E 4 F') on
SLyR. The geodesic spray generates £° the 1-parameter transformation group

G = {exp(t) e — { < Zf;ﬂggf@ iif;iiﬁiiﬁ% ) ‘ te R} — 80+ (1,1). (14.6)

2. Take a unit tangent vector

0
W—Cai

€ Tin(—Cz)

and choose it as the origin of UH?(—c?). Then the projection 7 : SLoR — UH?(—c?) is described as
m(A) = (Ta(i); ci(az1 Ta(i) — a11)?).

Here we identified W with the pure imaginary scalar ci € iR. The projection 7 is described as

’7'(( cos¢  sing > = (i;ie2¢ic) = (4; —csin(2¢), ccos(29)).

—sing cos¢

Thus we obtain the formula -

Hence the geodesic spray £° is derived from the left invariant vector field §H on SLyR. The geodesic
spray generates the 1-parameter transformation group

eCt/2 0
{exp(t&2) }ter = 0 e—ct/2 teR (14.7)
which is the abelian part A of SL;R (see [6, pp. 26-27]). One can see that the abelian part A C SL;R is
conjugate with SO*(1,1).

Here we describe the almost contact structure (¢, £5,7°) of UH?(—c?) compatible to the metric g explicitly. The
contact form n® dual to the geodesic spray &° is

cosfdx + sinf dy
cy '

S

The associated endomorphism field ¢* is given by

pe; = —sinfez, e = cosbes, ez = sinfe; — cosbes.
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If one wishes to work in the contact Riemannian context, the following normalization for the structure tensors
on UH?(—c?):
1 = 1

S S :25 S 8 ~:75.
n=gn §=28, 6=¢" §=19
Then (UH?(—c?), ,&,7,§) is a homogeneous contact (x, u1)-space with x = —c2(c? +2) < 0 and p = 2¢* > 0.
In both cases § = 2¢ or § = 2¢ + /2, the metric on the double covering SLoR of UH?(—c?) induced from the

Sasaki lift metric is 5
dx? + dy? d
1'72y + 4 d¢ + i
cy 2y

with respect to the coordinate system (z,y, ¢). In particular, the metric g; on SLoR induced from UH?(—c?) is
da? + dy? da)?
==Y aldp+S2) .
Y 2y

Comparing this with the Sasakian metric of constant holomorphic sectional curvature —4 on SLyR, we obtain
the following result (see also [196, 197, 198]).

Proposition 14.1. Let g be the Riemannian metric of the standard contact Riemannian structure of UH?(—1). Then
the Riemannian metric on SLoR induced from g coincides with the Sasakian metric of constant holomorphic sectional
curvature —7 on SLoR.

In this article we study homogeneous Riemannian spaces. Thus we consider homogeneous Riemannian
metrics on UH?(—c?). From homogeneity viewpoint, it is natural to induce an indefinite metric on UH?(—c?)
induced from the Killing form of SL,C. The resulting homogeneous space UH?(—c?) = SL,C/U(1) is an
indefinit normal homogeneous space. For more detail, see [59].

15. The homogeneous contact Riemannian structures on Sasakian space forms

15.1. Sasakian space forms of constant holomorphic sectional curvature ¢ > —3 and ¢ # 1
Tricerri-Vanhecke classified 3-dimensional naturally reductive homogeneous spaces ([222, Theorem 6.5]):

Theorem 15.1. Let (M, g) be a simply connected and complete Riemannian 3-manifold. If M admits a non-trivial
homogeneous Riemannian structure of type Ts, then M is isometric to one of the following naturally reductive
homogeneous spaces:

S3(c?) = SO(4)/SO(3), S3(c2) = SU(2)/{1}, E? = SE(3)/SO(3), H3(~c?) = SO*(1,3)/SO(3),
Nily = (Nil; x SO(2))/SO(2).

(SU(2) x U(1))/U(1).

SL.R = (SLoR x SO(2))/SO(2).

As we saw before, Sasakian space forms are naturally reductive homogeneous spaces. In 1983, Tricerri and
Vanhecke classified homogeneous Riemannian structures on the Heisenberg group Nils in [222, Theorem 7.1].
In 2009 (September), the present author noticed that the one-parameter family of Ambrose-Singer connections
on Nil; explicitly given by Tricerri and Vanhecke coincides with the Okumura’s 1-parameter family of almost
contact connections. In 2010, Gadea and Oubifia classified homogeneous Riemannian structure on the Berger
sphere [79]. Motivated by [222, 79], the present author confirmed that the one-parameter family of Ambrose-
Singer connections on the Berger sphere oincides with the Okumura’s 1-parameter family of almost contact
connections (December, 2012).

Let us represent M3(c) as M3(c) = (G x K)/K, where

SU(2), ¢>-3
G={Nily, c¢=3,  K=5S0(2)=U(Q).
SLoR, c< —3

Precisely speaking, when ¢ # —3, G x K is just a direct product G x K.

Note that the set of all the homogeneous Riemannian structures on the 3-sphere S* was determined by Abe
[1] (see section 15.3), we concentrate our attention to Sasakian space forms of constant holomorphic sectional
curvature c # 1. First we consider the case ¢ > —3 and ¢ # 1.
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Theorem 15.2 ([124]). The set S of all homogeneous Riemannian structures on a Sasakian space form M3 (c) =
(G x K)/K with ¢ > =3 and ¢ # 1 is given by {A" | r € R}. Namely the set of all the Ambrose-Singer connections
coincides with the one-parameter family of linear connections due to Okumura.

Moreover S coincides with the set of all homogeneous almost contact Riemannian structures on M3(c). The
corresponding coset space representations are given as follows:

M) = (GxK)/K r#(c+1)/2
G/{e} r=(c+1)/2.
When r = (c+1)/2, the Ambrose-Singer connection V" =V + A" is the Cartan-Schouten’s (—)-connection. Every
homogeneous Riemannian structure is of type To & Ts.

The homogeneous Riemannian structure A" is of type Ty if and only if r = —2. On the other hand, A" is of type T3 if
and only if r = 1. In this case A = —dV.

15.2. Sasakian space forms of constant holomorphic sectional curvature ¢ < —3

Here we exhibit an explicit model of the simply connected non-unimodular Lie group equipped with a
left invariant Sasakian structure appeared in Theorem 8.2 (see also [99, 122]). Let G‘(c) be a 3-dimensional
simply connected non-unimodular Lie group equipped with a left invariant Sasakian structure (7, ¢, &, g). Set
¢ = —3 — o? for some non-zero constant «, then there exits an orthonormal basis {e1, €2, e3} of the Lie algebra
g(c) of G(c) satisfying (see e.g. [190]):

[e1, 2] = aea + 2e3, [e2,e3] = [es,e1] = 0. (15.1)
The left invariant Sasakian structure is described as

pe; =es, ey = —ey, ez =0, &=e3. (15.2)
One can see that G(c) is isomorphic to the following solvable linear Lie group (cf. [122, 163]):

1 0 0
0 e’ 0
0 2(en 1) 1
0 0 0

z,y,z €R (15.3)

— N e R

The orthonormal basis {e1, e3, €3} defines a left invariant vector fields:

0 a2 0 2 . g 0
=5, e=e oy eg—a(e - )a—y—&—&

Generally speaking, generic non-symmetric 3-dimensional Riemannian Lie group G = (G, (-,-)) (Lie group
equipped with left invariant metrics) has unique expression. Here the uniqueness means that if a 3-dimensional
Riemannian Lie group (G, (-, -)’) is isometric to (G, (-, -)) as a Riemannian 3-manifold, then G’ is isomorphic to
G as a Lie group. However as like SLyR and G(c), non-isomorphic 3-dimensional Lie groups might admit left
invariant metrics which make them isometric as Riemannian 3-manifolds. In 3-dimensional Lie group theory,
other than SL,R and G(c), Euclidean 3-space E? and hyperbolic 3-space H? does not satisfy the uniqueness. For
more detail, see [162].

Now we can state our classification on homogeneous contact Riemannian structures on a Sasakian space
form M3(c) of constant holomorphic sectional curvature ¢ < —3 obtained a recent work with Ohno.

Theorem 15.3 ([124]). The set S of all homogeneous Riemannian structures on a Sasakian space form M3 (c) =
(G x K)/K with c < -3 is given by S = {A" | r € R} U {V()}, where V(=) is the Cartan-Schouten’s (—)-connection
of the non-unimodular Sasakian Lie group G(c) diffeomorphic to G corresponding to the Lie algebra g. The set S
coincides with the set of all homogeneous almost contact Riemannian structures on M3(c). The corresponding coset
space representations are given as follows:

(GxK)/K V4+A", r#(c+1)/2
Mie) =4 G/fe} VAT, r=(c+1)/2
G(c)/{e} v,
When r = (c+1)/2, the Ambrose-Singer connection V" =V + A" is the Cartan-Schouten’s (—)-connection for G.
Every homogeneous Riemannian structure A" is of type Tz @ T3. The homogeneous Riemannian structure A" is of
type Ty if and only if r = —2. On the other hand, A" is of type T3 if and only if r = 1. In this case A' = —dV. The
Cartan-Schouten’s (—)-connection for G(c) is of type T, © To @ Ts.
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15.3. The unit 3-sphere

Finally we discuss the homogeneous Riemannian structures of the unit 3-sphere S3. In our setting and
notation, Abe’s classification is reformulated in the following manner (see also [79]):

Theorem 15.4 ([1]). The homogeneous Riemannian structures on the unit 3-sphere are classified as follows:

1. S(X)Y =rALY = —rdV(X,Y) for some constant r > 0, r # 1. The corresponding coset space representation is
S? = S0(4)/SO(3) = (SU(2) x SU(2))/SU(2).
The homogeneous Riemannian structure is of type Ts.

2. S(X)Y = ARY for some r € Rwithr # 1. The homogeneous Riemannian structure is of type To & Ts. It is of type
Ta if and only if r = —2. The corresponding coset space representation is

% = (SU(2) x U(1))/U(1) = U(2)/U(1).

3. S(X)Y = ALY = —dV(X,Y). The homogeneous Riemannian structure is of type T3. The corresponding coset
space representation is
S* =Su(2)/{1}.

Remark 15.1. The set of all SU(2)-invariant metric linear connections with totally skew-symmetric torsion on
S? = SU(2)/{1} is given by {V + r A'},cr [62, Theorem 7.1].

Although the homogeneous Riemannian structure A" is a homogeneous contact Riemannian structure for
any r € R, the homogeneous Riemannian structure —rdV is a homogeneous contact Riemannian structure
when and only when r = 1. Note that dim SO(4) = dim(SU(2) x SU(2)) = 6. On the other hand, dim Aut(S*) = 4
[217]. Now we retrive the following classification [79, Theorem 5.3] due to Gadea and Oubifia.

Corollary 15.1 ([79]). The set of all homogeneous contact Riemannian structures on the unit 3-sphere S? is given by
{A" | r e R}.

Combining this classification with our main theorem, we obtain the following corollary.

Corollary 15.2. The set of all homogeneous contact Riemannian structures on the 3-dimensional Sasakian space form
M3(c) is given by {A” | r € R} if ¢ > —3. In case ¢ < —3, S is given by S = {A" | r € R} U {V(T)}. Here V() is the
Cartan-Schouten’s (—)-connection of the non-unimodular Sasakian Lie group (15.3).

The corresponding coset space representations are given as follows:

(Gx K)JK V+A", r#(c+1)/2
M(e) = G/{e} V4+ A", r=(c+1)/2
G(c)/{e} v e< -3

Every homogeneous Riemannian structure other than V=) of G(c) is of type To @ Ts.

