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ABSTRACT

The object of the present paper is to study (k,/i)-contact metric manifolds with generalized
extended C-Bochner curvature tensor.
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1. Introduction

The Bochner curvature tensor was introduced by S. Bochner [4]. When he studied the Betti number of a
Kéhler manifold, he introduced a new tensor as an analogue of the Weyl conformal curvature tensor in a
Riemannian manifold. Then D. Blair gave the geometric properties of the Bochner curvature tensor [1]. Then
M. Matsumoto and G. Chiiman introduced C-Bochner curvature tensor by using the Boothby-Wang's fibration
and they studied its properties in a Sasakian manifold [9]. Some authors have studied vanishing C-Bochner
curvature tensor in Sasakian manifolds ([7], [8]). On the other hand, the extended C-Bochner curvature tensor
on a K-contact Riemannian manifold introduced by H. Endo and called it the E-contact Bochner curvature tensor
[6] and he showed that a K-contact Riemannian manifold with vanishing the E- contact Bochner curvature
tensor is a Sasakian manifold. Also the generalized C-Bochner (briefly GC-Bochner) curvature tensor defined by
Shaikh and Baishya [11].

Motivated by these studies in this paper, firstly we introduce the generalized extended C-Bochner (briefly
GEC-Bochner) curvature tensor by using H. Endo’s method. Then we study vanishes the GEC-Bochner
curvature tensor on a (k, ji)-contact metric manifold and show that the manifold is a Sasakian manifold. Also
we consider a (k, ft)-contact metric manifold satisfying the conditions R, (01, 02) - BY%F = 0and B“#(9,,0) -
Reyr = 0. We obtain that the manifold is a Sasakian manifold or locally isometric to E"*1(0) x S™(4) and the
manifold is a Sasakian manifold or is an 7-Einstein manifold, respectively.

2. Preliminaries

Let G*"*1 be a connected differentiable manifold which is said to admits an almost contact structure (1,¢,n),
where 1) is a tensor field of type (1, 1), ¢ is a vector field and 7 is a 1-form satisfying

VP=—I+ne( n()=1, ¥(=0,n019=0. (2.1)
Let p be a compatible Riemannian metric with (¢, ¢, n), that is,
p(Y01,02) = p(d1,02) — n(01)n(02), (2.2)

or,

p(alu 1/)82) = _P(¢3la 82) and 77(81) = P(ah ()7
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for all 0;,0, € I'(T'G). So, G is an almost contact metric manifold equipped with (¢, {, 7, p). If p(01,102) =
dn(01, 02) then an almost contact metric structure is a contact metric structure.

The 1-form 7 is then a contact form and ( is its characteristic vector field. Also the tangent sphere bundle of
a flat Riemannian manifold admits a contact metric structure satisfying R(91, 92)¢ = 0 [2]. On the other hand,
as we have noted [3], on a Sasakian manifold

R(01,02)¢ = n(92)01 — n(01)0e. (2.3)
In a contact metric manifold, the (1,1)-tensor field 7 is symmetric and satisfies
RC=0, Bp+1ph=0, VC=——h, trh=triph=0, (2.4)
where V is the Levi-Civita connection. A contact metric manifold is said to be 7-Einstein if
Rop =ald+bw ® ¢,

where a, b are smooth functions and R,, is the Ricci operator on G.
The (k, fo)-nullity distribution N (k, }u) of a contact metric manifold G is defined by

N(k,ji) = t—> Ny(k, 1) = {05 € T,G | R(8y,0,)3 = k[p(Da,03)81 — p(D1,3)0s)
+11[p(02, 05)h01 — p(O, O3)hds]},

forall 91,0, € T'(TG), where k, [t real constants ([2], [10]). A contact metric manifold G with { € N (k, 1) is called
a (k, j1)-contact metric manifold, then we have

R(01,05)¢ = k {n(02)01 — n(01)d2} + 1{n(92)hdy — 1(D1)hde}. (2.5)

Also in a (k, j1)-contact metric manifold, we have

Rewr(01,C) = 2nkw(01), (2.6)

RopC = 20k, 2.7)

B2 =(k—1)y% k<1, (2.8)

Ropt) = Rop = 2[2(n — 1) + j g, (2.9)