The homogeneous Riemannian structure A" is of type Ty if and only if r = —2. On the other hand, A" is of type T3 if
and only if r = 1. In this case A* = —dV. The Cartan-Schoutren’s (—)-connection of G(c) is of type T, © T © T3 and
can not be of type Ty, Tz and Ts.

15.4. Non-umimodular Lie groups

The hyperbolic Sasakian space form M?(c) of constant holomorphic sectional curvature ¢ < —3 admits
another homogeneous space representation. Indeed M3(c) is realized as a non-unimodular Lie groups. In
this subsection we discuss this homogeneous space representation. Now let us consider 3-dimensional non-
unimodular Lie groups equipped with left invariant contact Riemannian structure. Here we recall Perrone’s
construction [190].

Let G be a Lie group of arbitrary dimension with Lie algebra g. Denote by ad the adjoint representation of g,

ad : g — End(g); ad(X)Y =[X,Y].
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Then one can see that tr ad;
X — trad(X)

is a Lie algebra homomorphism into the commutative Lie algebra R. The kernel
u={X eg|trad(X) =0}

of tr ad is an ideal of g which contains the ideal [g, g].

Now we equip a left invariant Riemannian metric (-, -) on G. Denote by u the orthogonal complement of uin g
with respect to (-, -). Then the homomorphism theorem implies that dim u* = dim g/u < 1. Moreover, Milnor’s
criterion impolies that G is unimodular if and only if u = g. Based on this criterion, the ideal u is called the
unimodular kernel of g. In particular, for a 3-dimensional non-unimodular Lie group G, its unimodular kernel u
is commutative and of 2-dimension.

Now let G be a 3-dimensional non-unimodular Lie group equipped with a left invariant contact Riemannian
structure (¢, &, 7, g). Then one can easily check that £ € u. We take an orthonormal basis {es, e3 = £} of u. Then
e1 = —pey € ut and hence ad(e;) preserves u. Express ad(e;) as

le1, e2] = aeg + Pes, e, e3] = vea + des

over u. The compatibility condition dn = ® implies that 3 = 2. Next, V¢{ = 0 implies that § = 0. Moreover one
can deduce that [es, e3] = 0 from the Jacobi identity.

Remark 15.2. Milnor [163] chose the following orthonormal basis {u1,u2,u3} for a non-unimodular Lie group
G with left invariant Riemannian metric.

up € ut,  (ad(up)ug, ad(uy )us) = 0. (15.4)
This orthonormal basis {u1, us, us} satisfies
[ur, ug] = aus + Puz,  [uz,us] =0, [u1,us] = yus + dus
with o+ 60 # 0 and ay + 36 = 0. Moreover {u;, us,us} diagonalizes the Ricci tensor field. On the other hand,
the basis {e1, e2, e3} constructed for a non-unimodular homogeneous contact Riemannian 3-manifold G does
not satisfy the orthogonality condition (ad(u1)us,ad(ui)us) = 0. In fact, {e1, e2, e3} satisfies this orthogonality

condition if and only if v = 0.

Theorem 15.5 ([190]). Let G be a 3-dimensional non-unimodular Lie group equipped with a left invariant contact
Riemannian structure. Then the Lie algebra g satisfies the commutation relations

le1,e2] = aes +2e3, ez e3] =0, [e3,e1] = —vea,
with ez = €, e1 = —pey € ut and o # 0. The Webster scalar curvature and the torsion invariant satisfy the relation:
4NV2W < |7|.

The Levi-Civita connection of G is given by the following table:

Proposition 15.1 ([190]).

Ve, e1 =0, Ve, €2 = —%(’y —2)eg, Ve e3= %(’y —2)ey
Ve,e1 = —aes — 3(v + 2)es, Ve, 62 = aeq, Ve,e3 = 2(v+2)e
Ves€1 = —%(W + 2)es, Ves€2 = %(’y + 2)eq Vese3 =0.

The endomorphism field h = (£:¢)/2 is given by

1 1
he; = —5e1, hey = ez
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The Riemannian curvature R is given by

1
R(ey,e2)e; = — {4(72 — 4y —12) — a2} es + avyes,

1
R(e1,e2)es = {4(72 —dy—12) - a2} e,

1
R(e1,e3)e; =aryes + Z(?)’YQ + 4y —4)es,

1

R(ey,e3)es = — 1(372 + 4y —4)ey,
1

R(ez,e3)es = — Z(’Y +2)%es,

1
R(ez, e3)es :Z(W + 2)26%

R(eq,ex)es = — ayey.

1 1 1
Ky = 1(72 —4y—12)—a®, Kyz= —1(372 +4y—4), Ky = Z(V"' 2)%.

The Ricci tensor field has non-trivial components

2 2 2

Rllz—a2—2—2'y—l Rggz—a2—2+l7 R33=2—l

9 9 5 Ro3 = —an.

The bilinear form U is given by

1 1
U(er,e2) = —5(0462 +ves), U(er,e3) = —es, U(ea,e2) = aer, U(ez,e3) = §(V+ 2)e;.

The Lie algebra g is classified by the Milnor invariant D = —8vy/a?.

As we can see in [190], G satisfies v = 0 if and only if it is isometric to a Sasakian space form M?(c) of constant
holomorphic sectional curvature ¢ = —3 — a? < —3. More precisely G is (locally) isomorphic to G(c) given by
(15.3).

On the other hand, homogeneous Riemannian structures on 3-dimensional non-unimodular Lie group are
classified in [39] under the left invariance and the orthogonality assumption (15.4) (see Remark 15.2). The
classification due to [39] is improved by Ohno and the present author [125].

Let us concentrate on Sasakian space forms. In this case we have v = § = 0 and hence {e;, €2, 3} satisfies the
orthogonality condition (15.4). Thus we can apply the classification due to [39, Theorem 1.3] (see also [124]).

Proposition 15.2. The homogeneous Riemannian structures on the non-unimodular Lie group G equipped with a left
invariant Sasakian structure of constant holomorphic sectional curvature c = —3 — o < —3 are given by

o S=A"or
* S is associated with the Cartan-Schouten (—)-connection:

S =dn(X,Y)E+n(Y)pX + (ag(X, e2) + (X)) Y.

The homogeneous Riemannian structure S = V(=) — Visof type T, © T2 © Ta.

15.5. The reduction of the homogeneous structures

Let M = (M, p,&,n,9) be a regular Sasakian manifold fibered over a Kihler manifold M = (M, g, J). The
complex structure .J on M is related to ¢ by the fundamental relation (5.13). Motivated by this fundamental
relation we may introduce a tensor field S on M by ([36, 42]):

SX)Y = m(S(XNY"), X.Y e I(TM). (15.5)
Here the superscript h means the horizontal lift operations of tangent vectors as well as vector fields.

Every complete Sasakian space form M3 (c) is a regular Sasakian manifold fibered over a space form M(c + 3).
We know that homogeneous Sasakian structures are exhausted by the 1-parameter family {A"},cr. However
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one can see that the induced homogeneous Riemannian structure on M(c + 3) are trivial ones for every r € R.
On the other hand, the Lie algebra g(c) of the non-unimodular Sasakian Lie group (15.3) is a 1-dimensional
solvable extension of the Lie algebra of the solvable Lie group model of H?(—a?). Indeed, the solvable Lie
group model S of H?(—a?) is isomorphic and isometric to the Lie group M given in (4.9). The Lie algebra m of

M is spanned by the basis
_ (0 « _ [ a 0
“=Voo) ““\Lo o)

€1 =6, ezx=¢]

Then we may set

and consider the linear space m @ Res and define a Lie bracket by (15.1). Then the resulting Lie algebra
is nothing but g(c). The Ambrose-Singer connection of the homogeneous Kahler structure of type 7; on
H?(—a?) = M/{E,} is the Cartan-Schouten’s (—)-connection of M. The Cartan-Scouten’s (—)-connection of
G(c) is understood as the extension of that of H2(—a?) = M to G(c). Thus the difference of ¢ > —3 and ¢ < —3
in the classification of homogeneous Riemannian structures on M?(c) is caused by Proposition 4.6.

16. Solvable Lie groups

16.1. Some fundamental facts in solvable Lie groups

In this section we give explicit formulas for homogeneous Riemannian structures on certain homogeneous
Riemannian 3-spaces. In particular we give explicit formulas for homogeneous structures on hyperbolic 3-
space and Euclidean 3-space in terms of almost contact structures. First we recall the following theorem due to
Heintze.

Theorem 16.1 ([91]). Let M be a connected homogeneous Riemannian space of non-positive sectional curvature, then
M admits a solvable Lie group structure equipped with a left invariant metric.

Note that Kobayashi [144] proved that a connected homogeneous Riemannian space of non-positive
sectional curvature and negative definite Ricci operator is simply connected.
Azencott and Wilson proved the following fact.

Theorem 16.2 ([7]). Let M be a simply connected homogeneous Riemannian space of non-positive curvature and G a
connected Lie subgroup of Iso,(M) acting transitively on M. Then there exits a solvable Lie subgroup S of G acting
simply transitively on M.

Here we collect some notions given in [8, pp. 41-48] (see also [1]).

Definition 16.1. Let (M, g) be a simply connected homogeneous Riemannian space of non-positive curvature
satisfying the assumption of Theorem 16.2. Assume that M has no Euclidean factor in its de Rham
decomposition. Then a connected Lie subgroup S’ of Iso, (M) is said to be a modification of S if S’ acts simple
transitively on M and the Lie algebra s’ of S’ is in the normalizer n(s). Here s is the Lie algebra of S.

Definition 16.2. Let (M, g) be a simply connected homogeneous Riemannian space of non-positive curvature
satisfying the assumption of Theorem 16.2. A solvable Lie subgroup S of Iso,(1) is said to be in standard
position if for some point o € M, B(V,U) =0 for all V € [s,s]+ and U € b, where B is the Killing form of iso(M)
and b is the isotropy algebra at o. The linear subspace [s,s|" is the orthogonal complement of [s,s] in s with
respect to the inner product on s induced from the metric g. The Lie algebra s is also called in standard position.

Theorem 16.3. Let (M, g) be a simply connected homogeneous Riemannian space of non-positive curvature satisfying
the assumption of Theorem 16.2 and has no Euclidean factor in its de Rham decomposition. The for any connected Lie
subgroup S’ of Iso (M) acting simple transitively on M, there exits a unique modification S of S’ which is in standard
position.

Theorem 16.4. Let (M, g) be a simply connected homogeneous Riemannian space of non-positive curvature satisfying
the assumption of Theorem 16.2 and has no Euclidean factor in its de Rham decomposition. The for any connected Lie
subgroups S and S’ of Isocir.(M) acting simple transitively on M and are in standard position. Then there exits an
element a € Isoo(M) such that aSa=t = §'.

Conwversely, if S is in standard position, then for any a € Isoo (M), aSa~! is in standard position.
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Let M be a simply connected homogeneous Riemannian space of non-positive curvature satisfying the
assumption of Theorem 16.2 and has no Euclidean factor in its de Rham decomposition. Take a (solvable)
Lie subgroup S C Iso, (M) which is in standard position. Then for any a € Iso,(M), The Lie algebra of aSa™*
is Ad(a)s and isomorphic to s as a Lie algebra. Moreover s and Ad(a)s are isometric relative to the inner
product induced from (T,M, g,) and (T,.0M, gq.0). The homogeneous Riemannian structures S determined
by § = §/{e} and S’ determined by &’ = (Ad(a)S)/{e} are isomorphic.

16.2. The 2-parameter family G(y1,72)

Let us define a 2-parameter family {G(v1,72)}4,,4.<r Of linear Lie groups by
1 0 0 =z
0 e* 0 =

G(’Yh’YQ) = 0 0 eV2? Yy r,Y,2 € R
0 0 0 1

This 2-parameter family can be seen in [222, p. 85] (see also [60, 95, 97, 111]). The Lie group G (71, 72) is identical
to G* (’Yl, ’Yg) in [76, 77]
The Lie algebra g(1,72) of each G(v1,72) is spanned by the basis

0000 0000 0 0 0 1
oo o0 1 oo o0 o0 0v 0 0
E1*0000’E2*0001’E3*00720

00 0 0 0000 00 0 0

with commutation relations
[B1, E2] =0, [Ey, B3] = —y2Fs, [E3, Ei] =mE.
These relations show that G(v;,72) is solvable. Moreover G(v1, v2) is non-unimodular unless v, + 2 = 0.
The left translated vector fields of F;, E5 and E5 are
0 0

e1 :e’lei’ 6226’72277

Ox or 7T 0z

We equip an inner product (-,-) on g(vi1,72) so that {E;, Es, Es} is orthonormal. Then the left translated
Riemannian metric g = g(vy1,72) is

9(71,72) = e 27 7da? 4+ e 2?7 dy? + d2?
The Levi-Civita connection V of g is computed as

Veer=7ve Veea=0, Vge3=-—-7e,
Ve,e1 =0 Ve,ea =me3, Ve,e3 = —7262,
ve361 =0 Ve362 = 0, ve363 =0.

Let us compute the connection form and curvature form. The orthonormal coframe field © = {9!, 92,93}
metrically dual to £ = {ey, ez, €3} is given by
O =e M*de, 9?=e*dy, 03 =dz.
Since
d9t =y e Az Adz, dY? =ype ?Pdy Adz, d93 =0,

we get
0 0 —yp 9!
w= 0 0 —yp 2
O g0 0

The curvature form is computed as

0 Y172 9P ADI? =29 A3
2= Y1y2 91 A 92 0 —722 92 A 93
V29l A3 7%192/\193 0
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The sectional curvature of G(7,72) is given by
Kig=-mv Kiz=97, Kus=1%.
The Ricci tensor field and scalar curvature are given by

Rii=-n(n+7), Re=-Mm+), Rs=-(01i+7), s=-2017+7%+mnn)

Now we introduce an almost contact structure (g, £, n) compatible to g by

pe1 =€z, pey=—e1, ez =0, {=e3 n=g(§, )
Then we obtain a 2-parameter family of homogeneous almost contact metric manifolds. The almost contact
metric manifold G(«, 8) has constant holomorphic sectional curvature —+;y2. Then we have

VE= -y el —19? @es.

(Vx@)V = {710’ @n@ e+ 10 @n® ez + (—md' @ 97 + 129 @ 9?) @ EHX,Y).
From these we have

o= %tr(chf) =0, f=divé=—(11+72)

One can see that G(v1,72) is normal when and only when v; = 7».
Let V" = V + A" the almost contact connections. Then the covariant form A} of A" is computed as
Al =29 9" @ (0P A9Y) — 27097 @ (0% A 9P) — 2r 92 @ (91 A 9?). (16.1)
Thus we obtain
AYY = —n(Y)VxE+9(Vx& Y)E —rn(X)eY. (16.2)
Example 16.1 (y; =72 =0). The Lie group G(0,0) is isometric and isomorphic to the Euclidean 3-space
E? = (R3, +). The almost contact Riemannian structure is coKéhler. In this case, the almost contact connection
V" is given by
VY =VxY + AVY, ALY = —rp(X)pY. (16.3)
Example 16.2 (y1 = 72 = ¢ # 0). Let us take v; = 72 = ¢ # 0. Then G(c, c) is a warped product model (also called
the solvable Lie group model) of hyperbolic 3-space H?(—c?) of constant curvature —c? < 0:
H(=c?) = (R®(z,y, 2), e > (da” + dy?) + d2?).
In this case, we have

Vx&=—c{X —n(X)&}, (Vx)Y = c{n(Y)pX + g(X, pY)E}.
These formulae imply that G(c,c) = H3(—c?) is a (—c)-Kenmotsu manifold. In particular G(—1,—1) = H3(—1)
is a Kenmotsu manifold. In this case, the almost contact connection V" is given by
Y =VxY + ALY, ALY =g(X, V) —n(Y)X —rp(X)eY. (16.4)
Example 16.3 (7 = —y2 = —1). Incase y; = —y2 = -1,
G(~1,1) = (R¥(z,y, 2), e*da? + e 2*dy? + d2?).

is the model space Sol; of solvgeometry [220]. Note that G(—1, 1) is isomorphic to the Minkowski motion group
SE(1, 1) discussed in Section 8.3.5. The left invariant almost contact Riemannian structure is non-normal almost
coKihler. This structure is referred as to the class Cy in [45].

Example 16.4 (y; = 0,72 # 0). Take (y1,72) = (0, ¢) with ¢ # 0. Then G(0, ¢) is the Riemannian product of R (z)
and hyperbolic 2-space
H?(—¢?) = (R*(y, 2), e >* dy? + d2?).
Under the coordinate change:
T=cy, y=e7, zZ=u,

the metric g is transformed to

dz? + dy?

Lﬂ +dz2.

cy

The left invariant almost contact Riemannian structure is non-normal (—c¢/2)-almost Kenmotsu. In particular,
G(0,-2) = R x H?(—4) is an almost Kenmotsu manifold.
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Example 16.5 (v; # 0,72 = 0). Take (71,72) = (¢, 0) with ¢ # 0. Then G(c, 0) is the Riemannian product of R!(y)
and hyperbolic 2-space

H2(—c?) = (R%*(, 2), e 2% da? + dz?).
Under the coordinate change:

CZ

T=cx, Yy=c7, Z=y,
the metric g is transformed to
dz? + dg?
24 g2
cy

The left invariant almost contact Riemannian structure is non-normal (—c/2)-almost Kenmotsu. In particular,
G(—2,0) = R x H?(—4) is an almost Kenmotsu manifold.

16.3. The homogeneous Riemannian structures

Now let us classify the homogeneous Riemannian structures on G(v;,72). Let S, be a tensor field of type
(0, 3) satisfying (4.11). Then S, is expressed as the form of (4.12). Denote by S the (1, 2)-tensor field associated
to Sb-

Assume that S is a homogeneous Riemannian structure, then the linear connection V = V + S satisfies
VR = 0. Since G(v1,72) is 3-dimensional, this condition is equivalent to (4.14). Since the Ricci tensor field of
G(m1,72) is given by

M +72)0 @0 = B + ) ©97 — (1] +95)0° @ P,
we obtain the system
(1 = 72) (1 +72)8(X, e1,e2) =0,
Y2(m1 —72) (S, (X, e1, e3) + M9(X)) =0,
N —72) (9 (X, ez, €3) +720(X)) = 0.

Let us assume that v; # 0, 72 # 0 and 1 # 2. Then we get
S, = 2{—720% @ (0> A 6®) + 119' @ (6° A OY) + o) @ (9 A9?)},
where o(X) = S,(X, e1, e2). The homogeneous Riemannian structure S is expressed as
SX)Y = —n(Y)VxE&+g(VxEY)E+ o(X)Y.

In case 71 + 72 # 0, we have o = 0.
Next, we determine the 1-form o for the case v; + 72 = 0. The 1-form ¢ is determined by the parallelism
VS =0, where V = V + S. The connection forms of V are computed as

2 _ ~3 _ ~3 _
w{ =0, w =wy =0.

Hence 5 -
Vxd' =0 @9, Vxi®=—-0d"

Hence
(VxSy) =272 — 1)o@ {9 @ (02 A93) — 9% @ (92 A9} +2(Vxo) @ (9% A 0?2).

Since v; + 72 =0, VS, = 0if and only if o = 0. Hence we get
S(X)Y = ALY = —n(Y)Vx&+g(VxE,Y)E.

One can confirm that this S is really a homogeneous Riemannian structure, especially a homogeneous almost
contact Riemannian structure. Even if the cases, Y172 =0 or 73 =72, S = A% is still a homogeneous almost
contact Riemannian structure of G(v1, 72).

The following result is a reformulation (and an improvement) of a result due to Tricerri and Vanhecke given
in [222, p. 85, pp. 88-89].

Theorem 16.5. For any ~1, 72> € R, the tensor field
S(X)Y = ALY = —n(Y)Vx&+g(VxE,Y)E

is a homogeneous almost contact Riemannian structure on the solvable Lie group G(y1,72).
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o Sisoftype T1 & Ts.
» Sisof type Ty if and only if v, + 2 = 0.
e Sisoftype Ty if and only if v1 = 2 # 0.

In all the cases, the corresponding coset space representation of G(v1,72) is G(71,72)/{e}. Moreover the Ambrose-Singer
connection V + S coincides with the Cartan-Schouten’s (—)-connection and Sasaki-Hatakeyama’s (i, £, n)-connection.
In case y1 # 0, y2 # 0 and 1 # £y, all the homogeneous Riemannian structures is given by the single point set {A°}.
This coincides with the set of all the homogeneous almost contact Riemannian structures.

In case Sols, we retrieve the following uniqueness theorem (see also Section 8.3.5).

Corollary 16.1 ([222]). The model space Sols has the only homogeneous Riemannian structure A°. The canonical
connection is the Cartan-Schouten’s (—)-connection. The homogeneous Riemannian structure A° is a homogeneous
almost coKdhler structure.

Next we consider hyperbolic 3-space H3(—c?) = G(c, ¢). In this case,
SX)Y = —c{g(X,Y)§ —n(Y)X}.

This formula shows that S is a homogeneous Riemannian structure of type 7; on the hyperbolic 3-space
H3(—c?) for ¢ # 0. Note that in case G(0,0), S = 0 (see Proposition 16.3).
The existence of homogeneous Riemannian structure of type 7; characterizes hyperbolic spaces as follows:

Theorem 16.6. ([222, p. 49]) If a Riemannian manifold (M, g) admits a homogeneous Riemannian structure S # 0 of
type T1, then M is of constant negative curvature.

The classifications of homogeneous Riemannian structures on H?, E* and H?(—4) x E! will be discussed in
Section 16.4, Section 16.5 and Section 18, respectively. To close this subsection we quote the following result.

Theorem 16.7 ([152, 77]). Let M be a simply connected and complete homogeneous Riemannian 3-manifold.

1. If M admits a non trivial homogeneous Riemannian structure of type Tz, then M is isometric to one of the following
Lie groups:

 The universal covering §f42R of SLoR equipped with a left invariant Riemannian metric satisfying c,, cg > 0
and co = —(c¢1 + c¢3). Note that these metrics have 3-dimensional isometry group and hence these are not the
metrics of Thurston geometry.

® The Minkowski motion group SE(1,1) with ¢i + co = 0. Thus the model space Sols has a homogeneous
Riemannian structure of type Ts.

o The universal covering SLyR of SLyR equipped with a left invariant Riemannian metric satisfying ¢, = ¢y <
O0<czorcy<0<ecs =cs.

* The Heisenberg group equipped with a left invariant Riemannian metric satisfying ¢, = ¢ = 0 and c3 # 0.

e The special unitary group SU(2) equipped with a left invariant Riemannian metric satisfying c; = ca # cs.

2. If M admits a homogeneous Riemannian structure of type T1 ® To but not of type Tz, then M is isometric to
G(71,72) with y1 + 2 # 0.