R(C,01)02 = k{p(D1,32)¢ — n(02)0n} + ii{ p(hdr, D5)¢ — 1(D2) hdn }. (2.10)

From (2.6)-(2.7), we have 3
trh® = 2n(1 — k),

Reur (01,9002) + Reur ($01,02) = 2(2(n — 1) + 1) p(lpdy, D),
Reur (Y01, 0005) = Reyr (81, 02) — 20kn(81)n(d2) — 2(2(n — 1) + j1)p(hidy, D),
Ropth + ¥ Rop = 20 Ropy + 2(2(n — 1) + j1) ),
YRopt) = 2(2(n — 1) + )h — Ryp + 20k @ ¢,
Rewr (101, ¢) = 0,
tr(Ropy) = tr(¢Rop) = 0.
Now we give the following:

Lemma 2.1. [2]: In a non-Sasakian (k, ji)-manifold G, the Ricci operator R, is given by
Rop = (2(n—1) —np)I + (2(n — 1) + A + (2(1 — n) + n(2k + 1)) @ C. (2.11)

Theorem 2.1. [2], [3]: A contact metric manifold G satisfying R(01,02)¢ = 0 is locally isometric to E™! x S™(4) for
n > 1 and flat for n = 1.
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3. GEC-Bochner curvature tensor

In [11], Shaikh and Baishya defined the GC-Bochner curvature tensor in a contact metric manifold as follows:

B(01,82)05 = Reur(01,02)05 4 p(1p0y, hds)hnpdy — p(1dy, hds)hpdy
b 2
bt I 01, B0 2)C — (0, 2501 )¢
—n(02)1(03)01 + n(01)n(03)0-]
trﬁQ
- P01, 05)00,
—p(1Da, 03)01 + 2p(Y01, 02)10s)
1. trh?
Hp(01, 05)02 — p(02,03)01]

_m+4{a_ m+2

+m[/}(31, 03)RopOa — p(02,03)Rop0i — Reur (02,03)01
+Reur(01,03)02 — p(O1, 03) 1 RoptpO2 + p(0a, 03) 1 RoptpOs
—Reur (102,105)01 + Rewr(¥01,%03)02 — Reur (102, 03)0,
+Reur(02,103)101 + Rewr (101, 03)102 — Rewr(01,903)102
2R eur (Y01, 02)103 — 2Ry (01, 902)103

+p(¥0, 83)(wR0p + Rozﬂ/J)aZ — p(p0a, 83)(wR0p + Roptp) O
+2p(¥01, 02) (Y Rop + Ropth) 05 — n(01)1(03) RopO2
+1(92)1(93) Rop0r + 1(01)1(03)¢ RoptpOa

{&+m+

—1(92)1(03)Y RoptpOr + Rewr (02, 03)1(01)¢ — Rewr (01, 93)1(02)¢

+Rcur ('(/)827 ¢53)77(51)C - Rcur (walv "/}83)77(82)C]a

(3.1)

where & = X% ) = 2n. If the manifold is a Sasakian manifold, then we have & = 0, Ropty = YR,p, trh? =0,

m+27/

Rewr(¥01,1¥02) = Reyr (01, 02) — mn(01)n(02) and hence (3.1) definities the C-Bochner curvature tensor.

From (3.1), we have the followings:

B(01,02)03 = —B(02,03)01, (3.2)
B(01,02)05 + B(02,03)01 + B(03,01)02 = 0, (3.3)
p(B(01,02)05,04) = —p(B(01,02)04, 03), (3.4)
p(B(01,02)03,04) = p(B(05,04)01,02), (3.5)
for any vector fields 01, 02, 05,04 € T'(G). Also
k—1)(m+8 . .
Bon,00)¢ = C 5 0001 — 00)2a] + in(@u)ion — n(on)h], 66)
and .
(.00 = C D 501, 00)C — @0)01] + idp(Fdr. B2)C — n(@a)F 67)
Consequently, we have
E—1)(»n 5
5,006 = P52 00)c - 03] + e, @9
n(B(01,02)¢) = 0, 3.9)
k—1)(m+8 -
86, 0022) = 5B 01,00~ non)n(0)] + p(ion, ) @10
where m = 2n.
dergipark.org.tr/en/pub/iejg 396
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H. Endo [6] defined the extended C-Bochner curvature tensor BY on a contact metric manifold G by