It should be remarked that if a non-symmetric homogeneous Riemannian 3-space M/ admits a homogeneous
Riemannian structure of type 73, then it also admits a homogeneous Riemannian structure of type 75 [222].

16.4. The hyperbolic 3-space

First we recall the Riemannian symmetric space representation of H?.

16.4.1. Riemannian symmetric space representation To investigate Ambrose-Singer connection on H?(—c?), here
we recall the following model (see [59]). For simplicity we normalize the sectional curvature as —1.

Example 16.6 (Hermitian matrix model). Let us denote by Her,C the space of all Hermitian 2 by 2 matrices.
Then Her,C is parametrized explicitly as follows:

_ _ I0+£E1 Tr3 — \/711’2
Her,C = {X B ( z3+ v/ —1zo To — T1 >

Xo,T1,T2,T3 € R}
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We denote by {eo, e1, €2, e3} the natural basis of Her,C, i.e.,

w=(o1) a=(o 3) e (v ) e (i

This basis is related to the quaternionic basis with
ey = 1 e =—v —1](7, €y = \/—lj, €3 = \/—li.

One can see that — det X = —z2 + 2% + 23 + 2. Let us introduce a scalar product on Her,C by

O =
N—

(X, X) = —det X.

Then Her,C is identified with Minkowski 4-space E!® with Lorentzian metric —dz3 + dz? + da3 + dz3. The
hyperbolic 3-space H? is realized as a hyperquadric

{X € HeroC | det X =1, tr X > 0}.
The special linear group SL,C acts isometrically on Her,C via the action
SLoC x HersC — HersC; (g, X) — gXg™.

This action induces a Lie group homomorphism from SL>C onto SO ™ (1, 3) with kernel {£1} 2 Z,. Thus we get
the isomorphism SL,C/Z, = SO (1, 3). In other words, SL,C is the double covering of SO™ (1, 3).

The special linear group SL.C acts isometrically and transitively on H? via the above action. The
isotropy subgroup of this action at the identity matrix is SU(2). The isotropy algebra is spanned by
{V/—1e1,v/—1ea,v/—1es}. The tangent space Te,H? is identified with the Lie subspace

mgp = Hery C N slbC = Re; @ Rey @ Res.

The representation SL,C/SU(2) is a Riemannian symmetric space with Lie subspace m,. Note that the Lie
algebra s, C is represented by

slC=ms =mp @ vV—1mg, su(2) =+/—1Imy.
Remark 16.1 (Killing form). The Killing form B of s[,C is given by
B(X,Y) = 4tr(XY).

By using the Killing form, we introduce a normalized Killing metric
(X, V)K= %tr(XY)

on sl,C. Then the basis {v/—1ei,v—1les,v/—1les, e1, ez, €3, } is orthonormal with respect to the normalized
Killing metric with signature (—, —, —, +, +, +). Thus m is spacelike. The normalized Killing metric is negative
definite on su(2). On the other hand, the restriction of the Lorentz metric of Her,C on my is positive definite
and coincides with that of the normalized Killing metric.

The Lie subspace my is expressed as

moz{(; u;)‘teR,we(C}. (16.5)

Remark 16.2 (Quaternionic basis). By using the quaternionic basis {i,j,k} of su(2), my is spanned by

{v—1i,/—1j,v/—1k} and hence it is rewritten as /—1su(2).

16.4.2. The stereographic projection The stereographic projection from H?* C E'® onto the upper half space
model de? 4 du? - do?
x° 4+ +dz
HSZ({(x,y,Z)ERSZ>O},g)7 g:+
is given by

(xo, x1, T2, T3) —> (@2, x3,1).

o — T1
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16.4.3. The polar decomposition The Iwasawa decomposition of SL,C is given by

SL,C = NA-SU(2),
= (3 =) |ewerb a={(F 22 )]+>0).

The Iwasawa decomposition induces the polar decomposition SL>C = B C - SU(2) of SL,C. The solvable part
B C = N A is parametrized as

we-{(€ “8)

where

x,yER,z>0}.

The multiplication law is described as

(1,y1,21) (T2, Y2, 22) = (@1 + 2122, Y1 + 21Y2, 2122).

The Maurer-Cartan form of Bj C is computed as

T(oo) 20 o)+ 2 (0 )

Thus the Lie algebra b3 C of B C is spanned by

to o) (o 0" ) (5" e )}

Let us introduce a left invariant metric so that this basis is orthonormal with respect to it. Then B3 C is isometric
to the upper half space model of H?. It should be remarked that inner product of b,C is different from the one
induced from the normalized Killing metric. Indeed, with respect to the normalized Killing metric,

((80) 0 aN=((a ) (5 )=
<(162 f/2>’<1(/)2 f/2>>=i.

The possible dimension d of the connected isometry group G acting transitively on H? are 3, 4 and 6. More
precisely

1. d=6.
2. d=4and dim(GNK) =1.
3. d=3and dim(GN K) =0.
Here K is a Lie group whose Lie algebra is isomorphic to su(2) (see [1, p. 180]).

16.4.4. The case d = 6 From the reductivity [su(2), m] C m, the possible Lie subspaces are (see [1])
my = (1+Av/=1)mg, AeR.

In other words, m, is spanned by e; + A(v/—1e1), e2 + A(v/—1lez) and e3 + A(v/—1es). According to Abe [1], the
corresponding homogeneous Riemannian structure is

SHX)Y = —-AdV(X,Y).
By using the Kenmotsu structure (¢, &, 7, g) of H3, S3 is expressed as
SH(X)Y = Mg(X,0Y)E = n(X)pY +n(Y)pX.

These homogeneous Riemannian structures are of type 73. Thus H? admits one-parameter family of naturally
reductive homogeneous Riemannian structures. Thus we obtain an alternative proof for the existence of one-
parameter family of naturally reductive homogeneous representation of H? pointed out by Olmos and Reggiani
[177, Remark 2.1].
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16.4.5. The case d = 3 Theorem 16.2 implies that the isometry group G is a solvable Lie subgroup of SL,C. The
solvable Lie algebra g satisfies dim g = 3 and g N su(2) = {0}. The Lie algebra b,C is in standard position. For
any constant ), the Lie subalgebra s, of s[,C spanned by

G0 ) (0 e ) (U L))

is a modification of boC. Note that s) = b,C. Abe [1] proved that for two modifications s, and s, there exists
an isometric Lie algebra isomorphism if and only if © = £). Let us parametrize s, as

{ ( t(1+ /\aﬁ)m

S\ =

ft(1+§\/jl)/2 >‘t€R’<€C}-

Then the corresponding Lie group is given by

{ ( exp{(1+v=IN/2)

Sy =expsy = tER,wE(C}.

w
exp{—t(l++v—1))/2} ) ‘
The exponential map exp : 55 — S is given by

t(1++/—1X)/2 w
P 0 —t(1 4+ v/=1N)/2

_ < exp{t(1+ VIIN/2} w(e(H/TIN2 — o HVTIN/2) (1 4 /TN )
B 0 exp{—t(1 4+ v=1X)/2}

for t # 0. One can see that

th%exp(t(um/o?l)\)/? —t(1+\C/j1A)/2><é 111>exp<8 g) ¢eC.

The hyperbolic 3-space is represented as H® = S, /{E»}. The corresponding Ambrose-Singer connection is
V + Spy3, where
5123(X)Y = —g(X, V)€ +n(Y)X + Ap(X)pY.

The Ambrose-Singer connection is V + S, is the Cartan-Schouten’s (—)-connection of S,.

16.4.6. The case d = 4 Abe proved the following useful fact.

Proposition 16.1. Let G be a 4-dimensional connected subgroup of SLoC acting transitively on H3, then there exists a
solvable subgroup S of G acting transitively on H? and G is the normalizer N(S) of S.

Now let us consider the following 4-dimensional Lie group G

o { ( exp{t(1 +O\EA)/2} ot T ) ‘ fER weC, A R} ,

Let us take an element

et(1+\/f1>\)/2 w
0 e—t(1+\/fu)/2

of G, then one can see that

et(1+vV/=1x)/2 w B et/2 w(et/2e\/jl/\t _ 6775/2)/({;(]_ + A\/jl)) eV—IA/2 w
0 e~ t(+V=1))/2 - 0 e—t/2 0 e~ V—IN/2 :

Thus we obtain a decomposition G = B3C - U(1). From the Iwasawa decomposition SL,C = NASU(2), we
know that NA = B} C, thus we have NAU(1).
Abe proved that
G=N(AB3CA™"), AeSL.C.

Compare with [41, p. 567]. Thus we obtain a homogeneous space representation H* = (B2C - U(1))/U(1) =
(NAU(1))/U(1). Abe proved that the homogeneous Riemannian structure corresponding to H?* = (B2.C -
U(1))/U(1) is Sfys.
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Proposition 16.2. Up to isomorphisms, the hyperbolic 3-space H? admits two types of homogeneous Riemannian
structures up to isomorphims:

1. The homogeneous Riemannian structures S} of type Tz given by
SHX)Y = MV (X,Y) = Mg(X, oY )¢ — n(X)pY +n(Y)pX}, A>0.

The corresponding coset space representation of H? is SLoC/SU(2) with Lie subspace

m,\:{(l—&-/\\/—il)(i} v )‘teR,weC}.

—t

In particular, S = 0 defines a Riemannian symmetric space SLoC/SU(2) with Lie subspace mg = sloC N Her,C
(see Remark 16.6 below).

2. 575 3(X)Y = —g(X,Y)E+n(Y)X + A(X)pY, XA >0. The corresponding coset space representations of H?
are S)/{E>} or (BZC-U(1))/U(1). This homogeneous Riemannian structure is of type T & Ts & Ts. The
homogeneous Riemannian structure S, 5 is of type Ti if and only if A = 0. Note that the the Ambrose-Singer
connection V + S} 5 coincides with the Cartan-Schouten’s (—)-connection of sy.

Proof. Let us consider the homogeneous structure S*(X)Y = —g(X,Y)¢ +n(Y)X + An(X)¢Y. Then we have
c12(Sp)(Z) = —n(2),
8 SNXY, Z) = Mn(X)g(¢Y. Z) + n(Y)g(0Z, X) +n(Z)g(0X.Y)}

and
SMX,Y, Z) + Sp(Y, X, Z) = Mn(X)g(¢Y, Z) + n(Y)g(¢X, Z)}.

Hence for A\ #£0,S ¢ T, © T3, S ¢ T1 @ Trand S* € T @ Ts. O

Remark 16.3. Every X = (x;;) € 5l,C is decomposed as X = X, + Xy, (2) where

X _< (I1++v—-1N)Rezy T12 + Ta1 )
Sx

o 0 —(1 + \/j1A> Re z11
X [ V=1(Imx1; — ARez11) —T21
su(2) = T —le(Im x11 — ARe fEll)

along the splitting s[,C = s + su(2).

Remark 16.4. Hassani and Ahmadi [89, Corollary 3.1] stated that connected Lie groups acting transitively and
isometrically on H? are (locally) isomorphic to one of the following Lie groups:

PSL,C, B;C, S,.
Let us investigate the almost contact homogeneity. Since H? is a Kenmotsu 3-manifold, we have
(Vx@)Y = =n(Y)eX — g(X, pY)E.

Next we have
S3(X)pY — S5 (X)Y = —Mg(X, V)¢ —n(Y)X}.

Thus the covariant derivative Vi of ¢ with respect to V = V 4 S3 is given by
(Vx@)Y = —n(Y)pX — g(X, Y )¢ = Mg(X,Y)¢ - n(Y)X}.

Hence S3 is not a homogeneous almost contact Riemannian structure. This conclusion is consistent with the
fact dim Aut(H?) = 4. Indeed, the homogeneous structure S3 corresponds to SL,C/SU(2) = SO™(3,1)/SO(3).
On the other hand for 5, 5, ¢ is parallel with respect to the connection V + 57, 5 for all \.
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Remark 16.5. Rastrepina and Surina [195] considered a linear connection V =V + S on H? with
S(X)Y = —g(X,Y)E+n(Y)E + glaer + bez + AL, X)pY,

where a, b and ) are constants ([195, Theorem 2]). They showed that V satisfies

Vp=0, VE=0, Vnp=0, Vg=0.

In case a = b = 0, the tensor field S coincides with S, ;. It should be remarked that this tensor field S is a

homogeneous Riemannian structure if and only if a = b = 0. Moreover they studied S3 from the viewpoint of
linear connections with skew symmetric torsion (see [195, Remark 3, Theorem 3]).

Remark 16.6 (Flow symmetry). Boeckx, Bueken and Vanhecke [25] introduced the notion of flow-symmetry for
Riemannian manifolds. According to [25], a Riemannian manifold (17, g) is said to be locally flow-symmetric if
there exists a non-vanishing vector field ¢ such that the local reflections around the integral curves are local
isometries. Under this assumption by virtue of a theorem due to Chen and Vanhecke [43], the integral curves
are geodesics. If the vector field £ of a locally flow symmetric Riemannian manifold M is a unit vector field,
then ¢ is an eigenvector field of the Ricci operator. The corresponding eigenvalue A satisfies d\ = 0 on the
distribution defined by g(¢,-) = 0. Obviously locally ¢-symmetric spaces are locally flow-symmetric spaces
such that ¢ is the Reeb vector field. Boeckx, Bueken and Vanhecke proved that a warped product E' x ; M
with & = 8/0; is locally flow-symmetric with respect to ¢ if and only if M is locally symmetric. Now we recall
Example 5.5. Let M be a Hermitian symmetric space and equip a Kenmotsu structure (¢, ¢, 7, g) on the warped
product M = E! x... M. Then M is locally flow-symmetric with respect to &. The hyperbolic (2n + 1)-space
H?"*! is a typical example of locally flow-symmetric Kenmotsu manifold.

16.5. Euclidean 3-space

The possible dimension d of the connected isometry group G of E* = (R*(z, y, ), dz? + dy? + d2?) are 3, 4 or
6. More precisely there are three possibilities ([1, p. 186]):

1. d=6.
2. d =4and dim(GNSO(3)) = 1.
3. d =3 and dim(G NSO(3)) = 0.
16.5.1. The case d = 6 We start our investigation with the case d = 6.

As we saw in Example 4.8, the Cartesian 3-space R? is isomorphic to so(3) as a Lie algebra via the
isomorphism ¢ : R? — s0(3) given by (4.7). The Euclidean motion group SE(3) x R? has the Lie algebra

0 —w voT
s5e(3) = 7% 2 _8 :Z z,Y, 2, u,v,w € R
0 0 0 0

The isotropy subgroup of SE(3) at the origin o = (0,0, 0) is isomorphic to the rotation group SO(3). The isotropy
algebra b is

0 —w v 0
w 0 —u O ~

h= o w00 u,v,w € R » = 50(3).
0 0 0 0

Take a basis {1, E2, Es, e1, €2, e3} of se(3) by
Ey = E3z — Ba3, Fy=F13— F31, FE3=FEs —FEi2, e =FEy, ex=Fy, e3=FE;.
Then we have the commutation relations:
[E1, Es] = Es, [Es,E3| =Ei, [E3 Ei)=E,, [E;,e]=0, I[e;e;]=0,

[E1,e2] =e3, [Ei,e3]=—es,
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(B2, e3] = e1, [Ea el] = —es,
[E?n 61} = €y, [E37 62] = —eq.

We identify R?* with Re; @ Res @ Res through the linear isomorphism (1, o, z3) — z1€1 + 2262 + T3€3.
The Lie algebra isomorphism ¢ : (R3, x) — s0(3) is extended to a Lie algebra homomorphism (z1,z2, x3) —
21E1 + 22E> + x3F5. Thus se(3) is the direct sum R3 & R® (as a linear space) equipped with the above Lie
bracket. More precisely, se(3) is the direct sum of (R?, x) and abelian Lie algebra R? as a Lie algebra. Here we
compute the Lie algebra i(E?) of Killing vector fields. Direct computation show that

1 0 0 0 cost 0 sint O
0 cost —sint O 0 1 0 0
exp(tE) = 0 sint cost 0 |’ exp(tEs) = —sint 0 cost 0 |’
0 0 0 1 0 0 0 1
cost —sint 0 O
sint cost 0 O
eXp(tE?)): 0 01 0 )
0 0 0 1
we get
o0 0 o0 0 0
LT TRy T BT e T T TVar Ty
0 0 0
el}:%, eg:@, egza

Introduce an inner product on se(3) & R3 so that {E1, Es, E3, e1, €2, e3} is orthonormal with respect to it. Then
the orthogonal complement m := ht is m = RE; ® RE, @ RE;3. The tangent space T,E? is identified with m.
Then one can see that SE(3)/SO(3) with Lie subspace m is a Riemannian symmetric space.
Let us look for Lie subspaces complementary to h. By the reductivity [, m] C m, the possible Lie subspaces
are
m§ = R(el + /\El) D R(eg + /\Eg) D R(BQ + )\Eg)

for some X € R. Note that mJ = m. The corresponding homogeneous Riemannian structure is
SHX)Y = —AdV(X,Y).

One can see that S3" is isomorphic to S;? if and only if A, = +),. Thus we retrieve Theorem 4.7 in case of ¢ = 0.
Since dim Aut(E?) = 4, the representation E* = SE(3)/SO(3) is not homogeneous coKéhler.

16.5.2. The case d = 3 Next we consider the case d = 3. Theorem 16.2 implies that the isometry group G is a
solvable Lie subgroup of SE(3). The solvable Lie algebra g satisfies dim g = 3 and g N so(3) = {0}. According to
Abe [1], g is isomorphic to

0 =Xz 0 =z
A 0 0
95\73 = Rel S2) Re? D R(e?) + )‘ES) = OZ 0 0 Z T,Y,2 € R
0 0 00
for some A € R. The corresponding simply connected Lie group is
cos(Az) —sin(Az) 0 =«
A sin(Az) cos(Az) 0 y
Gos = 0 0 1 - x,y,z € R

0 0 0 1

The Lie group G3 5 is solvable. In particular, G3 ; is abelian. Thus E? is understood as R? with multiplication

(21,91, 21) * (T2, Y2, 22) = (21 + @2 cos(Az1) — Y2 sin(Az1), y1 + z2sin(Az1) + ya cos(Az1), 21 + 22).
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The Lie group G5 5 acts on G3 3 as left translations. The isotropy subgroup at (z,y,z) = (0,0,0) is {E4}. Thus
we obtain the coset space representation E* = G3 5/{E4}. The tangent space at o = E is the Lie algebra of G} 5.
One can see that the coKéhler structure of E? is a left invariant coKéhler structure on G3 5.

Indeed, take a basis
-2

€1 —

cocoo
cocoo
cococo
co o
cocoo
cococo
cocoo
oo~ o
co»o
oo o

cocoo
o~ oo

of g3 5, then we get
le1,e2] =0, [ez,e3] = Aer, ez er] = Aea.

Thus in case A # 0, g3 5 is isomorphic to se(2) as a Lie algebra. Thus G3 4 is isomorphic to SE(2) when A # 0.
The left invariant metric on Gé\"g determined by the condition that the basis {e;,es,e3} is orthonormal is
da? + dy? + dz?. Let us introduce a left invariant endomorphism field ¢ on g3 5 by

pey = ez, ey = —er, ez =70
and set{ = ez and n = g(&, ). Then (¢, &, 7, g) is a flat left invariant coKdhler structure on Gg‘, 3- One can see that

90 0o 9,
Yor ~ oy’ gO(?y ~ o %Yo:7
Hence G3 3 is isomorphic to E? x E* as a coKéhler manifold (not isomomorphic as a Lie group).
By using the coKéhler structure (¢,&,n,9) of E? =E? x E! = G34, the corresponding homogeneous
Riemannian structure discovered by Abe [1] is described as

S53(X)Y = =An(X)pY.
On the coKéhler E* = E? x E!, the almost contact connections are given by
VY =VxY —rp(X)eY.

Thus we get 53 5(X)Y = A* and hence S* is a homogeneous almost contact Riemannian structure. Obviously
55\713 is isomorphic to 55\,23 if and only if A, = +A;. Note that S9; corresponds to the abelian Lie group
E3? = E3/{0}. Moreover V + 55\73 is the (—)-connection of Gé\yg. The non-trivial connection coefficients of the
(—)-connection of G3 5 are given by the following formulas:

VS0, =20, V50, =20, (16.6)
Comparing (16.6) with (8.8) we notice that the (—)-connection of §1v3(2) and that of G 5 coincide.
16.5.3. The case d =4 Here we observe the product manifold E? x E'. More precisely we consider the
Riemannian product of Euclidean plane E?(z,y) = SE(2)/SO(2) and the Euclidean line E!(z) = (R(z), dz?).

Here we regard E?(x, y) as a Hermitian symmetric space and E?(z, y) x E'(z) as a coKdhler manifold.
We identify it with the Lie group

x
E2 x E! = 21/ z,y,z € R
eZ
Then the product Lie group

cosf —sinf u 0

sin 0 cos v 0
SE(2) xR = 0 01 0 u,v,t €ER, 0<0 <27

0 0 0 ¢
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acts isometrically and transitively on E? x E! via the usual matrix multiplication action. More explicitly the
action is described as

(€%, (u,v),t) - (z,y,2) = (xcosh — ysinh + u,xsind + ycos O + v, z + t).

The Lie algebra se(2) ® R is

0 —w
w 0
0 0 u,v,w,t € R
0 0

oo e
~+~ O © O

Thus we can take a basis
Es = Eo1 — E12, €1:=Fi13, @&:= FEa3, e3:= Fy.
The non-trivial commutation relations are
[Eg, él} = ég, [EB7 éQ] = —e;.

The isotropy subgroup at the origin o = ((0,0),0) € E* x E is

cosf) —sinf 0 O

sin 0 cosf 0 0 ~
0 01 0 0<0<2r p 2SO(2).
0 0 0 1

The isotropy algebra is h = RE3; = s0(2). We introduce an inner product (-,-) so that {FEs, e, ez, e3} is
orthonormal. Then the orthogonal complement of h is m :=Re; @ Ré; @ Res. Then se(3) PR=hdm is
reductive. Abe [1] proved that other Lie subspaces are isomorphic to

0 —wA u O

mt = Re; & Res @ R(es + AEs3) = wA 0 v 0 u,v,w € R
0 0 0 O
0 0 0 w

One can see that m* is a Lie subalgebra and m® = m. The corresponding simply connected Lie group is

cos(Az) —sin(Az) x 0
sin(Az cos(Az
G§ = E) ) (() ) 11/ 0 z,y,z € R
0 0 0 e*

Obviously G is isomorphic to G35 and hence this Lie groups is isomorphic to SE(2) if A # 0. Thus the
homogeneous Riemannian space (SE(2) x R)/SO(2) is isometric to G3 3 = G3 3/{E4}.
Now we obtain the following classification which is a reformulation of [1]:

Proposition 16.3. Up to isomorphisms, the Euclidean 3-space B3 (z,y, z) admits two types of homogeneous Riemannian
structures up to isomorphisms:

1. The homogeneous Riemannian structures S* of type T3
SH(X)Y = —AdV(X,Y), A >0.

The corresponding coset space representation of E3 is SE(3)/SO(3) with Lie subspace

0 -z Ay =z
Az 0 -z
A Y
mg = Ay A 0 z,y,z €R
0 0 0 0

In particular, S = 0 defines a Riemannian symmetric space SE(3)/SO(3) with Lie subspace m$. The homogeneous
Riemannian structures S} are not homogeneous almost contact Riemannian structures.
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2. The homogeneous Riemannian structure Sy (X)Y = AYY = —An(X)eY of type To & Ts with X\ > 0. These
homogeneous Riemannian structures are homogeneous almost contact Riemannian structures. The coset space
representations of E® corresponding to each S3 4 is

G/ {Ea},
where G 4 is a solvable Lie group
cos(Az) —sin(Az) 0 =z
Ggg _ sing)\z) cosé/\z) (1) 3; sy z€R
0 0 0 1

In case X > 0, G3 3 is isomorphic to SE(2). In particular G} 5 is isometric to SE(2). Hence we have the coset space
representation:
(SE(2) x R)/SO(2) = G3 5/{E4}.