BF(01,02)05 = B(01,00)95 —n(91)B(C,02)05 (3.11)
—1(02)B(01,¢)05 — n(93) B(91,02)C,

where B is the C-Bochner curvature tensor defined by Matsumoto and Chtiman [9].
Now using this definition, we can define GEC-Bochner curvature tensor B¢ on a contact metric manifold
G by
BE(91,0:)05 = B¥(01,00)05 — n(01)B¥((,02)05 (3.12)
—1(92) BF (91, ()05 — 1(93) BT (91, 8¢,
where
BE(al, (92)(93 = B(&l, 82)83 - 77((r“)1).B(C7 82)(93, (313)
—1(02)B(91,¢)05 — n(95)B(01,02)¢,

and B is the GC-Bochner curvature tensor defined by (3.1). Using (3.1), (3.6) and (3.7) in (3.13), from (3.12), we
can write

BGE(81,82)83 = 3(81,62)63—17(81)3(@,62)83
)

—1(92)B(01,¢)03 — 1(03)B(1,02)¢
+2[1n(91)n(95) B(¢, 82)¢ — 1(92)n(95) B(¢, 01)¢]. (3.14)
Also using (3.1)-(3.8) in (3.14), we get
BYE(9,,0,)05 = B(d1,02)03
Sl 0, 2210006 — (03, 20)0(0:)] @15

+ulp(hdr, 03)n(02)¢ — p(hda, D3)n(1)C].

4. Main results

Let G2"*1 (n > 1) be a (k, j1)-contact metric manifold with vanishes the G EC-Bochner curvature tensor. Then
we have B¢¥(9;,0,)05 = 0 for all 9,0, 03 € T(TG).
Now from (3.15), we can write

0 = p(B(01,02)03,04)

1—k)(m+8
e ) o 0n, 0001 01) ~ p(0s, 220 02100 ) @)
+1[p(hdy, 03)1(92)n(0s) — p(hda, D)n(1)n(Da)].
Let {f; : j=1,2,...,2n+ 1} be an orthonormal basis of the tangent space 7;G at any point ¢t € G. Putting
01 = 04 = f; in (4.1) and taking summation over 1 < j < m + 1, m = 2n, we obtain

m—+1

0 = Zp (f,02)0s, f;)

+W[P(Bm ) — (32 (3)] 2)
—fip(hdy, B3).

From [11], it is known that

m+1 3 N
ZP (fj,02)0s, fj) = (m—2+l))P(7~ia2,33)+Wp(azﬁza)
LA=RU =R E8), o0y, (43)

2(m + 4)
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Using (4.3) in (4.2), we have

0 = (m—2)p(hda,d3) +2(1 — k)p(D2, )

R o).

Now from (4.4), we get

m(1 — k) (m +8)

(1 — 2)p(hda, B3) + 2(1 — k)p(Da, D3) — 3(m + 4)

n(02)n(d3) = 0,

(4.4)

which implies that & = 0 and hence k = 1. Thus the manifold is a Sasakian manifold. Hence we can state the

following:

Theorem 4.1. Let G2 (n > 1) be a (k, ju)-contact metric manifold with vanishes GEC-Bochner curvature tensor.

Then the manifold is a Sasakian manifold.