Moreover, the Ambrose-Singer connection V + S3 5 coincides with the (—)-connection of G3 5 when X > 0.
Up to isomorphisms, all the homogeneous almost coKihler structures is parametrized as {S3 3} x>0 = {A*} x>0

Proof. The homogeneous structure S*(X)Y = —An(X)¢Y satisfies ¢12(S5;')(Z) = 0 and

$, XY Z) = =Mu(X)g(pY. 2) +n(Y)g(2, X) +1(Z)g(p X, Y)}-

Hence for A # 0, S* € T @ T3 but neither S* € 7; nor S* € Ts.
Analogous to H*-case, S3 are not homogeneous almost contact Riemannian structures. On the other hand all
57, 5 are so. O

The trivial homogeneous Riemannian structure S = 0 corresponds to both the Riemannian symmetric space
SE(3)/SO(3) and the abelian Lie group G 5 = G3 5/{E4}.

17. The product space S* x E!

The model space S?(c?) x E! is a coKédhler space form. In this section we study homogeneous coKéahler
structures of S?(c?) x E'. One can see that it suffices to study S? x E'. As we saw in Example 4.8, S? has
only trivial homogeneous Riemannian structure, we may restrict our attention to Hermitian symmetric space
S? = S0(3)/SO(2). The connected component of the isometry group of S* x E! is SO(3) x R.

Here we point out the following fundamental fact. (see [222, §8.D]):

Proposition 17.1. Let (M1, g1, S1) and (Ma, g2, S2) be Riemannian manifolds equipped with homogeneous Riemannian
structures. Then S + Sy gives a homogeneous Riemannian structure on a Riemannian product (M x Mz, g1 + g2). The
homogeneous Riemannian structure Sy + Ss is called the direct sum of S, and Ss.

In case M; = S? and M, = E!, both homogeneous Riemannian strutures are trivial. Thus the direct sum
S1 + S5 is also trivial.
Let us realize the Riemannian product S? x E! as a hyperquadric

S? x E! ={(z,t) = (z1, 22, x3,t) eEﬂm%—l—mg—i—x% =1}

of the Euclidean 4-space E%. Then Iso,(S? x E!) = SO(3) x R acts isometrically and transitively on S? x E!. To
view this isometric action, we identify S? x E! with

T
1)
z3

et

$17I’2,I3,t eR
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Then Iso, (S? x E') is identified with

{(A,S)—(g g)’AeSO(?,),seR}

acts isometrically and transitively on S* x E! via the usual matrix multiplication action. The action is simply
described as
(4,8) - (x,t) = (Az, t + ).

Since there are no 2-dimensional closed subgroups of SO(3), the only connected Lie subgroup acting
transitively on S? x E' is SO(3) x R. The Lie algebra of SO(3) x R is given by

0 —w v O
w 0 —u O
v u 0 0 u,v,w,s € R
0 0 0 s

With respect to the inner product induced from the direct product metric, we can take an orthonormal basis
(cf. Example 4.8):
eo = E91 — Erg, €1 = Esp — Es, ey =FEi3— E3i, e3=FEy.

The non-trivial commutation relations are
[60,61] = €2, [61762] = €o, [62,60] = €1.

The isotropy subgroup at the origin (z1, z2, z3,t) = (0,0, 1,0) is SO(2) which is identified with

cosf) —sinf 0 O

sin 6 cosf 0 O
0 01 0 0<0<2m
0 0 0 1

The isotropy algebra is h = Rey.
The tangent space T,(S? x E') of S? at the origin o is identified with the Lie subspace m = Re; ¢ Res @ Res.
The coKihler structure is determined by

per = ey, pea=—e;, E=e3, n=g(&-).

Note that S? x E! is a coKéhler space form and dim Aut(S? x E!) = 4. In particular the identity component of
Aut(S? x E') = 4is SO(3) x R. One can see that

m= hl7 [h7 h] = {O}v [b7m] =m, [m’m] =b.

Thus (SO(3) x R)/SO(2) is a Riemannian symmetric space. The other Lie subspaces are isomorphic to my =
Re; @ Res & R(@g + /\60) for some \ € R.
The following classification is a reformulation of [174].

Theorem 17.1 ([174]). Up to isomorphisms, all the homogeneous Riemannian structures on S* x E! are given by
A
SNX)Y = AYPY = —Tn(X)pY. Az0.

The corresponding Lie subspace m is

0 Aw v 0
-Aw 0 —u 0

my = — u 0 0 u,v,w € R
0 0 0 w

The corresponding coset space representations are (SO(3) x R)/SO(2) for any . Every S* is a homogeneous coKihler
structure. The homogeneous Riemannian structure is of type T> & Ts. In particular, S is of type Ts if and only if A = 0.
In this case mg = m. For X # 0, S* is not of type Ta.

The set of all homogeneous coKihler structures is identified with { A"}, >o.
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Remark 17.1. The reductive decomposition g & R = ) + m, satisfies [m,, m,] C h when and only when A = 0.

Finally we investigate the projection 7 : S? x E! — S2.

Let M = (M, g,J) be a Kihler manifold. Take a Riemannian product M = M x E! and equip a regular
coKdhler structure on M as we explained in Example 5.2. Assume that M admits a homogeneous coKéhler
structure S. Then the tensor field S defined by (15.5) induces a homogeneous Riemannian structure (see [36,
Proposition 6.3.6], [42]).

Now let us investigate the homogeneous Riemannian structure S on S%. Since S(X)Y = —(A/2)n(X)p(Y),

we have S(X")Y" = 0. Thus S = 0. This fact is consistent with the fact that S? has only trivial homogeneous
Riemannian structure.

18. The product space H? x E!

In this section we discuss the homogeneous Riemannian structures on H?*(—c?) x E'. The Riemannian
product admits coKéhler structure and almost Kenmotsu structures. There are two different classes of almost
Kenmotsu structures. One is defined for H?(—4) and the other is defined for H?(—c?) with ¢? > 4. On this reason
we do not normalize the curvature of H?(—c?) to —1 in this section.

18.1. The product metric

Let us realize the homogeneous Riemannian space H?(—c?) x E! as an open submanifold

_ _ d2?+dy?
H2(_C2)XEI:({(x7yat)€R3y>0}7g)7 g:g+dt27 QZTQy
of R3. We can take a global orthonormal frame field € = {e1, e2, e3} of the form
0 0 0
€1 = (Cy)%v €2 = (Cy)@a €3 = o
The coframe field © = (9',92,93) metrically dual to £ is given by
ﬁlzd—fc, 192:%7 93 = dt,
cy cy
Since )
W' = —deAdy, d¥? =d¥’ =0,
cy
we have
0 —cvt 0 0 29t A9? 0
w=| ¢t 0 0|, 2= 29 A¥? 0 0
0 0 0 0 0 0

Thus the Levi-Civita connection is given by
Ve, e1 =cea, Ve es=—cer, Vge3=0,

Ve,e1 = Ve,e2 = Ve =0,

Vese1 = Ve,e2 = Ve,e3 = 0.
The sectional curvatures are given by

K(ei Ney) = =%, K(eg Aes) = K(ea Aeg) = 0.
The Ricci tensor field of H?(—c?) x E! is given by
Ric = —c?g + 2 9® @ 9¥3.

The product Lie group
SLoR x R = {((aij), s) | (a;;) € SL2R, s € R}
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acts isometrically and transitively on H?(—c?) x E! via the action:

ar1(z +vV—1y) + a1z . S)
ag1 (z +vV—=Ty) + agy’
The isotropy subgroup at the origin o = (v/—1,0) is SO(2) x {0}. We identify this isotropy subgroup with SO(2).

Hence we obtain a homogeneous Riemannian space representation (SLyR x R)/SO(2). We identify the product
Lie group SLoR x R with

((aij), ) (z + V=1y,t) = (

e 0 0
0 ann a2 ai1,012, 021, 022,5 € R, a11a22 — ai2a21 =1
0 a2 az

Then the Lie algebra of SLyR x R is identified with

us 0 0
sLROR = 0 —U2 —Ug + UL uy, U, us, ug € R
0U4+U1 Ug
We can take a basis
00 0 O 0 0 0 0
(0 0\ [0o0 00 o0\ [00 00
“=\lo 47 ) {ooo1| 2"{owx )"loo -10 [

0 0 1 0 0 0 0 1
1 0 0 O 0O 00 O
/1 0\ [00 00 o0 [000 o0
““{oo)7loooo]) “"\oi)"|looo0o -1
0 0 0 O 0O 01 O

The isotropy algebra § is spanned by e4. The tangent space T, (H?(—c?) x E!) is identified with
my = Re; @ Rey @ Res.

One can see that [my, mg] C h. Thus (SL2R x R)/SO(2) is a Riemannian symmetric space.
Let us equip an almost contact structure (¢, &, 70) by

&o = es, Mo = 9(63, )
and
poe1 = €2, @oez = —e1, poez = 0.

Then (¢o,&0,7m0) is compatible to g and the resulting almost contact Riemannian manifold (H?(—c?) x
Ela $o, 507 To, g) is COKéhler'

18.2. The solvable Lie group model

As we saw in Example 16.4 and Example 16.5, H?(—¢?) x E! admits a solvable Lie group structure. On the
other hand, we know the solvable Lie group model S of H?(—c?). We use the model H?(—¢?) = S and consider
the product Lie group R x S. The product Lie group R x S is identified with

et 0 0
S= 0 vy z=/\y z,y,t R, y>0
0 0 1/yy

The dressing action of SLyR on S is naturally extended to S. Here we replace S by the solvable Lie group M
defined by (4.9). The solvable Lie group S is isomorphic to

t

o)

M= z,y,t R, y>0

o o
ow O©
— 8 O
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via the Lie group isomorphism

et 0 0 et 0 0
0 vy z/\Jy |—| 0 y =
0o 0 1/\/y 0 0 1
The Lie algebra of M is
w 0 0
m= 0 v wu u,v,w € R
0 00

The product metric g = g + dt? is a left invariant metric on M. Moreover {e;, e, e3} is a global left invariant
orthonormal frame field on M. At the origin, we have

0 0 0 0 00 1 00
eil, =100 ¢ |, el =10c0], e =|000
0 00 000 0 00
Homogeneous geometry, especially Grassmann geometry of H?(—c?) x E!, we refer to [123].