Now we consider a (k, j1)-contact metric manifold G>"*! satisfying the condition

Rcu'r'(ah 82) : BGE = 07 (45)
where R(0;,02) is considered as a curvature tensor. Then from (4.5) it follows that
Reur(C, 02) B (95,04)05 — BEF (Rewr (€, 02)03,04)05
7BGE(837 RCUT(C& 82)84)85 - BGE (837 84)Rcur(ca 82)85 = 0. (46)
In view of (2.10), it follows from (4.6) that
k[p(BYF (05,04)05,02)¢ — (B (05,04)05)02 — p(02, 03) B (¢, 04)05
+1(03) BT (92, 04)05 — p(02,04) B (05, )05 + n(94) B9 (05, 02)05 i
—p(02,05) B (03, 04)¢ + n(05) B (93, 04) Do) + jilp(BE* (03, 04) 05, hd)¢
—)(BF (93,01)05)h02 — p(hds, 83) BEF (¢, 04)05 + 1(05) BEF (i, 04) 05 (4.7)
+p(hdy, 04) BT (95, )05 + 1(0a) B (93, hd2) D5 — p(hda, 95) B (5, 04)¢
+1(05) B (95, 84)hdo] = 0.
Putting 93 = ¢ in (3.15), we obtain by virtue of (2.2), (2.4) and (3.1) that
1—k)(m+38 . . .
BEE(91,00)¢ = (2(752%))[77(31)52 —n(92)01 — f1[n(01)h02 — n(02)ho]. (4.8)
Using (3.5), we get from (4.8) that
1—k)(m+8 .
B8, 0000 = 5 X @001 — @2)n(00)) - n(w)ion «9)
which implies
GE _ (1-k)(m+38) _ sz
BTE(¢,00)¢ = 2(m + ) [01 —n(01)¢] — phoh. (4.10)
From (4.8), it follows that
n (BGE(c?‘l, (92){) =0.
Again (4.8) yields
. 1—k)(m +8
BYE (hoy, 02)¢ = —M (92)R01 + (1 = k) [0(92)01 — 1(D2)n(D1)C), (4.11)
which implies by (3.2) that
. 1—k)(m+8 . . N
B850, hn)¢ = LoD ), 41— Wn@)n(02)C — n(@1)05] ®12)
(m+4)
dergipark.org.tr/en/pub/iejg 398
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Putting 05 = ¢ in (4.7) and then using (4.8)-(4.12), we get

. (k—1)(m+38)
al 2(m + 4)
—p(02, h01)n(33)C + p(D2, 03)hds — p(D2, 04) 03] + BF (93, 04)02} (4.13)
(k=1 (m+38)
M =m0
—p(hd2, hs)n(83)C + p(hda, 3)hds — p(hdo, 04)1D3) + BYF (93, 04)h0a} = 0,

[p(D2,04)03 — p(Da, D3)04] + ju[p(D, hD3)(Ds)C
[0(hd2, 04)05 — p(hds, D3)04] + [i[p(hdz, hds)n ()¢

which implies that

R 002, 01)0(01,01) ~ (0. 1)1,
+i1[p(02, fi@gzn(&;)p(@ o) — P(aziiazx)??(as)P(f’ 01)
+p(Da,03)p(hidy, 81) — p(D2, 04) p(hDs3,01)] + p(BEE (95, 04)2,01)} (4.14)
(k—1)(m+8)
2(m +4)
+iulp(hda, 10)n(02)p(C. 1) — p(hda, hda)n(D5)p(C, On) )
+p(h82, 83)p(h847 81) — p(haz, 84)p(h837 81)] + p(BGE (83, 34)77,82, 31)} =0.

+i{ [0(hd2, 04)p(Ds3, O1) — p(hd, Ds)p(Da, D]

Let {f;: j=1,2,...,2n+ 1} be an orthonormal basis of the tangent space 7;G at any point ¢t € G. Putting
01 = 03 = f; in (4.14) and taking summation over 1 < j < m + 1, m = 2n, we obtain

(4.15)
M{k(m 1)+ 8) + k(3 + 8) + 2 + 4) (i — 2)} (s, 04)
+ﬁ{2k(m +4) (= 2) + (1 — 2) [+ 8) (1 + 1) + (3 + 8)]} (70, D)
S i +.8) ~2utin + 4 2)ja(@n)n(en) =0
The relation (4.15) gives us either k=1, or
k(i + 1) (m + 8) + k(3m + 8) + 2u( + 4) (M — 2) = 0, (4.16)
either 1 = 0, or
2k(m + 4)(m — 2) + pu(1 — k)[(m 4 8)(1 + m) + (3m +8)] = 0, (4.17)
either k = 1, or
—km(m + 8) — 2u(m + 4)(m — 2) = 0. (4.18)

If k=1 then & = 0 and therefore the manifold is a Sasakian manifold. Thus we have either the manifold is a
Sasakian manifold (for k = 1) or (4.16)-(4.18) holds (for non-Sasakian case). From (4.16) and (4.18), it follows
that k = 0. If k = 0, then (4.16) or (4.18) implies that / = 0. Hence in the non-Sasakian case, we have k=0=
Then by Theorem 2.1 the manifold is locally isometric to E""1(0) x S™(4).