18.3. Homogeneous Riemannian structures

Now let us classify the homogeneous Riemannian structures on H?(—c?) x E!. Let S, be a tensor field of type
(0, 3) satisfying (4.11) then S, is represented as (4.12). Let S be a tensor field of type (1, 2) associated to .S, and
set V = V + S. Then the parallelism condition (4.14) is computed as

(VxRic)(es, e5) = {Vx (9° @ 0)}(es, e5) = (Vxm)(e)nle;) +nlei)(Vxn)(ej)
=g(Vxes, e)nle;) +n(ei)g(Vxes, ej) = ¢ (wg (X)n(e;) +wi (X)n(es))-
On the other hand we have
Ric(S(X)Y, Z) + Ric(Y, $(X)Z) = ¢*{8,(X, ei e3)n(e;) + S, (X, ¢, e3)n(ei).}
Hence we get
w (X)n(e;) +w?(X)n(e) = —9(X, ei,e3)n(e;) — S (X, ¢, e3)n(eq).
From this system we get
Sb(Xae3vel):w13(X):07 Sb(X763763):w23(X):0'

Thus S} is expressed as
S, =20 ® (6* A 6?),

where the 1-form o = 3°°_, ;00" is defined by
o(X) = 5,(X,e1,e).
The connection 1-forms {dzij } of V relative to {ei, es, e3} are computed as
02 (X) = wl(X) + S,(X,e1,e0) = e (X) +0(X), @f(X)=a5(X)=0.

Let us compute V.S,.
First we get

Vx9' =02(X)9? = {9 (X) + o(X)} 92,
Vx9? =05 (X)9' = — {9 (X) + o(X)} 9, Vxo? =0.
From these we get @X(WN/\ ¥?) = 0. Hence Vx S, = 2(Vxa) @ (9 A9?). Thus VS, = 0 is equivalent to Vo = 0.
The covariant derivative Vo is computed as
Vxo= {(do1)(X)—(
+ {(do2)(X) + (
+ (dos) (X)W

(X) +0(X)) o2} 0

e’
I (X) 4+ 0(X)) o1} 9
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Thus the parallelism of S with respect to V is equivalent to the system
dop = (0191 + U) o9, dog=— (0191 + 0) o1, dog=0.

Thus o3 is a constant, say .
From the integrability condition we deduce that (see [174] for detail):

1. oy =02 =0o0r
2. 09 =03=0and o1 = —c.
In the former case, we have o = A\¥3. Hence S, has the form
S =22 @ (9P A9?) = Mo @ dvg, AER.

where dvj; is the area element of H?(—c?). Note that Sb’\1 and Sb/\"‘ are isomorphic each other if and only if
A2 = 1.

Let us compare the canonical connections V + S* with the almost contact connections V. Since the structure
(©0,&0,7M0,9) is coKéhler, we have A"(X)Y = —rno(X)poY. On the other hand S* is rewritten as S(X)Y =
Mo (X)poY Hence we get S* = —A* = A=,

In the latter case, we have

S, = —2c9' @ (9 A9?) = —c9' @ du,.
Obviously, we have
S(eg)y = 0, S(X)Gg =0.
Thus we conclude that S, is a extension of the homogeneous Riemannian structure S, of H?*(—c?) =S to
H?(—c?) x E'. In other words, (H?(—c?) x E!, g, S) is the direct sum of (H?(—¢?), g, S) and (E!,d#?,0). By using
the coKdhler structure, S is rewritten as S(X)Y = —cg(X, e1)¢oY . By using the solvable Lie group model M,
one can confirm that V + S coincides with the Cartan-Schouten’s (—)-connection.
The following theorem is a reformulation of Ohno’s result [174].

Theorem 18.1. Up to isomorphisms, the model space H?*(—c*) x E' admits two types of homogeneous Riemannian
structures

1. $34(X)Y = A MX)Y = An(X)pY, A > 0. The corresponding coset space representation is SLyR/SO(2). The
homogeneous structure S 5 is of type Ty & Ts. The homogeneous Riemannian structure S 5 is of type Ts if and
only if X = 0. In this case SLoR/SO(2) is a Riemannian symmetric space. For X # 0, 3 5 ¢ Tz. The homogeneous
Riemannian structure S3 5 is a homogeneous coKihler structure for any X. The homogeneous Kiihler structure on
H?(—c?) induced from S3 5 by reduction is the trivial one.

2. S(X)Y = —cg(X,e1)poY. The corresponding coset space representation is the solvable Lie group model S =
S/{e}. The homogeneous Riemannian structure S is the extension of the homogeneous Riemannian structure S
of type Tr on H?(—c?) by the rule

S(eg)Y = S(X)eg =0.
In other words, (H?(—c?) x E', g, S) is the direct sum of (H?(—c?),g,S) and (E',dt?,0). As a left invariant
connection on the solvable Lie group S = M, the canonical connection V + S is the Cartan-Schouten’s (—)-
connection. The homogeneous Riemannian structure S is a homogeneous coKihler structure. The connection V + S
coincides with almost contact connection V + A°, where A is derived from the (—c/2)-almost Kenmotsu structure
exhibited in Examples 16.4, 16.5.

Proof. The only task we need to check that Vi, = 0 with respect to the homogeneous Riemannian structure
S =85 +0. Since (o, &0, 10, g) is coKédher, we have Vi = 0. Thus the covariant derivative ?apo with respect to
V=V+Sis i

(Vxeo)Y = S(X)poY — poS(X)Y = 0.
Thus S is a homogeneous coKdher structure. O

The model space H?(—c?) x E! admits compatible coKéhler structure as well as (—c/2)-almost Kenmotsu
structure. From almost contact structure viewpoint, S35 fits with coKéhler structure. Indeed we know that
H?(—c?) x E! is a coKéhler space form and it has 4-dimensional automorphism group.

On the other hand, the homogeneous structure S = S + A° fits with (—c/2)-almost Kenmotsu structure (see
Theorem 16.5 and next subsection). The automorphism group of H?(—c?) x E! with respect to the (—c/2)-
almost Kenmotsu structure is 3-dimensional.

649 dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

Homogeneous Riemannian Structures in Thurston Geometries and Contact Riemannian Geometries

18.4. Almost Kenmotsu structures

Here we mention almost b-Kenmotsu structures on H?(—c?) x E*.
Up to homothety we may restrict our attention to almost Kenmotsu structures on H?(—c?).
First we recall the following classification of locally symmetric almost Kenmotsu 3-manifolds.

Proposition 18.1 ([103]). Let M be a non-normal almost Kenmotsu 3-manifold. Then M is locally symmetric if and
only if M is locally isomorphic to one of the following spaces

1. If ¢ is an eigenvector field of a Ricci operator, then M is Kenmotsu and of constant curvature —1 or locally isometric
to H?(—4) x EL.

2. If & is not an eigenvector field of a Ricci operator, then M is locally isometric to H?(—c?) x E! of constant curvature
—c? < —4.

Note that the third example H?(—c?) x E! was discovered in [192, Theorem 1.2 Case (IV)].
In Example 16.4 and Example 16.5 we exhibited almost (—c/2)-Kenmotsu structures on H?(—c?) x E!. We
recall those structure here. In Example 16.4, H?*(—c?) x E! is realized as

0

1 0 w 1 0 u

G(0,¢) = 0 10 u u,v,w €R » = 0 e w u,v,w € R
0 0 e w 0 0 1
0 0 O 1

with a left invariant metric du? + e~2*“dv? + dw?. Then G(0, ¢) is isometric to H?(—c?) x E! via the isometry:
r=cv, y=¢ev t=u.

The orthonormal frame field

9 wd 0
o © o ow
corresponds to
o) 9] o)

€3 = Tk €1 = (C?J)%7 €2 = (cy)@'

Let (¢¢, &, ) be the almost contact structure introduced in Section 16, then
9 1
Pc€3 = €1, Pc€1 = —€2, Pc€2 = 0, gc =e€2, Nc= 9 = @ dy

Note . is an eigenvector field of the Ricci operator. Since we have V¢, = —c9! ® e, the almost contact
connection V + A%¢ with respect to the structure (¢, &, 7., g) is given by

Agécy = —n:Vx&+9(Vx&, V) = —cg(X, e1)poY = S(X)Y.
Note that ¢_, is not parallel with respect to the connection V + 53 5.

Corollary 18.1. Let H?(—4) x E! be product manifold of the hyperbolic plane of curvature —4 and the real line equipped
with a homogeneous almost Kenmotsu structure (p_s,6_2,1—_2,9) such that §_, is an eigenvector field of the Ricci
operator, then the only homogeneous Riemannian structure is given by A°. The homogeneous Riemannian structure A is
a homogeneous almost Kenmotsu structure and coincides with the Cartan-Schouten’s (—)-connection. The corresponding
coset space representation is the solvable Lie group model G(0, —2)/{e}.

Next we consider the almost Kenmotsu structure on H?(—c?) x E! of constant curvature —c?> < —4. Set
c? =4+~
In Example 16.5, H?(—c?) x E! is realized as

1 0 0 w v 0w

G(c,0) = 0 e 0 u,v,w e R » = 0 1 v u,v,w € R
0 0 1 w 0 0 1
0 0 0 1
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with a left invariant metric e 2“*du? + dv? + dw?. Then G(c, 0) is isometric to H?(—c?) x E! via the isometry:
r=cu, y=¢ev, t=u.

The orthonormal frame field

wd 09
© o v ow
corresponds to
0 0 0

ea=(wyg ea=g5 = (Cy)afy-
Take a nonzero constant v and set ¢ = —/72? + 4 < 0. Then G(—+/~? + 4, 0) is isomorphic to

—x/y/7? +4
t

1

z,y,t eR, y >0

o ow

0
1
0

Then the almost Kenmotsu structure (3, £, 7, g) on the model space H?(—4 — 4?) x E! mentioned in the case (2)
of Proposition 18.1 is given by (see [103]):

per = e, ()562 = _é17 @é?) :05 §:é37 ﬁ:g(é?n')a
where

- 0
&1 =e1 = —\/? + 4y s

1 0
é = e —26 :—yi—
’ 72+4(72 V=7 Ay

2 0
,/72+4(9t’
0

_ 1 0 0
€3 = 2y o+ —— -
V44 dy /42440t

In terms of the original orthonormal frame field, ¢ is expressed as

(262 +ve3) = —

2 2

€y = ————e€1, Pez = ———=€;.

- v
per = €2 €3, e
/72_*_4 /,72+4 72_}_4 ,72_;'_4

One can see that ¢ is not parallel with respect to V + .53 5.
On the other hand, ¢ is parallel with respect to the Cartan-Schouten’s (—)-connection. The difference tensor
field S = V(=) — V is described with the almost Kenmotsu structure (3, £, 7, g) by

S(X)Y =g(X, &) {rgY +2(g(Y,é1) —ii(Y)ér) } .

19. Further problems

19.1. Sasakian space forms

The set of homogeneous Riemannian structures on a 3-dimensional Sasakian space form is completely
determined.

Problem 1. Determine the homogeneous Riemannian structures on Sasakian space forms of dimension greater than 3.

Five-dimensional Sasakian ¢-symmetric spaces are classified in [155]. Full classification was carried out in
[135].

Problem 2. Determine the homogeneous Riemannian structures on Sasakian p-symmetric spaces of dimension greater
than 3.
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19.2. Three-dimensional Lie groups

In this article we concentrate our attention to eight model spaces of Thurston geometry and Berger
spheres. Other homogeneous Riemannian 3-spaces are realized as 3-dimensional Lie groups equipped with
left invariant metrics. Homogeneous Riemannian structures on those spaces are classified by Calvifio-
Louzao, Ferreiro-Subrido, Garcia-Rio and Vaazquez-Lorenzo [39] (under the left invariance assumption).
In Proposition 15.2 we give the formula for the homogeneous contact Riemannian structure of the non-
unimodular Sasakian Lie group G/(c) by using the Sasakian structure. In [125] we improved the classification
due to [39]. More precisely we carried out the classification without left invariance assumption. Homogeneous
contact Riemannian structures on non-Sasakian 3-dimensional non-unimodular Lie groups are described by
using the structure (¢, £, n) in [125].

On the other hand, Perrone classified homogeneous contact Riemannian 3-manifolds [190] (see also [99]),
homogeneous almost coKdhler 3-manifolds and homogeneous almost Kenmotsu 3-manifolds [191, 192, 193]
(see also [102, 103]). Here we propose the following problem:

Problem 3. Classify all the homogeneous almost coKéihler structures and homogeneous almost Kenmotsu structures on
3-dimensional Riemannian manifolds.

19.3. Kenmotsu hyperbolic space

A simply connected and complete Kenmotsu manifold M has maximal dimensional automorphism group if
and only if it is isomorphic to the hyperbolic space H** 1.

Let us discuss the Kenmotsu structure on the hyperbolic space H?*"!. As we have saw in Example 4.6, we
have a homogeneous representation H>"+1 = SO (1,2n + 1)/SO(2n + 1). We have the Iwasawa decomposition
SO™(1,2n +1) = NAK, where K is the isotropy subgroup at o. The hyperbolic space H>"*! is identified with
the solvable part S = N A. The isotropy subgroup of SO*(1,2n + 1) at o = (1,0,...,0) is

K:{( o ;100 > ‘ AOeSO(2n+1)}%SO(2n+1).

The abelian part is isomorphic to R. Here we remark that
dimSO™(1,2n+1) =2n? +3n+1, dimSO(2n) =2n*+n, dimA=1, dimN =2n.

The maximal tori of K = SO(2n + 1) are n-dimensional.

The hyperbolic space H>"*! is represented as H>"*! = SO (1,7)/SO(2n) as a Riemannian symmetric space.
If n > 1, this is the unique naturally reductive representation.

On the other hand, for any Lie subgroup K of K, H?>"*! has a homogeneous space representation H*" ! =
(S x K)/K.

The maximum dimension of Aut(H?"*!) = (n+ 1)2. Thus as a Kenmotsu manifold with maximum
automorphism group, H*"*! is represented as

H* ! = (Sx K)/K, dimK =n?.
For instance The subgroup
SO(n + 1) x SO(n) = { < P Z ) ’ A, €S0(n+1), As € SO(n)}
is n2-dimensional. When n = 1, K = SO(2) and hence
H? = (S x SO(2))/S0(2) = (BF C x U(1))/U(1).
Problem 4. Determine the automorphism group of H2" 1 and give its nice expressions.

If a connected Lie group G acts transitively and isometrically on H" then G\H" is a point. It follows that
G\SO™(n, 1) is an orbit space of O(n), thus G is a non-discrete co-compact subgroup of SO™ (n, 1). By Witte’s
structure theorem for co-compact Lie groups [229], the following result was obtained (see [40, 41]).

Theorem 19.1. The connected Lie groups acting transitively on H" are SO (n,1) and G = NF,, where N is the
nilpotent part of the lwasawa decomposition SO (n,1) = N - A - SO(n) and F, is a connected subgroup of A - SO(n — 1)
with nontrivial projection to the abelian part A.

Remark 19.1. In the case of H3, N - F. = N - A- SO(2) which is isomorphic to B C x U(1) (see [41, p. 567]).
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19.4. Generalized symmetric Sasakian manifolds

The unit tangent sphere bundle US™(1) equipped with the standard contact Riemannian structure is a ¢-
symmetric space fibered over the Grassmannian manifold Gro(E*) of oriented 2-planes in E*.

In particular, US3(1) is a Riemannian 4-symmetric space (see [104]). The only locally symmetric Sasakian
manifold is S?"*1. But the Riemannian symmetric space SO(2n + 2)/SO(2n + 1) is not homogeneous contact.
Thus there are no Sasakian symmetric space. However US?(1) is Sasakian 4-symmetric. According to Jiménez
[134] Riemannian 4-symmetric spaces are fiber bundles over Riemannian symmetric spaces whose standard
fibres are Riemannian symmetric. This fact motives us to study the following problem:

Problem 5. Are there compatible 4-symmetric structures on p-symmetric spaces ?

For more information on Riemannian 4-symmetric spaces, we refer to [133, 156, 157].

19.5. Generalized @-symmetric spaces

The notion of p-geodesic symmetry in Definition 9.1 can be generalized to the following one:

Definition 19.1 ([128]). Let M = (M, ,&,n, g) be an almost contact Riemannian manifold. Assume that £ is a
Killing vector field. A local diffeomorphism s, is said to be an axial symmetry (or {-preserving symmetry) with
base point p € M if

1. s, fixes every point of the characteristic flow,
2. for each point ¢ on the characteristic flow, s, sends any y-geodesic through ¢ to a p-geodesic through ¢,
3. in a small neighborhood, of p, the points on the characteristic flow are the only fixed points of s,,.

If there exists a least integer k > 2 such that (s,)* is the identity map, then s, is said to be of order k.

A ¢-geodesic symmetry in the sense of Takahashi is an axial symmetry of order 2 if M is a contact Riemannian
manifold (K-contact). The terminology ¢-preserving symmetry was suggested by Tsukada and used in [128].

Analogous to the generalized Riemannian symmetric spaces in the sense of Kowalski [149], one can
introduce the notion of locally generalized -symmetric space in the following manner (due to Masami Sekizawa):

Definition 19.2. An almost contact Riemannian manifold M is said to be a locally generalized p-symmetric space
if ¢ is a Killing vector field and at each point p € M, there exists a globally defined axial symmetry s, and the
order of s, is the common value, say k£ > 2 and called the order of M.

We know that globally ¢-symmetric spaces are naturally reductive homogeneous spaces. What about
generalized ¢-symmetric spaces ?

Problem 6. Construct explicit examples of generalized p-symmetric spaces of order k > 2.

Let M be an almost contact Riemannian manifold with Killing &, then at each point p € M, we can take a
sufficiently small neighborhood ¢/ of p on which ¢ is regular. We obtain a local fibering « : i/ — U/{. The K-
contact structure induces an almost Hermitian structure (g, J) on the factor space U = U /¢. In particular, if M
is contact Riemannian, then (g, J) is almost Kahler.

Now let us assume that M is locally generalized ¢-symmetric, then s, induces a local symmetry on /¢
around 7(p). If s, is of order k, then the induced symmetry is also of order k. Hence ¢/ /¢ is an almost Hermitian
and locally k-symmetric.

Conversely, we know the following local construction.

Proposition 19.1 ([128, 127]). Let (M, ¢,&,n, g) be an almost contact Riemannian manifold with Killing &, p a point of
M, U a sufficiently small normal neighborhood of p on which £ is reqular, = : U — U = U /€ the local fibering and (J,g)
the almost Hermitian structure of U induced from U. If there exits a family {35} of isometric symmetries on U with base
point p = m(p), then there exits a family of axial symmetries on U. Moreover if 55 is of order k, then so is s,,.

Thus we are interested in almost contact Riemannian manifolds with Killing ¢ which is fibered over almost
Hermitian k-symmetric spaces with £ > 2.

Let M be a homogeneous Sasakian manifold, then M is regular, hence we have the Boothby-Wang fibering
7 : M — M = M/¢. The factor space is a homogeneous Kéhler manifold (see [29, Theorem 8.3.5]). Moreover we
know the following fundamental fact ([29, Theorem 8.3.6]).
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Theorem 19.2. Let (M, n) be a compact homogeneous contact manifold. Then
1. M admits a homogeneous Sasakian structure,

2. M is a non-trivial circle bundle overe a generalized flag manifold, and

3. M has finite fundamental group, and the universal covering M of M is compact with a homogeneous Sasakian
structure.

It is well known that every Kahler C-space, i.e., simply connected compact homogeneous Kahler manifold
is a generalized flag manifold. Jiménez constructed Hermitian k-symmetric spaces [132]. Moreover, Kéhler
C-spaces admit compatible k-symmetric structures (see [34, 221]). These facts motivates the following problem.

Problem 7. Can we classify Sasakian generalized -symmetric spaces of order k > 2 ?

We expect that compact Sasakian generalized p-symmetric spaces are homogeneous Sasakian manifolds
fibered over Kdhler C-spaces equipped with k-symmetric structures.

Let us turn our attention to the case k = 3. Assume that the factor space U of the local fibering is a
Riemannian 3-symmetric space. As is well known, Riemannian 3-symmetric spaces admit compatible nearly
Kahler structure (almost Tachibana structure) [82]. An almost Hermitian manifold (M, g, J) is said to be nearly
Kiihler if it satisfies

(V)X =0
for all vector field X on M. On the other hand, an almost contact manifold M is said to be nearly coKiihler (or
nearly cosymplectic) if it satisfies

(Vxp)X =0

for all vector field X on M [15, 19]. Typical example of strictly nearly cosymplectic manifold is the totally
geodesic unit 5-sphere of the nearly Kdhler 6-sphere [15]. One can see that the Riemannian product M =
M x E' or M = M x S! of a nearly Kihler manifold M and the Euclidean line or the circle is nearly coKdhler
and it is generalized ¢-symmetric of order 3.

Blair and Showers studied nearly cosymplectic manifolds satisfying dn = 0. They showed that nearly
cosymplectic 5-manifolds satisfying dn = 0 are coKéahler (cosymplectic). Note that the totally geodesic S° C S°
does not satisfy dn = 0.

In [56] De Nicola, Dileo and Yudin proved that a strictly nearly Sasakian manifold M of dimension2n +1 > 5

is s locally isometric to one of the following Riemannian products: 3" x E! or M? x M2"~, where M~ is a
strictly nearly Kahler manifold, M7"~* is a nearly Kahler manifold and M} is a strictly nearly cosymplectic
5-manifold.

Problem 8. Are there irreducible strictly nearly cosymplectic generalized -symmetric spaces ?

Remark 19.2. The model space F* = (SLoR x R?)/SO(2) of four dimensional geometry is an almost Kéhler 3-
symmetric space discovered by Kowalski [149] (see also [64]). We may expect that the circle bundle SLyR x R?
admits a non-Sasakian K -contact generalized p-symmetric structure of order 3. Calvaruso and Fino proved that
the Lie algebra sloR + R? of SLoR x R? does not admit any K-contact structure [37, Proposition 4.5]. Foreman
[72] also studied K-contact Lie groups.

19.6. Standard contact metric structure of the unit tangent sphere bundle

Let M"(ec?) be an n-dimensional Riemannian space form of curvature ec?. Then its unit tangent bundle
UM™"(ec?) equipped with standard contact Riemannian structure is a contact (k, u1)-space with

K =ec*(2—ec?), p=—2ec’
In particular, UH"(—1) is a contact (—3, 2)-space.
Problem 9. Classify homogeneous contact Riemannian structure on UH?(—c?). Are there any homogeneous contact
Riemannian structure other than Boeckx’s homogeneous Riemannian structure ?
19.7. Grassmann geometry

In our works [109, 120, 121, 122, 123, 158], we studied Grassmann geometry of surfaces of orbit type in
3-dimensional homogeneous Riemannian spaces.

Problem 10. Determine Grassmann geometry of submanifolds of orbit type in homogeneous contact manifolds.
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