Also from (4.16) and (4.17), we get

k2 (m + 1) (m + 8) 4 k2(3m + 8) + 2 (k — 1)(m? + 12m + 16) = 0. (4.19)
Hence from (4.17) and (4.18), it follows that
E2m(m + 8) + j2(k — 1)(m? + 12m + 16) = 0. (4.20)

Thus from (4.19) and (4.20), we get k=0.1If k = 0, then (4.16) or (4.18) implies that /1 = 0.
The above discussion leads us to state the following:
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Theorem 4.2. Let G*"*'(n > 1) bea (k, j1)-contact metric manifold satisfying the condition R(8:,8,) - BSF = 0. Then
the manifold is a Sasakian manifold or locally isometric to E"T1(0) x S™(4).

Let us consider a (k, 1)-contact metric manifold G*"*! satisfying the condition
BGE(ala a2) * Rewr = 0. (421)
Then from (4.5) it follows that

BYE (¢, 02) Rewr(03,04)05 — Rewr(BYE (€, 02)05,04)05
_Rcur (837 BGE(Cy 82)84)85 - Rcur (837 84)BGE(C7 62)85 =0. (422)

Using (4.9) in (4.22), we have

k[p(BY(¢,02)03,05)01 — p(3,04) B (, 02)05
—p(BEF(¢,02)04,05)0s +p<ag,a5>BGE(< )04
—p(04, BYF(¢,02)05)05 + p(93, B (¢, 02)05)04] (4.23)
+0[p(BEE(C,05)s,05)hdy — p(83,04) BEE (¢, 0y) hds
—p(BEP((, 02)hy, 05)0s + p(3,05) B (¢, 02)hdy
(

—p(hds, BY((,05)05)05 + p(03, B4 (¢, 05)05)hds] = 0.
Putting d; = ¢ in (4.23) and taking the inner product with 9, we get

WH cur (€, 04)05)9(92, 06) = 1 Reur (€, 04)05)1(D2)n(0s)

—p(Reur(02,04)05, 0s) + 1(92) p(Rewr (€, 04) 05, 96)
—1(02) p(Reur (¢, 02)05, 96) — 1(95) p(Reur (€, 0a)02, Og) (4.24)
+1(05)1(02) p(Reur (C; 01)C, 06 )]

—[0(Reur(C, 04)05) p(hds, 95) — p(Reur(hd2, 04) 05, )
(0

- ) ( cur(Ca ﬁ82)85, 86) - 77(85)/)(R('ur(<7 a41)%/627 a6)] =0

Let {f;: j=1,2,..,2n+ 1} be an orthonormal basis of the tangent space T;G at any point ¢t € G. Putting
02 = 0 = f; in (4.24) and taking summation over 1 < j < m + 1, ™ = 2n, we obtain

W[(m + 1)%/)(847 65) - Rcur(a47 85) - iﬂ](a4)77(65)

+(m+ 1) pp(hds, 95)] + i ~kp(hds, 1) (4.25)
ke = 1) (= 1)p(0s, 05) + ju(k — 1) (1 = 1)n(Aa)n(5)] = 0

Now we can say if k = 1, then / = 0. Thus the manifold is a Sasakian manifold. If k # 1, then we have
202 (m —1)(m + 4)
m+ 8

2u(m —1)(m+4)
-2 DD i onmn) (4.26

m+8
2uk(m + 4)
(M + 8)(1 — k)

Rcur(&;, 85) = |:(T)’L + 1)]\{5 + :| p(84, (95)

+

+ {(m+ Dj— } p(hdy, O5).

Using (2.11) in (4.26), we get

A — AzA Ay — A3zA
Reur(04,05) = {11_14;445} p(04,05) + {M] 1(04)n(9s),

dergipark.org.tr/en/pub/iejg 400
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where

. o 22— 1D (m+4 22 —1(m+4
A = muqm+’”mm£?1 ), @:k+‘“mmﬁgl ),
. . 2uk(m + 4 1
Ay = (mtl)u— 2Hkm+d) Ay =

(1—k)(m +38) m—2+
m—2— 2
5 m—2+p ¥

2 — i+ mk + 2p
m—2+4+pn

Then the manifold is an n-Einstein manifold. Hence we can say the following;:

The
man

orem 4.3. Let G2"+ be an (k, ji)-contact metric manifold satisfying BEF (91, 8,) - R = 0. Then G2"+" is a Sasakian
ifold or is an n-Einstein manifold.
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